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The Intrinsic Properties of Curves
By Proressor M. T. NARANIENGAR

(Read 8th May, 1908)

Any property of a curve which depends solely upon its form may
be styled intrinsic. Thus the circle of curvature at a point, the
relation between s and ¢, the envelope of the normals, the envelope
of straight lines making a constant angle with the curve, etc., are
all intrinsic properties. It is proposed to investigate a few of these
properties in this paper.*

I

(1) Let a straight line PQ make a constant angle A with a
given curve at any point P; then the envelope of PQ may be
geometrically found as follows.

. If PC, P'C (Fig. 17) be consecutive normals to the given curve,
and PQ, P'Q consecutive positions of the straight line making
a constant angle with the curve, then evidently TPCQPF is a circle.
Therefore - CQT is right and ultimately - CQP is a right angle.
Hence the envelope touches the straight line at the foot of the
perpendicular from C, the centre of curvature. Also PQ=psinA,
where p is the radius of curvature at P.

(2) Again, if Q' be a neighbouring point on the envelope,
QQ =P Q -PQ+PPecos),
i.e., 85’ = (p + 8p)sinA — psin + 8scosA = SpsinA + SscosA
the accented letters referring to the locus of Q.
Also 8 =8y, since ¢ =y =A

. 8% 8 . s

o g,—wsm)t+§s—&cos)k
cror _de
.o plor d—w—plsm)t+pcos)», where pl._d¢

which is equal to the radius of curvature of the evolute.

* [Full references to the literature of the problem dealt with in I. will be
found in Loria, Spezielle algebrassche und transscendente ebene Kurven.
Leipzig, 1902, p. 626. Ep. E.M.8.P.]
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(3) Let E be the centre of curvature of the evolute; then, if
EN be perpendicular to QC, QN = pcosA + p,sinl, so that N is the
centre of curvature of the locus of Q. In other words, the centre
of curvature at Q is the projection of the centre of curvature of the
evolute on the normal at Q; and it is related to the evolute just as
Q is related to the original curve.

(4) Further, since 85’ = dpsinA + 8scosA, by integrating we have
8'=psinA +scosA + a constant. From this the intrinsic equation
to the envelope of PQ may be expressed.

(5) From the relation p’ = p;sinA + pcosA; we can deduce that

P poSinA 4 pycosA

O

.. dp’ .
(ii) i psSINA + pycosA
and so on; which means that the centre of curvature of the evolute
of Q is the projection of the centre of curvature of the second evolute
of the original curve, and so on.

(6) The locus of Q may be regarded as the involute of a curve
similarly related to the evolute of the original. Also a system of
parallel curves (P) will have a system of parallel curves, (Q), whose
evolutes, viz., (C) and (N) are similarly related.

These considerations show that the locus of N may be styled an
obligue (A) evolute of the original curve P.

II.

(1) Let PQ be the diameter of curvature at P and CD that of
the evolute, then the locus of Q will have QD for normal.

For if PQ, P'Q’ (Fig. 18) be consecutive positions of the diameter,
then PQ=2p and P'Q =2(p+8p). By projection we have in the
limit

QR P p

o= |, @R~ L ‘%" 2,

Hence ¢ = . QDC, that is DQ is the normal at Q.

https://doi.org/10.1017/50013091500036609 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500036609

89
(2) 1f QQ’ be denoted by 3¢,
(') =QR* + Q'R?

) - )i

whence ——=QD.

Also if the tangents at Q and P make angles y' and ¢ with a
fixed straight line,

b=+ -

and therefore

v 1+ dé But sec’¢d¢ £ = PPy

=ty W o
ay 2(py’ — ppy)
therefore 0 J =1+ ity
’ 4 2
Hence b= ds dy (PP +4p)t

ay " d‘P A P+ 6p’— ppy

(3) The centre of curvature at Q may be geometrically deter-
mined as follows.

Differentiating 2p,sin¢ — pcosp =0

d¢ _ picosd - 2psing
dy  2p,cosd + psing

Now, if EF be the diameter of curvature at E of the second
evolute and H the projection of F on QD.

we get

d¢ HD d/) . DH TH
E-/‘— ~gD and therefore W-—l TD=TD

Hence p'=QD?TH, since QD=TD.
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1.

More generally, let PQ be the chord of curvature subtending a
constant angle 2A at the centre, then the properties of the locus of
Q may be similarly determined.

1. PQ, P'Q (Fig. 19) being consecutive positions, it is obvious
that they intersect at N so that C, N, P, P’ are cyclic, and there-
fore CN is ultimately perpendicular to PN.

If PQ be projected on P'Q’, we see that, in the limit,
tang = psinA/(2p,sinA — pcosA)

(2) Let CD be the chord of curvature of the evolute subtending
an angle 2\ at its centre E ; then

QN QN

tan¢> = (m = m) = tanQDN.

Hence ¢ = QDN ; that is, the normal at Q passes through D as
in case II.
(8) Also Q) =(Qg)+(Q¢r
ds’ 2 T2 3 2
<T) = p’sin®A + (2p;sinA — pcosd)

= p? — 4pp,sinAcosA + 4p,’sin’A
, dy_ . dp

But Y+ ¢ -y =A and therefore ﬁ—l+d¢

.. das (p* + 4p, %8I’ — 4pp,sinAcosA)
P =GP T = 4pp,sinhcosh + Bp,sin’A — IppsiniA

after reduction.

(4) Again tang = psinA/(2p,sin) — pcosA)
may be written in the form
(2p;sinA ~ peosA)sing — psinAcos =0
Differentiating with respect to ¢, we have
{(2p,sinX — pcos)sing — psinAcosd} +

{(2p;8inA — pcosA)cose + psinAsing } % =0
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this leads to the geometrical construction in Figure 20 where EF is
the chord of curvature of the second evolute subtending an angle
2\ at its centre. Hence as in I1. we find

O S--op
@ -y
and (iiy  p'=QDYTH.
Iv.

If in II. or III. the tangent at Q be drawn to the-circle of
curvature, the envelope of this tangent is closely connected with
the evolute of P.

(1) If R (Fig. 21) is the intersection of consecutive tangents
RQQN is a circle, and therefore - QRN is ultimately equal to
¢=QDN. Thus QNDR is cyclic and _ QRD is a right angle.
Hence the envelope touches the tangent at the foot of the
perpendicular from D, where CD is the chord of curvature of the
evolute subtending the angle 2A at the centre. Also

QR = CDsinA = 2p;sin’A.
(2) If R’ be a neighbouring point on this envelope
RR' = -QQ'cos{¢+ 1)+ QR - QR
= - QQ'(cospcosA — singsind) + 2(p, + 8p,)sin®A — 2p,sin?A
= — cosA(2p,sinA — pcosA)dy + psin®AdyY + 28psin’A
’ d8, a2 :
cop = a7 = 2p,sin®A + p — 2p,sinAcosA,
since Y’ — ¢ =7 ~ 2A and therefore 8y’ = 8y.

(3) If EF be the chord of the second evolute as in IIL., its
projection is DG =2psin®A, and RD= sum of projections of
CQ.CD=p - 2psinicosA. Hence RG=p', that is the centre of
curvature of the envelope is the projection of F on the normal at R.
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V.
If on the tangent at P a length PQ equal to the radius of
curvature be measured, the locus of Q has the following properties.
By projection we have (Fig. 22)
tang= [, pdy/(PQ+PP -PQ)= |, pd¢/(3s-5)
=p/(p - p) = tanEPQ,

if E be the centre of curvature of the evolute. Hence the tangent
at Q is the reflection of EQ in the tangent at P.

Again (QQ)? = 542 + (Bs - 39"
dsl
and therefore a7 =EQ. But ¢y'=y¢y-¢,
,_ds’ _ds' gdy  {p*+(p-p)}

whence ===
Pdy ~ay [ dy ~ 20"~ 20p + 207 - ppy
If a length be measured on the opposite side of the tangent, we
find tand = p/(p + p1), ete.
For any length xp measured along the tangent, similar results
may be established with slight modifications.
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