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Some analytical critical points in 3-space

J. Graham Couper

This thesis is concerned with the local phase portrait (that is, the

configuration of solution curves near the origin) of systems of the form

dz;
T T ATl t apa®y tapsxs + fil@y, @, w3)
dx2

(1) FEo T Q21T + A%y + azsy + falay, xp, x3)
dx3
TE T a3i®1 + azd; + azgwy + filan, @p, x3) .

Here &y, %, 3, t are real variables, aij (2, j=1,2, 3) are real

numbers, and fi, fo, f3 are real analytic functions whose power series
expansions at the origin contain no term of degree less than two. In the
early part of the thesis, a general method for studying the local phase
portrait of (1) at the critical point at the origin is given. The ideas
for this method are drawn from Gomory [Z] and Bendixson [7]. In vague
terms, the method is to "inflate" the critical point into a sphere, and to
associate a system of differential equations outside and on the sphere.
The associated system also has critical points, which may themselves be
"inflated"; and so on. The method is applied to give the local phase

portraits of (1) in three cases:
(i) the matrix (aijJ has one zero eigenvalue, and two real
non~zero eigenvalues of opposite sign;
(ii) the matrix (aij) has one zero eigenvalue, and two real

distinct eigenvalues of the same sign;
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(iii) the matrix (aij) has one zero eigenvalue, and two complex

conjugate eigenvalues with non-zero real parts.

References

[7] tvar Bendixson, "Sur les courbes définies par des équations
différentielles", Acta Math. 24 (1901), 1-88.

[2] Ralph E. Gomory, "Trajectories tending to a critical point in
3-space", Amn. of Math. 61 (1955), 140-153.

https://doi.org/10.1017/50004972700046797 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700046797

