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In this paper, we show that the permeability of a porous material (Tartar (1980))
and that of a bubbly fluid (Lipton and Avellaneda. Proc. R. Soc. Edinburgh Sect. A:
Math. 114 (1990), 71-79) are limiting cases of the complexified version of the
two-fluid models posed in Lipton and Avellaneda (Proc. R. Soc. Edinburgh Sect. A:
Math. 114 (1990), 71-79). We assume the viscosity of the inclusion fluid is zp; and
the viscosity of the hosting fluid is 1 € Rt, z € C. The proof is carried out by the
construction of solutions for large |z| and small |z| with an iteration process similar
to the one used in Bruno and Leo (Arch. Ration. Mech. Anal. 121 (1993), 303—-338)
and Golden and Papanicolaou (Commun. Math. Phys. 90 (1983), 473-491) and the
analytic continuation. Moreover, we also show that for a fixed microstructure, the
permeabilities of these three cases share the same integral representation formula
(8.17) with different values of contrast parameter s := 1/(z — 1), as long as s is
2E2 1

1+2E2° 1+2E?
are the extension constants that depend only on the geometry of the periodic pore
space of the material.

outside the interval

} , where the positive constants Fq1 and Fa
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1. Introduction

Darcy’s law, which was first proposed by Darcy in 1856 [19] based on experimen-
tal observation of water flowing through beds of sand, describes the relationship
between the spontaneous flow discharge rate of steady state through a porous
medium, the viscosity of the fluid and the pressure drop over a distance. Later,
theoretical /mathematical derivations of Darcy’s law were presented in many works,
e.g. [5, 25, 28, 32, 36, 38|, just to name a few.

In the setting of a periodic pore microstructure, as the period goes to zero,
the convergence to the Darcy’s law of the Stokes system with no-slip boundary
condition posed on the boundary of the pore space was proved by Tartar using
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the energy method [40]. Allaire implemented the two-scale convergence method
introduced by Nguetseng [33] to derive the Darcy’s law and show the convergence
[3, 4]. Prior to the proof of Darcy’s law in the 1980s, Brinkman [14] studied the
viscous force exerted by a flowing flow on a dense swarm of particles by adding a
diffusion term to the Darcy’s law so as to take into account the transitional flow
between boundaries. Brinkman’s method was further studied in [30, 37, 39]. In
the case of a porous material where the solid region is much smaller than the fluid
part, Levy [26] and Sanchez-Palencia [38] proposed the same form of Darcy’s law
but with a different representation of the permeability tensor K. Later on, Allaire
[2] showed the continuity of the transition between the two forms of Darcy’s laws
by considering various ratios between the size of the solid inclusion and the size of
the separation. Moreover, instead of considering the porous materials as a periodic
structured material, Beliaev [9] considered the porous materials as a random and
stochastically homogeneous material and deduced the same Darcy’s law. Allaire [1]
generalized the homogenization to handle the more realistic micro-geometries of the
porous medium where both the solid part and the fluid part are connected. Fur-
thermore, in terms of the fluid—solid interface conditions, a slip boundary condition
is considered by Allaire in [1, 17]. In the case of the fluid flow through a porous
medium subject to a time-harmonic pressure gradient, the permeability depends
on the frequency and is referred to as the dynamic permeability. The theory of
dynamic permeability is established [5, 8, 12, 22] and further developed by Ou
[35].

The goal of this paper is to study how the permeability tensor derived from
the homogenization approach for porous materials [40, 41] depends on the
microstructure of the pore space. Details of this will be presented in § 1.1.

The main tool we use will be the integral representation formula (IRF) for com-
posite materials. Composite materials are materials made from more than one
constituent material with different physical or chemical properties. The effective
properties of composites, such as elasticity, conductivity and permeability are of
great interest in different application fields. Homogenization theory for composite
materials has been extensively studied in [10, 31, 34]|. Mathematically, for a two-
component composite material, the microstructural information is carried into the
analytical formulation of the effective properties of the composite. Bergman pio-
neered the study of analyticity of the effective dielectric constant [11], and in terms
of integral representation of effective material properties, a rigorous basis of integral
representation of the effective conductivity is established by Golden and Papanico-
laou [21], the effective elastic constants by Kantor and Bergman [23], the effective
diffusivity in convection-enhanced diffusion was derived by Avellaneda and Majda
[6, 7]. Further enlargements of the domain of analyticity of the IRF of elasticity
tensor to the case where one phase is a void or a hard inclusion is studied by Bruno
and Leo [15, 16].

Unlike the problem set-up for calculating effective material properties such as
effective conductivity, elasticity and diffusivity, where the physical property of inter-
est is well defined both in the micro-scale and the macro(homogenized)-scale, the
permeability of porous material is by definition an effective property and hence

https://doi.org/10.1017/prm.2022.25 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2022.25

Integral representation of hydraulic permeability 909

it makes sense only in the macro-scale. To overcome this difficulty, we consider a
porous material as the limit case of a two-fluid mixture.

Specifically, we will start with the two-fluid mixture problem studied in [29],
where the effective property is called the self-permeability. We will derive the IRF
for the self-permeability and show that the permeability for a porous material is
equal to the limit of the self-permeability when the viscosity of one phase becomes
infinite. Similar to the hard/soft inclusion case studied in [15, 16], we will extend
the domain of analyticity of the IRF to co and to 0 by an iterative process. As a
result, the IRF derived here is valid for porous materials with a solid skeleton as well
as for fluid-bubble mixtures. Hence it provides a theoretical connection between the
permeability defined in [40] and the self-permeability for the bubbly fluid studied
in [29] and any mixture in between these two limiting cases.

The paper is organized as follows. The permeability of a porous material is defined
in § 1.1. Section 2 starts with the definition of the self-permeability K of a two-
fluid mixture and the corresponding cell problem, followed by an analysis of the cell
problem and the construction of the solution in the vicinity of the two limiting cases
of z=o00 and z =0. In § 3, the IRF of K is obtained by applying the theory of
matrix-valued Stieltjes functions. In this section, the spectral representation of K is
also derived. The relationships between the moments of the measure in the IRF and
the geometry of the pore space are derived by comparing these two representations.
Section 4 presents the numerical solutions of the cell problem of a special pore
structure, which validate the theoretical results given in § 3.

Einstein summation convention is applied unless stated otherwise.

1.1. Definition of permeability from homogenization

Following the convention of homogenization, the space coordinates for the
cell problem in the open unit cell @ = (0,1)" for n = 2,3, are denoted by y =
(y1,92,y3). Let Q be a smooth bounded open set and @ an open unit cube made
of two open sets Q1, Q2 and the interface T' = cl(Q1) N cl(Q2) with cl(A) being the
closure of a set A. Moreover, @7 denotes the Q-periodic extension of Q;, i =1,2.
Following [1], we assume that (1) @1 and @2 have strictly positive measures in
cl(@). (2) The set @vl is open with C! boundary and is locally located on one side
of its boundary, ¢ = 1,2, and @,1 is connected. (3) @1 is connected with a Lipschitz
boundary. In addition, we consider the case of inclusion, i.e. Q2 N OQ = (.

Consider € > 0 much smaller than the size of {2 and eQ-periodically extend Q) in
the entire space. (2. denotes the intersection of 2 and this eQ-periodically extended

structure. In [40], the permeability is derived from the Stokes equation in 2., which
reads: find u® € H}(Q,)" and p¢ € L*(Q.)/R such that

{—NAW +Vpt=£f in Q..

divuc =0 in Q. (1.1)

where f € L?(Q) is independent of ¢ and the viscosity p is a constant (u is set to 1
in [40, 41]). See figure 1 for an example of the unit cube. Note that the superscript
€ is used to signify that the solutions u® and p¢ depend on €. To be able to prove the
convergence of (u¢, p¢) as e — 0, it is necessary to extend these solutions from 2 to
Q so they are defined in the same spatial domain. In [40, 41], u¢ was extended by
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Figure 1. Sample illustration of a periodic cell.

zero and p¢ by a properly defined extension operator with their extensions denoted
by u¢ and p¢, respectively. As € — 0,

% — U weakly in L*(Q)", divU =0,U-n=0on T, and p* — p in L*(Q)/R
€
and the limit functions satisfy the following Darcy’s law [40]

U= K:f))(f — Vp) (1.2)

where the permeability tensor K (D) is defined as

Ki(f):/ W oe;dy, i,j=1,...n (1.3)
1

with e; denoting the unit vector in the i-th direction and u{D the unique solution
of the following boundary value problem

,uAqub —Vyp' = —e; in@Q
divyul, =0 in Q (1.4)
ufj =0 on I’
in the space H(Qy):={v:ve H (Q1)"| divyv = 0, v|p = 0, Q-periodic}. Note
that the superscript j of u and p signifies the solutions corresponding to the force
term e;.
Since pu is set to 1 in [40, 41], the permeability K presented there is related to
K® by K D) = K /. For future analysis, we will derive here the quadratic form

representation of the permeability. We start by observing that for incompressible
fluid, we have

Au = div(Vu + V)
Therefore, (1.3) can be expressed as

Ky :/ uj, - (Vyp' — pAyup) dy =/ uVyu, = (Vyup + Viup) dy (1.5)

1 1

after applying the divergence theorem, the periodicity of u, p and the no-slip
conditions on I'. Here we have used the Frobenius inner product of matrices
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A:B= Zij:l AijB;;. In terms of the usual notion of the symmetric part and
the antisymmetric part of vector field Vu
e(u) :=

(Vu+ V'), é(u):=<(Vu-V'u), (1.6)

N[ =
N =

the right-hand side of equation (1.5) becomes le 2u(e(uly) + é(udy)) : e(ul) dy =
le 2ue(u},) : e(ul,) dy because the Frobenius product of a symmetric matrix and
an antisymmetric matrix must be 0. Therefore we have the quadratic form of
permeability tensor K (D)

Ki(jp) :/ 2Me(u{)) : e(ulb) dy. (1.7)

2. Approximation of flow in porous medium by a two-phase Stokes flow

In this section, we consider the system for porous materials (1.4) as one of the
limiting cases of the two-fluid problem described below, which is the same as the
one studied in [29] with the exception that the fluid viscosity here can be complex-
valued. Tt is easy to check that the homogenization process in [29] stays valid after
making small modifications to accommodate the complex valued viscosity described
below.

Let ©, @ and € be the same as in § 1.1. ()5 is still the inclusion in the periodic
cell. Consider the eQ-periodic extension of €Q; (eQ2) and denote by Q. (Qa.) its
intersection with Q. We note that ;. (region of the hosting fluid) is the same as
Q. in the previous section. Suppose 2. is occupied by fluid with viscosity p; > 0
and Q, by fluid with viscosity zu; with z € C. The interface T' = 9Qy, N Iy is
such that Q1. UT U Qs = Q. For the ease of notation, we define the stress tensor
7(u, ) of a fluid with viscosity u, velocity field u and pressure field p as

7(u,p, ) = 2ue(u) — pI, I is the identity matrix. (2.1)
Let x; be the characteristic function of €;, ¢ = 1, 2. Consider the viscosity function
£(x;2) = (xa(x)zp1 + xa(x)p1), z€C. (2.2)

The two-fluid problem is given by the following Stokes system

div (2¢¢(x; 2)e(uc)) — Vp© = —f in Q\T

divu® =0 in Q

u‘ =0 on 052 (2.3)
[u)=0,u*n=0 onT

[#] n=(7x-n] -n)n=[r-n]—nxnx[r-n] onl

where 7 = 7(uc,p, £°), f is a square integrable momentum source independent
of e, [-] the jump across the interface I and n is the outward unit normal of 9.
The second jump condition in (2.3) means the traction can only jump in the normal
direction. Also note that the superscript € is used to signify that the solutions u¢
and p° depend on e.
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It is shown in [29] that as e — 0, u® and the properly normalized p¢, which is
denoted by p¢, converge as follows

€

1:—2 —u’ weakly in L*(Q)", p¢ — P strongly in L*(Q)/R

where u® and P satisfy the homogenized system:

(2.4)

uw =-K(VP-f) inQ
div u® =0 in

where the components of K, which is referred to as the self-permeability in [29], is
defined as

Kij(2) rz/uj-eidm ij=1,....n (2.5)
Q

with u’ being the unique solution to the cell problem posed in the function space
H(Q), which is defined in (2.7),

divy (2p(y; 2)e(u’) —p'I) +€, =0 in Q1 UQ:
{[[ﬂ']]-n:(ﬂﬂ'.n]].n)n onT (26)

where p(y; z) = p1x1(y) + zpix2(y) with x,, being the characteristic functions of
Qm, m=1,2, and w = T(uk,pk,u), cf. (2.1). Note that the superscript ¢ is used
to signify that u® and p® are solutions to the cell problem (2.6) with the force term
—ei,i: 1,...,7’L.

2.1. Function spaces

Let R(Q2) denote the space of rigid body displacements in @2, i.e. u= Ay +b
with constant skew-symmetric matrix A and constant vector b in Q2. We start with
the space of admissible functions for the velocity

H(Q) = {V cve HY Qi UQy)"| divyv =0, v-n=0in H-1/2(D),

[[V]]F = 07 (V777)H1(Q2) = O»VW € R(Q2)7 v is Q“periOdiC} (27)

where n is the outward unit normal of Q. H(Q) is endowed with the inner product
(u,v)g = / 2ure(u) : e(v)dy. (2.8)
Q

The induced norm is denoted by HUH?2 = (u,u)g. Note that we have H(Q)N
R(Q) = {0} because A = 0 due to the Q-periodicity and u-n = 0 implies b = 0.
We observe that if u € H(Q) then u € H'(Q)" by the following argument. Obvi-
ously, u € L*(Q)". To prove du;/dy; € L*(Q) for i, j = 1,2,3, let ¢ be any C™ test
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function compactly supported in @ and h be the i-th component u; for any ¢. Then

/ hVopdy = — (/ ¢oVhdy +/ ¢Vhdy>
Q Q1NSupp(¢) Q2NSupp(¢)

here we used [h] = 0. Now we can define a candidate function g such that

Q; = Vh

g 0., i=12 (2.9)
then clearly g € L*(Q)" and (h,V¢) = — (g, ¢), where (-) denotes the usual L?
inner product. Therefore h € H*(Q) and hence u; € HY(Q), i =1,...,n.

Next, we show that || - || is equivalent to the usual H' norm, i.e., there exist
constants By and Bs such that

Bil[ull g1 (g < llullg < Bzllull 1) (2.10)

Because H'(Q) NR(Q) = {0}, by theorem 2.5 in [34], there exists a Korn’s
constant (7 such that

1
Cillalln o < 57 Iwllo (2.11)

where C7 depends only on Q). Therefore, we can take By = 1/2u1C. To emphasize
the dependence on @, we will write it as B;(Q). On the other hand, according to
the orthogonal decomposition that Vu = e(u) + é(u), see (1.6),

1

”uHiIl(Q) 2 ||VU||22(Q) = ||€(U)||2L2(Q) + |\é(u)||2 Z ||€(u)||2L2(Q) = mHuHZQ

therefore By = /2u1. The reason for introducing the H(Q)-norm is that the self-
permeability in (2.5) can be represented in terms of the inner product. More
specifically, using (2.5), (2.6) and the fact that € = e;, by a calculation similar
to (1.5) and taking into account the interface condition u-n =0 and the jump
conditions in (2.6), (2.5) can be expressed in the following form

Kij(2) = /Q 2u(y; Z)e(ui(2) : e(w’(2)) dy (2.12)

and its conjugate transpose K* := K7 is

(K*)ij(Z)=/Q2M(y;2)e(uj(Z))ie(ui(Z))dy (2.13)
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2.2. Weak solution of the cell problem (2.6)
The weak formulation of the cell problem (2.6) is

/ 2u(y; 2)e(u’) s e(v) dy = / er-vdy, VveH(Q) (2.14)
Q1UQ2 Q1UQ2

From this, we see that the solutions satisfy the following symmetry
u*(y;z) = uk(y; 2)

Define the sesquilinear form on H(Q)
atuv)= [ ulyie(ut)  evidy (2.15)
Q1UQ2

It is clear that a(u, v) is bounded in H(Q). To check the coercivity, assume u* # 0
and define the parameter

_ Jo2mxze(u®) : e(ut) dy
[y 2me(ut) s e(uF) dy

then 0 < A < 1. We note that

(2.16)

Q re(ua celu

and hence as long as 0 is not on the line segment joining z and 1, there exist
a(z) == minggagy |[Az + 1 — A > 0 such that

Ja(wt, )| > a() [ 2me(a®) e dy = afut | (2.18)
Q

Therefore for z € C\ {Rz < 0}, by the Lax-Milgram lemma [13, chapter 2], there
exists a unique weak solution u* € H(Q) to the cell problem (2.6) and with the
solution u*, we can construct p* € L%(Q)/C.

Since a(z) is a continuous function in z, the coercivity of the sesquilinear form
can be applied to conclude that u” is analytic in z and its m-th derivative, m > 1,
satisfies the following recursive equation

dmuk\ ——
2u(y;ze( ):ev dy
/QlUQ2 ) dzm ( )

/ﬁmm(wlﬂ>wWN% W e H(Q) (2.19)

dzm—l

As a result, K(z) is also analytic for z € C\ {z < 0}. To relate the two-fluid
problem with K (D ), we adapt the method used in [16] to study the behaviour
of K(z) near z = oo in the following section.
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2.3. Analyticity of the solution for large |z|

Let w := % and consider @-periodic solution in the series form near w = 0

uoo(Yae w Zuk y;e )w and Poo yae 'LU Zpk y;e (220)
k=0

where the e is an arbitrary constant unit vector. To set up the notation, we denote
the restrictions of ug, pr in Q2 (inclusion) and Q1 as ul®, pi" and ug“t, peut

respectively and define

Tyse,w) Zu y,e)w®, ul(y;e,w) Zu"“t y,e (2.21)

By substituting (2.20) into (2.6) with the viscosity defined in (2.2), taking into
account the additional two interface conditions u-n =0 and [u] = 0, followed by
equating terms of the same order with respect to w, we arrive in the following
equations in Q1:

O(w) :  divy (2me(ug™) — pgI) = —e (2.22)

O(w") :  divy (2ure(uf™) — pg“I) = 0 for k > 1 (2.23)
and in Qs:

O(w™):  divy (2me(uy’)) =0 (2.24)

O(w’):  divy (2me(ui”) - pi'l) = —e (2.25)

O(wk):  divy (2pie(u)’y) —pi'I) =0 for k > 1 (2.26)

and the following interface conditions on I"
O(w™) : 2u1(e(ud™) - n)|r = C(y)n for some function C(y) (2.27)
O@wh), k> 0: ((2ue(u™) — p'T) — (2ie(ufly,) - pi'T)) n
= {[((2me(up") = p“'1) = (2me(uy") = pi’1)) n] -n}n, (2.28)
u)" - n=up" -n=0and u}’ =up" (2.29)
We introduce the following spaces, i = 1,2
H(Q1)={v:v e H (Q1)"| divyv =0,v-n =0 on I, Q-periodic}
H(Q2) ={v:veH (Q)"|divyv=0,v-n=00nT, (v,R(Q2)) y1(q,) = 0, Q-periodic}
H(Q;) = {v:v e HY(Q:)"| divyv = 0,v|r = 0, Q-periodic} C H(Q;),

£Q/C = {p:p e Q). [ ply)dy = 0,Q-periodic, |
Note that H(Q1) NR(Q1) = {0} because 9Q C 9Q;. For H(Q2), the boundary
condition u-n = 0 implies H(Q2) NR(Q2) = {0} because of the extra condition
(v, R(Q2)) 1 (o) = 0 [34]. Therefore, H(Q;) and H(Q;) are equipped with inner
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product (u,v)g, = fQ- 2ure(u) : e(v)dy and Korn’s inequalities are valid in H(Q;),
i=1,2.

LEMMA 2.1. Let Qo be a connected, open bounded set such that Q2N 0Q =0 and
0Qy is in C*7, k,o0 >0, k+ 0 > 2. For any vector field ' € H(Q-), there exists
a unique weak solution u®"'(y;f°"") € H(Q1) that satisfies the following system

divy (2u1e(u®t) — poI) = fout  in
{ st'( 2 (ut) — pI) Q1 (2.30)
u®“t =u" on I’
where in our context, £ = 0 or £f°U! = —e, a constant unit vector. Moreover,
out < 1 fout 2k mn ) 31
0N, < gy ™ uacauy + 21 "l (231)

where the positive constants B1(Q1) is defined in (2.10) and Ey > 1 depends only
on Q1 and Qs.

Proof. To handle the inhomogeneous boundary condition, we proceed as follows.
By [24, corollary 3.2], there exists a bounded, divergence free extension T'(u‘) of

u’” to a small neighbourhood O of Qs and vanishes at O C @ such that

1T (™)l < Br[w™]lg, (2.32)

where F; > 1 depends only on @Q; and Q. Furthermore, the extension 7'(u)

on O can be extended periodically to R™ [18] since T(u’™) vanishes on 9O and

hence on 9Q. We denote the restriction T'(u"")|q, as u°* € H(Q;) and 0" :=
ut —a°t € H(Q,) and (2.30) becomes

divy (2p1e(0®) — p°“'I) = £2 — prAu’*  in Q4 (2.33)

Consider the variational formulation: find 0t € H(Q;) such that V® € H(Q,),

/ 2u1e(0°") : e(®) dy = —/ fout . @ dy —/ 2ure(0’) s e(®)dy, (2.34)

The right-hand side of (2.34) can be bounded as follows

_ i} £ -
‘/ fout . <I>dy +/ 2#16(uout) . 6(‘13) dy‘ g <L2(Ql) —+ ||uOut||Q1 H(I)HQl
1 1

B1(Q1)

The sesquilinear form le 2u1e(a) : e(®) dy is clearly bounded and coercive
with constant 1. Hence by the Lax-Milgram lemma there exists a unique weak
solution u*** € H(Q1) to (2.33) such that [[a*||o, < ((1/B1(Q1)) £ 12(q,) +

[a7*[o,)- In terms of u’"*, u®** can be expressed as u’"* =ua’""+a’" and
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satisfies the estimate

1

g, < lalg, +18°llo, <z 18Nl

+28 [u™|,, (2:35)

To show the solution u®"* is unique, suppose u$“* and ug* both solve (2.30) then

the difference wif = w9 — ug* ¢ H(Q,) must satisfy

/ 2 e(wif) : e(®)dy =0, Vb e H(Q,)

1
Hence wdff = 0 in @, because w € H(Ql) We note the two special cases:

|ue||,, < 2B, [ui™|,,, for £ =0 (2.36)

Q2

1 . .
HuoutHQl < m\/m-FQEl HumHQ2 for fo*" = —e;, j=1,...,n, (2.37)

where |@Q1] is the volume of Q1. O

LEMMA 2.2. Let Qo satisfy the same assumptions as those in lemma 2.1. For
any pair of (u®“ p°*) € H(Q1) x L?>(Q1)/C that satisfies (2.30), there exists a
unique vector u™(y; £") € H(Q) that satisfies the Stokes equation with continuity
of tangential traction on T’

{divy (2u1e(u’™) — p™I) = fin in Qa, (2.38)

nxnx [((2ue(u) — pI) — (2ure(u™) — p™I)) n] =0 onT,
where in our context, £ = 0 or £ = —e. Moreover,

in 1 in El(Ql) ou ou
5, < Tty I lon * gt 187 gy + Ea(@0)

and F1(Q1), B1(Q1) and B1(Q2) depend only on Q and T.

Proof. Take ® € H(Q2), the variation formulation for the PDE is

/ (divy (2ule(um) — me)) -ddy = fir . o dy.
2 Q2

For the ease of notation, let '™ := 7(u™, u1,p™) and 7o ;= 7(u*, puy, p°*)
where the stress function 7 is defined in (2.1). Applying integration by parts on the

left-hand side, followed by an application of the divergence theorem leads to

- /(71'm -®)-ndS — 2ure(u™) : e(®)dy = / £ . o dy (2.39)
I Q2 2
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Let t denote the unit vector in the tangent plane such that t - n = 0. The conditions
on I' in (2.38) imply

®-n=0= ®=d(y)t for some function d(y),
nxnx (7 — 7)) .n] =0= (7% —7'") .

n

= C(y)n for some function C(y)

With these observations and the fact that " is symmetric, the first term in (2.39)
can be expressed as

—/F@-ﬂ'i"'ndS:/Fmt[(ﬂ'om—ﬂ'm)'n]—/mt'(ﬂ'out'n)ds
)

r
:7/ - . ndS
r

and hence the variational form (2.39) becomes for all ® € H(Q3)

- / 2ure(u™) : e(®)dy = fin . o dy + / .. ndS (2.40)
2 Q2 I

To bound the right-hand side of (2.40), we first extend ® € H(Q2) by the operator
T described in (2.32)
1T(2)]lg < E1|®llg, (2.41)

T (P) rapidly decays to zero in a small neighbourhood of @2 and stays 0 for the rest
of Q1. The restriction of T'(®) in Q, denoted by ®°“!, has the following estimate

27|, < IT(@)llg < Er[|®llg, (2.42)

Hence

/<I>~7r°“t-nd5‘ = /‘1)"“t~7r°“t-nd5‘
r r

= ‘/ [divy (2p1e(u®) — p°*'1)] - dout dy
+ / 241 e(u®t) : e(Pout) dy’

< ‘/ fout (I)outdy‘ + ‘/ Qﬂle(uout) e(q)out)d}”
L 1

< b
= B1(Q1)

Therefore the right-hand side of (2.40) is bounded by

o PN [ P
I2llq, ( e -

£ 2y I12llq, + Er[[a™ ]l I12llq,

(@Q1) out
Bi(@) | Bi@) + B [|u HQ1>
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Finally, by the Lax-Milgram lemma a unique solution u’” exists such that

E1 El

e, < By 1T v * By IF o + 21 g, 43

O

The construction of the solution for z with large magnitude will be carried out
using the following steps.

(i) O(w™1): Consider the system of (2.24) and (2.27) for ui*(y;e) € H(Q2).

{divy (2p1e(uir)) = (; in Q2 (2.44)

2ure(uf’) - n=C(y)n onTl

The variational formulation is

f/\7~2u16(u6")-n7/ 2ure(ui) se(v) =0 Vv e H(Qy)  (2.45)
N

2

The first term vanishes because of the boundary conditions. Hence
u(y;e) = 0 in Qq because H(Qz) L R(Q3).

(i) O(w?) in Q;: Solve the system of (2.29) and (2.22) for ug“!(y;e) € H(Q1).

(2.46)

out

divy 2uie(uf"t) — p§“'I) = —e in Q4

An application of lemma 2.1 and (2.37) leads to the following result

V1Q1] ing| V1@l
B T 2 g, = B1(Qy) (2.47)

(iii) O(w®) in Qa: Consider the system of (2.25) and (2.28) for u{" € H(Q2):

lug{l, <

divy (2p1e(ul™) — pi'I) = —e in Q2
nxnx [((2uie(ug™) — pg“I) — (2pie(u”) — pi’I)) -n] =0 onT

By applying lemma 2.2 and (2.43) with f°** = —e and f'* = —e, we obtain

_ V@ VIQ4|
<C1Ey, Cy:= B0 +231(Q1) (2.48)

(iv) Induction step, k>1: Given ul” € H(Q2) and u"y € H(Qy), find
ui’, (y;0) € H(Q2) and u*(y;0) € H(Q1).

n
uy”
il
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(a) Applying lemma 2.1 with f =0, we conclude that for a given u{" €
H(Q2), k > 1, there exists a unique u** € H(Q) that solves the system
of (2.23) and (2.29) and assumes the estimate

{chvZ (2uie(ug™) —pp™I) =0 in Q (2.49)
uzu = uk) on F,
HuzutHQl < 2E, HumHQ (2.50)

y applying lemma 2.2 with f* = 0 = f°%“ we see that for any given
b) B lying 1 2.2 with f'* =0 = fou hat f
u“t € H(Q1), k > 1 that satisfies (2.49), there exists a unique solution
u;", € H(Q) to the system of equations (2.26) and (2.28)

divy (2pre(u” ) —pi"I) =0 in Qo
nxn x [((2M16(u2“t) ptT) — (2ule(u}gf~_1) — p};”I)) n] =0 onTl
(2.51)
Moreover,
[uiiallg, < Brl[ui|lg, (2.52)

Now we have found the coefficients u*(y; e) and u%“(y;e) in (2.21) iteratively. We
prove the convergence of the series in the following theorem by taking into account
the fact that uf® = 0.

THEOREM 2.3. Define the partial sums
S”L Y7e U} Zuk-i-l y,e k+17 Sgut y:e, w Zuout y;e

Let R € (0,1), in the disc |w| < R/2E}, the series S (y;e,w) and S3* (y; e, w)
converge uniformly to u’;j(y;e,w) G H(Q2) and u*(y;e,w) € H(Q1), respec-
tively. Therefore, Us(y;e,w) :=u(y;e,w)xs + ul(y;e,w)x1 € H(Q) solves
the cell problem (2.6) and is analytzc for |w| < 1/2E%.

Proof. For each q € N, S!*(y; e, w) is a polynomial function of w and maps from C
to the Hilbert space H(Q2). Similarly, SZ“t (y; e,w) maps from C to H(Q1). To show
uniform convergence, we note that (2.50) and (2.52) imply there exists a positive
constant Ey that depends only on Q1 and Q2 such that |luf" HQ2 < E; ||uZ“t||Q1 <

2E% ||[u| .- Therefore,

lo.

uir|,, < (2E2)"" i, . k=1 (2.53)
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Let m > ¢ > N, and define r := 2E? |w|. Then by (2.48) implies
1St (w) = S5 (w)]| o, < [[ui®

o, (RE)wft + - 4 (2E2)™ fu|™)

it pmtt Jog,
So1-v 2E?
q+1 _ pm+1 C
< % (2]312) C) is defined in (2.48).

Therefore, for r < R < 1, i.e. |w| < R/2E%, where R is any fixed number in (0, 1),

. . C RN+1
1S5 (w) = S5 ()], < <2El%> (1 — R) , Vm>gq>N. (2.54)

For 87" (y;e,w) we have [[u*||, < (2E%)k-1 [ug“*||,, - By a similar procedure,
for m > ¢ > N and |w| < R/2E? the following estimate is valid

||Sout Sout(w)H < C RNJFI
a @ S7\1-R

Therefore, for every fixed w satisfying |w| < R/2E? for any 0 < R < 1, Sm (y; w)
and S9“ (y; w) converge uniformly to uZ(y;w) € H(Q2) and u¥(y;w) € H(Ql)
respectively. Since for each ¢, Si"(y; w) and SJ“*(y;w) are polynomials of w, hence
analytic, the uniform convergence implies that the limit functions u’?(y;w) and

u(y;w) are also analytic in |w| < 1/2E%? with values in H(Q1) and H(Q2),
respectively, by applying Morera’s theorem for Banach space valued analytic
functions [27] to the uniformly converging sequences. By construction, the func-
tion U (y;e,w) defined in (2.20) solves the cell problem (2.6) for all w in
the disc {w : |w| < 1/2E}} := By (1/2E%). Moreover, the uniqueness of the solu-
tion implies that u.(y;er,w) =u” (y;2) in H(Q) for w € By (1/2E3) N{w €
C\ (—o0,0]}. O

The following theorem shows the relation between the two-fluid self-permeability
K in (2.5) and the Darcy permeability K©) in (1.5)

THEOREM 2.4. In the case of large viscosity |z| > 2E} (or |w| < 1/2E%), we have
() ull(y;e;0) =0 in Q>

(i) As w — 0, the solution u“(y;e;,w) converges uniformly in H(Q1) to the
solution uD( ) of the classical cell problem (1.4).

out(

(iii) For w € By (1/2E}), the difference between the self-permeability K(y;e;, w)
and the classical permeability tensor KP)(y;e;) satisfies |K;; — (K(P));;| =
O(|w|), hence K — KP) uniformly as |w| — 0.

Proof. The uniform convergence allows passing the limit w — 0 inside the summa-
tion of (2.21) to obtain u’’(y;e;, 0) = 0. Similarly, the uniform convergence allows

https://doi.org/10.1017/prm.2022.25 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2022.25

922 C. Bi et al.

passing the limit w — 0 inside the summation of (2.21) to obtain

out

y;€;, O) = uO (ya ei)
Furthermore, u*(y;e;) € H(Q1) satisfies (2.46) and in fact ug“(y;e;) € H(Q1)

since ud“(y;e;)|r = 0, which is identical to the equation for up (1.4). The unique-
ness of the solution then ensures that U“t(y,el) = u’y(y). Therefore the series

2 (y;e;, w) — ul(y) uniformly as [w| — 0 in H(Q1). For (iii), we note that

out(

K;j(w) _Ki(jD) = ‘/ (u' = x1up) - e; dy‘ < u' - XluiDHLz(Q)
o0

Z "ysei)xe +ui (ysei)x) w
k=

Q
From (2.50), (2.53) and (2.48), we have for |w| < 1/2E%, or equivalently |z| > 2E?,

E;+1 > 2E%|w|

2E1B1(Q) ) 1 — 2E%|w| (2:59)

Kyjw) — K| < ¢ (
g

In the following section, we study the behaviour of K(z) near z =0, i.e. the
inclusion is an air bubble.

2.4. Analyticity of the solution for small |z|

Let e be a constant unit vector in R™. We seek solutions of the following form

wn(yse, 2) Zu y;e)z", pM(y;e, 2) me y;e)z" in Qy, (2.56)

null y’ €, Z Z uOUt y:e ) pout y7e Z ZPDUt y;e iIl Ql (257)

By a procedure similar to that in § 2.3, the following equations are obtained via
collecting terms with respect to the order of z. The PDEs for (); are as follows:

O(1):  divy (2ure(ud™) — pd*'I) = —e (2.58)
O(F), k>1: divy (2uie(ug™) —pi*I) =0 (2.59)
Similarly, the PDEs for Q5 are
O(l): —Vpi"=—e (2.60)
O(zF), k> 1: divy (2e(u)’ ;) —pi"I) =0 (2.61)

The interface condition (2.29) remains the same for the small |z| case while (2.27)
and (2.28) now read

nxnx [((2ue(ud™) —pi™I) -n— (—p{'I) - n] =0 (2.62)
nxnx [((2ue(ug™) — pp*I) — (2ue(uy’ ) —pi"I)) -n] =0, k>1 (2.63)
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The first equation to be solved is (2.60), whose solution is simply

pé“<y>=e-y+c—/ (e-y +c)dy in Qs (2.64)

2

where c is a constant. The next problem is the system of (2.58) and (2.62). Similar

to the calculation in lemma 2.2, the weak formulation of this system is: find uJ** €

H(Q1) such that for all ® € H(Q1) and 7§ := 2uie(ud™) — pg“'1

- / (8 (x5 + 55D~ p'D - ndS = | 2me(ug™) s (@) dy = / —e-ddy
I 1

Since ® - n = 0 and p"I - n is parallel to n, (2.62) implies the integral on I' vanishes.
Hence by the Lax—Milgram lemma, we have

V@]
Bi(Q1) (2.65)

The system for ui” |, k > 1 (inner problem) is to find u{" ; € H(Q2) with given
ug“' € H(Q1) such that

g llo, <

div (2u1e(ui™ ;) — pi"I) = 0 in

u”[r = uf" [r

With an argument similar to the derivation of lemma 2.1, the following estimate
can be derived for system (2.66)

LEMMA 2.5. Let Q2 satisfy the same assumption in lemma 2.1. For any given vector
field u°“t € H(Q1), there exists a unique weak solution u(y) € H(Q2) s.t.

u‘n = you on T
in 1 in ou
™o, < gy 18" 2@ + 222 0™, - (2.68)

where Ey > 1 is the constant associated with the extension operator T, [|T(®)|lq <
Es||®|lq, for all® € H(Q1) and T(P®) decays rapidly to 0 inside Q2. Note that the
periodic condition of space H(Q1) implies [u’* -ndS = 0.

out

The system for ug*’ and pg** with given uj" ;, € H(Q2) and pi", k > 1 is

di 2 uout _ outI =0
{ iv (2p1e(ug™) — pp*'I) (2.69)

n xnx [((2uie(ud™) — pg“I) — (2pure(uj™ ;) — pi*I)) -n] =0

By an argument similar to the one for lemma 2.2, the system above can be shown
to satisfy the following estimate.
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LEMMA 2.6. Let Q2 satisfy the same assumption in lemma 2.1. For any given pair
of (0™, p"™) € H(Q2) x L*(Q1)/C that satisfies (2.67), there exists a unique vector
u(y; fouty € H(Q4) solving the following system

{div (2pre(u) — p°tT) = £ in Qy (2.70)

nxnx [((2ueu™) —pmI) — (2ue(u®) — p°I)) -n] =0 on T

E5 ou B, in .
B 1 Neen * 5oy I liz@n + B2l llg,  271)

[ullg, <

where Fo, By depend only on Q and I.

Equation (2.69), lemma 2.5, equation (2.66) and lemma 2.6 imply that for all
k >0, we have ||u§cn||Q2 < ZEQHUzUtHQl and ||uzlf1||Q1 < E2Hu§cn||Q2' Therefore,

: QEDM ot 2\k+1 ( Q4] )
u;” < —=—||ug® < (2FE —_— 2.72
i, < B juglo, < mp (EELS) e
uout g 2E2 k uout g 2E2 k ( |Q1| ) 2.73
[uZ Mo, < (2E3)"[[ug"[lq, < (2E3) RGN (2.73)

Therefore, the series in (2.56) and (2.57) converge uniformly in the disk |z| <
1/2(E3)? to an analytic function in Q2 and @1, respectively. The limit functions
un (y,e z), u? (y, e, z) and the corresponding permeability K;;(z) in (2.12) are
analytic at z = 0. Define the permeability (‘B’ for ‘bubbles’)

Ki(f) = /Q[xluﬁut(y;ei) + quén(}’;ez‘)] -e;dy (2.74)

then the following estimate, valid for |z| < 1/2EZ, holds

o gen) o |@il(L+2Es) ([ 2E3z|
|Ki;(2) — KP| <
) il X

B1(Q)B1(Q1) \1 - 2E3|2|

In conclusion, K (z) in (2.5) is analytic for z € C\ [-2E?, —(1/2E3)], E1, E3 > 1.
In the next section, and IRF for K(z) will be derived in two different ways.

)owu (2.75)

3. Integral representation of the permeability K(z)
We first observe two properties of K implied by (2.12).

PROPOSITION 3.1.

KE K <o i mz) £ 0 (3.

K(x) >0 forz>0 (3.2)
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Proof. Note that K;;(z) — (K*)i;(2) = 2u1(Z — 2) [, e(w(2)) : e(u’(2)) dy. Hence

Kij(2) — Kjj(z (2)) : e(a (2] u
Kyl - K5, / e(w (2)) : e(ui(2)) dy = —(w,u')q, = —Aj;

z—z 5

The matrix A is obviously Hermitian and for any &€ C", we have
&iAiji& = (§ud,&u?)g, = 0. This proves (3.1). Recall that K;j(x) = ((u’,u’)g, +
z(u’/,u’)g,). With a similar argument, (3.2) follows. O

With these two properties and the fact that K is holomorphic in C \ (—o0, 0], the
characterization theorem for matrix-valued functions belonging to the Stieltjes class
[20] implies that there exists a monotonically increasing matrix-valued function o (t)
such that the following IRF holds for z € C\ (—o0, 0]

c [~ 1
K(z):A+;+/O o)
+

where A>0, C>0, [ t5do(t):=1lim.o [~ 5do(t)<oo and A+C+

jg %H do(t) > 0. Since K(0) = K® | we must have C = 0. Also, K(c0) = K(P)

implies A = K(P)

2E7 1

K(z) = K®P) +/ do(t),

1
where the limits of the integral reflect the fact that K(z) in (2.5) is analytic for
2€C\ [-2E2, —(1/2E3)], By, By > 1.

Therefore, for real valued z, K (z) is decreasing as z increases, i.e. K(z1) — K (z2)
is negative semidefinite if x1 > x5. To study how the measure deo is related to
the microstructure, we derive the spectral representation of K (z) by using the
underlying system (2.6).

J2E2 2+

3.1. Spectral representation of K (z)

Adding fQ2 2u1e(u”) : e(v) dy to both sides of (2.14), we have

By ey dy = — = e(ut) : 2(v) ep - ¥
/sze(u). ) dy S/Q2u1><z( ) ()dy+/Q covdy  (33)

Let A;ﬁl be the operator that solves for w(y;f) € H(Q) in the following variational
formulation

/Q2ule(w):e(v)dy:/Qf-\7dy (3.4)
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where f € L?(Q) and Q-periodic. In other words, solution w(y) = A;&lf € H(Q) is
a weak solution to the cell problem

{_MIAW =f nQUQ: (3.5)

[rln=([7n] -n)non T

In order to get the spectral representation, we apply A;l on both sides of (3.3) and
symbolically represent the resulted equations as

Wi = ——W2 + W3
s

Then clearly, we have wy = u® and ws = A;lek. Observe that wa solves
/Q2M16(W2) ce(v)dy = /622ﬂ1X2€(uk) ce(v)dy for all v e H(Q) (3.6)
Define the operator I'y such that wo = T'yu* and (3.6) can be expressed as
(T u" v)g = /QZulxge(uk) ce(v)dy for all v e H(Q). (3.7)

The subscript x is used to signify the dependence of I'y, on x2, the characteristic
function of Q2. Clearly, Ty is self-adjoint with respect to the inner product (-,-)g
because

(Tyw,v)g = /Q2M1X26(V) re(u)dy = (Tyv,u)g = (u,I'yv)q.
Formally, we have I'yu = A;(V - x2¢(u)). Now (3.3) becomes
k 1 k -1 Iy k -1
u :—gfxu + AL e & I—f—? u’ =A ey (3.8)

PROPOSITION 3.2. The self-adjoint operator I'y defined in (3.7) is positive and
bounded with |T'y || < 1.

Proof. It can be proved by choosing v=u in (3.7) and observe that 0 <
Jo, 2me(u) re(u)dy < [, 2pe(u) : e(u) dy = (u,u)q. O
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THEOREM 3.3. For |s| > 1, the solution u* € H(Q) admits a series representation
oo 1 m o
u”(y;s) = Z (—) (Ty) A#lek (3.9)
m=0

and the components of K can be represented by the following IRF

ex)
K = d k,l=1,... 1
kl S// S+)\ Yy, ’ ) y 10y (3 0)

for some projection-valued measures M (dX) and a series representation

oo

Ki(s) = /Q (A;lek)l dy + 2;1 (_)\gm with N = /Q ((I‘X)m A;lek>l dy.

Proof. From (3.8), since Ty, is self-adjoint with norm bounded by 1, for |s| > 1, the
spectral theory for self-adjoint operator implies the existence of a projection-valued
measure M such that

ro\ ! LM (AN (AL er)
k(o o) — X —1lg #
u(y,s)—(]—i— S) Al ey S/o ST (3.11)

Hence the kl-the element of permeability K has the following IRF

Ki(s) = / Jidy = s / / dij gy (3.12)

On the other hand, for |s| > 1, the geometric expansion of the middle term near
s =00 in (3.11) results in the following expression

Kpi(s) Z/Q li (_i>’” (T)™ALley,

m=0

ceydy = Z (_Agm (3.13)

m=0
where A% is defined as A} := fQ((FX)mA;ek)l dy. O

For the three-dimensional space n = 3, the expansion (3.12) can be cast in the
matrix form

> A
Z (3.14)
with the matrix-valued moments defined as

A, :(fQ(rX)mA;eldy Jo )™ AL eady fQ(FX)mA;egdy) (3.15)
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3.2. Relationships between two representations and characterization of
the microstructural information on permeability

The calculations in the previous section reveal that the variable s:=1/(z — 1)
is the natural one to use. Because of this, we will consider K as a function of s.
Note that s maps (—o0,0] on the z-plane to [—1,0] on the s-plane. The following
properties of K(s) can be easily deduced from the results in proposition 3.1.

(i) K(s) is holomorphic in C\ —1_?_%, —ﬁ}
2 1

(i) w > 0 for all Im(s) #0

S

(iii) K(s) >0 for R> s> 0 because s >0iff R> z > 1.

Then by the representation theorem in [20, theorem 3.1], there exists a monoton-
ically increasing matrix-valued function o (¢), matrices A > 0 and C > 0 such that

x do 0 do
+01—+t<oo,A+C+f+01T_t>Oand

oo

K(s):A+Cs+/

i Or (3.16)
+

As s — 00, z— 1 and hence K — K(z =1). Therefore, we must have C =0.

Moreover, A = K(s=0)= K"  Also, since K(s) is holomorphic in C\
2F2 1

[—71”]23% , —TQE%}, we have

263 /(1+2E3) ¢

K(s) =KD +/ da (1), (3.17)

1/(+2E7) S+t

which is valid for all s € C'\ [fli%, fﬁ} C (—1,0). To compare with (3.14),

which is valid only for |s| > 1, we expand (3.17) near s = oo to obtain the following
series expansion

S

K(5) = K7+ Y (1) (1)m+ i (3.18)
m=0

where p? is the m-th moment of the measure do. Equating the coefficients term by
term with (3.14) leads to the following relation between uZ and the ‘geometrical
information’ coefficients in (3.15)

KD 4 pue=Ay=K(s=0), ie. ui=K(z=1)— KD (3.19)
o =A,, m>1 (3.20)

Recall that K can be regarded as a function of s as well as a function of z, s :=
1/(z — 1). In particular, the first moment p§ can be calculated explicitly as follows

Ao = (T (y; 1), u! (y; 1))Q=2u1/Q><26(u"”“(y;1)):e(ul(y;l))dy (3.21)
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Figure 2. Computational domain.

4. Numerical verification

The computational domain with Q = (0,1)2, Q2 = [1/4,3/4)? and Q1 = Q \ Q2 is
illustrated in figure 2 and is chosen in the first two numerical examples, (4.1) and
(4.2).

We consider three cases: (1) Q2 is a solid obstacle, (2) Q2 is a bubble and (3) Q2
is another fluid.

For case (1), we find (uy,p1) € Vi x Py, such that

(e(uy),e(v)) — (p1,divv) = (e1,v) Vv € Vy, (4.1)
(¢,divuy) =0 Vq € Py, '
where
Vi ={veHY(Q1)? |v|ag, =0, vis Q-periodic},
P, ={q€ L3(Q.) | q=divv for some v € V;}.
For case (2), we find (uz,p2) € Vo X Pa, such that

(e(ug),e(v)) — (p2,divv) = (e1,v) Vv € Vg, (4.2)
(q,divuy) =0 Vg € Py, ’

where
Vo ={ve H(Q))? | v-n|pg, =0,V is Q-periodic},
Py ={qe€ L(Q1) | q=divv for some v € Vy}.
For case (3), we set 1 = 1 and pg = p. We find (us, p3) € V3 x Ps, such that

{(ue(u;),),e(v)) — (p2,divv) = (e1,v) Vv e Vg,

4.3
(¢, divug) =0 Vg€ Ps, (4.3)

where
Vi = {ve H (Q)?*|v-n|sg, =0, vis Q-periodic},
Py = {q € L3(Q)|q = divv for some v € V3}.

The computation is done on square grids. The first level grid consists of 12
squares, for the first two cases. Each square is subdivided into 4 sub-squares to
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Figure 3. Velocity field u' for a solid obstacle Q2 (4.1), and for a slippery bubble
Q2 (4.2).

get the next level grid, 7;, = {T'}. We use the Qé:g X Qg:é velocity finite-element
space with the Qg:g pressure finite-element space. Here Qé:g means the space of

polynomials of degree at most 5 in y; and of degree at most 4 in y, which is C' in
y1-direction and CY in yy-direction. That is,

5 4

Qé:g = ulr = Z Zc”yiyg ‘ uy and 9y, u; € C°(Q1),and Q-periodic p ,
i=0 j=0

4 4
Q48 = plr =D eyvivh | p € C(Q),and Q-periodic
i=0 j=0

We note that div( 51):2 X Qg:é) = QZ:Z. Therefore, the finite element velocity is
also pointwise divergence-free. We plot the velocity field of these two problems
in figure 3. We can see the magnitude of the latter is much bigger, as the resistance
from a slippery bubble is much less.

In figures 4 and 5, we plot the two velocity fields of two-fluid flow (4.3) for two
viscosity coefficients puo. When us is big, the sticky inner fluid flows less and drags
the outer fluid near the interface. When po approaches infinity, the inner fluid stops
and it posts a zero Dirichlet boundary condition for on tangential velocity of the
outer fluid at the inner boundary T' = dQy. The model of a solid obstacle (4.1) is a
limit case of the model of two-fluid (4.3) when po — co. We can compare the left
chart of figure 3 and the left chart of figure 4.

When ps approaches zero, the inner fluid flow freely which produces little drag
on the outer fluid. In theory, the force inside fluid @2 may even push outer fluid
somewhat. But due to the zero outflow boundary condition on the velocity at 0Qs,
such a force would be balanced by its left portion and right portion of an edge of
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Figure 4. Velocity field ug for two-fluid flow (4.3) with up = 102 on Q (left), on Qo
(right, scaled by 200).
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Figure 5. Velocity field ug for two-fluid flow (4.3) with g = 1072 on Q (left), on Qo
(right, scaled by 2).

0Q2. It is equivalent to zero tangential stress boundary on the outer flow. That is,
model of a slippery bubble (4.2) is a limit model of two-fluid (4.3) with po — 0. We
may compare the right chart of figure 3 and the left chart of figure 5.
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Table 1. Computed permeability ki1 by (4.4)—(4.6)

(4.3)
Level — (41)  pe=10" jpp=1 jpp=10"%  (4.2)
1 0.0105  0.0105  0.0122 0.0140 0.0140
2 0.0119  0.0119  0.0144 0.0181 0.0181
3 0.0125  0.0125  0.0154 0.0209 0.0209
4 0.0128  0.0128  0.0159 0.0228 0.0228
5 0.0129  0.0129  0.0161 0.0240 0.0240

(0.0,0.0, 0.04029) (0.0,0.0, 0.05381)

1.0, 1.0, -0.00318) ( 1.0, 1.0, -0.01327)

Figure 6. First component of velocity ug, from (4.3), for u = 102 and o = 1072,

The homogenized permeability tensor K = (Zu 212) is computed by
21 Koz

1

kg = — u; - e, dy for (4.1), (4.4)
1Ql Jove,
1

kll = — us - Ql dy fOI' (42)7 (45)
1R Jova,
1

kll = —/ us - Ql dy fOr (43) (46)
Q[ Jo

Due to the symmetry, in all our examples we have k11 = koo and ki3 = koy = 0.

To verify the convergence results stated in (2.55) and (2.75), we solve the two-
fluid problem (4.3) with 1 =1 and pp = 10~%, 1, 10%. In table I, this model is
between the two ‘limiting’ models (4.1) and (4.2).

To see how viscosity uo influences the flow, we plot (us); in figure 6 for two
different po with puy = 1.

Though the magnitude of (u3); is way larger than that of (ug)s, their corre-
sponding stress are about the same size. In figure 7, we plot them for a comparison.
We plot the stress intensity |Vu!| in figure 8.

Finally we compute the energy of the two-fluid flow,

B(@2) = | nly)eus) s e(u)dy. (@)

B(Q) = /Q u(y)e(us) : e(us) dy. (48)
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Figure 8. Stress intensity |e((us)1)| in (4.3) with po = 10%, po =1, g = 1072,

The homogenized permeability can also be computed by the energy,
1
by = 1 [ #)eCua) s efua) dy. (49)
QI Jo
In table II, we demonstrate the equivalence of these two definitions for k1.

5. Conclusion and future work

In this paper, we show that the permeability of a porous material [40] and that of
a bubbly fluid [29] are limiting cases of the complexified version of the two-fluid
models posed in [29]. We assume the viscosity of the inclusion fluid is zp; and the
viscosity of the hosting fluid is p1, 2 € C. The proof is carried out by construction
of solutions for large |z| and small |z| by an iteration process similar with the one
used in [16, 21] and analytic continuation. Moreover, we also show that for a fixed
microstructure, the permeabilities of these three cases share the same IRF (3.17)
with different values of s, as long as the ‘contrast parameter’ s := 1/(z — 1) is not in

. 2F2 .
the interval — {587 ——L | where the constants F; and F, are the extension
+2EZ° T 142EZ |

constants that depend on the geometry of @y, Q2 and . For the mixture with
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Table 2. Computed permeability k11 both ways and energy

Level k11 (4.6) ki1 (4.9) E(Q2) (4.7)  E(Q2)/E(Q) (4.8)
For u3 in (4.3) with pg = 102
1 0.107x10~™%  0.107x107! 0.952x 1074 0.888x 1072
2 0.121x10°! 0.121x107! 0.811x10~* 0.670x 102
3 0.127x10~Y  0.126x107'  0.676x10"* 0.534x 1072
4 0.129x107! 0.129x107 ! 0.604x10~* 0.468x 1072
5 0.130x10~"%  0.130x107! 0.570x107% 0.438x1072
For uz in (4.3) with po =1
1 0.122x107! 0.122x107 ! 0.752x 1073 0.615x10~ !
2 0.144x107! 0.144x107 ! 0.135x 1072 0.936x10 !
3 0.154x107 ! 0.154x107 " 0.175x 1072 0.113x10°
4 0.159x 107! 0.159x 107! 0.200x 102 0.125%x10°
5 0.162x107! 0.162x107! 0.215x 102 0.132x10°
For ug in (4.3) with up = 107%
1 0.140x 107! 0.140x 107! 0.432x10~6 0.308x 104
2 0.181x107! 0.181x107! 0.109%x 107> 0.602x 104
3 0.209%107! 0.209%10 ! 0.183x107° 0.875x10%
4 0.228x107 ! 0.228x107 " 0.254x107° 0.111x1073
5 0.240x 107! 0.240x 107! 0.316x107° 0.131x1073

bubbles, s = —1 and thus

2B3/(142E3)
ME:K@+/ ——do(2) (5.1)
y(+2E3) 1=t

Also, we note that the matrix-valued measure in (3.10) has a Dirac measure sit-
ting at A =0 with strength equal to K®P) The permeability K™ is related
to the measure in the sense that the zero-th moment of the measure is equal to
K(z=1)—-K?.

Clearly, the positive matrix-valued measure do is independent of s and it char-
acterizes how the geometry influences the permeability. We have shown that this
measure is related to the projection measure of the self-adjoint operator I'y and its
moments can be computed by equation (3.20).

Because the IRF is valid for most of s on the complex plane, the IRF will be useful
in the study of two-fluid mixture with complex viscosities such as dehomogenization
for these fluid. Also, the integration limits in the IRF should imply bounds on the
permeability tensors. We will explore the results of this paper in these direction in
the future.
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