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ORDERING UNIFORM COMPLETIONS OF PARTIALLY 
ORDERED SETS 

R. H. R E D F I E L D 

Let (P, T) be a (nearly) uniform ordered space. Let (P, T ) be the uniform 
completion of (P , T) a t T. Several part ial orders for P are introduced and 
discussed. One of these orders provides an adjoint to the functor which 
embeds the category of uniformly complete uniform ordered spaces in the 
category of uniform ordered spaces, both categories with uniformly continuous 
order-preserving functions. When P is a join-semilattice with uniformly 
continuous join, two of these orders coalesce to the unique part ial order with 
respect to which P is a join-semilattice, P is a join-subsemilatt ice of P , and 
the join on P is continuous. Le t B be an abelian /-group with locally convex 
group and latt ice topology T, and let B be the completion of B a t the right 
uniformity associated with T . Then the two orders mentioned above are 
equivalent to the minimal part ial order with respect to which B is an abelian 
/-group, B + 2 B+, and the latt ice operations on B are continuous. 

1. I n t r o d u c t i o n . For topological terminology left undefined, see [3 ; 7]. 
Other definitions with which we assume the reader to be familiar may be 
found in [1 ; 2] . 

Notation. Our undefined notat ion is s tandard with possibly the following 
exceptions: We denote a net with domain D by {xs \ô Ç D] or merely {x?>\ if the 
domain has been previously indicated. Le t X, Y be sets and let h : Y —> X 
be a function. T h e function hXh:YXY-*XXX is defined by 
(x, y)h X h = (xh, yh). Le t L be a latt ice, and suppose M, N Ç L. Then 

M V N = {x V a\x e M, a £ N], 

M A N = {x A a\x € M, a Ç N}. 

If A, B Ç L X L, then 

A V B = {(x V a, y V b)\(x, y) G A, (a,b) 6 B), 

A A B = {(x A a, y A b)\(x,y) G A, (a, b) £ B). 

Let B be an /-group and suppose t ha t H Ç B and J Ç B X B. Then 

- i ï = {-* |* G -H], 

- / = { ( - x , - 3 0 | ( * , : y ) G / } . 

We note the following result, which is s traightforward to prove. 
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UNIFORM COMPLETIONS 645 

PROPOSITION 1.1. Let (F , T) be a separated uniform space. Let (Y, T) be the 
completion of (F, T) at Î . Let y G Y and let {ys\8 6 D\ be a Cauchy net in Y 
converging to y. If Ts is the set of symmetric entourages of T directed downwards, 
then there exists a Cauchy net {xv\U G Ts}, with domain Ts, such that {xv) 
converges to y, and such that, as subsets of F, [xu] C {y^\. In particular, if 
J, H 6 Ts are swcft Jfca* / C iJ, jAew (y, x^) G H. 

Let P be a set with partial order < . Let T be a separated uniformity on P 
and let (P, T) be the completion of (P, T) at T. We may define a binary 
relation R on P by: xPy if and only if there exist Cauchy nets {xv\ U G Ts\ Ç P 
converging to x, and {yv\U £ Ts} C P converging to y such that x*y < yv for 
all Z7 G Ts. If P is a lattice, and if the lattice operations on P are uniformly 
continuous with respect to T, then Kiseleva [5] proves that R is a lattice 
order for P. 

We wish to investigate here the more general situation of partially ordered 
sets, and to consider in what way the orders we define there are "best" when 
restricted to lattices. It seems clear that some sort of restriction must be 
placed on T so that the uniform structure and the order structure mesh 
properly. The appropriate restriction turns out to be (a weakening of) 
Nachbin's concept of "uniform ordered space". 

Acknowledgement. The author wishes to thank N. R. Reilly for discussions 
during the development of this paper, and Paul Conrad for pointing out the 
conjecture in [4] which led to this research. 

2. (Nearly) Uniform ordered spaces. As above, let P be a set with partial 
order < . Let 

A(P) = {(x,x)\x e P) 

be the diagonal of P , and let 

G{<) = {{x,y)\x<y} 

be the graph of <. 
A semi-uniform structure for P [6] is a filter^ on P X P satisfying 

(i) for all F É ^ , A ( P ) Ç V; 

(ii) if V e ^~, there exists W G #~ such that W o W C V. 
The set 

is then a uniform structure for P [6]. 
We say that a partially ordered set P with uniformity T is a nearly uniform 

ordered space in case T is separated and there exists a semi-uniform structure ^ 
for P such that H ^ ~ 2 G ( < ) a n d ^ * = T. A partially ordered set P with 
uniformity T is a uniform ordered space [6] in case (P, T) is a nearly uniform 
ordered space and additionally Ç\^ C G ( < ) . 

https://doi.org/10.4153/CJM-1974-062-4 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1974-062-4


646 R. H. REDFIELD 

Let P be a partially ordered set with topology T. We say that T is locally 
convex if for every x G P and every neighbourhood N of x, there exists a 
neighbourhood M of x such that i f is convex and M Çl N. 

PROPOSITION 2.1. 7/ (P, T) is a nearly uniform ordered space, then the topology 
on P induced by T is locally convex. 

Proof. The proof of [6, Proposition 9] does not use the assumption that 

Example 2.2. Let Q be the rational numbers with usual order. Then for 
any prime number p, Tp, the p-adic topology on Q [3], is not locally convex. 
Since Tp is a ring topology for (), there is a uniformity T on Q whose induced 
topology is Tp. By Proposition 1.1, ((), T) is not a nearly uniform ordered 
space. 

Example 2.3. This example shows that not every nearly uniform ordered 
space is a uniform ordered space. 

Let R be the real numbers and let R~ = {r 6 R\r < 0}. Let P = A X R~. 
Let T be the uniformity P inherits from the usual uniformity on R X R. Then 
T is separated. Define a binary relation L on P by: (x, y)L(r, s) if and only if 
(1) y y£ 0, x < r, and y < 5, or (2) 3/ = 0, 5 = 0, and 0 < x < r, or (3) 
y = 0, 5 = 0, and x < r < 0. A straightforward case-by-case argument 
shows that L is a partial order on P. 

Let G(L) be the graph of L. Suppose that ^ is a semi-uniform structure 
for P such that C\^ 3 G(L) and ^ * = T. Let i f Ç ̂  Then there exists 
F Ç . f such that V o V Q H. Since J ^ * = T, F G T. Therefore, there exists 
ô < 0 such that ( ( - 1 , 0 ) , ( - 1 , 0 ) ) G V. Since F G ^ , F D G ( L ) and 
hence 

( ( - 1 , 5 ) , (1,0)) € V. 

Therefore 

( ( - 1 , 0 ) , (1,0)) eVoVQH. 

Thus 

( ( - 1 , 0 ) , (1,0)) e n ^ . 

But - 1 < 0 < 1 and hence ( ( - 1 , 0), (1, 0)) g G(L). Therefore 

i.e., (P, T) is not a uniform ordered space. However, if we l e t ^ be the semi-
uniformity on P inherited from the usual semi-uniformity on R X P , then 
c l e a r l y ^ * = T and n^^G(L). Therefore (P, T) is a nearly uniform 
ordered space. 
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A set T is totally ordered if T is partially ordered and if 

TXT = G{<) \JG{<)~\ 

In this case, the notions of "nearly uniform ordered space" and "uniform 
space" are equivalent: 

PROPOSITION 2.4. Let T be a totally ordered set with uniformity X. Then 
(T, X) is a uniform ordered space if and only if it is a nearly uniform ordered 
space. 

Proof. Let&~ be a semi-uniform structure for T such that Ç\&~ 2 G(<) 
and ^ * = T. Suppose (x, y) G D^\G(<). Then (y,x) G G(<) Q D<F. 
Let H G T. Then H ^_ V C\ V~l for some F £ J T Since (y,x)£ V, 
(x,y) G V-1; thus (x,y) G H. Therefore (x,y) G H X. But (x,y) G G(<) 
and hence (x, y) G A(P). Therefore, T is not separated and the result follows. 

3. Partial orders on some uniform completions. Let (P, T) be a nearly 
uniform ordered space, and let (P, T) be the uniform completion of P at T. 
Define a binary relation ^ on P as follows: x <$ y if and only if for each 
Cauchy net {xv\U G Xs} Ç P converging to x, there exists a Cauchy net 
{yu\U G Ts | Ç P converging to y such that for all U G Xs, xv < yv. We call 
this relation the strong order on P. 

Let F be a semi-uniform structure for P such that (~\<F ̂ G(<) and 
#~ * = T. Define a binary relation < (F) on P by: X < ( J r ) y if and only if 
for each V G F, for each Cauchy net {xv\ U G X5} C P converging to x, there 
exists a Cauchy net {y^lU G Xs} C P converging to y such that for all U G Xs, 
(*tf> 3^) € F. We call the relation < (F) on P the !F-order on P. Clearly 
if x <J y, then x < (F) y for every semi-uniform structure F for P such that 
n<F^G(<) a n d ^ * = T. 

PROPOSITION 3.1. / / (P, T) is a nearly uniform ordered space, then the strong 
order and the F-orders are partial orders on P. 

Proof. Let F be a semi-uniform structure for P such that Ç\F Z> G ( < ) 
a n d ^ * = T. 

Clearly x ^ x a n d x < ( ^ ) x for all x G P. 
Suppose x ^ y (x <{Sr) y) and y ^ x (y < ( J r ) x). By Proposition 1.1, 

there exists a Cauchy net {yu\U G Xs} £ P converging to y. We will show 
that be/} converges to x. Let W G Xs. Let # G Xs be such that H o H Ç W , 
and let V G ^ be such that 

(VoV)n (Vo V)~l^H. 

By definition of ^ ( < (<^~)), there exist Cauchy nets {xv\ U G Xs} Ç P converg­
ing to x and {s^C/ G Xs} C P converging to y such that for all U G Xs, 
3 ^ < * tr ((yu, Xu) G F) and xv < zv ((xU9 zv) G V). Hence 

(y*,**) € G ( < ) c 7 ( 6 ^ , * * ) G F), 
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and 

(xu,Zu) G G(<) C V((xu,Zu) G V). 

Since {3^} and {zn} are Cauchy nets converging to y, there exists 
K £ T such that K QH andiîJ QK, then 

Hence (sj, 3^) G F, and thus (xj, 3>j) G 7 o V. Hence 

(yj,xj) G ( 7 o F ) - 1 ^ F Ç i J Ç H . 

But by Proposition 1.1, (x, Xj) Ç K Ç H and hence 

(x, j ; ) f H o H Ç W . 

Therefore, bc/1 converges to x and since T is separated and {yv) also converges 
to y, x = y. 

Suppose x ^ y (x < (#~) y) and y ^ z (y < (J^) z) . (Let V G ^~, and let 
W G #~ be such that WoW ^ V.) Let \xu\U G Ts | Ç ? be a Cauchy net 
converging to x. Then there exist Cauchy nets \yu\U G Ts) Ç P converging 
to y and {zu\U G Tsj Ç P converging to z such that for all £/G Ts, 
** < 3^ ((xU9 yv) G W) and yv < zv ((yU9 zv) G W). Then for all U G Ts, 
# t; < %u ((xu, Zu) G W o W Q V) and hence x <J z (x < ( J O z) . 

4. Properties of the strong order and the ^ - o r d e r s . In this section we 
show that if (P, T) is a uniform ordered space, then the ^ - o r d e r s extend the 
order on P , and that any J^-order (the strong order) on a nearly uniform 
ordered space makes (P, T) a (nearly) uniform ordered space. 

PROPOSITION 4.1. Let (P, T) be a nearly uniform ordered space. Any &-order 
on P satisfies 

G{<) ç G K t ^ n (PXP). 

Proof. Let x, y G P be such that x < y. Let V, W G ^~ be such that 
W o W ÇI F, and suppose that {#^1 £/ G Ts} CI P is a Cauchy net converging 
to x. U JQWn W~\ then (x, Xj) G WC\ W~l C JF"1. Since 

(*,30 G G ( < ) C W, (xJ}y) £ WoWQV. 

Let 

= (xv, if t/g wn w-1 

^ b, if c/ e w r\ w-\ 
Then {3^} C P is a Cauchy net converging to y and for all U G Ts, 
(xv, yv) G F. Therefore, x < (^~) 3>. 

PROPOSITION 4.2. Le/ (P, T) 5e a uniform ordered space, and suppose that 3^ 
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is a semi-uniform structure for P such that Ç\&~ = G(<) and#" * = T. Then 
the &'-order on P extends the order on P , i.e., G{<) = G ( < ( J r ) ) Pi (P X P ) . 

Proof.Let x, y G P. By Proposition 4.1, if x < 3>,x< (J^) y. Suppose x < (^r)y. 
The net denned by XJJ — X for all U G Ts is a Cauchy net converging to x. 
Let F, W G ^ be such that IF o IF e V. Then there is a net {y^| [ / Ç Ï S ) Ç P 
converging to y such that (x, yv) = (xU} yv) G W for all £/ G Ts. If 
J C ^ n IF"1, (y, yj) £ Wr\ W-1 C IF"1. Thus ( x ) 3 ; ) ^ o I f Ç F . We 
have shown that (x, 3/) G D ^ " and hence (x, y) G G ( < ) , i.e., x < 3;. 

That Proposition 4.1 (and therefore 4.2) does not necessarily hold for 
the strong order follows from the next example. 

Example 4.3. In this example, we construct a uniform ordered space whose 
strong order does not extend the original order. 

Let R be the real numbers and let 

P = {(x, y) G R X R\x = 0 or y = 0}. 

Let T be the uniformity on P inherited from the usual uniformity on R X R. 
Partially order P by (x, y) < (r, s) if and only if x < r and y < s. It is 
straightforward to show that (P, T) = (P, T) is a uniform ordered space. 

Now (0, 0) < (0, 1), and the net {(0, l/n)\n = 1, 2, . . .} is a Cauchy net 
converging to (0, 0). Let {xu\U G Ts} Ç {(0, 1/n)} be a Cauchy net as in 
Proposition 1.1. If {yu\U G Ts} is a net satisfying xv < yv for all U G T*, 
then yv = (0, yu) for some yv' G P , for all U G Ts. Hence if {yv} converges, 
it must converge to (0, r) for some r G R. Therefore, there is no Cauchy net 
{yu} converging to (1, 0) and satisfying xv < yn, i.e., (0, 0) is not ^ (1, 0). 

Let (P, T) be a nearly uniform ordered space. Let ^ be a semi-uniform 
structure for P such that Ç\^ 2 G ( < ) and &~ * = T. For F G J r , let | V\ 
be the subset of P X P consisting of all those (x, y) such that for each Cauchy 
net {xu\U G Ts} QP converging to x, there exists a Cauchy net 
{yu\U G Ts} Ç P converging to y such that (xv, yv) G F for all U G Ts. 
Let \& I be the filter on P X P generated by {| V\\ V G & }. 

LEMMA 4.4. | Ĵ ~ | is a semi-uniform structure for P. 

Proof, (i) Since A(P) C F for all F G ^ , (x, x) G | F | for all x G P. 
(ii) Let F, TFG^~ be such that W o W C V. Suppose that (x, y) , 

(y, z) G \W\, and let {xv\U G Ts} CI P be a Cauchy net converging to x. 
Since (x, y) G |JF| and (y, z) G |1F|, there are Cauchy nets {yv\U G T5} Ç P 
converging to y and {zu\U G Ts} C P converging to z such that for all U G T*, 
(xv, yu) G IF and (yv, zv) G IF. Thus (xUt zv) G IF o IF ç F for all Z7 G Ts. 
Therefore (x, z) G |F | , i.e. |IF| o \W\ C |F | . Hence | ^ " | is a semi-uniform 
structure for P. 

LEMMA 4.5. |«^"|* = Y. 
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Proof. (If A G Ts, then A is the set of (x, y) G P X P such that if 
{xv\U G Ts} Q P converges to x and {yu\U G Ts} Ç P converges to y, then 
there exists [ / Ç ï s such that for all / , K C U, (xJy yK) G A. Also Y is the 
filter generated by {A\A G Ts}, and {A|,4 G V] C Ys.) 

Let F, T7 G ^ be such that WoWQ V, and let H = VC\ V~\ We will 
first show that \W\ C\ \W\~l Q H: Let (x, y) G \W\ Pi l ^ - 1 , and suppose 
that {xv\U G Ts} Ç P and {yi/|C/ G Ts} Ç P are Cauchy nets converging to 
x and y respectively. Then there exists a Cauchy net {av\U G Ts} Ç P con­
verging to y such that (xUy av) G W for all U G Ts, and there exists K G Xs 

such that for all I J Ç I , (ax,yY) G W. Hence (xx, yY) G IF o PF Ç F. 
Since (x, y) G |W[ r l , there exists a Cauchy net {bv\U G Ts} Ç P converging 
to x such that (yUt bv) G W, i.e. (6^, yv) G W"1, for all U G Ts. Since {6^} 
converges to x, there exists L G Ts such that for all X, F Ç L, (xx, 6 r ) G W~l. 
Thus (xx, yF) G IF"1 o IF"1 Ç V~\ Therefore, if X, F ÇZ L r\ K, then 
fejy) G F H F-1 , i.e. (x,y) G H. 

Let V G «F, and let jff = F H F"1 . We next show that H ç | 7 | : Let 
(x, y) G H, let {x^|Z7 G Ts\ Ç P be a Cauchy net converging to x, and let 
{zt/|C/ G Ts} Ç P be a Cauchy net converging to y. Suppose that W G Ts is 
such that for all J, K Q W, (xj, zK) G H" Ç F. Define 

= /** , if C/ 2 W 
yu \zU9 iiUQW. 

Then clearly {yu) ÇZ P is a Cauchy net converging to y such that (x^, 3/̂ ) G F 
for ail [/ G Ts. Therefore (x, y) G | F | and hence H Ç | F|'. 

Now if A G Y, then there exists V G ^ such that A 3 H, where H = 
V C\ V~\ and hence by the above A 3 |JF| Pi \1V\-1 for some \W\ G \&~ |. 
Conversely, if A G | ̂  |*, then there exists F G ^~ such that A 3 | F | H | F]"1. 
Let H = V C\ F_ 1 . Then by the above, | F | 3 H, and thus, since H is sym­
metric, \V\ C\ (FI"1 3 H. Hence, A 3 H, and therefore, | #~ |* = ^ 

LEMMA 4.6. G ( < ( J r ) ) = pi | « ^ | . 

Proof. The result follows immediately from the definitions. 

PROPOSITION 4.7. Le£ (P, T) 5e a nearly uniform ordered space. Then any 
^-order on P makes (P, Y) a uniform ordered space. 

Proof. By Lemmas 4.4, 4.5 and 4.6, \&~ | is a semi-uniform structure for P 
such that G « ( ^ r ) ) = n \ ^ \ and \& |* = Y. 

PROPOSITION 4.8. Let (P, T) be a nearly uniform ordered space. Then the strong 
order on P makes (P, Y) a nearly uniform ordered space. 

Proof. Clearly there exists an J^-order on P and clearly G ( < (Jr) ) 3 G ( <; ). 
Thus, by Lemmas 4.4, 4.5 and 4.6, | ^ ~ | is a semi-uniform structure for P 
such that O \ ^ \ 2 G ( 0 and | j F | * = Y. 
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To ensure that (P, T) with the strong order is a uniform ordered space, we 
need an extra condition on (P, T). The condition we suggest in Section 6 is 
sufficient for this result and also implies the strong order version of Propo­
sition 4.2. 

5. The maximal semi-uniform structure. The results of Section 6 
depend on a particular semi-uniform structure, whose definition and basic 
properties we discuss here. 

Let T be a separated uniformity on the partially ordered set P ; let 

^~(T) = { V Ç T| there exist Vu V2, . . . G Ï such that 
Fi = F, and for all n, Vn 3 G ( < ) and 

Vn+loVn+1Q Vn). 

PROPOSITION 5.1. ^"(T) is a semi-uniform structure for P. 

Proof. Clearly A(P) ç F for all V G ̂ ~(T). If F G ̂ ( T ) , then F2 in the 
definition of #"(T) is an element of J^(T) such that F2 o F2 £ F. To see that 
^ ( T ) is a filter on P X P , we first note that clearly if U 2 F 6 ^ ( T ) , then 
[ / ( / ' ( T ) . Furthermore, if [ / j Ê « f ( ï ) , then consider Z7i H Fi, 
Z72 H F2, . . . . Clearly U1C\V1= U Pi F. For any w, t/w H F» € T, 
17» H F B 2 G ( < ) , and 

(un+1 r\ vn+1) o (t^+x n Fn+i) ç Z7n+i o un+1 c j / n , 
(C/B+i H Fn+i) o (C7n+1 n 7n+i) ç 7n+i o Fw+1 ç F,. 

Thus 

(tfn+i n 7B+i) o (un+1 n Fn+1) c j7n n 7n. 
PROPOSITION 5.2. (P, T) is a nearly uniform ordered space if and only if 

j^Cr)* 3 T. 

Pnw/. Since «^(T) C T, clearly^(T)* C T. Thus, if J ^ T ) * 3 T,^"(T)* = T. 
Therefore,«^"(T) is a semi-uniform structure for P such that 0«^~(T) 3 G ( < ) 
and # " ( ! ) * = T. 

Conversely, suppose that ^ is a semi-uniform structure for P such that 
n ^ 2 G ( < ) and ^ * = T. Clearly ^ C # " ( T ) . Hence, if i l G T, then 
H = U H F- 1 for [/, F G ̂ " (T) , i.e., H G ^ " ( ï ) * . 

PROPOSITION 5.3. (P, T) is a uniform ordered space if and only if D JP~(T) CZ 
G(<) and^Çï)* 2 T. 

Proof. Let ^ be a semi-uniform structure for P such that Pi ^ = G ( < ) 
and ^ * = T. Clearly ^ C#~(T) . Thus O ^ 2 O ^ O O , i.e. 

G(<) 2 n^(T). 
Proposition 5.3 then follows from Proposition 5.2. 
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PROPOSITION 5.4. For every (nearly) uniform ordered space (P, T), J^(T) 
is the unique maximal semi-uniform structure for P satisfying 

(n^"(T) 2 G(<)) n ^ m = G(<) 

and^i?)* = T. 

Proof. If ^ is such a structure, then clearly ^ C ^ " ( T ) . Proposition 5.4 
then follows from Propositions 5.1, 5.2 and 5.3 and their proofs. 

6. The strong order and condition (M). Let P be a partially ordered set 
with uniformity T. We say that T (or (P, T)) satisfies condition (M) in case 

(1\I) for all V G T, there exists W G T 

such that WoG(<) C G(<) o V. 

Since G ( < ) o ( t / H F) ç (G(<) o t/) H (G(<) o F) for ail U, V G T, the 
set {G(<) o [7|£7 G T} is a filter-base on P X P . Let <^(T) be the filter on 
P X P generated by {G(<) o U\U G T}. 

PROPOSITION 6.1. Le£ P be a partially ordered set with uniformity T. Then T 
saJw/wtf (M) if and only if^(T) = ^ ( T ) . 

Proof. Suppose that T satisfies condition (M). If H G ^ ( T ) , then there 
exists / ^ ( ï ) such that J o / Ç H. Since G(< ) Ç J, 

G ( < ) o / C JoJQH. 

Since / G Ï , this implies i f G r^(T). Thus J ^ T ) Ç ̂ ( T ) . 
Conversely, suppose U G T. By condition (M), there exist Vu V2, . . . G T 

such that Fi = U, and for all n, Vn+i o Fw+i C Vn and 

F w + 1 o G ( < ) e G ( < ) o 7». 

Consider Wn = G ( < ) o V2n-i for w = 1, 2, . . . . Then PTi = G ( < ) o Fx = 
G ( < ) o £7. Furthermore, for sll n, G(<) ^ Wn and 

TF„+i o 1FW+I = G ( < ) o F2w+i o G ( < ) o F2„+i 

Ç G ( < ) o G ( < ) o F2wo V2n 

QG(<)o V2n-i 

= Wn. 

Therefore, G ( < ) o U G ^"(T) and hence <^(T) Ç J ^ T ) . 
Suppose ^"(T) = %?(T). Let U G T. Then G ( < ) o [ / É J^(T) and hence 

there exist Vu F2 G ^ ( ï ) such that Vx o F2 ç G ( < ) o Z7. Since Çf (T) is a 
filter-base, there exist J i , J 2 G Ï such that G ( < ) o Jx C Fi and G ( < ) o J2 C F2. 
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T h u s 

JioG(<) Ç G ( < ) o J l 0 G ( < ) o / 2 Ç G ( < ) o U. 

Therefore, T satisfies condition (M) . 

PROPOSITION 6.2. Let (P , T) be a nearly uniform ordered space. If T satisfies 
condition (M) , then the strong order is equivalent to the^ (T)-order. 

Proof. Clearly, G(t) Q G « ( ^ " ( T ) ) . 
Conversely, suppose x < ( J r ( T ) ) y and let {x^l U £ Ts] Ç P b e a Cauchy net 

converging to x. Let V G Ts. Then there exists a Cauchy net [yv\ U G Ts} Ç P 
converging to y such tha t (xU} yv) G G{<) o V for all U G Ts. Hence there 
exists av £ P such t ha t (xF , av) G G ( < ) and (a F , yv) G F . Consider the ne t 
{aF} ç P . For all V G T*, x F < av, and ( a r , 3v) G F. Let F , F G Ts be 
such t ha t V o V Q V. There exists [ / f ï s such tha t for J, K C [/, 
(yj , yx) € F7 . Thus , if 7, X C U r\ V, (aJ} yj) G / Ç F ' and ( ^ , yK) G F7 . 
Hence (a j 7 yK) G F. Therefore {aF} is a Cauchy net converging to the same 
point to which {yv} converges; i.e., {av} Ç P i s a Cauchy net converging to y. 
We conclude t ha t x <J y. 

COROLLARY 6.3. Let (P, T) be a nearly uniform ordered space. If T satisfies 
condition (M) , then ( P , T ) with strong order is a uniform ordered space. 

Proof. T h e result follows from Propositions 4.7 and 6.2. 

COROLLARY 6.4. Let (P , T) be a uniform ordered space. If T satisfies condition 
(M) , then the strong order on P extends the order on P , i.e., 

G(<) = G ( o n (P X P ) . 

Proof. The result follows from Propositions 4.2 and 6.2. 

Example 6.5. N o t every uniform ordered space satisfies condition ( M ) : 
(P , T) of Example 4.3 is a uniform ordered space whose strong order does no t 
extend its original order. Therefore, by Corollary 6.4, (P , T) does not satisfy 
condition (M) . 

7. Ordering u n i f o r m c o m p l e t i o n s of s e m i l a t t i c e s . T h e first result of 
this section says t ha t there is only one candidate for a topological extended 
semilattice operation on the uniform completion of a semilattice with separated 
uniformity. 

Let (5, o) be a semilattice with separated uniformity T. Le t (S ,Y) be its 
completion a t T. Let E{6) C S X S be the set of all (x, y) such t ha t there 
exist Cauchy nets {xv\U G Ts} Q S converging to x and \yu\U G Ts} C S 
converging to y such t ha t xv o yv = yv for all [ / f f . For the semilattice 
( 5 , o ) , l e t 

D(p) = {(x,y) e S XS\xoy = y\. 
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Example 7.1. This example shows that E(o) is not necessarily the graph of 
a partial order. As in Example 2.2, let Q be the rational numbers with semi-
lattice operation V, and let Tv be the £-adic topology on Q for some prime p. 
Let T be the usual uniformity associated with Tp (see [3]), and let N be the 
natural numbers. For x G (), let vp(x) be the exponent of p in the decomposition 
of x into prime factors. Then for U G Ts, there exists a minimal n(U) G N 
such that 

{(x,y)\vp(x -y) >n(U)\ Q U. 

Let 

Xu = l + £»(tf)-i, 3,^ = £»w, z^ = 1 + £nW. 

Then {xt/l £7 G Ts} and {z^|î/ G Xs} are Cauchy nets in Q converging to 1, 
and {ju\U G Ts} is a Cauchy net in Q converging to 0. Furthermore, for all 
u e T5, 

Xu V yv = 3^ and 3 ^ V z^ = 2^. 

Therefore, (1,0) G £ ( V ) and (0, 1) G £ ( V ) , and hence £ ( V ) is not the 
graph of a partial order on the uniform completion of Q at T. 

THEOREM 7.2. Let (S, o) be a semilattice separated uniformity T. Suppose 
that p is a continuous semilattice operation on S. 

(a) IfD(o)QD(p),thenE(o)QD(p). 
(b) If (S, o) is a sub semilattice of (S, p), tfftew -E(o) = J9(p). 

Proof, (a) Let (x, y) G £ ( 0 ) , and suppose that {xv\U G Ts} Ç 5, 
{^crl^ G T s | Ç 5 are Cauchy nets converging to x, y respectively such that 
%u ° J17 = 3^ f° r all ^ G Ts. Since p is continuous, {x /̂py /̂} converges toxpy. 
Since D{6) Q D(p), xvpyv = yv for all U G Ts. Thus {x^/py^} also converges 
to y, and hence xpy = y, i.e., (x, y) G D(p). 

(b) Since (S, o) is a subsemilattice of (S, p), D(o) QD(p). Thus by 
(a), £ (0 ) C D(p). Suppose Xpy = y, and let 

{av\U e Ts} C 5 , {bu\Ue TSJ Ç 5 

be Cauchy nets converging to x, y respectively. Since (5, o) is a subsemilattice 
of (S, p), avpbv G «S for all U G Ts. Since p is continuous, {aupbu} CI 5 is a 
Cauchy net converging to xpy = y. Since p is a semilattice operation, 

(av) o (aupbu) = (aupa^pbu = avpbu 

for all U G T*. Since {av) converges to x, this implies that (x, y) G E(o). 

COROLLARY 7.3. Let (S, o) be a semilattice with separated uniformity T. If 
there is a continuous semilattice operation p on (S,Y) such that (S, o) is a sub­
semilattice of (S, p), then E(o) is the graph of a partial order. 

We would like to use the results of previous sections to produce such a 
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p as in Theorem 7.2 (b). To this end, let (L, V) ((L, A) , (L, V, A)) be a 
join-semilattice (meet-semilattice, lattice) with separated uniformity T. We 
call (L, T, V) ((L, T, A) , (L, T, V, A)) a j'-uniform semilattice (m-uniform 
semilattice, uniform lattice) in case V ( A , V and A) is (is, are) uniformly 
continuous. 

PROPOSITION 7.4. A f-uniform semilattice is a uniform ordered space which 
satisfies condition (M); thus so is a uniform lattice. 

Proof. The result follows from [6, Proposition 11] and its proof. 

Let (L, T, V) ((X, T, A)) be a j-uniform (m-uniform) semilattice; let 
(L,Y) be its completion at T. Then V (A) may be extended to a uniformly 
continuous function V (A) from L X L to L. 

PROPOSITION 7.5. If (L, T, V) is a j-uniform semilattice, then V is the least 
upper bound with respect to the strong order. If (L, T, V, A) is a uniform lattice, 
then A is the greatest lower bound with respect to the strong order. 

Proof. Let {xv\U G Ts) Ç I and {yv\U G Ts} Ç L be Cauchy nets con­
verging to x and y respectively. Then {xn V yv\ U (z Ts} Ç L i s a Cauchy net 
converging to x T y. Since xv < xv V yv and yv < xv V yv for all U G Ts, 
x ^ x T y and y ^ x f y . Let {zv\ U £ Ts} C L be a Cauchy net converging 
to x A y. Then zv < xv V zv and zv < yv V zv for all U G Ts. We will show 
that \xu V 2*7} converges to x and that {yv V zv\ converges to y. Let U G Xs 

and suppose if G Ts is such that H V if C [/. There exists If GTS such that 
if / Ç If, 

(*v, *v A y,) G if. 

Thus 

(zj V *,, (*., A yj) V Xj) £HV H, 

i.e., 

( z j V Xj, Xj) G [/. 

Thus {zv V x^} is a Cauchy net converging to the same point to which {xv} 
converges; i.e., {zv V xv] converges to x. Similarly, {zv V yu) converges to y 
and hence x A y ^ x and x A y ^ y. 

Suppose x <J z and y ^ z. Let { ^ |Z7 G T5} Ç L be a Cauchy net converg­
ing to x • y, and let {xv\U G Ts} £ L, {y^C/ G T S ) Ç L be Cauchy nets 
converging to x, y respectively. There exist Cauchy nets \au\U G Ts} C L, 
{ô^l £/ G Ts} Ç L converging to z such that xv < av, yv < bv for all U G Ts. 
Then {a^ V bv) is a Cauchy net converging to z and x^ V yu < &c/ V bv for 
all C7 G Ts. Let 2^ = (a^ V bv) V £c for all U G Ts. Then zv > pu for all U. 
Let F G Ts and let H G Ts be such that H V H Q V. There exists If G T* 
such that if Z7 C TF, 

(£t7, *E7 V 3^) G # . 
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T h u s 

((av V bu) V pu, (au V bv) V (xv V yv)) G H V H, 
i.e., 

(ZET, «17 V bu) G F . 

Hence {z^} is a Cauchy net converging to z and thus x f y ^ z . W e conclude 
t h a t V is the least upper bound with respect to the strong order on L. 

Suppose t h a t z <J x and z ^ y. Let {z^l £/ G Ts} Ç L be a Cauchy net con­
verging to z and suppose {x^l [/ G ï s ) Ç L, J3v| t / G T s | Ç L are Cauchy nets 
converging to x, y respectively such t h a t zv < xv and zv < 3>t/ for all £/ G Xs. 
Then 2^ < xv A 3V for all U G Ts and clearly {x^ A 3>c/} Ç I is a Cauchy 
net converging to x A y. T h u s z ^ x 1 y . We conclude t h a t A is the greatest 
lower bound with respect to the s trong order on L. 

COROLLARY 7.6. A j-uniform semilattice (L, T, V ) (uniform lattice 
(L,T, V , A ) ) is a join-sub semilattice (sublattice) of (L, ^ ) and (L, < ( J r ( T ) ) . 

Proof. By Proposit ions 6.2, 7.4, and 7.5, the join (join and meet) on L 
agrees (agree) with the join (join and meet) on L restricted to L. 

COROLLARY 7.7. Let (L, T, V ) ((L, T, V , A )) be a j-uniform semilattice 
(uniform lattice). Then the strong order on L is the unique order on L such that L 
is a join-semilattice (lattice), L is a join-sub semilattice (sublattice) of L, and the 
join (join and meet) on L is (are) continuous. 

Proof. By Proposit ion 7.5 and Corollary 7.6, the strong order satisfies the 
conditions. By Theorem 7.2 (b) , such an order is unique. 

COROLLARY 7.8. Let (L ,T , V ) ((L, T, V , A )) be a j-uniform semilaltice 
(uniform lattice). Suppose L is ordered such that L is a join-semilattice (lattice) 
and L is a join-sub semilattice (sublattice) of L. Then the join (lattice operations) 
is (are) continuous if and only if it is (they are) uniformly continuous. 

Proof. If the join (lattice operations) is (are) continuous, then the order is 
the strong order by Corollary 7.7. T h u s it is ( they are) in fact uniformly 
cont inuous. 

W e also have another characterizat ion of the strong order on a j -uni form 
semilat t ice . 

COROLLARY 7.9. For a j-uniform lattice (L, T, V ) , x <J y if and only if there 
exist Cauchy nets {xv\U G Ts} Ç L, {yu\U £ Ts} C L converging to x, y 
respectively such that xv < yv for all U G Ts. 

Proof. T h e s t a t emen t of the condition merely re-phrases the definition of 
J E ( V ) in te rms of the join-semilattice order. 

W e note t h a t this version of the s trong order is precisely the definition used 
in [5] to extend the order on a uniform latt ice to its completion. (See Section 1.) 
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Remark 7.10. A dual strong order, <^d, could be defined on the uniform com­
pletion of a nearly uniform ordered space (P , T, < ) by: x ^d y if and only if 
for each Cauchy net {yu\U (E Xs} C P converging to y, there exists a Cauchy 
net \xu\U ^ Tsj Ç ? converging to x such tha t xv < yv for all U G Ts. 
Similarly, dual &-orders could be defined, bu t these would be equivalent to 
the corresponding ^ - o r d e r s . The results of Sections 3 and 4 would then hold 
with the obvious (dual) modifications. 

In Section 6, we could use condition 

(J) for all V G T, there exists W £ T 
such t ha t G ( < ) o WQ VoG(<) 

to replace condition (M) , and the set ^ ( T ) = the filter generated by 
{ U o G(<)\U G T} to replace ^ ( T ) . T h e essential par t of [6, Proposition 11], 
viz. [6, Theorem 10], remains true if we replace condition (M) with condition 
(J ) . Then [6, Proposition 11] holds when we replace the hypothesis of a uni­
formly continuous join with t ha t of a uniformly continuous meet. This would 
permit a "dualizing" of hypotheses ( tha t is, replacing "j-uniform" with 
"m-uniform") in such results as Propositions 7.4 and 7.5. T o prove the dual 
versions of Corollaries 7.6 through 7.9 would then require the following meet-
semilattice interpretat ion of Theorem 7.2: 

T H E O R E M 7.2d. Under the hypotheses of Theorem 7.2, we have the following: 
(a) IfDio)-1 Ç £ > ( P ) - \ then E ( o ) - 1 C D(P)~\ 
(b) If (S, o) is a subsemilattice of (S, p), then £ ( o ) - 1 = D(p)-1. 

8. Ordering u n i f o r m c o m p l e t i o n s of / -groups . In this section, let B be 
an /-group with Hausdorff topology T such tha t (B,T) is both a topological 
group and a topological lattice. Let Tr, Tz, T be, respectively, the right, left, 
and two-sided uniformities associated with T. Then Tr is generated by sets 
of the form 

W = {(x,y)\x -yeW} 

where W is a neighbourhood of 0; for the same W's, the sets 

W = {(x,y)\-x + y G W] 

generate Tz; and T is the filter generated by T r \J Tz. Let B „ Bh B be the 
completions of B with respect to TT, Tz, T, respectively. 

Corollary 7.7 (and its proof) indicates pa r t of the proof of a conjecture of 
Conrad [4]. If B is abelian, then Br = Bt = B may be considered as a super­
group of B. Conrad conjectured - in different terminology - t ha t the strong 
order is the minimal lattice order on B such t ha t B is an abelian /-group, 
B + 3 B+, and the lattice operations on B are continuous. We will show t h a t 
this conjecture is t rue in a more general si tuation, provided tha t a t least one 
of the lattice operations on B is uniformly continuous. This hypothesis is not 
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as restrictive as it may appear; we will show that in fact it is equivalent to the 
assumption of local convexity for T. 

LEMMA 8.1. The following are equivalent: 
(a) V is uniformly continuous with respect to Tr (Th T); 
(b) A is uniformly continuous with respect to Tt (Tr, T). 

Proof. We note that 

a Ab = -[(-a) V ( - 6 ) ] and aVb= -[(-a) A (-b)] 

for all a, b G B. Since — : B —> B is uniformly continuous with respect to 
T [7], the equivalence of (a) and (b) in the case of T is clear. 

Suppose V is uniformly continuous with respect to Tr, and let F G T*. 
Then by [3, III , 3, Proposition 2] - V G Tr. Thus there exists H G Tr such 
that H V Ï Ï Ç - F . T h e n - # G T,. Let (x, y), (a,b) G - # ; t h u s ( - x , -y), 
(-a, -b) G H and hence ( ( - x ) V ( - a ) , (-3O V ( - 6 ) ) € - 7; i.e., 
( - [ ( - * ) V ( - a ) ] , - [ ( - 3 0 V ( -6 ) ] ) G F. Therefore (x A a, y A 6) G F, 
i.e. (—H) A (-H) C F. Thus A is uniformly continuous with respect to Tz, 
i.e. (a) implies (b). Similarly (b) implies (a). The equivalence of (a) in the case 
of Tj and (b) in the case of Tr may be proven similarly. 

LEMMA 8.2. If T is locally convex, then the lattice operations on B are uni­
formly continuous with respect to Tr, Tz and T. 

Proof. Let IF be a neighbourhood of 0 and \etjV be the set of convex neigh­
bourhoods of 0. Since T is locally convex, there exists M G ̂  such that 
M Q W. Since the lattice operations on B are continuous, and again since T 
is locally convex, there exists N G <yV such that N V N Ç M and N A N C M 
{M is a neighbourhood of 0 and 0 V 0 = 0 = 0 A 0 ) . We first consider the 
uniformity Ur. Suppose that (x,y), (a, b) G N. We will show that 
(x V a, y V 6), ( x A a j A ô ) ^ f , and hence that AT V iV C TF and 
JV A iV Ç IF. 

We note that x — y, a — b G iV and thus since M is convex, that any / 
such that 

(x - y) A (a - b) < t < (x - y) V (a - b) 

is an element of M CI IF. Furthermore, 

(1) [x V a] - [y V b] = [x V a] + [(-y) A (-6)] 
= [(x V a) - 3/] A [(x V a) - b] 
= [(x - y) V (a - y)] A [(x - 6) V (a - 6)], 

(2) [x V a] - [y V b] = [x V a] + [(-y) A (-6)] 

= [* + ((-30 A (-6))] V [a + ((-30 A (-6))] 
= [(* ~ 30 A (x - b)] V [(a -y) A (a- b)], 

(3) [x A a] - [y A b] = [(x - y) V (x - 6)] A [(a - y) V (a - 6)], 

(4) [x A a] - [y A b] = [(x - y) A (a - y)] V [(x - b) A (a - 6)]. 
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Thus 

(x — y) A (a 

(x — y) V (a 

(x — y) A (a 

(x — y) V (a 

Therefore, 

[x V a] - [y V 6], [* A a] - [3/ A 6] Ç W, 

i.e., (x V a, y V 6), ( x A a j A è ) Ç f . 

Therefore A and V are uniformly continuous with respect to Tr. 
Similarly, A and V are uniformly continuous with respect to T1 and hence 

with respect to T. 

PROPOSITION 8.3. The following are equivalent: 
(a) V is uniformly continuous with respect to Tr, Tz, or T; 
(b) A is uniformly continuous with respect to Tr, Th or T; 
(c) T is locally convex. 

Proof. By Propositions 2.1 and 7.4, (a) implies (c). By Lemma 8.2, (c) 
implies (a) and (b). It remains to show that (b) implies (a). Suppose A is 
uniformly continuous with respect to Tr (Tz, T). By Lemma 8.1, V is uni­
formly continuous with respect to Tz (Tr, T). Then, as above, T is locally 
convex, and hence V is uniformly continuous with respect to Tn Tt and T. 
Thus (b) implies (a). 

We call an /-group B with Hausdorff group and lattice topology T a ul-group 
in case the equivalent conditions (a), (b), (c) of Proposition 8.3 hold. 

PROPOSITION 8.4. Let (B, T) be an abelian ul-group. Then (B, T, <J ) is an 
abelian ul-group. 

Proof. By [3, III, 3, Theorem 2], (B, T) is a topological abelian group. By 
Propositions 7.5 and 8.3, the lattice operations on (B, <J ) are uniformly 
continuous. It remains to show that (B, <$; ) is a partially ordered group. Let 
x ^ y and suppose b G B. Let {xv\U G Ts} C B, {yv\U £ Ts] C B, 
\bv\U G Ts} C ^ b e Cauchy nets converging to x, y, b respectively such that 
xu < yu for all U 6 Ts. Then xv + bv < yv + bv for all U 6 T5. Since 
(B, T) is a topological group, {xv + bn} C B, [yv + bv) C B, converge to 
x + b, y + b respectively. Thus x + b ^ y + b, and hence (B, ^ ) is a 
partially ordered group. 

PROPOSITION 8.5. Let (B, T) be a ul-group. Then the strong order on Br 

(Bj, B) is the minimal lattice order < onBr (Bz, B) such that G(<) CI G(<) 
and the join on^r (3h B) is continuous. 

- b) <[x V a] - [y V b] by (1), 
- b) > [x V a] - [y V 6] by (2), 

~b) <[x Aa] -[y Ab] by (3), 
- b) > [x A a] - [y A b] by (4). 
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Proof. By Propositions 3.1, 7.4, 7.5, 8.3, and Corollary 6.4, the strong order 
on B r (Bj, B) satisfies the conditions. By Corollary 7.9 and Theorem 7.2 (a ) , 

G ( 0 = £ ( V ) C G ( < ) 

for any lattice order < on B r (Bh B) satisfying the conditions. 

COROLLARY 8.6. Let (B, T ) 6e an abelian ul-group. Then the strong order on 
B = B r = B lis the minimal partial order on B such that B is an abelian I-group, 
B + 2 B+, and the lattice operations on B are continuous. 

Proof. Let < be a partial order on B satisfying the conditions. Since B is 
an abelian /-group and B+ 2 B+, G ( < ) Ç G ( < ) . T h e result follows from 
Proposit ions 8.4 and 8.5. 

COROLLARY 8.7. Let (B, T ) be a ul-group. Then the strong order onBr (B h B) 
is the minimal lattice order < on B r (Bj , B) swc/̂  that G{<) çz G ( < ) a ^ ^<? 
lattice operations onHr (Bj , B) are uniformly continuous. 

Proof. By Proposition 7.5, the strong order satisfies the additional condition. 
The result follows from Proposition 8.5. 

9. Categor ica l c o n s i d e r a t i o n s . Definitions of terms which are left un­
defined in this section and which do not appear in a preceeding section, may 
be found in [2] or any book on category theory. ( N B : We use '"functor" for 
"covar ian t functor".) 

Let 31, S3 be categories and let a : 23 —> 2Ï be a functor. A functor (3 : 31 —> 23 
is adjoint to a in case for each object A of 21 there is a morphism tA : A —» A fia 
such t ha t if X is an object of 23 and if g : A —> J « is a morphism of 31, then 
there exists a unique morphism k : A/3 —» X of 23 such t h a t (£A) (&a) = g. T h e 
functor which takes a separated uniform space to its completion (and a 
uniformly continuous function to its extension) is adjoint to the functor 
which embeds the category of complete separated uniform spaces and uni­
formly continuous functions in the category of separated uniform spaces and 
uniformly continuous functions. 

Let nuO be the category of nearly uniform ordered spaces and uniformly 
continuous order-preserving functions. Le t itO be the category of uniform 
ordered spaces and uniformly continuous order-preserving functions. Le t 
ËnuO and (SuD be the categories of uniformly complete nearly uniform 
ordered spaces and uniformly complete uniform ordered spaces, respectively. 
Let r] : S u O —> uO, f : SnuO —» nuD be the natura l embedding functors. We 
wish to investigate possible adjoint functors to r\ and f. 

Specifically, we will investigate the following problem: Let (P , T , < ) be 
a (nearly) uniform ordered space. Let (P, T ) be its uniform completion, and 
let tp : P —» P be the usual uniform embedding (see [3]). Can we specify a 
partial order < on P with the following propert ies: 

https://doi.org/10.4153/CJM-1974-062-4 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1974-062-4


UNIFORM COMPLETIONS 661 

(i) (P, Y, < ) is a (nearly) uniform ordered space; 
(ii) tp : (P, < ) —» (P, < ) preserves order; 

(iii) if (X, S, < ) is a uniformly complete (nearly) uniform ordered space, 
if / : P —» X is a uniformly continuous order-preserving function, and if 
f : (P, T) —> (X, S) is the unique uniformly continuous function such that 
tpf = / , then f : (P, < ) —> (X, < ) preserves order? 

Let (P, T, < ) be a nearly uniform ordered space, and let (P, T) and 
tp : P —» P be as above. For simplicity, we sometimes ignore tp and identify P 
with its tp-image in P. Let 

ê (Y) = { 7 G Y|there exist Vu 72, . . . G Y such that 
Fi = 7, and for all n, Vn 3 G{<) and 
F n + 1 o 7 n + 1 Ç 7n}. 

LEMMA 9.1. <^(Y) is a semi-uniform structure for P. 

Proof. The proof is similar to that of Proposition 5.1. 

Let < i and < 2 be the binary relations defined on P as follows: 

x < i y if and only if x = y or x, y Ç P and x < y; 
x < 2 y if and only if (x, y) £ Pi & (Y). 

PROPOSITION 9.2. Both < i and < 2 are partial orders on P. 

Proof. Clearly < i is a partial order. Since Y is separated, Lemma 9.1 and the 
argument of [6, pp. 58-59] show that Ç\ (f (Y) is the graph of a partial order. 

We will show that < i and < 2 can be used to define adjoint functors to 
f and y] respectively. 

Let J^(T) be the maximal semi-uniform structure for P defined in Section 5. 
Let | J ^ T ) | be the collection of subsets of P X P defined following Example 4.3. 

LEMMA 9.3. | ^ ( T ) | C <f (Y). 

Proof. If F G 1^(1)1, then by Proposition 4.1 and Lemma 4.6, G(<) C 7. 
Thus by Lemma 4.4, for every 7 G |^"(T) | , there exist Vu 72, . . . £ Y such 
that 7 = 7i, and for all », 7„+1 o Fn+i C 7„ and G ( < ) C 7n. Therefore, 
| ^ ( T ) | C (f (Y). 

PROPOSITION 9.4. (P,Y, < i ) is a nearly uniform ordered space, and (P,Y, < 2 ) 
is a uniform ordered space. 

Proof. By Proposition 9.2, (P, < i ) and (P, < 2 ) are partially ordered sets; 
by Lemma 9.1, <f (Y) is a semi-uniform structure for P; and from the defini­
tions, G(< i ) Q H < f ( r ) a n d G ( < 2 ) = O <=? (Y). Thus it suffices to show that 
S (Y)* = Y . By Lemma 4.5, |^~(T)|* = Y , and hence by Lemma 9.3, 
<?(Y)* 2 | ^ ( T ) | * = Y. Clearly g (Y)* Ç Y , and hence (f (Y)* = Y. 

PROPOSITION 9.5. Let f : nuD —• 6nu£) tofee aw 0&><tf (P, T, < ) to (P,Y, < 0 
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and a morphism to its uniformly continuous extension. Then f is a functor which 
is adjoint to f. 

Proof. Let (P, T, < ) be a nearly uniform ordered space. By Proposition 9.4, 
(P>"**> < i ) be a uniformly complete nearly uniform ordered space. Clearly, 
tp preserves order. Let (X, S, < ) be a uniformly complete nearly uniform 
ordered space, let / : P —> X be a uniformly continuous order-preserving 
function, and let f : (P,T) —> (X, S) be the unique uniformly continuous 
function such that tjt = f. It suffices to show that f : (P, < i ) —> (X, < ) 
preserves order. To this end, suppose that x < i y . If x = y, then xf = yf, 
and thus xf < yf. If x ^ y, then there exist a, b £ P such that a < b and 
atp = x, btp = y. Thus 

xf = atpl = af < bf = btpi = yf. 

The proof that an adjoint for rj may be defined similarly to f for f is some­
what more complicated than the proof of Proposition 9.5. We will need the 
following two lemmas, the first of which is straightforward to prove. 

LEMMA 9.6. Let X, Y be sets and let h : Y —> X be a function. Let L,JC^XXX 
be such that L o L Ç / . Then 

L{h X h)~l o LQi X h)-1 C J(h X h)~\ 

LEMMA 9.7. Let (P, T, < ) , (X, S, < ) , and (F, \l>, < ) be nearly uniform 
ordered spaces. Let g : P —> X, t : P —> F, and k : Y —-> X be uniformly con­
tinuous functions such that tk = g, and suppose that g and t preserve order. If 
V Ç ^~(E) , then there exist Pi , P2 , . . . Ç ^f such that V(k X k)~~l = Eu and 

for all n, G(< ) (t X t) Ç En and En+1 o En+1 Ç En. 

Proof. Let Vu F2, . . . G 2 be such that Vi = V, and for all n, G(< ) C Vn 

and Vn+i o Vn+i Ç Fn. For each n, let Pw = Vn{k X &)_1 G ^ . If a, b £ P 
are such that a < b, then ag < ôg, i.e., (a)/& < (6)/&. Hence for all n, 
(at, bt)(k X k) e G(<) C Fn, i.e., (a*, 6/) Ç Fw(£ X à)" 1 = £». Thus, 
G(<)(t X t) Ç1 En for all w. By Lemma 9.6, since Vn+1 o F n + i CI Fw, 
Pn + i o En+i C p n . By definition, V(k X &)-1 = Pi . 

PROPOSITION 9.8. Let rj : uO —> SuO to&e aw object (P, T, < ) to (P,T, < 2 ) 
and a morphism to its uniformly continuous extension. Then rj is a functor which 
is adjoint to rj. 

Proof. Let (P, T, < ) be a uniform ordered space. By Proposition 9.4, 
(P>"*"> < 2) is a uniform ordered space. Clearly, tv preserves order. Let (X, 3 , < ) 
be a uniformly complete uniform ordered space, l e t / : (P, T, < ) —» (X, 3 , < ) 
be a uniformly continuous order-preserving function, and let f : (P,T) —> (X, 3 ) 
be the unique uniformly continuous function such that tvî = / . I t suffices to 
show that f : (P, < i ) —> (X, < ) preserves order. To this end, suppose that 
x < 2 y . Then (x,y) Ç fl <^(T). Thus by Lemma 9.7, (x, y) € V(f X f )" 1 
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for all V e ^ " ( S ) , i.e., (xf, yf) Ç V for all V G #~(R). Thus 

(xf,yf) e n ^ ( a ) = G(<), 

i.e.,xf < yf. 
In fact, <2 is the partial ordering of P we would expect in view of the 

preceding sections, namely < ( J r ( T ) ) . 

PROPOSITION 9.9. G(< 2 ) = G(< (^"(T))). 

Proo/. By Lemma 9.3, |^~(T)| C <f (T), and hence by Lemma 4.6, 

G « (^"(T))) = n | ^ " ( T ) | 2 H ^ ( T ) = G(< 2 ) . 

Conversely, suppose that x < ( J r ( T ) ) y . Let P(Y) be the topology on P 
associated with Y, and for all V £ Y, let F c be the closure of V with respect to 

r(Y) x T(Y). 
We first show that (x, y) Ç F c for all F G *f (Y). Let V £ <f (Y). Clearly, 

for all H £ <f (T), tffe X tp)~^ 3 G ( < ) and # f e X f,)-1 G T. Thus, by 
Lemma 9.6 as applied in Lemma 9.7, V(tp X tp)~

l Ç ^ ( T ) . Thus there exist 
Cauchy nets \xu\U £ T*} C P , {y^ t / G Ts\ C P such that {x^} converges 
to x, { y ^ } converges to y, and (xv, yv) G V(tp X Z*)-1 for all U G Ts. Thus 
(xutp, yutp) 6 ^ for all Z7 G T5, and hence (x, y) e Ve. 

UH e & (T), then there exists F 6 <f (Y) such that V o V o V ^ H. Thus 
by [3, II, 1, Proposition 2], 

Ve = n ( [ / o F o [ / ) Ç F o F o F Ç Ï Ï . 
Z7€TS 

Hence (x, y) G H for all H G (f (Y), i.e., (x, y) Ç n ^(Y) = G(< 2 ) . 

The following examples show that < i may or may not be equivalent to < 2. 

Example 9.10. Let (P, T, < ) be a uniformly complete uniform ordered 
space. Then clearly G(< i ) = G(< 2 ) . 

Example 9.11. Let Q be the rational numbers with usual order < and 
usual uniformity T. Then clearly, (<2, T, < ) is a uniform ordered space. 
Clearly, R is the completion of Q at T and 0 < (^"(T)) TT, i.e., 0 < 2 TT. However, 
since TT G R\Q, 0 ^ i TT, and thus G(< i ) ^ G(< 2 ) . 

Let z> : uD —> miD be the natural embedding functor. Let v : rtu£> —» u£) be 
defined by fv = f for all morphisms / and (P, T, <)? = (P, T, < ) where 
G ( < ) = n ^ ( T ) . 

PROPOSITION 9.12. ^ is a functor which is adjoint to v. 

Proof. As in [6, pp. 58-59], < is a partial order on P . Then clearly (P, T, < ) 
is a uniform ordered space. Since G ( < ) C (~\J*~(T) = G ( < ) , the identity 
map from (P, T, < ) to (P, T, < ) preserves order. Let (X, S, < ) be a uniform 
ordered space, and suppose that / : P —* X is a uniformly continuous order-
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preserving (with respect to < ) function. It suffices to show that if x < y, 
then xf < yf. By Lemma 9.7, if F G ^ ( E ) , then V(f X f)'1 G ^ ( T ) . Thus 

(^j)œ^'(T)ç n v(fxfr\ 
i.e., (xf,yf) 6 P i ^ r ( S ) . Since (X, S, < ) is a uniform ordered space, 
(*/,?/) e G ( < ) , i.e., * / < ? / . 

Remark. Let iuS(mu©,u8) and Siu@(Êmit©, Su?) be, respectively, the 
categories of j-uniform semilattices (m-uniform semilattices, uniform lattices) 
and uniformly complete j-uniform semilattices (w-uniform semilattices, 
uniform lattices), both with uniformly continuous join-preserving (meet-
preserving, join- and meet-preserving) functions. Using Corollary 7.7 (Remark 
7.10, Corollary 7.7) as a guide, we see that the strong order is the only candidate 
for a solution to the problem of ordering the completion of a j-uniform semi-
lattice (m-uniform semilattice, uniform lattice) so as to describe an adjoint 
to the natural embedding functor from gju© (Emu®, Su8) to jit© (mu®, u8). 
Routine manipulation shows that it is indeed the proper order, i.e. that the 
extension of a uniformly continuous join-preserving (meet-preserving, join-
and meet-preserving) function to the completion does preserve the join (meet, 
join and meet). 

Let 21 and Ë3Ï be, respectively, the categories of abelian ^/-groups and uni­
formly complete abelian ^/-groups, both with uniformly continuous group and 
lattice homomorphisms. That the strong order on the completion is an 
"adjoint" ordering may be seen by the following argument (cf. Corollary 8.6): 
The completion writh strong order is an abelian ul-group by Proposition 8.4; 
the unique extension of a morphism to the completion is a uniformly con­
tinuous group homomorphism by [3, III , 3, Propositions 3 and 8], and a 
lattice homomorphism by the routine manipulation mentioned above. 
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