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Abstract

We show that a commutative amenable Banach algebra need not be symmetric by constructing suitable
examples.

1991 Mathematics subject classification (Amer. Math. Soc.): primary 46J05; secondary 46M20.

1. Introduction

The standard examples of commutative amenable Banach algebras, the group algebra
of a locally compact abelian group and the algebra of continuous functions on a
compact space, are extremely well behaved. This raises the question of whether
various types of ‘well behavedness’ are actually implied by the assumption of amen-
ability. In this paper we show that a commutative amenable Banach algebra can be
non-symmetric.

DEFINITION 1.1. Let M > 0. A Banach algebra U is M-amenable if, for all
€ > 0 and all finite subsets {a,, ... ,a,)} of U there is d € URU with ||d|| < M,
laid —da;|| < €eand ||lgn(d) —a;|l <e ((=1,...,n).

In this 7 is the product map 7(a ® b) = ab and UQU has the module structure
a(b®c) =ab®c, (b® c)a =b® ca. Note that slight variations in the above give
equivalent definitions. In particular, we can replace d € U®U by d € U ® U and we
canreplace {ay, ... , a,} by finite subsets of E where F is a subset of U such that U is
the smallest closed subalgebra of 2 containing E or even, although we shall not use
this, the smallest closed, adverse-closed subalgebra containing £. A Banach algebra
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is amenable in the usual sense [1, Section 1] if and only if it is M -amenable for some
M.

DEFINITION 1.2. Let U be a Banach algebra. An element d of U®QU is a diagonal
if ad = da and a = n(d)a (a € W).

Clearly if d is a diagonal then Ul is M amenable for any M > ||d||. Conversely for
finite dimensional algebras, M -amenability implies the existence of a diagonal d with
ldll = M.

DEFINITION 1.3. A commutative Banach algebra U is symmetric if foreacha in U
there is b in U with

o) =¢@)  (pell)

where Ul is the space of non-zero multiplicative linear functionals on U (the ‘maximal
ideal space’).

An equivalent definition is that the set of Gelfand transforms of elements of U is
closed under the involution f*(¢) = f(¢)” on Co():l).

If U is a commutative Banach * algebra with hermitian involution then it is sym-
metric in this sense (see [3, p. 189]). Conversely, if U is a semisimple symmetric
commutative Banach algebra, then b in Definition 1.3 is uniquely determined by a
and, denoting it by a*, we have an involution on U which is automatically continuous
and hermitian. Thus, although a commutative semisimple Banach algebra may have
many involutions, it has at most one hermitian involution and it is symmetric if and
only if it has a hermitian involution.

2. The norm || ||, on C?

With pointwise multiplication, C> is a commutative algebra. We describe the
harmonic analysis on Z, = {e, g}, the group of order two. The group algebra
£1(Z,) is the set of expressions a + Bg(a, B € C) with |ja + Bgll; = la| + |B]
and product (a + Bg)a’ + B'g) = (xa’ + BB’) + (@B’ + &’/B)g. The characters
on the group algebra are ¢ + 8g — o + B and a + 8g — « — B so the Fourier-
Gelfand transform is (@ + Bg) = (¢ + B,a — B) € C2. The inverse of this is
(a,b) — (a + b)/2 + (@ — b)/2. The norm |||, on C* corresponding under the
Fourier transform to ||||; is ||(a, b)||l4 = (la + b| + |a — b])/2. On C* we also have
the spectral radius norm ||(a, b)||.c = max{|al, |b|}. If a,b € R then |(a, b)||s =
(Ja + b| + la — b])/2 = max{|a|, |b|} = ||(a, b)|» but this is not of course true
throughout C2.
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Suppose now that x € C* with |x]l,, = 1 and ||x||, = 1. We put Z = £'(Z,) &
£(Z,) ® £'(Z,) (¢! direct sum) and define T : Z — C? by

T(p®qg®r)=p+4x+rix’.

Put Y = Z/ker T with the quotient norm, let T = T'q be the canonical factorisation
of T, where ¢ is the quotient map Z — Y, and define |||, on C* = ImT by
ITylle = lylly(y € Y).

PROPOSITION 2.1. (a) The closed unit ball B in (C?, ||||,) is the absolutely convex
hull C of Co = {1, x, x>, v, vx, vx*} where 1 = (1, 1), and v = (1, —1).

(b) Forallc € C, |lcllo < liclx < liclla-

) | is an algebra norm on C2.

PROOF. B is the image under T of the unit ball in Z which is the closed absolutely
convex cover of the six elements p @ g @ r where one of p, g, r € {e, g} and the other
two are 0. This proves (a).

For (b) note that if ¢ € Cy then ||¢||o < 1 s0if ¢ € B then | cllo < 1 by (a). Thus

lclle < licllx (¢ € C%). The ||||4 unit ball is the absolutely convex hull of {1, v},

because the corresponding statement is true in €'(Z,), and so contains C, and hence
C. Thus [ic]l, < ficlla (c € C).

To show (c) it is enough to show that B is closed under multiplication and this
follows if we can prove that the product of two elements of Cy is in C. Any such
product is of the form ¢ = v'x* withr € {0, 1} and s € {0, 1, 2, 3, 4}. This is in C, if
s €{0,1,2}. If s = 3, then [iclla < [[v[lallX’la < 1s0 by (b), [icll, < 1. If s = 4,
put ¢’ = v"x3 so {|c’l4 < 1 as before, that is there are A, u € C with ¢’ = A1 4+ pv
and |A| + |u] < 1. Thenc = Ax + pvx € C.

We now put x = (1,¢) where § = %exp(%’). Then ||x|joo = 1 and ||x3||4 =
Ix*lloo = 15(1, =1)]lo = 1 because |||a = ||l on R2.

PROPOSITION 2.2. With respect to the norm |||, on C* the map (a, b) — (a, b)* =
(a, b) has normk > 1.

PROOF. We show ||x*||, > 1 and the result follows because ||x||, < 1. Suppose
[lx*]] < 1. By Proposition 2.2 (a) there are A;, ... , A, € C with Z|A;| < 1 and
x*=(1,%)

=1, 1) + 21, 8) 4+ A3(1, 2% 4+ A1, —1) + 4s(1, =8) + A6(1, =7).

Put A; = |X;|w; where |w;] = 1 and w; = 1 if A;, = 0. Then 1 = X|A;|w;,
s0, as 1 is an extreme point of the unit disc in C and X|X;| < 1, we have w; = 1

https://doi.org/10.1017/51446788700038623 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700038623

228 B. E. Johnson [4]

for all i and A; > 0. Thus ¢ is in the convex hull of +1, +¢, ££2. Consider
the real-linear functional 6 on C given by 6(z) = 4Rez — 20Imz /ﬁ. We have
O(£1) = +4,0(+Z) = F4,0(+2?) = F3 and §(Z) = 6 so £ is not in the convex
hull of 41, £, ££2 and hence x* is not in the unit ball of (C2, |[||,).

For each positive integer n we consider C*' as the tensor product of n copies
of C* and denote the greatest cross norm on C** induced by ||||4 or |||, on all the
factors by the same symbol. Thus (C%', ||||,) and (C*, ||||4) are both Banach algebras
and the latter is isometrically isomorphic with £'((Z,)"). For any finite group G,
d = |G|™! dec g~' ® g is a diagonal in £'(G) of norm 1. Thus (C%, ||||4) is 1
amenable. More generally, the standard proof [1, Theorem 2.5] that the group algebra
of an amenable group is amenable in fact shows that it is 1-amenable.

COROLLARY 2.3. (C%¥, |l,) is a commutative symmetric semisimple 1-amenable
Banach algebra with involution of norm «".

PROOE. (C%, |||,) is clearly a commutative symmetric semisimple Banach algebra.
By Proposition 2.1(b) we have ||¢]|, < ||¢]|4 forallin C* soifd is the norm 1 diagonal

for (C¥, ||ll4) then it is a diagonal for (C%, ||||,) with norm < 1 and (C%, |||,) is 1

amenable.
The statement about the norm of the involution follows from the general identity
IS ® T|| = ||SIII|T|| for the tensor products of operators.

3. Direct sums of M-amenable Banach algebras

Throughout this section we will use @, to indicate the direct sum with the su-
premum norm. Thus if X, and X, are Banach spaces, then X; @, X, is the direct
sum with ||x; @ x,|| = max{||x,|[, [|x2]|} and if %X,, X, ... are Banach spaces then
(D)2, %, is the space of sequences x withx, € X,,n =1,2,... and ||x,|| — Oas
n — o0; the norm is given by ||x|| = max,{||x,|l}.

By considering elements of the form d+d’ in QUDLB)RUDPB) whered € URSU
and d' € BB, it is easy to see that if 2 and B are M-amenable Banach algebras, then
U @, B is 2M-amenable. We shall show that in fact it is M-amenable.

LEMMA 3.1. If X and’Y are Banach spaces andt € X @9 with ||t| < M then there
is ko such that for every integer k > ky, t has an expression t = ZLI x; @ y; where
Xl <8, [yl <8andé=(M/k)".

PROOF. We have ¢ = Zlerj ®s;jforsomefl e N,r;eX,5;€P(j=1,...,0
and XZ||r;|llls;|| < M. We may, of course, assume that none of the r; or s; is zero.
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Choose ko € N with éMk;' < M — Z||r;|llIs; I, let k > ko and put § = (M/k)"/2.
Replacing each r; by §||r;||'r; and each s; by 87" {|r; ||s; we may assume that ||r;|| = 6,
j = 1,...,¢4 |If p; is the integer part of ||s;||6~" then s; is the sum of 1 + Dj
terms of norm less than § (we could take each term to be (1 + p;)~'s;, for example).
Decomposing the s; in this way we gett = > | x/® y/ where ||x/|| = § and ||y/|| < §.
Because p;é < [Is;|| < (1 + p,)3, the number of terms m = Zle(l + p;) satisfies
(m — )8 < Zri|llisill < m&. Thus, m&* < Tri|lllsill + €8> < Zilr|lls: | +
¢Mk;' < M = k&, This shows that m < k. To get the required expression
we put x; = x;(Iy/I/8)"%, yi = yiAyjl/8) "2 G =1,... . m)and x;, = y; = 0
G=m+1,...,k).

LEMMA 3.2. If X,9,3,W are Banach spaces andt € X @Y, t' € 3 Q@ W with
el < M and ||t'|F < M, thent 4t € (X ®oo 3)R(Y oo W) has ||t + ' < M.

PROOF. Apply Lemma 3.1 to ¢ and ¢ getting integers ko and k;,. Take k >
max{ko, ko), § = (M/k)"/* and put t = Zf.;l Xy, t = Zle z; ® w; where
Il < 8, vl <6, flzill < éand ||w;l]| <8 (1=1,...,k). The expression

1 1 k
t+r=2) ) (@12 ® (i@ (-D'w)

r=0 i=1

shows that ||t +¢'|| < 1-2-k-82/2=M.

Applying Lemma 3.2 for every M’ > M we see that if ||¢|F < M and ||t'| < M
then || +¢'|F < M.

PROPOSITION 3.3. (a) If U,, ..., U, are M-amenable Banach algebras then so is
(Do) Wi
(b) If U, U,, ... are M-amenable Banach algebras then 50 is (®o0)2,U,.

PROOF. (a) follows easily from Lemma 3.2 by taking the elements d; in U; U,
from Definition 1.1 and forming d = ) _ 4.

To prove (b) we consider 3, = @7_,l; as embedded inB = @7 U, in the obvious
way. If By = U2 B, then any finite subset of By lies in some B, so the conditions
of Definition 1.1 are satisfied for finite subsets of By, and the result follows because
Boyo is dense in B,

We are now in a position to give a counterexample.

THEOREM 3.4. U = (B:),(C%, ||llx) is a commutative semisimple 1-amenable
Banach algebra which is not symmetric.
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PROOF. Itis easy to see that U is a commutative semisimple Banach algebra because
the (C*', |||l,) are. It is 1-amenable by Proposition 3.3 and Corollary 2.3.

The maximal ideal space U of U is the disjoint union of the maximal ideal spaces
of the €7 and Co(h) = (Boo),(C¥, ||lloc). The hermitian involution of Co(l) is
{a;}2, > {a}2,. Asthe norm of this involution on (C*', ||[|,) is«" — ocoasn — 00,
there is @ € U with ||a}||, — oo asn — oo soa* ¢ U and U is not symmetric.

4. Another example

We give a slightly different example which avoids the results in Section 3. For any
group H we have the map H — H x Z, given by h — (k, e). Iterating this we get
an inductive system

ZZ_>22XZZ—)22XZZX22———)---

with limit which we denote by Z, ,. There is a corresponding sequence of injective
isometric isomorphisms of group algebras

El(zz) il El(lz X L) > - --

with limit £'(Z, o). Denoting the group dual to Z, by {1, —1} there is a corresponding
projective system
{1, =1} < {1, =1}> « ...

with limit the compact group {1, —1}°°. Here the linking maps are (¢€y, ..., €,, €,41) +>
(€1,...,€,) where ¢, = +1. For the continuous function spaces we again have an
injective system dual to this which, writing C*" for C ({1, —1}") is

...

where the connecting maps are f +— f ® 1. We have seen that, if we take the norms
|ll4 on C%, then the limitis A({1, —1}°°). If we take the supremum norms on C*', the
limit is C({1, —1}*°). The map f — f ® 1 is also an isometry in the |||, norms; we
denote the inductive limit by 2 and its norm by ||||;.... The contractive isomorphisms
(C¥, 1la) — (€%, lllx) = (€%, ]llls) given by the identity map give contractive
homomorphisms ¢ : A({1, —1}*°) - U and ¥ : U — C({l, —1}*) with dense
ranges where W @ is the identity injection A({1, —1}*°) — C({1, —1}*).

We will show that U is semisimple so that ® and W are injective. Suppose that
r € RadU and ¢ € C* for some n. Taking the tensor product ®,, of the identity map
on C* with p copies of the functional (a, b) — a on C* we get a coherent system
of contractive maps from (C*™, |[|l,) to (C*, ||{l.) and hence a contraction © from %
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into C¥" which is the identity on C?'. In the same way we get a contraction © from
C({1, —1}) onto C¥'. We have ¥® = OW because this holds on the C*'"" spaces.
Because C({1, —1}*) is semisimple we have ¥r = 0 and hence VOr = OWr = 0.
However, W is injective on C*" so ®r = 0. Thus |lc — 7|, > [|®, — ©, |, = |Ic]|s.
However, if ||r(, > O then there is n € N and ¢ € C* with |lc — r|, < 3lir|,.
We then have ||r{|, — llcll. < jlrll so 3lrll. < llcllc and |lc = rll, < llcllx. This
contradiction shows that RadUl = 0 and ¢ and W are injective.

If U were symmetric then the involution on C({1, —1}°°) would restrict to a ne-
cessarily continuous involution on 2. However, by Corollary 2.3, the restriction to
C? has norm k" where ¥ > 1. U is 1 amenable because A({1, —1}*°) = £1(Z, ) is
and & is a contractive homomorphism into 21 with dense range so the conditions of
Definition 1.1 are satisfied with @y, ... ,a, € Im® and d = ® ® ®d’ for a suitably
chosen element d’ of A({1, —1}°) ® A({1, —1}*).
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