76

On a Linear Partial Differential Equation of
Hyperbolic Type.

By E. T. Copson.

(Read Tth December 1923.  Received 26th June 1923).

§ 1. Riemann’s method of solution of a linear second order
partial different’al equation of hyperbolic type was introduced in
his memoir on sound waves.* It has been used by Darbouxt in
discussing the equation

"z 0z dx

Lo dy +4x.a;+ﬁ@ +y2=0 i 1.1

where «, 8, y are functions of  and y.
The method involves finding a particular solution of the partial

equation adjoint to 1.1, viz,
figﬁ - :‘_("du) - Z;__(ﬂ/ju) +yu=0 .. . 1.2
cxoy o cy

This particular solution has to satisfy certain first order differential

equations on the characteristics x=¢, y =% through the point at

which z is to be determined.

§2. Suppose that we are given the value of a function z (x, y)
and its first derivatives on the straight lines x=a (0.>0) and
¥ =0, and that 2z satisfies a partial difterential equation which is
a particular case of 1.1, viz.,

¥z ez b oz
_8w6y+wda:+x dy

where a, b are constants (a>0, 6>1). It is required to find z at
the point (&, n)* The adjoint equation is

* Ueber die Fortpflanzung ebener Luftwellen (Werke, p. 145).
+ Théorie QGénerule des Surfaces, t. 1., ch, IV.
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We easily obtain that

L (Mdy - Ndz)= Us (uF(2) - 26 () } dz dy

where C is the closesd boundary of a region S in the (x, y) plane, and

o oy

buz 0z ou

N=—"" Mt
"}(“a za:c)

If = and u are solutions of equations 2.1 and 2.2 respectively
throughout the region S, then

J (M dy ~ N dz)=0.

Applying this result to the rectangle whose sides are z=uq,
x=¢, y=0, y=7, we obtain the solution

z(éa 77)::’14(0., O: 5, "7)3(0*: 0)

E I~
+J'a u (e, 05 6 7) [o (20) z(x’O)f
K L 0z (e, y) R
+Jou(m,y,¢,n){ 5y ———z(a- y)jdy ........... 3
where u (2, y; & n) is a solution of equation 3.2 which satisfies the
relations
(i) gg—%=0 when z=¢,
ou b
(ii) %——g:O when y =7,

(i) uw(én; &n)=1

In fact, w(x, y; & n)= (

g)b Sk { @-&y- n)}

z§
where F(y=1+5 @7 DG-2)- ‘b_") AL e 2.4

L n!al -
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§ 3. Now let « tend to zero. The solution 2.3 becomes

sem=[tu 0 6 {20 2, 0)) 0

+ Lt j ule, y; & ){ z(a.,y) z(a.,y)}d:l/

Holmgren * has considered this limit problem by finding an
asymptotic expansion of F(t) for large negative values of the
argument. If z(x, 0)=¢ () z (0, y) = (y), Holmgren’s result is

2@ m=[fuiw 05 6m) (¢ @+ 2 4@ }dn

a® 7
+F(b)£°jo Y(y)e W-Em-yyidy ......... 3.1

The object of this note is to show how Holmgren’s resuit may
be obtained by the more simple series solution method of T. W.
Chaundy.t

§ 4. Using the notation
0 0 ay
8 = - 4 = _— _———
ek ¥=y 9y’ =z
the equation 2.1 can be written in the form
(08 +e84+08)2=0 ....cooevviniininniinnnnn, 4.1

Assuming a series-solution of the form

=P (1ot tet+. tod+.} v 4.2
we have the identity

of+e(a-1)B+1)t+...+c, (e -n)(B+n)r+...
+08+ b (B+1)t +...+ b (B+n)r  +...
+ ot Y (e n-l)t" =
This gives us the mdlcml equatlon af+bB8=0 and the
(n 1 a')cn—l

(0-n+b)(B+mn)’

recurrence formula ¢, =

* Cinquiéme congrés des mathématiciens scandinaves. Helsingfors (1922),
p- 260.

t Proc. Lond. Math. Soc. Series 2. Vol. 21, p. 214.
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We have therefore either 8=0 or &« = — b, and also

(n=1-a) (=2 a)u(—)

c"=(;8+n)(;6'+n—1)...(/3+1)(m+b—n>(m+b-rT__l‘)...(Mb- 1)

§5. Take a= -b.
=T+ T (B+1)

Then BT TR T T (Ben+1)
_(=yT(n+)T(B-b+1) r@g+l)
T TalT(B+n+1) Fr@)T(B-b+1)

If we substitute in 4.2 and omit a constant factor throughout
we obtain the solutiou

@® 1 — 1\
s J' g1 (1- 9P g9 (78
0 Jo n!

= [l ya-apreo (2 )40

Here B is arbitrary. Multiplying by a arbitrary constant
eoefficient and summing for all possible values of 8, we have the
solution

1

b _ -1 6 >b ti?
Jowf{y(l 6)}e (1_9 g
/f being an arbitrary function

aly

_ali=p) (4 . p)b—?
= [ampn T gy
° p

a(y—p)

] -
=Lx‘bE(p)e : (y-p)ldp oo 5.1

where ¥ is an arbitrary function.

To consider what value this has when z =0, put &—_}J) =q.
x

The solution 5.1 becomes

—ap
- _iq_ _ b..ld_q
Jo E(y a>eqq a®
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which has the value
-r) E(y) e ¢! fl—? when =0
0 a
_E@re)

ab
_¥¥)
The value of the expression 5.1 at the point (£, ) is therefore

L aly - )/
b 4 —-y)? [N .2
I'(b)¢ J’o L (y) e (n-y)'dy 5

§6. In the case when 8 =0, equation 4.3 gives
_ Ple+b-n)T(n-w)
T T atb) T (—o)yn!

The solution in this case is, omitting a constant factor throughout,

» 1 n
> J' xa_t_'(l_(})a.l—b-—n—lg’n-a—ldg
n=0 JoO n.

e J’l Ol(1-0) (1~ gye+b-1 g-a-1 4g
0
P f Fa+b-n)T(~-w)

=ghe™t W
e X T(6-n)
Omitting a constant factor, this may be written
@ P(b) t

@ p—t~N . N7 T
T BT l-n)n nl

1 t (1-6)
=2 g—! o b—l R .
e joo+ F{ L0 }de

where F is the function of 2.4

1
j Gatb-n-1(1-6)do
0

Here « is arbitrary. Multiplying by an arbitrary constant
coeflicient and summing for all values of «, we obtain the solution

1
- ppf_ Y (-0
e J’o g(x0)8 17’-l i }xd@

where g is an arbitrary function.

[ )

=j:9(p) u(p, 0; x, y)dp

where u is the function defined in 2.4.
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As this expression has the value ¢ (x) when y=0, we easily
find that

d
—p—t__ b
9()=p"2 {3 7'}
The solution just obtained is then

z g
LP‘” p {Po(p)}u(p 0; = y)dp

z b
= ’ ha ; dp.
Jfo{‘# (p)+ » ¢(p)}u(p, 0; z, y)dp
The value of this at (£, ) is

] :{ F@+ — @) 05 &) do 6.1

§ 7. From 5.2 and 6.1, we see that if z is a solution of the
equation 2.1 which has the value

¢ () when y=0
¥ (y) when =0
then

£
2= w05 & (F@ b)) de

a(y-n/¢

+ F(%;?J’nsb (¥)e (m-y)~ dy

which is Holmgren’s result.
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