
PART I V . 

Considerations on Localized Velocity Fields in Stellar Atmospheres: 
Prototype — The Solar Atmosphere. 

B . - Consideration of Convective Instability 
form the Viewpoint of Physics. 

D i s c u s s i o n . 

Chairman: G. K . B A T C H E L O R 

— R . N. T H O M A S : 

Do I unders tand correctly t h a t your n0 should give a lower l imit to t h e 
observed size of granulat ion, if your considerations are applicable to t h a t 
problem? If I a m correct, would you say how to compute this quan t i ty? 

— W . V . R . M A L K U S : 

You are referring to two different par t s of this s tudy . The first develop
m e n t refers to the quest ion of t he asymptot ic consequences of t h e spat ial s truc
tu re as n0 approaches infinity. So as far as spat ial s t ruc ture is concerned, 
we do not define or compute n0. The second pa r t—done ex t remely briefly, 
a n d only verbal ly—was to identify n0 wi th the smallest scale of motion t h a t 
is marginally uns table on the mean field. Tha t ' s a s tabi l i ty problem. You 
have to know the mean field or deduce the op t imum mean field to determine n0-. 
Such stabil i ty problems have been solved. I n principle t h e y can be solved for 
t h e solar a tmosphere . B O H M has solved one recent ly in a par t icular form for 
t h e polytropic a tmosphere . I t h ink others can be done. They will establish 
a smallest scale, a n d t hey will then also tell us something abou t t he energy 
transfer we can expect due t o motion. Note t h a t you will n o t see t he smallest 
scale. I t will be a lower l imit . The final spect rum has a lmost all of i t s energy 
in the big mot ions ; pract ical ly none in the small motions. 

— R . N . T H O M A S : 

Is i t correct t o say t h a t n^is still t he smallest th ing t h a t I should see and if 
I see something smaller t h a n t h a t , I should be u n h a p p y ? 
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— W. V . E . M A L K U S : 

I t h ink so—unless w h a t you see is isotropic. This n0 is the smallest mot ion 
responsible for a transfer of heat . 

— B . S P I E G E L : 

I would like to reply to Thomas ' question. This theory says t h a t n0 is 
t h e smallest scale t h a t transfers hea t . W e can, in principle, still see fluctuations 
(either granules or velocity) a t scales much smaller. The n0 is only t h e smallest 
scale for which there is a veloci ty- temperature correlat ion; there is no reason 
so far w h y there should no t be velocity and t empera tu re fluctuations a t smaller 
scales. 

— W. V . E . M A L K U S : 

I n t h e laboratory these smaller scales are no t observed. I do no t know 
t h e full s tory here. I should guess i t tells us something abou t t he s t rength of 
non-l inear t ranspor t down t h e spect rum. B u t if we t ake this n0 and compare 
i t wi th t he laboratory flows—LAUFER has looked into the shear flows, T O W N -

S E N D has looked into the convection flow—there are no observable mot ions 
above t h e background noise smaller t h a n this n 0 ; b u t there m a y be smaller 
scales in more complicated tu rbu len t processes. 

I n t h e central regions of t h e shear flow, L A U F E R draws a p ic ture looking 
like th is for t h e energy spec t rum a n d t h e n he draws UV correlations near b u t 
n o t a t t h e center of the flow and i t looks like th i s : 

Fig. 1. 

However, this does no t establish t h a t the energy spect rum for t h e whole 
flow goes to higher wave numbers t h a n the t ranspor t spec t rum in such a flow 
as t h i s ; t h e stress of necessity vanishes in the mid-regions. D u e to external 
constraints there can be no to rque on the fluid as a whole. W h a t we m u s t 
compare is the smallest scale of mot ion in the mean flow, which exists near 
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t h e boundary of t he region—in the so-called « laminar » sub- layer—and deter
mines n0. Then we ask if t h a t is smaller or larger t h a n a n y other spectral 
component in .the flow. L A U F E R has some lovely graphs of those da t a—the 
bounda ry is very sharp as you know. I t s dimensions are roughly t he smallest 
scale of mot ion responsible for m o m e n t u m t ranspor t . LATTFER studies th is 
region r ight to t he middle of t h e boundary layer. H e measures t he horizontal 
Four ier components of the mot ion. H e discovers no motion which is smaller 
in dimensions t h a n this spacing Z0ln0. 

There is no mot ion in t h e flow whose scale is smaller t h a n the dimensions 
of t h e boundary of t h e region and t h a t is t he essence of this theory . The smallest 
mot ion in this flow t ranspor t s momen tum. 

— G. K . B A T C H E L O R : 

One question which bothers me , and possibly t he astrophysicists , is t h a t 
t h e rigid boundary plays a dominan t role in Malkus ' whole theory. The effects 
of conduction a n d viscosity t h a t he deduces b y his a rguments are due to the 
presence of the rigid boundary . One cannot help wondering w h a t would happen 
if there was no rigid bounda ry present . I n an astrophysical s i tuat ion, such 
as a stellar a tmosphere , one migh t idealize the problem b y int roducing ar t i 
ficially a rigid bounda ry as a lower b o u n d a r y ; or, one might , I suppose, choose 
to th ink about an a tmosphere t h a t extends over m a n y scale heights and t r y 
to do wi thout any rigid lower boundary . I do no t know if anybody has 
actual ly worked out t h e details of such an approach—a conversat ion which I 
h a d with S P I E G E L suggests t h a t i t is being looked a t . I n t h a t case I do n o t 
qui te see how the smallest scale of mot ion—tha t represented b y nQ in Malkus ' 
a rgument—could come in and I do no t see the connection between the phys
ical processes in those two cases of convection with and wi thou t a lower rigid 
boundary . 

— L . B I E R M A N N : 

A point of interest under ly ing Malkus ' discussion is how general are t h e 
assumpt ions underlying the formulae used in astrophysics, as discussed in t h e 
last section. I looked in to these questions in 1935, and reached two general 
conclusions. Firs t , t h e scale mos t effective in t ranspor t ing hea t is t he largest 
one compatible wi th exterior conditions. Second, t h e velocity behaves in such 
a way t h a t for fixed t empera tu re difference, the hea t flow is a m a x i m u m . This 
is of some interest , because in irreversible thermodynamics , t h e cont rary is 
done. B u t i t seems t h a t in problems of this sort, t h e turbulence and possibly 
o ther mechanisms adjust themselves in such a way t h a t , when you fix the 
bounda ry conditions, t he product ion of ent ropy is maximized. So I would 
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ask whether , if one applied such considerations as t h a t presented b y M A L K U S , 

you would no t end u p wi th essentially the astrophysical formulae—to within 
a correction of a factor 2 or TZ, e tc .—or whether you get something widely 
different. 

— E . S P I E G E L : 

There are two problems which have come up on which I would like t o 
comment . The first is t h a t of t u rbu len t convection in a layer whose thickness 
is m u c h less t h a n the scale height of density. This is t h e problem discussed 
b y M A L K U S . The second problem is t h a t of applying theories of tu rbu len t 
convection to astrophysical s i tuat ions. I n the discussion yes te rday I t r ied to 
allude to one of the difficulties of this second problem, t h a t we do no t have 
walls bounding astrophysical convection. However, we do have wha t might 
be called soft walls; t h a t is, we have stable layers bounding the uns tab le ones, 
a n d th is seems to give some boundary- l ike behavior to t he motions . I cannot 
discuss these problems in detai l in a short t ime, so I will summarize t he 
Pr ince ton work in general qual i ta t ive terms. 

Le t m e begin b y discussing our w o r k on tu rbu len t convection in a layer 
whose thickness is much less t h a n one scale height . I n t h e absence of mot ion 
t h e t empera tu re profile is l inear, b u t the adven t of convective mot ion distorts 
t h e profile—cf. Fig . 2 in Malkus ' ta lk . Convective hea t t ransfer causes dis
tor t ion of t he profile so t h a t t h e t empera tu re gradient , hence hea t conduction, 
is small in the body of t h e fluid and large near the boundaries . 

Le t us now imagine t h e velocity and tempera tures fields t o be expanded 
in some suitable set of or thogonal modes satisfying the b o u n d a r y conditions. 
If we s tudy the dynamics of one of these modes of the system, we find i t con
venient to speak of three processes acting. The first is t he buoyancy force 
which results from the mean (ensemble average) t empera tu re profile. The 
t e r m in t he equations describing this force m a y be regarded as l inear once you 
specify t he t empera ture profile. The second process is t h e non-linear inter
ac t ion of t he mode with all t h e others separately. A n d finally, there is the 
effect of the viscous forces. 

W e are interested in stat ist ically s teady convection, and therefore look for 
a s tat is t ical balance of , these three forces. The main difference wi th Malkus ' 
t heo ry lies here. H e does no t t r ea t t he non-linear in teract ion explicitly, b u t 
ins tead has an ingenious way of seeking the ne t result of t h e non-l ineari ty by 
app ly ing integral constants . B u t , in t h e work by myself, L E D O U X and S C H W A R Z 

S C H I L D t he non-linear interact ions are explicitly considered a n d are m a d e t o 
balance against the quasi-linear buoyancy t e r m and the viscous t e rm. The 
procedure outlined is na tura l ly carried out b y i terat ion. W e m a k e a guess 
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a t t h e mean t empera tu re profile, and compute all l inear inputs for all modes. 
Then we approximate t he non-linear interact ions and solve t he balance equa
t ion for the relat ive ampl i tudes of the modes. I t is then possible to compute 
a correction to the profile and to repeat the process, though to da te we have 
completed only the first i terat ion. 

The immedia te question then is, how do you represent t h e non-linear inter
act ion? Our feeling has \>een t h a t if there is a tendency for t h e fluid to reach 
a preferred s teady s ta te—perhaps in the sense M A L K U S has mentioned 1 —the 
par t icular form of the non-linear t e r m should no t be i m p o r t a n t so long as the 
essential physics is contained. W e have t r ied to use the best possible form 
for the non-linear t e r m avai lable from turbulence theory which m a y be reason
ably t rac table . I n m y opinion, the best representat ion is contained in the 
recent work of K R A I C H N A N ; b u t a t the momen t this is a more difficult repre
sentat ion t han we are prepared to cope with. We have , therefore, in the current 
formulat ion of the work used t h e ideas suggested in Heisenberg 's heuristic 
theory of turbulence. 

One new point t h a t comes u p is t h a t t he interact ion t e rms have not been 
approx imated before in t he case of anisotropic turbulence. To handle this 
difficulty we have m a d e the specific assumption t h a t t he anisot ropy of the 
mot ion is t h a t of t he most uns tab le mode for any scale. The most unstable 
mode is the one which derives energy most effectively from the buoyancy 
forces. 

This in a rough way summarizes the physics which we have p u t in to the 
problem. We have actual ly m a d e the application only for small values oi 
aE/STt* where a = v/x, R — ga.fid*lxv and the definitions of symbols are those 
used by M A L K U S . Le t me remind you t h a t R, t he Eayleigh number , measures 
t h e ra t io of buoyancy force to viscous force and t h a t cr, t he P r a n d t l number , 
is abou t 10~ 6 in the photosphere since x is de termined by radia t ive processes. 
This approximat ion simplifies one of the main difficulties in t h e convective 
processes—a difficulty which we are now t ry ing to deal wi th and which I would 
like to discuss briefly a t this point . 

I n s tudying the convective mot ions we have expanded t h e velocity and 
t empera tu re fields in t e rms of a complete set of or thogonal functions. I n the 
approximat ions we have considered, these functions are eigenfunctions of the 
linearized equat ions a n d each pa i r of such functions for t empera tu re and veloc
i ty we call a mode of t he system. F o r every wave n u m b e r there are two pos
sible eigenmodes, one wi th t empera tu re and vert ical velocity in phase and one 
wi th t hem out of phase . Only t he in-phase motions are uns table in the sense 
t h a t they derive energy from t h e buoyancy and viscosity a n d owe their exist
ence, if any, to non-linear in teract ions . I n the general t u rbu len t situation, 
when we make a representa t ion of t h e velocity and t empera tu re fields, we 
m u s t include both kinds of mode. I n general then, the correlation between 

t -
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vert ical velocity and t empera tu re is no t uni ty , b u t some smaller va lue which 
depends on the relat ive ampl i tudes of the two kinds of modes. 

W e have then a mechanism b y which the turbulence can lose i ts energy, 
besides t h a t of the cascade processes contained in t he ideas of K O L M O G O R O F 

a n d H E I S E N B E R G . Motion can be induced in a large scale b y t h e buoyancy 
force; this motion will h a v e t empera tu re and vert ical velocity in phase. B u t 
t h e non-linear t e rm can then act t o convert this mot ion in p a r t to one wi th 
an a rb i t ra ry phase—we would consider this a mix tu re of in-phase and out-of-
phase modes. Tha t p a r t of t he mot ion in out-of-phase modes is t hen damped 
b y buoyancy force and lost back in to gravi ta t ional po ten t ia l energy. Whe the r 
th is mechanism of randomizing t h e phases is more i m p o r t a n t dynamical ly 
t h a n t h e usual cascade process for set t ing the form of t he power spectra de
pends on the parameters of t he sys tem, So far we h a v e considered the low 
P r a n d t l n u m b e r case where randomizing of phases is no t impor t an t , b u t we 
p lan to go on to consider more general si tuations. 

This mus t suffice as s u m m a r y of t he physics of our approach, since t ime 
does no t permi t a discussion of t h e details. I n a qual i ta t ive way t h e results 
agree wi th those discussed b y M A L K U S , b u t there is one significant difference. 
W e do no t get a cut-off in t he hea t t ranspor t spect rum. 

I n M A L K U S ' paper there is an explicit assumption t h a t t h e smallest scale 
of mot ion is t he marginal ly-stable mot ion on the m e a n field. Our results on 
this give t he classical power spec t rum of turbulence for tjie velocities as a 
function of k. There is k0J which is t h e largest pe rmi t t ed scale; since you have 
a finite system, you cannot have wave numbers going down to zero for the 
mot ions satisfying the b o u n d a r y conditions. k0 is t h e smallest wave n u m b e r 
t h a t can occur. And so we get a spec t rum which s tar ts as Ar 7, b u t ve ry quickly 
makes a t ransi t ion to t h e Jc~$ l aw; ul t imately , in t h e dissipation region, i t 
goes as t he familiar k~7 law. The spect rum for t empera tu re fluctuations, in 
this low P r a n d t l n u m b e r case, drops off initially like kr11. A t k = 2k0 t h e 
value of t he t empera tu re spec t rum is qui te low b u t t he velocity spec t rum has 
appreciable ampl i tude. This result seems re levant t o t h e solar photosphere 
where i t seems t h a t the granula t ion , which measures t empera tu re fluctuation, 
does no t go down to t h e small scale on which we expect t o find velocity 
fluctuations. 

Le t m e t u r n now to t h e problem of convection in s tars . Mrs. B O H M ' S t a lk 
showed t h a t we need to a d d something to our present models of stellar con
vect ion zones; in her theory i t would be a value for t h e mixing length. The 
possibilities available a t present seem to be to t r y t o apply ei ther Malkus ' 
approach or t he one I have jus t discussed. I n ei ther case we have to deter
mine t h e appropr ia te complete set of functions t o use—in t h e Pr ince ton scheme 
these w o u l d v b e the normal modes of t he linearized equat ions of mot ion. W e 
also need to know the growth ra tes for each mode ; t h a t is, if t h e t ime-depen-
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dence is like exp [nt], we want to find n(k) for all k. From the classical case, 
i.e. that studied by B A Y L E I G H , we have the following simple picture: 

Fig. 2 . 

In the E-k plane we have shown the critical curve for instability of a funda
mental mode. The growth rate, n, for unstable modes is given by a surface 
which is above the plane inside the critical curve and below outside. The sug
gestion then is to find this surface for atmospheres varying in density from top 
to bottom and bounded by stable layers of gas. Much work by many astro
physicists has gone into this determination, but it is far from complete. Time 
does not permit the discussion of that work. Let me close by saying that it 
is our hope to couple such work with the non-linear procedure I have outlined 
above. 

— G. K . B A T C H E L O R : 

Sometimes it helps to have a greatly simplified view of a problem. I want 
to say a few words about what I think is the essence of the calculation of 
S P I E G E L ' S . My remarks concern the situation which I understand is relevant 
for stellar atmospheres—namely, the situation in which the Prandtl number 
is very small because the conductivity includes the effect of radiation and is 
very large—very much larger than the kinematic viscosity. We wish to obtain 
information about the mean-square temperature fluctuations and mean-square 
velocity fluctuations, for given values of temperature gradient or temperature 
drop or something of the kind. For those simple averaged quantities one can 
give a physical argument which I think is essentially right despite the very 
simplified character. The level surfaces of mean temperature are horizontal 
planes, and temperature fluctuations are produced by convection carrying 
these surfaces upwards or downwards against the action of conduction (which 
includes radiation), which would tend to keep them horizontal. Since the 

a 
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P r a n d t l number is small compared wi th one, and the Reynolds n u m b e r is large 
compared with one, t h e mot ions are uninhibi ted a n d t ake place freely and 
actively, whereas the t empera tu re fluctuations t end to be suppressed. So on 
t h e whole, there is no t much depar ture from the s i tuat ion in which t h e level 
surfaces of t empera tu re are hor izontal planes despite t h e fact t h a t there are 
big u p and down motions . T h a t general pic ture enables one to ex t rac t from 
t h e equat ion of mot ion a n d t h e equat ion for the t empera tu re field es t imates 
of t h e general magni tude of t h e velocity fluctuations a n d the t empera tu re 
fluctuations. F i r s t of all, for t he equat ion of motion, one would have as repre
sent ing t h e order of magn i tude of t h e acceleration V2/L, where L is t h e scale 
of t h e mot ion of t he energy-containing eddies. This will be balanced by—or 
supplied b y if you l ike—buoyancy forces. Viscous forces we m a y neglect in 
view of t he small value of t he viscosity. Buoyancy forces will have as their 
general order of magni tude g(<x.§TjT). Then there will also be an equat ion 
for t h e t empera ture , T, which is jus t t he hea t conduction equat ion wi th al
lowance for t h e effect of convection. The to ta l der ivat ive of t h e t empera tu re 
can be represented b y Vfc where /? is the vertical gradient of mean temper
a tu re , fluctuations in t empe ra tu r e gradient being negligible, since t empera tu re 
fluctuations are inhibi ted b y conduct ivi ty , 

V2 gotST 

Here one has a pair of equat ions from which to determine V and ST in te rms 
of L and /?: 

v T» X T 7-3 
V ~ K T L ' n ~ & T L • 

This I th ink gives the general order of magni tude of these quant i t ies ST and 
V represent ing t h e root^mean-square t empera tu re fluctuation once one knows, 
b y obseivat ion or any other means , t h e scale of t he whole mot ion a n d the 
t empera tu re gradient against which t h e motion takes place. 

— E . B O H M - V I T E N S E : 

This is really a r emark answering the question of B I E R M A N N whether , ac
cording t o t he investigation of M A L K U S , we would expect the numerical results 
to be changed b y more t h a n a factor of 2 or 3 . Now the theory on which our 
calculations were based was criticized very ha rd yes terday. I t seems the main 
criticism was against t h e philosophy on which the theory was based, ra ther 
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t h a n against t he numerical values t h a t have been ob ta ined—at least this was 
t he impression I got from various discussions. Now, I a m no t interested in 
t h e phi losophy—what we need are numbers and so I shall jus t ta lk abou t 
the numbers . If we can expect t h a t this principal of m a x i m u m energy flux, 
which was derived b y M A L K U S , applies also to stellar a tmospheres—I th ink 
then we shall derive numerical ly results t h a t are in good agreement with the 
ones we ob ta in ; because, we jus t chose our scale length of t he motions in the 
way t h a t we got a m a x i m u m energy flux. If we correlate t h e scale length to 
t h e wavelengths wi th m a x i m u m instabil i ty, according to t h e calculations of 
B O H M and E I C H T E R , we find, within t h e l imits of errors, of course, t he 
same length t h a t was in t roduced into t h e calculations to obta in t h e numerical 
results as I pointed ou t yes te rday ; wavelengths of m a x i m u m instabil i ty can 
be es t imated to be larger t h a n 300 k m and the length used was of the order 
of twice this length. So, I t h ink the numerical results can still be expected 
to be correct within a factor 2 or 3. 

— E . S P I E G E L : 

A factor 2 or 3 in w h a t — t h e t empera tu re or the energy t ranspor t? 

— E . B O H M - V I T E N S E : 

I was th inking abou t t he convective energy flux in the critical layers, t h a t 
means in t he upper layers of the convection zone. 

— A. J . D E U T S C H : 

Do I unders tand correctly that"th&se considerations all refer to the regions 
not observed, in t e rms of velocity fluctuations? The pa r t of the a tmosphere 
where the absorpt ion lines are formed is the radiat ively stable pa r t , b u t there 
were suggestions in Spiegel's comments t h a t t he ta i l of t h e curve m a y indeed 
be responsible for wha t we have called micro-turbulence. I s there a reason 
to expect t h a t perhaps it is jus t these small eddies t h a t will be observed in 
the spectral lines'? 

— E . B O H M - V I T E N S E : 

I would say t h a t no t jus t t he tai l of the spec t rum would overshoot in to 
the stable region. I would th ink t h a t also t he ma in wave numbers could easily 
overshoot. If there is any th ing t rue to the p ic ture t h a t t h e mater ia l is moving 
with a certain velocity because of the buoyancy force, then this mater ia l will 
rise to the upper bounda ry of the unstable layer wi th a certain surplus tem
perature—so there is no way to stop t h e m ; they will jus t go on up . 
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— E . S P I E G E L : 

W h a t I was really only t ry ing to say was, t h a t there is a micro- turbulence 
in t h e velocity field, which we t h i n k provides t h e energy for t h e acous t ic 
noise generation. 

— A . U N D E R H I L L : 

Is i t t hen a reasonable generalization of wha t has been said to s t a t e t h a t 
you r calculations indicate t h a t i rregular velocity fields are carried upward 
across t h e border of the convective zone, b u t t h a t ve ry few t empera tu re in
homogeneit ies are carried across b y these tu rbu len t motions? 

— E . S P I E G E L : 

Le t m e be more specific abou t these non-linear te rms. I n t h e dynamic 
equat ion , t hey are the U-&TJ t e rms , and their size relat ive to t h e viscous 
t e rms is t he Eeynold ' s number . F o r a large Eeynold ' s number , as in stellar 
a tmospheres , w£ expect a large range in the scales of mot ion because of rela
t ively small viscous damping. I n t h e energy equat ion, t h e non-linear te rms 
are t h e V- A T te rms, and their size relat ive to the heat-conduct ion t e rms is 
called t h e Peclet number . F o r small Pec le t numbers—such as occur in stellar 
a tmospheres because of t h e grea t efficiency of radia t ive conduct iv i ty—there 
is relat ively large the rmal damping so t h a t the ampl i tude of small-scale tem
pera tu re fluctuations is relat ively small. Therefore we migh t expect fairly 
large a m o u n t s of kinetic energy in small scales, even though there would no t 
be appreciably large fluctuations in t empera tu re on the same scale. I n par
t icular , t h e hea t transfer due to convective motions would be small, so t h a t 
you could indeed have velocities wi thou t any effects whatsoever showing up 
in t he the rma l s t ructure . Ead i a t i ve equil ibrium for model-atmosphere theory 
for ho t s tars could be qui te good a n d still there would be fairly reasonable 
velocity fluctuations. I would like to suggest this in answer to t he question 
raised b y a number of people; I r emember D E J A G E R raised i t—namely , where 
do the observed motions in t he ho t s tars , in the early s tars , arise? The mo
t ions could arise in conveotively uns tab le zones in those stars in which the 
ins tabi l i ty is due to the first or second stage of hel ium. They could be those 
mot ions in which velocity fluctuations are appreciable, b u t which would no t 
show u p in our model-atmosphere calculations. And I t h ink i t is t he answer to 
Miss UnderhilPs question. 

The quest ion of D E U T S C H was how did t he remarks I was mak ing in regard 
to t he appl icat ion of these processes t o the variable densi ty a tmosphere relate 
wi th w h a t we might expect t o see in microturbulence? I n t h e scheme I pro-
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posed, we first look a t t h e l inear equat ions for t h e var iable densi ty a tmosphere 
a n d calculate the eigenfunetions t o use as our complete set in which to discuss 
t h e turbulence. This is convenient because of t he simple form the equations 
t ake when you use t h e r ight set of modes. These modes have t he general prop
e r ty t h a t they are decaying exponential ly in t he stable layers, t hey get large 
ampli tudes in the t ransi t ions, and then it tu rns out t hey drop off exponentially 
below. The drop-off distance is l/kh, where Jch is, in fact, t h e horizontal wave 
number of the mot ion. The most re levant modes, t he ones t h a t would do the 
mos t convecting, are those t h a t are the most uns tab le in t he sense t h a t I 
defined earlier. I need not redefine i t , I th ink the t e r m is suggestive enough. 
A n d the most uns table ones, one has a t t he momen t from the calculations, 
appear to be those for which kh, is on the order of t he scale he ight near the top . 
Therefore, i t t u rns out t h a t t he most dominan t modes of the spectrum are 
those modes t h a t are also re la ted to the scale height . B u t , as pointed out 
earlier b y W H I T N E Y , t h e scale height is also of t he order of t he free mean p a t h 
of a photon. Therefore, a l ready the smaller scales of mot ion which will be 
generated, if t hey exist a t all appreciably, will be b y definition microturbu
lence since they are on a scale which is smaller t h a n the m e a n free p a t h of the 
photons . Only t he largest modes could be seen as visibly excited. Moreover, 
i t is a suspicion t h a t t he t empera tu re scale would drop off steeply and t h a t , 
therefore, one would see effects in the t empera tu re field only froni these largest 
modes b u t t h a t there would be an appreciable tai l of veloci ty spec t rum which 
would contr ibute t o t he observed micro-turbulence th rough the, line-profile. 
The point being, as Mrs. B O H M stressed, the largest scales will be the most 
efficient in get t ing u p to the stable region. They will have t he strongest ampli
t u d e in this region. So t h a t , therefore, these will be the ones t h a t will be most 
re la ted to t he observed granules. 

— A . U N S O L D : 

Let m e give an astrophysicist 's summary . F i rs t , no te t h a t we have dealt 
so far, explicitly, most ly wi th problems involving t w o boundar ies . W h a t I 
have learned this morn ing from t h e ta lks b y M A L K U S a n d especially S P I E G E L , 

is t h a t , hav ing a l imi ted a tmosphere hea ted from below, t hen we get a distri
bu t ion of t he energy over different wave numbers ife. W e begin with one 
smallest Jc, t h e scale being determined b y the thickness of t he a tmosphere . 
Then, S P I E G E L said, we get a fairly steep slope ex tending over a fairly small 
range of wave numbers , less t h a n a factor of 2 . These modes are evident ly 
driven directly b y p u t t i n g in the rmal energy from below. The following modes 
wi th larger k are driven mechanical ly b y the modes wi th greates t wavelengths, 
a n d follow essentially t he well-known Kolmogoroff-Heisenberg theory of iso
tropic turbulence wi th a slope proport ional to Jc~*. Final ly , when viscosity 
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becomes predominant , one obtains, a steep slope proport ional to k~7. So wha t 
is new to us is essentially wha t happens a t the small k; wha t follows a t larger 
fe's is essentially driven b y the longest waves. And we have learned t h a t for 
the hea t transfer, only this range of small wave numbers is impor t an t , which 
is r a the r obvious. Trying to link u p these considerations wi th wha t we have 
heard before in astrophysics—chiefly the lecture by Mrs. B O H M - V I T E N S E — i t 
seems to m e first t h a t t h e equat ions which B A T C H E L O R wrote down were not 
so different from the old-fashioned mixing-length theory of P r an d t l . The l a t t e r 
essentially jus t uses an average over the group of « small k » which is respon
sible for the hea t transfer. To these, « driven modes » one might a t t a ch more 
or less a Kolmogoroff-Heisenberg spec t rum which is produced b y t h e dynam
ical pressure only. Here , t he big whirls are divided up into smaller whirls 
and so on—purely by means of t he (U-V)U te rms in the hydrodynamica l equa
tions. I t seems to me t h a t the hea t , which is finally produced through vis
cosity, is astrophysically in general not very impor t an t as long as we have 
velocities considerably below the velocity of sound, t h a t is ,—astrophysically 
speaking—as long as we are in t he photosphere and not in the chromosphere. 

The nex t point i s : « W h a t do we need more in astrophysics? » Sum
marizing a small colloquium which S P I E G E L , B I E R M A N N , and M A L K U S and I 
h a d th is afternoon, the chief point seems to me t h a t we should find out how 
to pass from the problem with two rigid walls (mathematical ly simple because 
one can easily use the methods of Four ier analysis) to an a tmosphere in which 
the scale-height as well as the degree of instabil i ty varies considerably with 
height . S P I E G E L correctly r emarked t h a t here the methods of Four ier analysis 
cannot be applied any more because one has no scale to begin with. Should 
i t no t be possible to find out as a function of scale-height and degree of insta
bil i ty, with a certain approximat ion , something like a variable characterist ic 
length? Following tha t , as a function of depth, one migh t visualize on which 
scale t he modes doing the hea t exchange, and the K O L M O G O R O F F ta i l a t t ached 
to t h e m (only of secondary impor tance in astrophysics) go on. I.e., one should 
t r y t o find an approximat ion where t he fundamenta l wavelength or the fun
damen ta l k0 becomes a function of depth . T h a t would, of course, no t be a 
Four ier analysis in the str ict sense, b u t something like an approximat ion fa
mil iar in optics where one also takes t h e wavelength as a function of t he var iable 
refractive index and follows a wave along a curved ray using wi thin small 
in tervals a plane wave solution. A n d t h e aerodynamical problem would be 
now t o find some similar methods of a t t a ck considering the fundamenta l wave
length as a function of depth . Some people have considered whether this wave
length migh t be connected wi th the most unstable wavelengths ; b u t t h a t doesn ' t 
seem t o find general acceptance. A n d so I should like to ask the hydrodynam
ics people whether our problem might be approached as kind of adap tab le 
A:-wall problem? 
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Then, finally we under s t and for the la ter t ype stars t o a cer tain ex ten t how 
t h e whole mechanics is dr iven thermodynamical ly and how the energy is t rans
ferred. Fo r the ho t supergiants , where we observe large mot ions , I th ink , we 
should not go too has t i ly over the problem. We have there very large mot ions ; 
no doubt about t h e observations. B u t I th ink i t is an open quest ion, a t least 
a t present—what is t he driving machine? S P I E G E L indicated his idea t h a t i t 
migh t perhaps be tlje hel ium convective zone. B u t recent calculations by 
Mrs. B O H M about convection in ho t stars indicate t h a t in these ho t stars the 
radia t ive energy transfer is so p redominant t h a t no tu rbulence element can 
keep any appreciable t empera tu re difference. A n d so, t h e mechanism of an 
ionization convection zone doesn ' t work simply because all t he « valves of the 
engine» are out of order. Another suggestion which B I E R M A N N reported and 
which has been worked out to a certain ex ten t b y K I P P E N H A H N in Munich, 
is t h a t the mot ions in the a tmospheres of ho t supergiants migh t be connected 
wi th their ro ta t ion . A ro t a t ing s tar mus t , in connection wi th the nuclear energy 
generat ion have meridional cur ren ts ; and these in t u r n would lead to ra ther 
high velocities in the a tmosphere . 

— H. L I E P M A N N : 

I would like to point ou t here t h a t if t he mixing-length approach is used 
in ordinary compressible bounda ry layer theory one obtains 21 different theoret
ical results—all different. Also, I a m always a l i t t le shaken with the astro-
physical applications of theories of incompressible turbulence , i.e., neglecting 
coupling with t he sound waves and coupling wi th magnet ic fields. 

— R. N . T H O M A S : 

I t seems to me this last is jus t the point . I thought you would comment 
on only the Kolmogoroff-Heisenberg interact ion having been admi t ted , ra ther 
t h a n also the compressibili ty dissipation, which U N S O L D believes negligible. 

— A. U N S O L D : 

No, I d idn ' t t a lk abou t sound waves because they become impor tan t only 
if you approach t h e velocity of sound. Such motions are u n i m p o r t a n t in the 
photosphere—and I propose to deal only wi th t h a t — b u t are p redominan t in 
t h e higher chromosphere. 

— R. N . T H O M A S : 

Forget the chromosphere-photosphere division and concentra te on the aero
dynamics . My reference was to the coupling, th rough the non-linear t e rms 
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U'VU, of the «eddy- turbulence » and « random noise » in the sense of t h e 
discussion by M O Y A L and b y U B E R O I a few years ago, to which C L A U S E R has 
implicit ly referred in his general remarks in the P a r t I discussion. I t was 
always m y impression t h a t compressibil i ty effects could no t be neglected when 
t h e Mach number exceeded abou t J ; note t h a t i t is .J-r-J- in these lower solar 
photospheric regions yon are discussing. If you w a n t to be more general, a n d 
associate the observed « microturbulence » in other s tars wi th t he ta i l of t he 
curve discussed by S P I E G E L , t hen I recall from Underbil l 's d a t a t h a t velocities 
r un Up to Mach 0.5 -f- 0.8, and in certain cases th rough Mach 1. So how can 
I confine a t ten t ion only to t h e Kolmogoroff-Heisenberg k ind of in teract ion, 
and neglect the compressibili ty? 

— E . S P I E G E L : 

I t h ink the impor t an t th ing is the coupling to t he pressure f ield—that 
is a k ind of acoustic t e rm. And t h a t I have proposed to t r y to get a round 
by choosing the r ight eigenmodes for the system which will allow for all t he 
complexities of a pressure field of a compressible motion. B u t as for t he non
linear coupling, I th ink t h a t one can neglect it. The compressible flow produces 
a dis tor ted pressure field which is a s tanding pressure field—and t h a t has i ts 
effects on how the ampl i tude of t h e velocity distr ibutes itself. This is no t the 
same as the acoustic t e r m genera ted through the non-linear t e r m essentially. 
If you t ake i t in the wave n u m b e r space—the ampl i tude of t h e velocity field 
is still kep t to the wave number . So you don ' t have compressibili ty genera ted 
th rough the non-linear t e rm even though you m a y a t least in the work t e r m 
t ry to allow for pressure effects. 

— H . L I E P M A N N : 

I get also slightly worried t h a t the existence of the Kolmogoroff spectrum 
is here t aken for granted in spite of the scarcity of convincing exper imental 
evidence. I feel perfectly fine as long as you say we have large-scale motions 
t h a t have a tai l of isotropic tu rbu lence ; b u t to go into too much of the detai ls 
is likely to be wrong. 

— G . K . B A T C H E L O R : 

I t hough t t h a t recent observations made b y people in Bri t ish Columbia 
provided ext reme agreement wi th t h e AT* law for the energy spec t rum. 

— F . H . C L A U S E R : 

The other day we were told t h a t in this region in which t h e convection takes 
place, i t was very impor tan t to get t he r ight answer, otherwise big errors could 
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be made in stellar s t ruc ture . I thought t h a t as a result t he hea t transfer across 
t h a t region was a sensitive t h i n g ; and now people say factors of 2 or 3 m a k e 
no difference a t all. I a m lost. 

— E . B O H M - V I T E N S E : 

W e have done t h e calculation for I = H and then we have done the same 
calculation for I = 2H, to see t he effect. And now in t he layer where we h a v e 
reached the adiabat ic gradient already, let us say for pressure l o g ^ = 8, we 
find t h a t the t empera tu re varies from log T= 4.45, in t he one case, to. 4.57 
in the other case. So those are the size differences which occur. 

— J . - C . P E C K E R : 

B u t the differences t h a t occur in the mass of the star, due to different values 
of the rat io l/H, when you carry the integrat ion inward, are very large—the 
change in radius is also very clear. 

— E . B O H M - V I T E N S E : 

This m a y well b e — I jus t should d raw your a t t en t ion to one calculation 
t h a t was done b y S C H W A R Z S C H I L D , who checked which characterist ic length 
ojje should t ake in order t o obta in the observed position of t h e sun in t h e 
H - R diagram. H e found t h a t if you do the kind of calculation we have done, 
you get t he r ight answer for the characterist ic length I = §H. This, of course, 
does no t mean any th ing wi th respect to the method, b u t i t does show t h a t 
with these calculations you can a t least get agreement wi th the observations. 

— A. J . D E U T S C H : 

At the Liege meet ing last year, a paper was presented by T E M E S V A R Y , 

who considered t h e effects upon red giant models of changes in t he ra t io l/H. 
The effect is sometimes enormous ; a t a given t empera tu re , i t can alter t h e 
luminosi ty of the s ta r b y a factor of 50. These results t h rew grave doubts 
on many, of t he conclusions t h a t have been drawn from H - R diagrams abou t 
t he abundances of meta ls in old stars. I n some contexts , therefore, I th ink 
it mus t be very i m p o r t a n t t o know the effect of these factors. 

— A. U N D E R H I L L : 

The point is, t h a t in some spectral types the convective zone has an effect 
only on the upper a tmosphere ; b u t in others i t affects t h e s t ruc ture of the s t a r 
as a whole. Par t icular ly with cool stars, the question of convection is cri t ical 
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for t h e internal s t ructure of t h e whole star. The a tmosphere convection has 
a different effect from the in ternal convection which has a major effect upon 
t h e size of the star. This is t h e point . As I r emember i t , t he s t a t emen t by-
Mrs. B O H M referred to t h e upper a tmosphere convection. I t s effects are not 
so grea t because we are really saying nothing about energy generat ion. We 
are no t dis turbing the r a t e of energy generation, we are merely modifying the 
m a n n e r in which energy can escape from the star. 

— L. B I E R M A N N : 

The paper a t the Liege meet ing ment ioned by D E U T S C H was the one where 
our group had explored t h e sensit ivi ty of the solutions t h a t you get for the 
evolution curve—as a function of t h e pa ramete r expressing the ra t io between 
the mixing length and t h e scale-height. We found first t h a t disregarding the 
convection altogether does no t lead anywhere ; second, when you use mixing-
length theory, then one finds for this par t icular kind of problem—for the stars 
which have moved away from the main sequence by increasing thei r radius 
by a factor of about 10 or 2 0 — t h a t t ak ing for the said pa ramete r t he value 
one, or two, respectively, makes a considerable difference in t he solution. This 
difference is so large t h a t indeed (as was pointed out) i t is impossible t o derive, 
b y comparison with t he observed color magni tude d iagram for ins tance, re
liable values for the chemical composit ion which also enters the re qui te sen
sitively. 

— W. V . R . M A L K U S : 

I n the last session I ment ioned an exper iment in progress to s tudy the 
effects of the penetra t ion phenomena . The observations indicated very sharp 
l imits on the convective motions , a l imit which was well above t h e point of 
the m a x i m u m density. I n other words, there was definite pene t ra t ion into 
the s table layer. I believe we can analyse aspects of this problem, and I do 
no t t h ink they lie completely outside t he scope of the analysis presented this 
morning. Perhaps we can get results t h a t will be valid in those regions of the 
s tar which are inaccessible to us , experimental ly. 

I have two suspicions abou t this work we see outl ined on t h e board . One 
notes t h a t the whole spectral s t ruc ture of the ta i l has been p u t in b y assert ion; 
and though the assertion m a y be sound in astrophysical set t ings, i t is no t pos
sible t o tes t i t in the laboratory. To speculate further on t h e un tes tab le hypo th 
eses I t h ink is unwarran ted . L E D O U X and S C H W A R Z S C H I L D h a v e t h e in tu i t ion 
t h a t t h e hypothesis is sound, b u t the i r confidence is based on the assumpt ion 
t h a t t he fluid can find no other w a y t h a n this cascade mechanism to dissipate 
i ts energy. However, I t h ink S P I E G E L mentioned, and is now exploring, t h e 
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possibil i ty t h a t the energy available for release a t a par t icular wave number 
can be either dissipated b y cascading down the wave number spectrum, or it 
is possible for the motions and t empera tu re fields t o get ou t of phase a t this 
wave number and prevent energy release. Tha t is, U and T can be large and 
n o t exact ly correlated. Hence, this large amoun t of dissipation is no t required. 
All t he observations t h a t are made in the laboratory, and in t he a tmosphere 
where very large-scale convection processes occur, indicate t h a t the correlation 
be tween velocity and t empera tu re is qui te small, even in those scales of 
mot ion which are the most responsible for the transfer of hea t . This indicates 
phase blockage as we call i t , inhibi t ing the release of energy from the mean 
field: and I offer this t hough t as caution in accepting t he Heisenberg-like 
dissipation mechanism. 

— C. B E J A E G E R : 

My first remark concerns t empera tu re fluctuations and the inhomogeneous 
photospheric model. I th ink t h a t all the work done in previous years on the 
inhomogeneous photosphere has to be revised and t h a t noth ing can be s ta ted 
actual ly on the values of the t empera tu re fluctuations as derived from line-
profiles. W e should remember t h a t our opinions on the s t ruc ture of the solar 
photosphere have considerably changed, especially those on the outer layers. 
Compared to previous results we know t h a t the t empera tu re in the outer pa r t 
of the sun is no t so low as B O H M suggested in 1 9 5 3 ; the t empera tu re m a y be 
somewhere between 4 0 0 0 to 4 5 0 0 , and we know t h a t t he t empera tu re in
creases toward the chromosphere already near r = 0 , 0 1 or 0 . 0 0 1 . If further 
Lab ' s measurements of the continuous solar radiat ion are correct, t he temper
a tu re in t he whole solar photosphere has to be somewhat increased. Turning 
now to the problem of micro- and macroturbulence which has been discussed 
several t imes in the course of t he meeting, I would make a short remark . I n 
the stellar photospheres, we are dealing with a velocity field. The energy of 
th is velocity field has a certain distr ibution with wavelength and we do not 
know wha t the dis tr ibut ion function is—it m a y have one peak or various 
peaks ; i t m a y even be jus t one frequency t h a t is act ive. Now astronomers 
h a v e in effect developed two methods for s tudying this velocity field. These 
methods effectively consist in filtering out a certain pa r t of t h e energy of the 
velocity field—one filter is called microturbulence and is effective only for 
wavelengths A such t h a t t he p roduc t of the absorpt ion coefficient x ( c m - 1 ) and 
X is small compared with, un i ty . The other filter is called macroturbulence, i t 
refers to the region where T&X^>1. So we only get a p a r t of t h e velocity 
spect rum, b u t we w a n t t o know all of i t . If t he si tuat ion is, as is suggested 
b y the observations, t h a t t he ma in pa r t of t he energy of t h e field is fed into 
elements wi th characterist ic lengths of the order of the scale height of t h e 

2 6 - Supplemento al Nuovo Cimento. 
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atmosphere , then we are in a b a d si tuat ion. W e know t h a t t h e relat ion be
tween t h e absorpt ion coefficient x a n d t h e scale height H is in near ly all 
cases such t h a t xH is of t h e order of uni ty , bo th for t h e continuous and the 
line spectrum—so t h a t t h e m a i n energy is nei ther in t h e region xX<^l nor 
H A > 1 . T h a t means t h a t especially when s tudying micro-turbulence we always 
get a r a the r small pa r t of t h e t rue energy of the spectrum, a n d this m a y perhaps 
h a v e some re la t ion—I come to the nex t point t h a t I wan ted to discuss—to 
the anisotropy of the turbulence field. W A D D E L L and STJEMOTO have found 
t h a t t h e tu rbulen t velocity field migh t have a certain an iso t ropy; b u t i t is 
no t qui te certain to me t h a t there this anisotropy is really in t he velocity. 
I t m i g h t fairly well be t h a t i t is t h e scales t h a t are no t isotropic. So, when 
approaching the l imb, t he effective scale of our elements becomes larger a n d 
t h a t migh t have for effect t h a t we get a greater pa r t of t h e tu rbu len t spect rum 
th rough our « filter», t h a n b y looking s t ra ight inwards to the sun. W e should 
bear in m i n d t h a t in a free a tmosphere with a densi ty gradient anisotropic 
scales migh t well occur in t he tu rbu len t motion field. E.g., i t has been found 
in t h e high terrestr ial a tmosphere near t he 1 0 0 k m level t h a t t he vert ical scale 
of t h e mot ions is of t h e order of t h e a tmospher ic scale height , 6 k m , while t he 
horizontal scale is of the order of 1 5 0 k m . Of course, t h e terrestr ia l a tmos
phere is no t directly comparable to a stellar one, b u t we should keep this case 
in mind . 

— E . B O H M - V I T E N S E : 

I would like to ask D E J A G E R — I do no t qui te under s t and your first point , 
because in t he line-profile invest igat ions, you always include small scale and 
large scale mot ions ; so if you find a change in line-profiles, you could n o t 
explain i t as due only to t h e transfer of the velocity field from macro- to micro
turbulence. 

— C D E J A G E R : 

Of course, t he whole velocity spec t rum contr ibutes t o the detai led line-
profile, b u t in m y feeling nobody has worked out a reliable way to determine 
t h e detailed spectrum from the line-profile (which is widened b y so m a n y dif
ferent a n d badly known causes). The only direct ways t o s tudy t h e mot ion 
field are ei ther by considering the posit ion of the flat p a r t of t h e curve of g rowth 
(« micro-turbulence », xX<^l) or b y considering the line widening which does 
no t influence the equivalent width (« macro-turbulence », H A > 1 ) . 
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