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EXISTENCE THEOREMS FOR SOME WEAK ABSTRACT
VARIABLE DOMAIN HYPERBOLIC PROBLEMS

ROBERT CARROLL AND EMILE STATE

1. Introduction. In this paper we prove some existence theorems for
some weak problems with variable domains arising from hyperbolic equations

of the type

(1.1) wy + Au = f

where 4 = {A(¢)} is, for example, a family of elliptic differential operators
in space variables x = (x1, ..., %,). Thus let H be a separable Hilbert space

and let V' (¢) C H be a family of Hilbert spaces dense in H with continuous
injections 2(¢): V() > H (0=t =T < ®©). Let V'(¢t) be the antidual of
V(t) (i.e. the space of continuous conjugate linear maps V (¢) — C) and using
standard identifications one writes V() C H C V'(¢). If R(¢): H— V(¢)
(into) is determined by ((R(¢)x,v)), = (x,y) for x € H and y € V(¢),
where ((,)), (resp.(,)) denotes the scalar product in V(¢) (resp. H), then
R-1(t) is a positive selfadjoint operator in H and S(t) = R—*(t) maps its
domain V(¢) = D(S()) one to one onto H with ((x,v)), = (Sx, Sy) (see
[9] for details). We will always make hypotheses which insure that
[IS=1@)|| £ ¢1 with S~!(- )k measurable in H for & € H (i.e. (S71(- )k, k)
is to be measurable for 2 ¢ H). The use of such standard operators has been
quite successful in describing the variation of the V(¢) in weak abstract
evolution problems (see [9; 10; 11; 12; 15; 16; 17; 20; 21; 34; 44] and see
also [22; 23] for related work in some strong problems; this was reported on in
part in [13; 24]). For the intrinsic meaning of the S(¢) see [9, 14]. Let now
W= L*(V(¢) ={uc L2(H) on [0,T]] u() € V() ae.; Su € L2(H) on
[0, T} with scalar product

((u,2))w = foT ((u,v)),dt = fOT (Su, Sv)dt

(Su means S(-)u(-), for example, and we suppress the ¢ argument in the
integrals for simplicity). Note that W depends on ((, )), and hence on S(¢).
Under the hypotheses indicated for S—!(-) it follows that W C L2(H)
(cf. [9]). Let a(¢, -, ) be a continuous sesquilinear form on V() X V(¢)
with |a (¢, %, ¥)| £ clx||d|y]]: for x,y € V(¢). One writes

at,x,y) = (A, y))

and we assume that A(-) is a measurable family so that Au € W when
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u € W (cf. [9]); we will call a(t,:, ) a measurable family of continuous
sesquilinear forms. Then a natural weak problem related to (1.1) is to find
uw € W with «' € L2(H) and #(0) = 0 (" in ©'(H) = H valued distributions
on (0, T); note that » will be continuous (cf. [9]) and we need not work on
(=00, T)) such that

(1.2) - f: ', v")dt +f0T (B@)u', v)dt +f0Ta(t, u, v)dt

=f0T (f, v)dt + (u1,2(0))

for all ¥ € W such thatv’ € L2(H) and v(T") = 0 (cf. [32]); the problem with
u(0) ¥ 0 is somewhat more complicated as indicated in [32] and we will not
discuss it. Here f € L2(H) and u; € H are given while one assumes that
B(t) € R(H) with ||B(t)|| = ¢3 and B( - )k measurable in H for h € H (R(H)
is the space of bounded operators H — H). Under the assumptions listed,
everything in (1.2) makes sense (note that B( - )u’(-) is measurable since
B@)u',h) = (',B*(t)h) for b € H, while B*( - )k is measurable since for
k€ H, (B(t)k,h) = (k, B¥*(t)k)). We remark that Lions only considers
V(¢) = V in [32] and variable domain hyperbolic problems in general present
serious difficulties not encountered in the variable domain parabolic situation
(this is perhaps related to characteristics, retrograde light cones, etc. in the
hyperbolic case); some variable domain hyperbolic results appear in [8; 28;
31; 33; 40]t and other recent work on abstract hyperbolic problems can
be found in [1; 2; 4; 6; 7; 25; 26, 27; 29; 30; 32; 33; 34; 35; 36; 38; 39; 41; 42;
43; 45; 46; 47; 48; 49; 50]. We do not give references here to papers on the
abstract Cauchy problem, semigroups, or the construction of evolution
operators unless they explicitly deal with abstract equations of the form (1.1)
or (1.2); similarly we have not tried to list the recent work on hyperbolic
systems due to Friedrichs, Phillips, Lax, Sarason, Crandall, etc., nor have we
given references to hyperbolic situations treated by the methods of singular
integral operators (see [9] for bibliography in all these cases).

In section two we reformulate a simplified version of (1.2) as a first order
system (problem (2.2)). This version involves B(t) = 0 and u; = 0 with
a(t, -, - ) selfadjoint and coercive, which is sufficient to indicate the main
features of the theory developed here. (Extensions of this theory to include
forms a(t, -, ) which are perturbations of selfadjoint coercive p(¢, -, ) as
in section three and to include operators B(¢) of the form indicated below
seem to be straightforward and we will not spell out the details (cf. also
remark 2.9).) One considers a parabolically regularized strong problem
(problem 2.5), associated with problem 2.2, to which solutions u¢ can be
found, and, after obtaining suitable estimates on the u¢, limits can be taken

tSee also an important recent paper: J. Cooper and C. Bardos, 4 nonlinear wave equation in
a time dependent domain, TR 71-25, University of Maryland, 1971.
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in the related regularized weak problem which leads to a solution of problem
2.2. The resulting theorem (Theorem 2.7) seems quite strong but we remark
that it is an abstract theorem in the sense that the hypothesis (2.17) is difficult
to verify in practice (cf., however, remark 3.8 for some interpretation of (2.17)).
In section three we work with (1.2) directly using a version of a technique of
State (cf. [13; 44]) which involves the introduction of a new space of test
functions. The ensuing result is essentially weaker than Theorem 2.7 but,
as indicated in section three, the technique is of independent interest, addi-
tional terms are included, and moreover it illustrates again the role of (2.17);
remark 3.7 provides additional reasons for exhibiting this technique. The
results have been announced in [19].

2. In general one expects results with forms a(t, -, - ) which are perturba-
tions of selfadjoint forms p(¢,-,-) (G.e. p@¢ x,v) = p({E v,x)) where
p@, v, x) = of|x|| 2 — d8|x|?; cf. [1; 2; 32; 44], and section three of this
paper). In this section we simply take a coercive selfadjoint family a(¢, -, - )
(i.e. a(t,x, x) = a,lx||2) with e, x, )| = ci|x||,||¥]|; in order to illustrate
an application of the method of parabolic regularization to a weak abstract
variable domain hyperbolic situation (for parabolic regularization see, e.g.,
[4; 33; 35]). The ensuing result can evidently be improved upon to include
additional terms etc. as in (1.2) but we will not dwell on this (cf. comments
in section one and hypotheses in section three). Now such coercive selfadjoint
forms a(¢, -, - ) induce a norm topology on V() equivalent to its original
topology since a,||x||.2 £ a(t, x, x) = ¢/||x||,>. Hence we introduce a new
Hilbert structure on V(¢) with scalar product ((x,v)), = a(¢, x,y), and use
this structure exclusively in the remainder of this section (with the same
notation ((,));and || ||.). Note that when A(¢) is the identity, 2 (¢) is auto-
matically a measurable family in our new W and neither uniform boundedness
nor coercivity relative to the old norms is required.

Now a(t, x,y) = (4 ()x,y) where A(t): V(¢) = V'(¢) is linear and con-
tinuous (recall that V’(¢) is the antidual). Note also that (, ) is linear in the
first argument and antilinear in the second and one can thank of V(t) = V" (¢)
as the antidual of V’(¢) in formulas such as (4 ()x,y) = (A @)y, x) =
(x, A (t)y). We define an (unbounded) operator in H, denoted also by 4 (¢),
by stipulating that x in V(¢) belongs to D(A4 (¢)) if A(t)x € H. Thus, for
x €DA®)), alt,x,y) = (A@)x,y) = (A(@)x,y) and this is the same as
specifying that x in V(¢) shall belong to the domain of a linear operator 4 (¢)
if the map y —a(t, x,): V() — C is continuous in the topology of H
(cf. [9; 32]). Consequently, since (4 (#)x,y) = a(t,x,y) =a(t,y,x) =
A @)y, x) = (x, A(t)y) for x,y € D(A(2)), we see that 4 (¢) is a selfadjoint
operator in H (cf. [9; 32]); in particular, 4 (¢) is closed and densely defined.
We recall next (cf. [9]) that there is an isometric isomorphism

0(): V') = V(@)
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determined by {x, y) = ((6(¢)x, ¥)),; hence

(6, y) = a(, 0()x,y) = (AO)00)x, ).

This formula, together with {4 ({¢)v, y) = ((v,y)), = (6~1(¢)v, ¥), shows that
in fact 4(¢) = 671(). We recall next from [16] that 8(t) = S—2(¢) when
restricted to H. Indeed for w € H and v € V' (¢) one has

(w,v) = (SO)6)w, SEt)?)

so (w,v) = (w,v) means that S¢)0¢)w € D(S(¢)) with S?°()0(H)w = w.
Thus, when x € D(A(t)) with A({)x =y € H we have 0(t)y = S2(})y = x
50 S2()x = A (t)x for x € D(A (¢)); this means that S(¢t) = A*(). We sum-
marize some of this as a lemma.

LEMMA 2.1. With the Hilbert structure on V (t) defined by ((x,y)), = a(t, x,y)
it follows that A() = 671(¢): V() > V'(t) and, as an operator in H,
A @) = S2(t) is selfadjoint.

Measurability properties and bounds will be indicated below. Now we will
change (1.1) into a first order system in order to exploit some results of
[15; 16] (cf. also [4; 33; 35] for somewhat different formulations). The novelty
here is that an additional term must be added in the weak problem to take
into account the variation of the V (¢). Thus consider formally u; = A% = Su
and #, = ' where u € Wand »’ € L2*(H) (' in ©'(H) on (0, T); cf. [18] for
similar reductions). We shall assume from now on that S—1(-) is weakly C!
(i.e. that (S~1(- )k, k) is C' for h, k € H). It follows that there are selfadjoint
operators S—1(¢) € (H) such that for &, b € H (S~'()h, k) = (S—1(t)h, k)
with [|S=1(#)|| £ ¢1 and [|S—1(¢)|| £ ¢4 while S—1(-) is Lipschitz continuous
in norm (see [9, Lemma 4.5.7]). In particular S~1(- )% is measurable in H
for h € H and W C L*(H). It follows that in ©' (H) (suppressing the ¢ argu-
ment for convenience)

(2.1) w = (S7uy) = S~y + S~luy
provided #;" makes sense, and one is led to pose the following weak problem.

Problem 2.2. Find

u= (”) € & = L'(H) X L*(H)

u
such that
(2.2) — @, Vv) 4+ ru,v) + »u, Sv) = ,v)
for all

v=<1)€WXW=ﬂB with v € 9

/)
D2
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and v(T") = 0 where

2.3) A= <f_l —(1))’ f= (?‘)

with f € L2(H) and \ is an arbitrary real number.

Existence (or uniqueness) is not affected by the X term (cf. [9]) and \ will
be chosen large enough to aid in obtaining estimates later. We display the
equations (2.2) also in the form

T T T
(2.4) -—fo (1, v1")dt + )\fo (u1,v1)dt —-fo (u2, Svy)dt
T
+f (S s, Sv1)dt = 0;
0

T T T
(25) —_ fo (uz, 7J2I)dt + )\j‘o (Mz, Uz)dt -+ fo (ul, S?)g)dt

= fOT (f, v2)dt.

Thus setting v; = S~lp for ¢ € C,™(H) on (0, ) with v,/ = S—1p 4+ S—1¢’
and taking A = 0, (2.4) leads to

(2.6) — fo ’ (S YUy, ¢')dt = fo i (1, @)dt.

This implies that uy = (S™'u1)" in ©'(H) and hence given a solution u of
problem 2.2 (with A = 0) we define # = S™'u; so that #s = u’ and (uy, Sv:) =
(Su, Svs) = a(t, u,v:). Hence (2.5) becomes

2.7 —fOT (u', vo")dt +f0Ta(t,u,v2)dt =f0T (f, v2)dt.

In a certain weak sense (2.2) corresponds to initial values u(0) = 0, but we
will not dwell on this; the technique we use gives u = lim u¢ weakly in $
with u¢(0) = 0.

We recall next from [16] that one can write W’ = L2(V (¢)) = L2(V' (1)),
where L2(V'(t)) is defined as 67'W = {6-1(: )v(- )| v € W}. Following [16],
wedefine L: W— Wby Lu =« with D(L) = {u € W|u' € L2(H);u(0) = 0}
and L": W—W'by L'u = —u with D(L') = {u € W|u' € L*(H);u(T) = 0}.
By [16, remark 2.3], L and L’ are densely defined and by [16, Theorem 4.7
(or 4.8)], Ly = L = (L')* = L,; both results are a consequence of S~1(-)
being weakly C! (L denotes the closure of L).

Remark 2.3. One sees easily that, following the presentation of [16], the
present theory can be developed for W = L?(V(t))

<with W' = LYV'(£)) for Z% + 51 - 1)
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when p = 2. Also, nonlinear 4 might be envisioned. However, we confine
ourselves to the L? case and linear 4 for simplicity.

We recall now that a (nonlinear) map Q: W — W’ (W being, for example,
a reflexive Banach space) is monotone if

(2.8) Re{Q(u) — Q@),u —v) 2 0

for u,v € D(Q) C W. When Q is linear and monotone with D(Q) dense we
say that Q is maximal monotone if it is not the proper restriction of another
linear monotone operator. A (nonlinear) operator Q: W — W’ with D(Q) = W
is bounded if it takes bounded sets into bounded sets; such a Q is hemicon-
tinuous if it is continuous from lines in W to the weak topology of W’ and it
is coercive (in a general sense) if Re(Qx, x) = ¢(||x||)||x|| where ¢(x) —
as x — © (with ¢(x) possibly negative for small x). Now, as in [16], by a
result of Brezis [3], L, is maximal monotone since L; = L, (this holds also
for the reflexive Banach space W = L?(V (¢)), p = 2) and we cite the follow-
ing special case of a result of Browder [5] (only single valued maps are con-
sidered here).

THEOREM 2.4. Assume that B is a reflexive Banach space. Let ¥: W — W'
be a (closed and densely defined) linear maximal monotone map and
C: B — W a monotone, hemicontinuous, bounded, and coercive map. Then

L + € maps D(®) C B onto W'.

We will apply these results to the regularized strong parabolic problem
associated with (2.2). Thus we consider

Problem 2.5. Find u¢ € 8 such that

(2.9) Luc + zuc + Guc + Bue =f
where

—_ Ls O .
(2.10) ¢= (0 LS>'

_ (7 0).
%_(0 oY)

G = (e‘ls*ls*‘ —S>
S /"

We check first that a solution of (2.9) satisfies (2.2) with a suitable ¢ term
added. Thus let u¢ satisfy (2.9) and let v € ® with v/ € © and v(I") = 0.

Then v € D(¥') in an obvious notation and taking ¥ — 2’ brackets in
(2.9) with v we obtain

(2.11)  —(usv)e + Aus, v)g + Aus, Sv)g + e(Sus, Sv)g = , v),.
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Indeed the individual equations in (2.9) are

(2.12) Lo + Muge + 671515156 — Sust + 01wy = 0
(2.13) Lsuzf + )\uzE + Suf + e0‘1u2‘ =

and one notes here that if x € H and v € V(¢) then (x,v) = (x,v) whereas
if x € V'(t) and v € V(¢) then

(2.14) (x,v) = ((6x,2)) = (Sox, Sv).

Hence, in appropriate spaces, we have (F-1S-1S~lu,¢ v;) = (S—1u:¢, Svy),
—(Suss, v1) = — (S, v1) = — (w25, Sv1), (6 'u1, v1) = (Sus¢, Svy), etc., so
(Gue, v) = (Aue, Sv), (Bus,v) = (Sus, Sv), etc. Now the idea in what
follows is to find solutions u¢ of (2.9) with |u¢|g and ¢}||u¢||m bounded (note
that one does 7ot expect ||{u¢||w to be bounded; cf. [35]). Then by weak com-
pactness (or weak sequential compactness) we can take limits in (2.11) as
e — 0, which leads to a solution of (2.2).

By the previous discussion £ is obviously maximal monotone and it remains
to see when € = € + N 4 B satisfies the conditions of Theorem 2.4. First
one sees that € is obviously continuous from T to T’ since the injections
B —» O » W are continuous and 6! is an isometric isomorphism W — W’.
Therefore € is trivially hemicontinuous and, since it is continuous and linear,
@ is also a bounded map. We need consider therefore only Re(Cu,u) = &
which, using (2.12) and (2.13), is the sum of two terms:

(2.15)  Ei = Mua|? e + Re(S1ur, Sua) oy —Re(Sus, 1) g2 + €[] [ w?
(2.16) He = )\lu2|2L2(H) + €||u2HW2 + Re(Sul, u2)L2(H)-

Since Re(Swus, ;) = Re(Sui, #2), in order to have coercivity in the form
Z 2 ¢||lu|’s (and thus also monotonicity since € is linear), it suffices to
assume that

(2.17) Re(x, ST1()S®)x)n = —Blx[a®

for x € V(t) and then we take A > 8 (the hypotheses (2.17) will also arise
in section three); if 8 = 0 we simply neglect this term. Thus under these
circumstances we can apply Theorem 2.4 to obtain

THEOREM 2.6. Let a(t, -, - ) be a family of continuous sesquilinear coercive
selfadjoint forms, and put on V() the corresponding Hilbert structure, so that
A@) = 671(t) with S2(t) = A(¢) in H as in Lemma 2.1. Assume that S7*(-)
is weakly C* and suppose that (2.17) holds. Then for N > B there exists a solution
ue of problem 2.5.
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Now our solutions u¢ satisfy (2.12) and (2.13) and we recall from [16]
that Re{Lsu, ) = 0. Thus, using (2.15), (2.16), and (2.17), one obtains

(2.18) elulm? + (\ — B)|uss? = Re(f, us*)

Re(f, us*)

= 1S | zean |2 2an

< SlusPreany + | f |22 /6.

Consequently, taking 8§ <X — 8 we see that, for A > B8, |[u¢y < ¢; and
é||u¢l|m < cs. Take now for simplicity € = ¢, — 0, so by weak sequential
compactness there exists a subsequence u¢ (again denoted by €,) with
use —u weakly in §. Since ¥ is linear and continuous from $ to 9 it is
weakly continuous (cf. [9]) and we can take limits in (2.11) to obtain (2.2);
note here that

(2.19) & (Suen, SV)g| < cee,?[ S| — 0

A I IIA

because |Su¢|g = |[ue||g. This proves

THEOREM 2.7. Under the hypotheses of Theorem 2.6, there exists a solution
of problem 2.2.

Remark 2.8. When V(t) = V we note that in general S—1(¢) will still depend
on ¢ since a(t, x, y) will usually depend on ¢ for x,y € V. Thus, some differen-
tiability relative to the forms a (¢, x, y) remains in the hypotheses, as one
expects from [32].

Remark 2.9. It is clear that by suitably increasing A the preceding theory
applies to selfadjoint forms a(t, x,y) where a(t, x,x) = a|x||2 — Blx|?
(cf. (2.4) and (2.5) and the statement immediately following). One would
then take ((x,3)), = a(t, x,9) + B(x, y).

3. One has the impression from section two and previous work of State [44]
that whenever a(f, x,y) = p@, x,9) + r{t, x,y), with r(, x,y) a small
perturbation of a selfadjoint coercive (¢, x, y), then the introduction of a
new scalar product ((x,¥)), = p(¢, x,y) on V() allows one to deal at once
with a more meaningful S(¢); thus a certain economy in the hypotheses is
promised. In view of remark 2.9 we need only consider coercive selfadjoint
p (¢, x,v). In this section we give a version of a technique of State [44] in
which the new scalar product is now used. This technique involves working
with (1.2) directly by introducing a new space of test functions and was
reported on briefly in [13]; the hypotheses indicated in [13] imply that
V() = V, as pointed out by T. Kato (cf. [16]), but the technique is flexible
and leads to a result using (2.17) (cf. [44]). The result is weaker in certain
respects than Theorem 2.7 but it contains terms not in (2.2) and it illustrates
again the role of (2.17); we include it also to display the technique of using
new spaces of test functions and remark 3.7 provides additional motivation.
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This kind of technique has led recently to some existence results for first order
problems where regularity of data is systematically inserted into the problem
and then an equivalent problem with new test functions is solved (see
[12; 17; 37]); we consider such techniques an interesting complement to the
Lions Projection Theorem.

Thus we take a = p + r as indicated below with [p (¢, x, ¥)| £ ¢'||x|||7]] .
Then given that p(¢, -, - ) is selfadjoint with p (¢, x, x) = &,||x||,> we put on
V() the new scalar product ((x,y)), = p(¢, x,y) and use this from now on.
As before, writing ((x,5)), = p@¢t, x,y) = ((B#)x, y)):, we have B(¢) is the
identity and no measurability assumption is required since we work in the
new IW. We write also 7 (¢, x, y) = (R(¢)x, y) and we assume that Ru € L2(H)
for u € W with |r (¢, x, )| = cs||x||.|y] (cf. [32]). Operators 6(¢) and S(¢) are
determined as before and we write p (¢, x,y) = (P(t)x,y) with P() = S2(¢)
as an operator in H.

The idea now is to work with (1.2) directly and use the Lions Projection
Theorem applied to suitable spaces. Thus let W = L2(V(¢)), emphasizing
that this is the new W determined by the p(¢, -, - ), and set

F={u€ W' e L'H);u() =0},
K=1{ve W€ L*H);v(T) = 0},

and P = {<p|<p(t) = S'l(t)ﬁtemS(A)v()\)d)\ for v € K}

where v = 0 is real. If we call the left side of (1.2) (Eu, v) and the right side
L (), then the problem to solve is

Problem 3.1. Given f € L*(H) and #; € H find » € F such that
E(u,v) = L) for all v € K.

Now we assume again that S~1( - ) is weakly C' and, if ¢ € &, it follows that
3.1) ¢ — S~1Sp = e¥y,
Therefore we can write (note that ¢(0) = 0)

(3.2) E(u, ¢) = E(u,v) = E(u, ' (¢! — S71S¢));

T
3)  Lp) = L) = (us, ¢'(0)) + fo (f, e (¢' — ST'Sp))dt.
Then solving problem 3.1 is equivalent to solving

Problem 3.2. Find u € F such that E(u, ¢) = L(p) for all ¢ € .

We check first that ® C F algebraically. Clearly ¢(0) = 0 and ¢(¢) € V(¢).
Then, using Holder’s inequality, one has
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2
dt

T t
(3.4) ||‘P”W2 = |Se|’ 2 = fo fo ¢™S(N\)v(\)dx

T ¢ .
= 6111‘0 (j; ISv]2d)\)dt < cuT||o)|w’

Finally from (3.1), we see that ¢’ € L2(H) since v € W C L*(H), and
(3.5) [S=1S¢| 2 = cilSelr2an = cillellw

where ||S=1(¢)|] £ cs. We introduce a scalar product on F by

(36) ((u’ v))F‘ = ((uy 7)))W + (u,y v,)LQ(H)s
whereas for & we write
(3.7) (e, ¥))e = ((0, ¥))r + (¢'(0), ¥'(0)).

It follows easily that F is a Hilbert space. Note that from

w® = [ wrou

|ua(t)| < t*( fo ' Iun'(al?ds)%

and hence #(0) = 0 is preserved in taking limits. Since the injection ® — F
is obviously continuous we can state

there results

Lemma 3.3. F is a Hilbert space and ® C F is a pre-Hilbert space with con-
tinuous injection.

This serves as context for the Lions Projection Theorem (see [32]) which
we cite as

THEOREM 3.4. Let ® C F be a pre-Hilbert space contained in a Hilbert space F
with continuous injection (P mnot necessarily dense or complete). Assume that
E(u, ¢) is a sesquilinear form on F X ® with u — E(u, ¢): F — C continuous
and |E (o, )| 2 €||¢||o? Let L be a continuous conjugate linear form on ®. Then
there exists u € F such that E(u, ¢) = L(¢) for all ¢ € &.

Now, looking at the left side of (2.1), it is obvious that # — E(u,v) =
E(u, ¢): F— C is continuous so, in order to apply Theorem 3.4, it remains
only to check that L is continuous and that |E(e, ¢)| = €||¢||¢? for ¢ € ®.

LEMMA 3.5. The map ¢ — L(p): ® — C is continuous.
Proof. First, referring to (3.3), we note that
[(u1, ¢ (0))] = [ua] [¢"(0) = crale’ (0)].

Further, since |a + 5|2 = 2(a? + 42) and e2'* < 1, we have
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63 | [T e - sisoal
éf:e‘mlfl " — $7'Spldt
<va [ 110t + 187 Se e
sva( [T 1) (7 g 4157 sol0)’

T 3
< cls(fo (l¢'|” + 642|S¢>lz)di)) < cullolle.

Now write

7
(39) X = Ref a(tr " ‘P, - S—IS(P)3—21tdt,
0
T
(3.10) V= Refo (B¢, o' — S Se)e"dt,
T
3.11) Z = ——Re‘f0 (¢, (3‘2“”(90’ — S—I&P))')dt,

so X + Y+ Z = Re E(p, ¢). We note first that if ¢ € & with

t
h=Sp= f S\ (A)dA
0

then

(312) L0 00) = L (G0 9))e = (b BY = 2Re(h, 1)

= 2Re(Sp, S(¢' — $7'S¢)) = 2Re p(t, 0, o' — S'Sp).

Furthermore one has easily

T
(3.13) ‘2 Ref rt, 0, ¢’ — S_l&p)e'z”dt)
0
7 1 2
< 2 | " llgllile't + 1SS a

1 (* - 7 —
< 2ed [ loll + e e [ el

T T
< cs(1 + 2¢4) fo llo|| e~ dt + cs fo lo’ |~ dt.
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Consequently there results
’ d -2yt . —1 —2v1
(3.14) 2X = —= pt, 0, 0)e” dt + 2Rer(t, ¢, 0" — S Sp)e”dt
o dt 0
T
2 o™ — o [l
0

T
+ (2y — ¢s — 2csc4) fu [le|| e dt.

It is evident that

T T
(3.15) 2Y =z —2; f lo'|"e™ 'dt — caca f (e'* + llellHe ™ at
0 0

so it remains to find estimates for Z compatible with (3.14) and (3.15). The
procedure we use involves the technical assumption that S—! is weakly C? and
in view of Theorem 2.7 this seems excessive in general (cf. remarks in sections
one and two about extensions of problem 2.2 to include additional terms).
Thus, techniques based on new spaces of test functions and Theorem 3.4 may
not always give the best possible results, but they have provided already a
number of general abstract results in areas where no such theorems were
previously available (see [12; 17; 37; 44]). In particular such techniques are
seen to be a useful adjunct to the Lions Projection Theorem.

Now to estimate Z, we recall that ¢(0) = 0 and v(7) = 0 implies that
(¢’ — S~1S¢)(T) = 0. Therefore

(3.16) 22

T
—2 Ref ((¢" — S7'S)e ™", (™" (¢' — S7"Sp))")e"™ 'dt
0

T
— 2Re f (S7'Se, (67" (¢" — $7Sp))")dt
0

I

T
W OF +2v [ 1¢ = Ssele

T
+ 2Re f ((ST'S9)’, ¢ — S™'Sp)e™™"dt.
0

However we can write (S~1S¢)’ = S—1S¢ 4+ S~1(S¢)’ and one notes that
(p/"— S—1Sp = S~1(Se)’  since ¢ = (S"S¢) = S-1S¢ + S-1(Sp)’. Now
[|S'(#) || = ¢15 and, looking at individual terms, we have

T ..
(3.17) .2Re f (S Sy, ¢ — s‘-‘swﬂﬂm'
0

T T
= (6152_|_2cl5c4)f0 l]¢|]tze_2wdt+fo |<p'l2e‘2”dl.
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Further, using (2.17) we obtain

T T
(3.18)  2Re fo ($7(Se), ST (Se))e ™" dt = —B f |S7H(Se)' e a
0

T
= ——ﬁfo lo’ — S So|% " ds.

Consequently, we obtain from (3.16) and (3.18)

@N>MEW@WH%—QKW—W&W%¢

z T
— cus(c1s + 2¢4) fo H‘Pll;ze_mdt _fo ]go'|2e"2”dt.

Finally, since ab = 6a® 4+ b%/6, where we take 0 < § < 1, there results

T T
(320) f l@' —_— S_IS¢123—27tdt > (1 — 5)[ |¢’I2e—271dt
0 0

L) [T s et
AV . | v|e t.

(8.21) 2Z = |¢'(0)|* — c1s fOT lle|| e dt + ciq foT lo’|%e™*" dt,

where

cie = 2y — B)(A/6 — 1)ca® — c152 — 2c15¢4 and ¢ = 2y — B)(1 — &) — 1.
Combining (3.14), (3.15), and (3.21) it follows that

(3.22) 2Re (g, ¢) 2 [¢'(0)]

Therefore (3.19) becomes

T
+ (2’)’ — Cg — 26364 — C3C4 — 615) fo ||¢H,2e—2”dt

T
+ (617 — €3¢4 — 2¢3 — Cs)f |§0,l23_27tdi.
0

We write 2y — cg — 2cs¢s — ¢34 — €16 = 2v(1 — ¢2(1/86 — 1)) — ¢;s and
€17 — C3¢s — 2c5 — ¢cg = 2y — B)(1 — 8) — ¢c19. Now first pick & so that
1> ¢2(1/6 — 1) (ie. c2/(1 + ¢s?) < 6 < 1) and then pick v large enough
so that (2y — B)(1 — 8) > ¢19 with 2y (1 — ¢42(1/6 — 1)) > c15. Under these
circumstances 2 Re E (¢, ¢) = ¢||¢||s? and we have

TuEOREM 3.6. Let a(t,x,y) = p(t, x,v) + r(t, x,y) where p(,-,-) is a
family of continuous, selfadjoint, coercive, sesquilinear forms on V(t) X V(¢)
and put on V(t) the corresponding Hilbert structure so that P () = 6-1(t) with
S2(t) = P(t) as an operator in H. Let |r(t, x, y)| = cs||x|||y| for x,y € V()
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and assume that Ru € L:*(H) for u € W where r(t, x,y) = (R(t)x,y). Let
B(t) € QH) with ||B@)|| < ¢; and B(- )h measurable for h € H. Assume that
S—1( - ) is weakly C? and suppose that (2.17) holds. Then there exists « solution
of problem 3.1.

Remark 3.7. In [44] State proves a version of Theorem 3.6 without intro-
ducing the new Hilbert structure determined by p(¢, -, - ). This formulation
requires one to express the interaction of p(¢, -, - ) with the way V(¢) varies
in order to describe d/dt p (¢, u, v) and this originally led to the introduction
of the space ®. Such theorems are indeed necessary since one may know how
the V(¢) vary in their original description by S—1(¢) but not know a priori much
about the new S~!(¢) determined by p (¢, -, - ). State’s result in [44] connects
these descriptions and the linking hypothesis is that S(¢) P (¢)S~1(¢) be weakly
C! where p (¢, x,y) = ((B(@#)x,»)) and S(¢) is the original standard operator
(cf. [13]). We have developed the technique here in section three in terms of
the new S(¢) for purposes of comparison with section two and the application
of the method of section two using the original S(¢) is developed in [44].

Remark 3.8. Suppose that for 2 € H fixed we have

(3.23) L5 0nf* = —28]S O

Then Re(S-1(t)k, S-1(t)h) = —B|S~1(¢)k|* and setting x = S—1(t)k we have
Re(x, S~1(t)S(t)x) = —B|x|2; since any x € V(¢) is of the form x = S-1(¢t)h
we obtain (2.17). Thus (3.23) implies (2.17)(and conversely) and in order to
elucidate (3.23) we set first y = |S~14/2. Then from 3’ + 28y = 0 one has
(y exp 26t)’ = 0 and thus upon integration y(¢) exp 28 = y(s) exp 2Bs, for
t = s. Therefore, setting S~1(t)2 = z, one obtains for z € V (¢) (taking square
roots)

(3.24) [S71(5)S(®)z| = |2 exp B(2 — 5).

Consequently, S~1(s)S(¢) extends by continuity from the dense set V' (¢) to all
of H as a bounded operator T for ¢ = s. Thus T* is defined in all of H, so for
x € V@it)andy € H

3.25) (% T*y) = (Tx,y) = (S7(s)S@)x, ¥) = (SE)x, S7'(s)y).

This shows that x — (S(¢)x, S~1(s)y): V() — C is continuous in the topology
of H, which implies that S~1(s)y € D(S(t)) (recall S(¢) is selfadjoint); it
follows that T*y = S(¢)S~!(s)y for any y € H and S(¢)S~!(s) is therefore a
bounded operator for ¢ = s. In particular, V(s) C V(¢) for ¢t = s.

We note also thatif V(s) C V(¢) for¢t = s then P = S(¢)S~1(s) is a bounded
operator in H (cf. [9]) and fory € V(¢) with x € H one has

(y, Px) = (S1(s)S()y, x).

https://doi.org/10.4153/CJM-1971-069-9 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1971-069-9

HYPERBOLIC PROBLEMS 625

Thus, for y € V(t), P*y = S~1(s)S(¢)y and hence S~1(s)S(¢) extends to be a
bounded operator " = P* in H. We do not know however if (3.23) holds in
this case; it seems probable that it is not so in general. A concrete example
where (3.23) holds is provided by V(t) = H«?(—00, ) where a(t) =
2T — t)/2T (for details see [44]).
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