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REPRESENTATIONS OF COMPACT 
RIGHT TOPOLOGICAL GROUPS 

PAUL MILNES 

ABSTRACT. Compact right topological groups arise naturally as the enveloping 
semigroups of distal flows. Recently, John Pym and the author established the existence 
of Haar measure \i on such groups, which invites the consideration of the regular repre­
sentations. We start here by characterizing the continuous representations of a compact 
right topological group G, and are led to the conclusion that the right regular repre­
sentation r is not continuous (unless G is topological). The domain of the left regular 
representation / is generally taken to be the topological centre 

A(G) := {s G G \ t\—• ts,G —> G, is continuous} 

or a tractable subgroup of it, furnished with a topology stronger than the relative topol­
ogy from G (the goals being to have / both defined and continuous). An analysis of / and 
r on H = L2(G) for some non-topological compact right topological groups G shows, 
among other things, that: 

(i) for the simplest (perhaps) G generated by Z, (/, H) decomposes into one copy of 
each irreducible representation of Z and c copies of the regular representation. 

(ii) for the simplest (perhaps) G generated by the euclidean group of the plane T x C, 
(/, H) decomposes into one copy of each of the continuous one-dimensional represen­
tations of T x C and c copies of each continuous irreducible representation Ua,a> 0. 

(iii) when A(G) is not dense in G, it can seem very reasonable to regard r as a contin­
uous representation of a related compact topological group, and also, G can be almost 
completely "lost" in the measure space (G, /i). 

Preliminaries. A flow (S, X) consists of a compact Hausdorff space X and a group S 
with identity e\ each s G S determines a homeomorphismx i—> sx of X and the conditions 
ex — x and s(t(x)) = (st)x for all s J G S and x G X are satisfied. So, S determines a 
subgroup (denoted here also by S) of the semigroup Xx of all transformations of X. The 
closure S~ of S in Xx is a subsemigroup of Xx called the enveloping semigroup of the 
flow. With the relative topology from Xx, S~ is a compact right topological semigroup, 
i.e., for all r\ G S~, right multiplication by 77, v 1—> j/rj, S~ —> 5~, is continuous. The set 

A(5~) := {77 G S~ I v 1—> r)v,S~ —> S~ is continuous} 

is called the topological centre of S~; here S C A(S~), so A(5~) is dense in S~. The flow 
is called distal if ^x i —> xo and 5̂ x2 —• *o for net {s^} C S and JCO,JCI,*2 £ ^ always 
implies x\ = X2. We quote a beautiful theorem of Ellis [5, or 6]. 
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1. THEOREM. A flow (S, X) is distal if and only if its enveloping semigroup S is a 
group (i.e., a subgroup ofXx). 

For a distal flow (S, X), the compact right topological group G := S~ is called the Ellis 
group of the flow. There is a powerful structure theorem for compact groups G that come 
from topological dynamics like this (i.e., have dense topological centres); it developed 
over an extended period [7, 6, 14], the claim about normality of each subgroup L^ in G 
(rather than just in L^_i for successor ordinals £) having been established only recently 
[12,13]. 

2. THE FURSTENBERG-ELLIS-NAMIOKA STRUCTURE THEOREM. Let G\ be a compact 
right topological group and suppose that 

(*) A(Gi) is dense in G\. 

Let G be a closed subgroup ofG\. Then G has a system of subgroups 

ih i o < i < &} 

ordered by the set of ordinals less than or equal to an ordinal £o cmd satisfying 

(i) each L^ is a closed normal subgroup ofG,Lo = G, and L^0 = {e}; 

(ii) fort; < £0, Lç D L^+\, and the function 

(sLç+utLç+i) 1—> stLç+u G/Z^+i x Lç/Lç+i —» G/L^+i 

is continuous for the quotient topologies; and 

(Hi) for each limit ordinal £ < £o> L^ = H ^ Ly-

3. REMARKS, (i) The proof of the theorem shows that every compact right topolog­
ical group G has a smallest compact normal subgroup K such that G/K is a compact 
topological group; this conclusion does not depend on the hypothesis (*). The important 
conclusion that does depend on (*) is K ^ G; indeed, in Example (e) (below) K = G, 
and G does not have a system of subgroups as in the theorem. The situation is different 
for Example (d); it has a system of subgroups as in the theorem, but the proof of the 
theorem does not produce it. 

(ii) The system of subgroups in the conclusion of Theorem 2 can be used to establish 
the existence of Haar measure /x for groups G satisfying the hypotheses of the theorem. 
ji is the unique probability measure on G that is invariant under all right translations; it is 
also invariant under all continuous left translations [12, 13]. Example (e) shows that the 
existence of the system of subgroups is not a necessary condition for the existence of Haar 
measure. (We mention that Haar measure exists for all compact right topological groups 
we have encountered.) When ji exists, we have the Banach spaces LP(G) :— LP(G, //) as 
usual. However, L1 (G) is unlikely to be an algebra, since the definition of convolution/* 
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g requires some strong condition (e.g., separate continuity) on multiplication m: (s, t) \—> 
st\ but m is often not even measurable. 

Representations. Let G be a compact right topological group, and let (TT, H) be a 
representation of G, 7r is a homomorphism of G into the group ZL — U(H) of unitary 
operators on a Hilbert space H. We note first that weak (operator) continuity of IT is 
equivalent to strong continuity of IT. This is proved in the same way as for topologi­
cal groups. So, by "continuity of 7r", we mean continuity in either of these senses; in 
particular, the continuity of TT requires each coefficient s i—-> (TT(S)Ï], 1/), 77, v G H, to be 
continuous. Since inversion can be involved by such a trivial maneuver, i.e., [TT(S)TJ, Z/) = 
(77, TT(S~ l )z/), and since inversion in G is not continuous, one sees that continuity of IT may 
be a rare phenomenon. As for topological groups, a continuous representation TT of G is 
a direct sum of irreducible finite dimensional representations. This is a consequence of 
the fact that multiplication in Zl is separately continuous for the weak operator topology, 
so in that topology the image 7r(G) is a compact Hausdorff group with separately contin­
uous multiplication, i.e., 7r(G) is a compact topological group by Ellis' theorem [4]. The 
result for compact topological groups [3; 15.1.3] now gives the desired conclusion. This 
line of arguing also tells us that TT factors through G/K, where K is as in Remark 3(i). 
So, a faithful representation cannot be continuous (unless G is topological), and the only 
continuous representation of the group in Example (e) is the trivial one. 

Let (TT,H) be a representation of a compact topological group G' by uniformly 
bounded operators on a Hilbert space H. It is proved in [9; p. 162] that there is an equiv­
alent scalar product on H, for which TT is a unitary representation. The proof does not 
work for compact right topological groups, and so it is conceivable that such a group has 
a uniformly bounded representation that is not equivalent to a unitary representation. We 
do not know an example. 

We now turn our attention to compact right topological groups G with Haar measure /i, 
and consider the regular representations of G on H = L2(G). Because of the asymmetry 
of continuity of the multiplication in G, the left and right regular representations have to 
be treated separately. 

The right regular representation, r:s*—>Rs, where RJ(t) = f(ts) for s G G and/ G H, 
is a faithful representation of G, so it cannot be continuous (unless G is topological). For 
the left regular representation, /: s 1—-• LS-\ , Ls-\f(t) = f(s~xt) for/ G H, the domain of / 
cannot be all of G, since the discontinuous left translations may fail to be measurable. One 
choice for the domain of / is A(G). It seems that /: A(G) —> UiH) is seldom continuous 
if A(G) has the relative topology from G. In the setting where G comes from a distal flow 
(5, X) and we have 

S - • A(G) CG = S~ CXX, 

we can, and generally shall, consider S to be the domain of /; viewed like this, / is contin­
uous at least if the map from S into A(G) is continuous and S is first countable (Lebesgue 
dominated convergence theorem). 
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Examples. 

EXAMPLE (a) [15, OR 2; 1.3.40]. Let T be the circle group, and let E be the set of 
all endomorphisms of T, E = Jd

A = Z-^, the almost periodic compactification of the 
integers Z [1, or 2; 4.3.18]. (A general reference for abelian harmonic analysis is [8].) 
Then G = T x £ with multiplication 

(w, h)(w\,h\) = (ww\ho h\(e2l),hh\) 

is a compact right topological group with 

A(G) = {(w, h) | h = ( )n for some nel} 

(( )n: T —-> T being the character w i—+ w"). A(G) = Z(G), the algebraic centre of G; also, 
A(G) is dense in G, as is the copy of the integers {(ein\ ( )") | n G Z} C A(G) [15]. Haar 
measure /x on G is given by 

fGfdfi = JJf(w,h)dwdK 

just integration with respect to the product of the Haar measures on the compact topo­
logical groups T and £, which is the same as the Haar measure on the compact, abelian, 
direct product, topological group G1 — T x E. Thus, an orthonormal basis for 

H = L\G) (=L2(G /)) 

is given by G' = I x È — Z x T, (n\, v\) G Z x T corresponding to 

fiEH, Mw,h) = rfllKvl); 

the orthogonality comes from the fact that the integral of a character \ over a compact 
abelian topological group is zero unless \ — 1, the trivial character, in which case the 
integral is 1. 

Considering the right regular representation r: (w\9 h\) \—+ R(Wuhi) of G, we have 

R{wuhxM
w>h) = (ww\hohx(e2i))n\hhx){vx), 

and if fi ~ (ri2, V2) G Z x T, then 

_ f 1 if and only if n\ — ri2 and h\(e2in])v\ = V2, 
\ 0, otherwise. 

Thus r decomposes into subrepresentations on 

H = ( © C ( 0 , v ) ) e ( © s p ( n , T ) ) . 
VvGT J Vn^0 J 

(Here sp(rc, T) denotes the closed linear span in H of (n, T) := {(«, v) | v G T}.) The 
subrepresentations on the one-dimensional subspaces C(0, v) are continuous; they factor 
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through G/K = E, where K = T x {1} = T is the normal subgroup of G as in Re­
mark 3(i). For fixed n ^ 0, set [v] = in, v). Then the subrepresentation of r on sp (n, I) 
is given by 

/?(WI.A1)M = W ? / I I ( V ) [ / I I ( ^ > ] ; 

it is induced from the representation (w, 1) H-•» w" of the subgroup I x {1} C G (since 
Aw0,i)M = wg[v]). With £„ := {Ai G E | Aite2™) = 1}, the map hx *-+ RaM[v] injects 
E/En = T onto an orthonormal basis for sp(«, T). These subrepresentations of r are not 
continuous. 

The left regular representation / is not continuous on A(G) or even on 

Z^{(ein\()n) \neZ) CA(G), 

if these groups are given the relative topology from G. So, let Z have the discrete topology 
and consider /: Z —> U(H). As above for fixed n ^ 0, let 

[v] = 0z,v) G (n,T) c Z x T = T x £ . 

Then the map 
m H-• /(m)[v] = L(^2j( )m)_, [v] = R(eimi>( }_m)[v] 

injects Z onto an orthonormal set with closed linear span 7 C sp(«, T), say. The subrep­
resentation m i—> l(m)\j is just (isomorphic to) the regular representation of Z, and the 
representation (/, H) of Z is a direct product of c copies of it along with the c continuous 
one-dimensional representations. 

EXAMPLE (b) [2; 1.3.40]. Let G = T x T x E with (I and E as in Example (a) and) 
multiplication 

(v, w, h)(v\, w\,h\) = (vvih(wi),ww\,hh\), 

a compact right topological group. A(G) = T x T x Z i s a Heisenberg group, 

(v, w,n)(vi, wi,«i) = (vvivv", ww\,n + n\), 

and A(G)~ = G. As for Example (a), Haar measure \i on G is just the product of the 
Haar measures on the component compact abelian topological groups, d\i = dv dw dh, 
so an orthonormal basis for H = L2(G) is given by the members of 

I x T x £ = Z x Z x T , 

(kumuu\) G Z x Z x T corresponding tof\ G 7/,/i(v,w,h) = ^xwm'h(u\). 
Considering the right regular representation r, we get 

R{vuwuhJ\(v,w,h) = (vviA(wi)) \ww\)mxhh\(u\) = g\(v,w,h)9 

say, and if/2 ~ (&2, W2, ui) G Z x Z x T, then 

IUi./2)| = \J[[gi(v9w9h)vk2wm2h(u2)dvdwdh\ 

_ f 1 if and only if /ci = £2, m\ = mi, and w*'wi = W2, 
10, otherwise. 
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So, r decomposes into subrepresentations on 

H = (0{C(O,m,w) | m G ~l,u G T}) 0 (0{sp(£,m,T) | k ^ 0,m G Z}V 

The subrepresentations on the one-dimensional subspaces C(0, ra, u) are continuous; they 
factor through the abelian quotient group G/K = T x £ , where ^ = T x { l } x { l } ^ T 
is the normal subgroup of G as in Example 3(i). For fixed k ^ 0 and m G Z, set 

[w] = (k,m,u) G (&,ra,T) C Z x Z x T. 

Then the subrepresentation of r on sp(&, m, T) is induced from the representation 

(v,w, 1) h-^vkwm 

of the abelian normal subgroup T x T x {1} = T2ofG (since L(Vo,w0,i)M = ^o^oM)-
Also, the map 

injects {wi = el° \ 0 < 0 < 2n/k} onto an orthonormal basis for sp(&,ra, T). These 
subrepresentations of r are not continuous. 

The decomposition of H — L2(G) for the left regular representation /: T x T x Z —• 
11(H) is quite different from that for r.G \-^ 11(H) (partly because T x T x t is not 
abelian). For ft ~ (hi, m/, «/), / = 1,2, as above, we have 

L{VuWunJx(v,w,h) = (vxvwn^(wxwrun;h(u{) = £i(v,w,/i), 

say, and 

lfei»/2)| = I fffsii^ w> h)vk^wm^h(u2) dvdw dh\ 

1 if and only if /̂ i = k2, n\k\ +m\ = m2, and u\ — u2, 
0, otherwise. 

The decomposition of H for / is H = 

(0{C(O,m,w) | m G Z,w G T } W 0 J 0 sp{(M*+m,w) I « G Z} | & G N,u G î } ) . 

/ is not continuous if T x T x Z has the relative topology from G, but is continuous if 
T x T x Z has its usual topology. 

It seems interesting to note that ip: (w, h) \—» (w, h(e2l)> h) is a continuous isomorphism 
of the group T x E of Example (a) into G = T x T x E. The image (p(J x E)is normal in 
T x T x E, which is therefore an extension of (p(J x E) by (T x T x E)/(p(J x E) = T. 

EXAMPLE (C). Let C be the complex numbers with dual group C = C and almost 
periodic compactification C ^ = C^A. The canonical map C —> C ^ sends z to the 
character £ i—> e

2mReW^ w e WJU often identify z G C with its image in C-^. Then 
G — T x C ^ with multiplication 

(w,/i)(wi,/zi) = (wwi^wj/z^i) 
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is a compact right topological group. If S = T x C is the euclidean group of the plane 
with multiplication 

(w,z)(wi,zi) = (ww\,zw\ + z\), 

the map X/J: (W, Z) I—• (w, e2mRe(z-)) is a continuous isomorphism of 5 onto A(G). (We note 
that G may be viewed as a subgroup of T x TT (as in [2; 1.3.40]), since a character in 
C w is completely determined by its restriction to T.) 

Haar measure \x on G is the product of the Haar measures on the component compact 
abelian topological groups, d[i = dwdh. (We don't know if [i is uniquely determined 
by left translation invariance here; it is for Examples (a) and (b).) An orthonormal basis 
for H = L2(G) is given by the members of f x ( C ^ Y = Z x C, (nuz\) G Z x C 
corresponding to f\ E H,f\(w,h) = wHlh(z\). 

Considering the right regular representation r, we have 

^ (W,^ / I (W, / Î ) = (ww\)niRW]h(z\)h\(z\) = g\(w,h), 

say, and iff2 ^ f e z J ^ x C , then 

\(giM = \jjw^w^h(ziwl)hl(zi)w^h(z2)dwdh\ 

1 if and only if n\ = ni, and z\w\ = zi, 
0, otherwise. 

So, r decomposes into subrepresentations on 

H = (0C(n ,O) 0 0{sp(n,aT) \neZ,a> 0} . 

The subrepresentations on the one-dimensional subspaces C(w, 0) are continuous; they 
factor through G/K = I , where A' = {1} x C ^ is the normal subgroup of G as in 
Remark 3(i). Fix n E Z and a > 0, and set [v] = (n,<zv) for v E T. Then the subrepre-
sentation of r on sp(n, al) is given by 

fl(W, ,/!,)!>] = wn
{hi(av)[vwi], 

and is induced from the representation (w, 1) 1—> w" of the subgroup T x {1} C G (since 
£(wo,i)M = ^[v]) . These subrepresentations of r are not continuous. 

The left regular representation /: T x C —» *£/(//) is continuous, and the decomposition 
of H for it is quite different from that for r (as in Example (b)). We still have continuous 
one-dimensional subrepresentations of / on each C(n, 0). Now fixz^O and consider the 
subspace 

Hz = sp{(rc,z) I n E Z} = L2(I) <g> {z} C H. 

Iff 1 E L2(T) and Fx =fx ® z G HZ9 then Fj (w, /i) = f (w)h(z) and 

L(Wl^1)/
r(w,/i)=/(w1w)^27rllte(z'wz)/i(z). 
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Thus L(WuZï)F\ G Hz, and if F2 =fi ® z G Hz for/2 £ L2(J), we have 

(L(WuZl)FuF2) = IJ L(WuZl)Fl(w,h)F^^)dwdh = j f(wxw)e2^^wz)Jmdw. 

This makes it clear that the subrepresentation (/, Hz) of S = T x C is unitarily equivalent 
to the irreducible representation U^ of S on L2(T) [17; p. 153]. (To verify the details of 
this, bear in mind that l(w\,z\) — L(vV] Zi)-i, that (w,z) *—> (w,z) is an automorphism of 
T x C , and that the euclidean group of the plane is displayed in [17] as C x T, 

(z, w')(z, w) = (z + w'z, w'w). ) 

Also, the subrepresentation (/, Hz) may be regarded as induced from the representation 
(l,zi) >-+ e27TiRe^z) of the subgroup {1} x C C T x C [17]. 

In summary, (/, H) is a direct product of all the continuous irreducible representations 
of S = I x C ; it contains one copy of each of the one dimensional representations and c 
copies of each of the representations Ua, 0 < a G R. We point out that, as in [17; p. 153, 
and 11], Bessel functions arise in this context. For example, if (0, z) G Z x C with z ^ O 
corresponds t o / G Hz,f(w, h) = h(z) (as above), and if we write w = e10, then 

%(wuzi) := (L(WuZl}fJ) = jJf{wxw,e2^^w)h)W^)dwdh 

= Jfe27TiRe(ZiWz)h(z)h(zjdwdh = i - j\27Ti^cosed6 = J0(\ziz\), 

Jo being the Bessel function of order 0. Note that $(w\,zi) is independent of w\ and the 
arguments of z and z\. 

The last two examples are quite unlike the previous ones in that A(G) is no longer 
dense in G; the reader will see what a difference this makes. 

EXAMPLE (d). For this example, we need a discontinuous automorphism <p of T 
satisfying (p2 = 1. (Regard T as the direct sum of the subgroup 

{w G T I wn — 1 for some n G N} 

and c copies of Q; then a suitable (p just interchanges the coordinates of two fixed copies 
of Q. A property of <p is that, for any (vi, V2) G T x T, there is a sequence {«„} C T with 
un —* v\ and (p(un) —> V2. See [16, or 10] for more details.) Then G : = T x { l , ^ } with 
multiplication 

(u,e)(v,S) = (we(v), e<$) 

is a compact right topological group. Here A(G) = T x {1}, so G does not satisfy the 
hypotheses of the structure theorem (Theorem 2). Nonetheless, G has a system of sub­
groups as in the conclusion of the structure theorem, and Haar measure JU on G is just 
Lebesgue measure on T, divided by two, on each of T x {1} and T x {ip}. We need 
some notation to discuss r.G —> 11(F[) for H = L2(G). Let/7 G H denote the function 
/ G L2(T) supported on T x {7} C G. Then 

R(vtih(u9e) =fy{ue(v)9eS) = (Rl6(v)f)i6(^ e), 
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since the middle term can be different from 0 only if eè — 7, i.e., e = 7<5. So, 

(v, 1) K^ R(v,\)f<p = (R<p{v)f\ and (v, if) \-> R^ifi = (R<p(v)f)<p 

are not continuous (unless/ = 0). 
One can hardly be surprised by these discontinuities, given the discontinuity in the 

definition of the group. However, this representation can be viewed as a continuous rep­
resentation of a related compact topological group, the semidirect product 

Gx = ( T x T ) x { l , p } 

with multiplication (wi, w(/7,e)(vi, v^,S) — (uive,u^veip,e6). (It seems best for notation 
to let {1, <p} denote the two element group for G\, as well as for G; for G\, ip is the 
automorphism of TxT that interchanges coordinates. See [16, or 10] for how one arrives 
at the compact topological group G\ from the compact right topological group G.) The 
map 

0:(v,5)»->(v,<£(v),£) 

is a discontinuous isomorphism of G onto a dense subgroup of G\. Also, 

TT: GX -+ Vim ^ i , v^è)fi = (Rvjhè, 

is a continuous representation of G\ and r — IT O0:G —> G\ —> *Ti(//). 

The last example is perhaps even more striking. Not only does it seem more reasonable 
to think of r as a continuous representation of a related compact topological group, but 
the measure space (G, /x) can be simplified beyond recognition. 

EXAMPLE (e) [12]. Let G be the semidirect product { ± 1 } X T with multiplication 

Give G the topology for which a typical basic neighbourhood of (l,em) or (—l,elh), 
where a < b, is 

A := { ( l , ^ ) , ( - l , ^ ) } U { ( e , ^ ) | e = ± l , a < 0 < ft}; 

these basic neighbourhoods are open and closed. 
(G,T) is a compact, Hausdorff, right topological group and A(G) is trivial, consisting 

only of (1,1), the identity of G. Thus G does not satisfy the hypotheses of the structure 
theorem; furthermore, G does not have a system of subgroups as in the conclusion of that 
theorem. Nonetheless, G has a (unique) Haar measure. For, a right invariant probability 
measure /z on G must assign measure min{l, (ft — a)/27i} to the basic neighbourhood 
A. Also, every open set B C G is the union of a countable number of sets of the form A. 
(The argument for this claim goes hardly beyond that required for the analogous claim 
about open sets of real numbers.) If we identify J\ := {1} x T and T2 := { — 1} x I 
with T in the obvious way, it follows that the symmetric difference (B D J\)A(B D T2) is 
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countable. Accordingly, we must have ji(B) = rf(B HJ\) for all open B C G, and hence, 
by regularity, for all Borel B C G. The equation in the last line can be used to define 
Haar measure /x on G in terms of 77. 

From the observations of the last paragraph, we may conclude that the map (e, u) H—> W, 
while not one-to-one, effects an isomorphism between the measure spaces (G, \i) and 
(T, 77), so H := L2(G) ^ L2(T). To understand r:G —• U(H)9 we identify/ G # with 
F G L2(T), F(w) = f(e,u) almost everywhere. Then R(\,v)f ~ RVF and R(-\y£ ~ RvF, 
where F(u) = F(w_1). Of course, r is not continuous, but it is continuous if G has the 
product topology (for which G is a compact topological group). 

The examples lead us to close with a question: can one recover the topology of G, or 
some vestige of it, from the image r(G) C *Zi(//)? 
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