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Abstract

In this paper we give an analytic solution for graphs with n nodes and E = cn logn edges
for which the probability of obtaining a given graph G is u,(G) = exp (=B Y i_, diz),
where d; is the degree of node i. We describe how this model appears in the context of load
balancing in communication networks, namely peer-to-peer overlays. We then analyse
the degree distribution of such graphs and show that the degrees are concentrated around
their mean value. Finally, we derive asymptotic results for the number of edges crossing
a graph cut and use these results (i) to compute the graph expansion and conductance,

and (ii) to analyse the graph resilience to random failures.
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1. Introduction

Random graphs provide a way of modelling large and complex networks, and of studying
stochastic processes on such networks [7, pp. 15-21]. Early work on this topic goes back to
the famous random graph or Bernoulli graph introduced by Solomonoff and Rapoport [25] in
the early 1950s and studied by Erd6s—Rényi [8] a decade later. The Bernoulli random graph
model is, however, rather simplistic and fails to capture important features of many real-world
networks. This has stimulated work on a number of other random graph models. Exponential
random graphs were first introduced in the early 1980s by Holland and Leinhardt [15] based
on the work of Besag [2]. More recently, Frank and Strauss [9] studied a subclass of these
graphs, namely Markov graphs. They correspond to log-linear statistical models of random
graphs with general dependence structure and Markov dependence [4, Chapter 7] widely used
by statisticians and social network analysts [24].

To motivate the study of such graphs, we consider the situation where we have measurements
of a number of network properties, or observables, for a real-world network, and wish to come up
with a network model that exhibits similar properties. Denote these observables by (x;);=1,.. .k
and denote by (X;);=1,...,
be a graph in §. To describe a family of graphs that reproduce the graph’s observed properties,
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we wish to choose a probability distribution i on § such that

> u(G)xi(G)=x% foralli=1,....k, (1)
Ge§

where x; (G) is the value taken by x; in the graph G. Clearly, there are infinitely many such
probability distributions; a popular choice is the one that maximises the Gibbs or Shannon
entropy
§=~)_ mG)logu(G)
Ge§

subject to (1) and the normalising condition ZGeg w(G) = 1. Introducing Lagrange multi-
pliers we can easily show [23] that the maximum entropy is achieved for the distribution

k
1(G) = %e-*’“”, H(G) =) 6ixi(G), 2
i=1

.....

,,,,,

distributions defined by (2) are called exponential random graphs. They are random graphs
with maximum entropy subject to the specified constraints.

Exponential random graphs can be generated using suitable random walks on the space of
graphs, for which they arise as the stationary distribution. More precisely, given H(G), a cost
or energy function associated with the graph G, define the Markov chain on § with transition

pG.cr = min(1, e~ H(GI=HEGD),
It can easily be shown that the transition matrix fulfills the detailed balance condition (the
Markov chain is reversible) and the corresponding stationary distribution is given by the
Boltzmann-type probability distribution j(G) = Z~1e (0,

In this paper we study the particular case of graphs with n nodes and E = cn log n edges for
which H(G) = Y}, diz, where d; is the degree of node i. This model appears in the context of
load balancing in certain communication networks, namely peer-to-peer overlays as described
in Section 2. In Section 3 we present our main results. We analyse the degree distribution of
such graphs in Section 4 and show that the degrees are concentrated around their mean value
with high probability (w.h.p.). In Section 5 we derive asymptotic results on the number of edges
crossing a graph cut and use these results (i) to compute the graph expansion and conductance
in Subsection 5.1, and (ii) to analyse the graph resilience to random failures in Subsection 5.2.
(This paper expands on an earlier short version which appeared in the proceedings of the 41st
Allerton Conference on Communications, Control and Computing [11].)

2. Load balancing in overlay networks

Peer-to-peer (P2P) systems are decentralised networks enabling users to contribute resources
for mutual benefit. File sharing using P2P networks has gained wide popularity and it has
recently been suggested that it is the dominant consumer of bandwidth ahead of Web traffic [26].
In these systems users form a network or overlay of peers that can act as both clients and servers
alleviating the bottlenecks that appear in centralised schemes relying on servers to provide the
content. Early P2P systems relied on structured overlays wherein users are allocated identifiers
using digital hash tables. These structured overlays are chosen to facilitate routeing between
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nodes and searching for data. More recently, unstructured overlays have been advocated as a
viable alternative to cope with some of the most important features of P2P networks [18].

In what follows we will model an overlay as a graph with n nodes representing the peers
connected by edges describing whether two peers know each other or not. We assume that
the ‘who knows who’ relationship is symmetric, i.e. the graph is undirected. We will call
the nodes that a given node knows its neighbours, the degree of a node being the number
of its acquaintances. In [12], an algorithm was described that ensures the construction of
an Erdos—Rényi-like overlay, wherein any pair of peers is connected with a given probability
independently from other pairs. It is known that such graphs are connected, w.h.p., if the order
of the mean degree of nodes is higher than logn [3, Theorem 7.3], and the result is true for
more general graphs [1]. These results highlight the fact that the overlay building protocol
should ensure that each peer is provided with a set of neighbours of size ¢ logn, ¢ > 1, so that
the memory requirements on each member grows slowly in the overlay size whilst having the
desired connectedness property.

Let G = (V, &) be a graph where V = {1, ..., n} is the set of nodes and & is the set of
edges of size E. We will denote by d; the degree of node i. In the rest of the paper we will
focus on connected graphs with

n
Zdi:2E:cnlogn, c> 1.
i=1
We now describe a distributed iterative scheme that will modify the initial overlay to provide
the nodes with neighbourhoods of size concentrated around logn. Define the energy of a
graph G by

H(G) = Xn:d,?.
i=l1

Starting from a graph G, periodically at rate 1, each node i performs the following steps.
1. Choose uniformly at random two neighbours j and k of i.
2. Evaluate the cost of replacing link {i, j} by link {;j, k}, i.e.
AH =2(dy —d; +1).
3. Replace link {7, j} by link {j, k} with probability

min((e_ﬁAH—di(di _ 1)> 1)
dde+1)) )

The above algorithm is a particular instance of the Metropolis algorithm [21] (see [4,
Chapter 7] for more details). It is parametrised by the constant § that corresponds to the
inverse of a temperature and provides a trade-off between accuracy, in terms of how close
we get to the optimal configuration, and speed of convergence. It defines a random walk on
the set of connected graphs with a given number of edges E = % Y di =cnlog(n)/2. In
particular, the stationary distribution of this Markov chain is given by the following Gibbs
distribution [4, Chapter 7]:

1 n
un(G) = E exp(—ﬁ Zdiz)l{ZL, di=cnlogn}> 3)
i=l

where Z is a normalizing constant.
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Starting from a connected graph, the above algorithm retains connectedness. In [10], the
authors introduced a similar algorithm dubbed the localiser that takes into account locality
awareness. More precisely, the authors included an additional term in the energy function
that accounted for the cost of the communication between two nodes. Using simulations, they
showed that in the graph obtained the set of neighbours of a node consists mainly of nearby
nodes.

3. Main results

The main results of this paper state that, for graphs generated according to (3), we have the
following assertions.

e (See Theorem 1, below.) Given d= >, d;i/n, the degrees of the nodes d; are concen-
trated around d = )7, d;/n, i.e. there exists a constant o > 0, such that
max |d; —d| < \/alogn w.h.p.
1<i<n
o (See Theorem 4, below.) Let U be a subset of the set of nodes V of size u, and letNeU,Uc
be the number of links between U and its complement U°. There exists a constant § such
that 3
eyue > (1 —d8)culogn w.h.p.

In the terms of the overlay networks this means that, if we assume that U is the set of
nodes holding the data that all nodes are interested in, there is a large number of paths
through which the data could be sent to the nodes in U° that have not acquired it yet.

e (See Theorem 6, below.) The overlay network constructed above is resilient to node
failures, i.e. it remains connected, w.h.p., despite nodes failing at random with probability
paslongas p <exp(—1/c(l —§)).

In the rest of the paper we give detailed proofs of these results.

4. Degree distribution

We work with labelled graphs throughout. We consider random graphs on n nodes with E
edges generated according to distribution (3). Our aim in this section is to show that the degree
sequence of a graph generated according to (3) is concentrated around its mean.

The probability measure 1, on graphs induces a probability measure on degree distributions,
which we denote by ,,. Ford = (dy, ..., d,),

1 n
T (d) = Z_Gn(d) GXP(—ﬂ Zdiz)l{z,';, di=cnlogn}>
" i=1

where G, (d) is the number of graphs having the degree sequence d and Z,, is a normalizing
constant. We can rewrite the above as

1
@) = s Gy 0e [T TT 0+ 7008005 -
~ Gu(d)
Z (V) l_[ a0 eXp( ﬁdz + y(logn)d,)l{z;;l di=cnlogn}> “)
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where
E12F
2E)!

Gu(d) = Gu(d) [ ] di!- 5)
i=1

The introduction of the tilt parameter y does not change the distribution as it multiplies
7, (d) by e?”E1°2" This is a constant since the total number of edges is fixed. Thus, it can be
absorbed into the normalization factor Z, () along with the term E!2F /(2E)!.

After sampling a degree sequence according to i,,, we use the configuration model to generate
a graph C (n, d) with this degree sequence [3, p. 52]. To each node i we associate d; labelled
half-edges, also called configuration points or stubs. All stubs need to be paired to construct
the graph; this is done by randomly connecting them. When a stub of i is paired with a stub
of j, we interpret this as an edge between i and j. The graph C(n, d) obtained following this
procedure may not be simple, i.e. it may contain self-loops due to the pairing of two stubs of i
and multi-edges due to the existence of more than one pairing between two given nodes. The
number of configurations with degree sequence d is given by

In fact, there are (2E)!/E!2F different ways of pairing the 2E configuration points, each
corresponding to []7_, d;! distinct configurations since the d; edges incident on node i can be
assigned to its d; configuration points in d;! ways.

We denote the minimum and maximum degrees by dmin and dmax, respectively. To restrict
ourselves to the family of simple graphs, we define the erased configuration model. Starting
from the multigraph obtained through the configuration model, we merge all multiple edges
into a single edge and erase all self-loops. It was shown in [27] that, provided that the maximum
degree of the graph dy.x is such that dpax = 0(4/n), the configuration model and the erased
configuration model are asymptotically equivalent, in probability. We will show in Theorem 2,
below, that the above condition is indeed satisfied.

Note that every simple graph obtained by the erased configuration model corresponds to
exactly []/_, d;! distinct configurations describing the number of ways stubs are assigned,
and G, (d) introduced in (5) corresponds to the probability of obtaining a simple graph in the
configuration model [16]. This implies the upper bound G, (d) < 1 for any degree sequence d.
When dppax = o(E 1/ 4), McKay and Wormald [20] established the equivalence, for large n,

1 n
Gp(d) ~ exp(—A — A%), where A= 5 Z;d,- (d; —1). (6)
1=

In [27, Proposition 7.5], it was shown that, for any degree sequence d, conditional on the graph
C(n, d) being simple, C(n, d) is a uniform simple random graph with degree sequence d.

Given a degree sequence d, we define the mean degree d = >'_,di/n and the variance
var(d) = (1/n) Y7, (di — d)?. For fixed positive constants o1 and a2, we define the following
set of degree sequences:

Al(ag,00) ={d: —\/arlogn <d; —d< Vorlognforalli =1,...,n}.

‘We now state the main result of this section.
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Theorem 1. For graphs generated according to (3), there exist two constants a1 and o such
that
T, (A1(a1,a2)) > 1 asn — oo.

The above theorem states that, for the random graph model defined by distribution (3), the
node degrees concentrate about their mean value. Specifically, all node degrees are within
order +/logn of the mean, w.h.p. This is in contrast to the Erdés—Rényi model (with the same
number of edges), where the maximum fluctuation of node degrees is typically of order logn.
The rest of the section is devoted to the proof of this theorem.

The main ingredient of the proof is to restrict our attention to sequences of degrees such that
di <n'*foralli =1, ...,n, for which estimate (6) holds.

Theorem 2. Define the event Ay = {d: d; < n1/4for alli =1,...,n}. Then
n(A5) > 0 asn — oo.

To prove this result, we first state a series of lemmas which are proved in Appendix A.
Ford € A|(u1, ap), since E = cnlogn/2, we have diyx = o(EY*). Observe from (6) that

4EA = n(vard) + d° — ).
Moreover, ford € A(a, a2), we have var(d) < max{a, ar}logn, so that

1 1
A< §<clogn — 1+ — max{ay, 0!2})- )
C

Hence,

de Ai(ar,ar) — ()

c?log? n>

~ exp(A + 22 < exp( >

Gn(d)
for sufficiently large n. Recall that én (d) < 1 for all d and, in particular, for d € Ag, the
complement of A;.

It follows from (4) and (8) that, for sufficiently large n,

T (AS) - <62 log? n) ZdeAg [Ti=1 (1/di) exp(—Bd; + y (logn)d;)

ma(Ar(ay, a2)) ~ 2 Y dear sy =1 (1/di") exp(—Bd? + y (logn)d;)
)
Let Dy, ..., D, be independent and identically distributed (i.i.d.) random variables with
1 1
P(D; = k) = —— — exp(—Bk* + y (logn)k), k eN, (10

F(y) k!

where F(y) is a normalization constant. The dependence of the D; on n and y has not been
made explicit in the notation. We choose y (depending on n, 8, and ¢) so that E[D] = clogn
for a specified constant c; this is possible by the following lemma.

Lemma 1. Let :

d, = ﬁ(y logn 4 loglogn + %),
and let k,, — 1 denote the integer part of d,,. Then, E[D1] — k), and var(D) remain bounded
as n tends to oo. In particular, y can be chosen so that E[D1] = clogn.
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Moreover, let p = 28(d, — k, + %) and
Y5 o exp(8) — Bj%)
Y exp(—B/7)

Then, the moment generating function of D satisfies

V() =

0
Elexp(0D1)] ~ exp(@ky)u asn — oo.
v (p)
Proof. See Appendix A.
Let D denote the random vector (D1, ..., D;), and considertheevents A = {d : d=c logn}

and Al (aj, o) = A p Aj(aq, a2). Since we are interested in graphs generated according to (3),
7, (A) = 1 and m, (A1 (a1, @2)) = 7, (A1 (a1, a2)). We can now rewrite (9) as

A 2 Jog? P(D € AS
) (C o8 ") ( Y (11)
T (A1, 2)) 2 P(D € Aj(a1, @)
Lemma 2. There exists a constant K > 0, independent of n, such that
P(D € AS) < Kne PV/4, (12)
Proof. See Appendix A.
Let (Dl, .. D )have the joint distribution of (D1, .. .,D,) conditionalon D € Aj(aq, a2).
Equivalently, D1, el D are i.i.d., with D having the dlstrlbutlon of D; conditional on
—varlogn < D; —E[D;] < y/azlogn.
Now
n
P(D € A(a1, ) = P(D € Al(oq,oeg))P(Z Dj=cnlogn | De A](m,az))
j=1
n
=P(DeA1(a1,a2))P<ZDj =cnlogn). (13)

j=1

Suppose that o1, ap > 0 are chosen large enough so that, for large n, E[Di]=E|Di] =¢ logn.

We wish to estimate the probability that D1 + Dy+---+D, =cn log n. We will do this using
aresult from [19]. For j =1, ..., n, define the centred random variables, X,,; = D — E[D. 1;
we have made the dependence of the distribution of D ; on n explicit in the notation. Thus,
Xu1, Xn2, ..., Xun 1s an array of integer-valued zero-mean random variables such that, for each
n, Xu1, ..., Xnn are i.i.d. To apply [19, Theorem 1], we need the following result.

Lemma 3. The random variables {X,j, j = 1,...,n, n € N} satisfy the following condi-
tions:

(1) limsup,_, ., Elexp(@]|X,1])] < oo for some 6 > 0,

(i1) liminf,_ o var(X,;) > 0,

(iii) liminf,— Z?O:_OO min{P(X,1 = j),P(X,1 =j+ D} > 0.
Proof. See Appendix A.
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An immediate corollary of [19, Theorem 1] is as follows.

Theorem 3. If a sequence of independent random variables, {X,j, j = 1,...,n, n € N},
satisfies conditions (i), (ii), and (iii) of Lemma 3, then

n n 1 1
P22 K = L Fixn) = (1+0(L)
j=1 ! j=1 ! \/271 Z?:] var(X,;) n

A direct application of the above result yields

p(ib:cnmgn): —(1+0(3)) (14)
o ! V2mno n

where & = var(D;) remains bounded as n — 0. Combining this with (11), (12), and (13),
we obtain

¢ 21002 = 17 13/2 a—B/n /4
0(AS) < 7fn(A2) §exp(c log n)«/ZmrKn e <1+0(1>>. -
(A1 (a1, a2)) 2 P(D € Ai(a1, a2)) n

Lemma 4. Let D denote the random vector (Dy, ..., Dy). Given any K > 0, we can choose
oy and o such that P(D € Aq(aq, a)¢) < e K187 for all sufficiently large n.

Proof. See Appendix A.

Combining the above lemma with the bound in (15), it is immediate that ,,(A5) — 0 as
n — 00, which establishes the claim of Theorem 2. Thus, to prove Theorem 1, we can restrict
our attention to graphs with degree sequences in A, for which we can use the estimate in (6).

Proof of Theorem 1. Observe that

(A1 (a1, @2)) = 1y (A) — (A \ Ar(1, @2))
> 1, (A) — (AN A (@1, 2)) N Ap) — m, (AS).

But, m,(A) = 1 by definition, and we have shown above that (A%) — Qasn — oo. Hence,
it suffices to show that

Ta((A\ Ar(ay,2)) NA3) > 0 asn — oo. (16)
Recall from (6) that if d € A then G, (d) ~ exp(—A(d) — r(d)?). Now,

var(d) +32 —d - clogn — 1
2d

rd) = foralld € A,

since the mean degree d = c logn. In particular, the above lower bound on A(d) holds for all
degree sequences d in (A \ Aj(a1, o2)) N Ao, sipce this is a subset of A.
In addition, we saw earlier in (7) thatif d € A (o, @2) then

1 1
rd) < —(clogn -1+ —a>,
2 c

where @ = max{«y, oz}, and the estimate in (6) holds.
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Now, by (4),
Ta((AN\ Ar (o, o)) N Az)

(A1 (a1, @2))
Y de(\Ar(aramnna, EP(=A(d) = M) T (1/d;!) exp(—Bd; + y (log n)d;)
Yo ded @) XPA@) = M@ [T (1/d;!) exp(=Bd; + y (logn)d;)
" (1/d;! —Bd? log n)d;
S exp(i (C logn + i)) ZdE(A\Al(al,az))mAil l—ll=1( / )exp( Zﬁ 1 + y( Ogn) ).
c 2c Zde/&l(alm) [Ti=:(1/d;") exp(—Bd; + y (logn)d;)

In other words, there are constants «; and k3 such that

Tu ((A\ A (g, @2)) N Az) P(D e (A\ Ai(a1, a2)) N A2)

= < k1 exp(kz logn) ~
(Al (ay, o2)) P(D € Ai(a1, a2))
P(D € A\ Ai(ay, a2))

P(D € Ai(a1, 2))

< k1 exp(k> logn) (17)

Now, by Lemma 4, for any given K > 0, we can choose o and oy such that P(D €
Aq(ar, a2)) < e Klogn Thys,

P(D € A\ Ai(a1, ) < P(D € Aj(ar, ap)) < e Kloen, (18)
Moreover, analogous to (14), we have

P(DeA):P(iD-:cnlogn): ! <]+0<l>),
/ N 2mno n

J=1

where o = var(Dp) remains bounded as n — oco. Therefore, for large n,

P(D € Aj(@1, @) =P(D € A) —P(D € AN Aj(a1, @2)°)
>P(D € A) —P(D € A (a1, 02)°)

_ ! (1+o<l)). (19)
2nno n

Substituting (18) and (19) into (17), we have

(AN Ar(ay, a2))
(A1 (1, a2))

<kiov2mrnexp((ky — K) 10gn)<1 + 0(%))

T ((A\ Ar(ay, a2)) NAp) <

Since K can be chosen arbitrarily large, the above quantity goes to 0 as n — oo, which
establishes (16) and the claim of the theorem.

5. Graph cuts

Given a graph G and a subset U of its vertex set, let ey (G) denote the number of edges
incident within U (i.e. having both their vertices within U), let ey, y<(G) denote the number of
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edges having one vertex in U and the other in its complement U*€ (i.e. crossing the cut (U, U°)),
and denote by u or |U| the number of vertices or the size of U.

Letd(G) = (di, da, .. ., d,) denote the degree sequence of G, and define the volume of a
subset of vertices U by

vol(U) = " d;.
ieU
Note that
2ey(G) + ey,u<(G) = vol(U). (20)

In the remainder of this section we derive lower bounds for graph cuts in a graph generated
according to (3). To this end, we will show that there exists a constant § such that ey, y<(G) >
(1 —=38)uclogn, w.h.p., using different techniques depending on the size of U, when |U| < n/2.

Proposition 1. Forany ¢ > 0, there exists §1 € (0, 1), independent of n, such that if the subset
of vertices U is such that u < 2eclogn then ey ,y<(G) > (1 — 81)uclogn, w.h.p.

Proof. Denote |U| by u. Suppose first that u < 2eclogn for a given ¢ > 0. The number
of edges incident within U can be at most (Lz‘), so ey (G) < euclogn for all U. Now, for
any degree sequence d € Aj(ay, @), vol(U) > culogn — us/ajlogn. By Theorem 1, it is
not restrictive to consider only graphs with degree sequences belonging to the set A (o1, o).
Hence, using (20) for graphs G with such degree sequences,

ey, uc(G) > ul(1 —2¢)clogn — /oy logn].

Let §; = 3¢. Then, for sufficiently large n, ey yc(G) > (1 — &1)uclogn, w.h.p., whenever
u < 2eclogn, and the claim of the proposition is established.

To prove a similar result for subsets U such that u < n/2, first recall the definition of the
configuration model from Section 4. For constants § € (0, 1), & > 0,and t > 0, forn € N and
adegree sequence d, we define the following subsets of graphs on a vertex set V of cardinality n:

&1(n,8,7,d) ={G:d(G) =d and ey yc(G) < (1 — 8)uclogn

for some U C V with 2eclogn < u < tn}, 201
&(n,8,7,d) ={G:d(G) =d and ey y<(G) < (1 — d)uclogn
for some U C V with tn < u <n/2}. (22)

We also define

ams.=Jawms r.d. & 1)=|]&Mn s 1.4d).
d d

We will derive bounds on the probabilities of these sets using the definition of the configuration
model.

Given a degree sequence d = (dy, da, ..., dy), and for H, a configuration on V, we define
the analogous sets of configurations é’l (n,d8,t,d), éz(n, s, 7,d), éﬁ (n,$, 1), and é’z(n, 5, 1),
that is, instead of considering sets of graphs G, we consider sets of configurations H fulfilling
the conditions in (21) and (22).

Note that, given the degree sequence d such that ) /_, d; = cnlogn, u,(- | d) corresponds
to the probability with respect to the uniform distribution on graphs with degree sequence d. Let
Pr(- | d) denote the probability with respect to the uniform distribution on configurations with
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degree sequence d. Under u,,, d € A(aq, a2) w.h.p. and estimate (6) holds, i.e. the probability
that a configuration yields a (simple) graph is asymptotically equivalent to exp(—i — A2).
Hence,

un(&(n,8,7,.d) | d) <exp(h+ A2 Pr(H € &(n,8,1.d) | d). (23)

Recall that A was defined in (6) tobe >, d;(d; — 1)/4E, where E is the number of edges,
ie.2E = Y 7, d;. The dependence of A on d has been suppressed for notational convenience.

Proposition 2. Ift € (0, 1/(1 4 4e)) then there exists 63 € (0, 1), independent of n, such that
lim w,(€(n,8,1)) =0,
n—oo

where the distribution u, was defined in (3).

Proof. First note that
un(€1(n, 8, 7)) < un(€1(n, 8,7, d) | d € Aj(ar, @2)) + un(d ¢ Ai(ar, @2)).

By Theorem 1, u,(d ¢ Ai(ay, a2)) goes to 0 as well. In what follows we will use (23) to
prove that

lim (4, (€1 (n,d,7,d) | d € A(og, 2)) = 0.

n—od

For degree sequences d € A|(x1, @p) and any subset U of the vertex set, vol(U) ~ uclogn
for large n. Hence, by (20), ey .yc(H) < u(1 — 8)clogn for a subset U implies that ey (H) >
(6/2)vol(U) for sufficiently large n. To prove the proposition, it therefore suffices to show that
there exists 8, € (0, 1) such that Pr(ey (H) > (§2/2)vol(U)) tends to O when n tends to oo.

Recall that, for subset U of V, the volume of U is given by vol(U) = ZieU d;. As the
half-edges in the configuration model are matched uniformly, ey (H), the number of edges
incident within U in a random configuration, is bounded above by a binomial random variable
X with parameters vol(U) and vol(U)/(2E — vol(U)). The dependence of X on U has been
suppressed for notational convenience. For § € (0, 1), by Chernoff’s bound we have

3
log Pr(X > §V01(U))

5 (3/2)QE — vol(U)) 5\ (1—5/2)QE — vol(U))
= _VOI(U)<5 log vol(U) + (1 - 5) o 2vol(U) )
< —vol(U)(% tog &/ 2)(2&(_[];"1([]” + (1 _ g) 10g<1 _ ;))

Applying the inequality logx <x—1forx > 1tox = 1/(1—-4§/2), we have log(1 —4/2) >
—(8/2)/(1 — §/2). Using the fact that

vol(U) _1‘ _ Ve 1

uclogn T

c Jlogn’

we have

logPr(X > éV01(U)> < —uclogn<é log<m) - §) (l + O( ! )) 24)
2 - 2 2u 2 Jogn ) )’

Suppose first that 2eclogn < u < /n.
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For all sufficiently large n, (24) becomes
) usdc .,
logPr|{ X > zvol(U) < ra log” n.

Since X stochastically dominates ey (H) (conditional on d), we have, by the union bound,
for sufficiently large n,

8
Pr<there exists U, 2eclogn < u < Jn, ey(H) > EVO](U))

' n usdc .,
< Z y exp —?log n

u=2¢eclogn
Jn

1 uéc 4
< Z Eexp(ulogn—Tlog n)

u=2¢eclogn
<kK3 exp(—/c48502 log3 n) (25)
for two constants «3, k4 > 0. We have used the inequality (’;) < n"/u! to obtain the second
inequality above.

Next, consider /i < u < tn.
In this case, (24) becomes

10gPr<X > évol(U)) < —Ltclogn(élog(M) — 6) (1 + 0( ! ))
2 -2 21 Jogn ) )’

If T < 1/(1 + 4e) then there exists 62 € (0, 1) such that
8 (1 — 2
8210g<u) — 8 > —,

2T c

and, subsequently, for all sufficiently large n and u < Tn, we have
)
logPr( X > 3vol(U) < —2ulogn.

Hence, by the union bound,

8 ™
Pr(there exists U: v/n <u < tn, ey(H) > %VOI(U)) < Z <’1)ezulogn
u

u=y/n

< ke Vnlogn, (26)
By (23), (25), and (26), for large n, we can find two constants kg, k7 > 0 such that
1 (E1(n, 82,7, d) | d) < exp(h + A%)iig exp(—k7 log’ n).

Since A = O(logn), it is readily checked that w, (81(n, 82, 7,d) | d € Ai(a1, a2)) goes to 0
asn — o0.
The claim of the proposition is established.
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Next, we find a similar lower bound for ey y<(G) that holds, w.h.p., for subsets U with
T <u<n/2

Proposition 3. For t > 0, there exists 53 € (0, 1), independent of n, such that
lim u,(&(n,d3,1)) =0.
n—>oo

Proof. Asin the proof of Proposition 2, we fix a degree sequence d and a subset U, and bound
the probability that ey < (G) < u(l — §)clogn in terms of the probability that ey yc(H) <
u(l — 8)clogn, where H is drawn uniformly at random from configurations with degree
sequence d, i.e.

1 (E2(n, 8, T,d) | d) < exp(A + 21 Pr(H € &(n, 8, 7,d) | d). 27)

Fix constants t > 0 and § € (0, 1), and a degree sequence d. Let U be a subset of the
vertex set with tn < u <n/2,andlet j < (1 —d)uclogn < %(1 — §)cn logn. Recall that the
number of configurations with degree sequence d is

(QE)!
E|2E e

i=1

H,(d) = (28)

where E = Y, d;/2 is the total number of edges.

Let H be a configuration such that we choose j configuration points each from U and U° to
pair, and pair the remaining 2E — 2 j configuration points within the sets U and U®: vol(U) — j
configuration points are paired in U and 2E — vol(U) — j configuration points are paired in U°.
For such a configuration to exist, vol(U) — j must be even, as should 2E — vol(U) — j. The
number of these configurations with exactly j edges crossing the cut between U and U°€ is

. vol(U)\ (2E — vol(U)\ . (vol(U) — j)!
Hu,ue(j) = < i )( j )]! ((vol(U) — j)/2)120vl)—=)/2
(QE — vol(U) — j)! -
*(E = (vol(U) — j)/2)12CE—IO=)/2 Ed"!' @9

The dependence of # on d has been suppressed for notational convenience. The first two terms
on the right-hand side above count the number of ways we can choose j configuration points
each from U and U€ to match up. The term j! counts the number of ways of matching them.
The remaining configuration points have to be matched within the sets U and U°€ as there are
only j edges crossing the cut. The number of ways of doing this is equal to the number of
configurations on U with vol(U) — j points times the number of configurations on U¢ with
2E —vol(U) — j points, and with a degree sequence strictly bounded by d (since j points each
in U and U° have been used up). This yields the remaining terms in the bound above. We
obtain from (28) and (29), after some simplification,

_ Houeh) _ (vol(g) /2)(v01(U)/2) (E-vel/2)

) P j/2 . j/2 2J
t(ey,ue(H) = J) H,(d) ~ (vozlfU))(./;z)
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Taking logarithms and using Stirling’s formula, we obtain

logPr(ey.yc(H) = j) < Eh(VOI(U)> + VOI(U)h( / )

2FE 2 vol(U)
L 2E- Vol(U)h( j )
2 2E — vol(U)
U
_ 2Eh<V02§E )> + O(logn), (30)

where, for x € [0, 1], h(x) = —xlogx — (1 — x)log(l — x) is the binary entropy of x. Now,
2E = cnlognand, since it was assumed thatd € A (a1, o), [vol(U) —culogn| < us/alogn.
Moreover, tn < u < n/2, while j < 2(1 — &)cn log n. Hence, for some 81 and large enough n,
we have, for all § > 81

j (1—3d)nlogn 1-9)
h <h =h ,
vol(U) 2tnlogn 2t
and it can likewise be shown that, for some 8, and large enough n, we have, for all § > 8

h(+> <h(1—95).
2E — vol(U)

On the other hand, as |U| < n/2, for large n,
(U

n( YN o,
2F

Using the fact that vol(U) < 2F for all U, it follows from (30) that, for sufficiently large n,

logPr(ey yc(H) = j) < —E<h(T) - h(%) —h( - 8)) < —knlogn,

where § is chosen big enough so that 4(t) — A((1 — §)/27) — h(1 —§) > 0,i.e. « > 0.

The above bound applies for all subsets U of V, of size u where n < u < n/2. The number
of subsets U with cardinality between tn and n/2 is smaller than the total number of subsets,
which is 2". Hence, by the union bound,

Pr(H : there exists U with tn < u < n/2 and ey yc(H) = j) < 2"e " logn
The above holds for each j < %(1 — 8)cnlog n. Applying the union bound once more,
Pr(H € éz(n, 8, 7,d) | d) < (1—38)cnlog (n)znflefknlogn

foralld € Aj(ay, @p). Substituting this into (27) and noting that A = O (logn), we see that,
for large enough 4,

un(&(n,8,t,d) | d € Aj(ag,2)) > 0 asn — oo.
We also know from Theorem 1 that u,(d ¢ Ai(x1, ®2)) goes to 0. Since

there exists 63 > 0 such that u, (&> (n, §3, 7)) — 0 as n — 00, as claimed.
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Fixe > O0and r < 1/(1+4e). Then, by Propositions 1, 2, and 3, there exists S , independent
of n, which is the maximum of §1, §2, and §3 for which the three propositions hold. Hence, we
have the following lower bound for the graph cut.

Theorem 4. For graphs G drawn according to (3), there exists § € (0, 1) such that, for a subset
U of V withu = |U| < n/2, the number of edges crossing the cut (U, U°) is such that

eyye > (1 — S)cu logn w.h.p.

5.1. Conductance and expansion

Using Theorem 4, we can easily recover asymptotic results for the conductance and the
expansion of a graph drawn according to (3), which are relevant for phenomena such as routeing
congestion analysis [14], the behaviour of random walks in terms of the mixing and cover
times [17], and epidemic thresholds [6], [13].

Let A = (a;j)i, j=1,...,n be the adjacency matrix of a graph G, and let D = diag(dy, ..., dy)
be the diagonal matrix of the degree distribution of G. First, we define the isoperimetric
constant or expansion of a graph G by

. ey,uc

¢ = inf .
ucv u
u<n/2

It is related to A2(L), the second (smallest) eigenvalue of the Laplacian L = D — A of the
graph, through the following inequality [5], [22]:

2

2dmax

< 2(L) = 2¢.

The lower bound in the above inequality is known as Cheeger’s inequality.
The conductance of a graph G is defined by

&= inf LU
ucv vol(U)
vol(U)<E

Let 1> (P) be the second (largest) eigenvalue of P, the transition matrix of the simple random
walk on a graph p;; = a;;/d;. By Cheeger’s inequality [17, Theorem 5.3],

q)z
?51—?»2(1’)5@-

Theorem 5. For graphs G drawn according to (3), and for the constant § of Theorem 4, the
expansion ¢ and the conductance ® satisfy

(1—=38)clogn < ¢ <clogn, (1=8)<d<1, whp.

Proof. First note that if dpi, is the minimum degree of G then, by Theorem 1, dpin, =
clogn — /oy logn, w.h.p. Hence,

¢ < (1 +o())clogn, ® < (I+o0(1)), whp.

The lower bounds follow from Theorem 4.
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5.2. Failure resilience

In the following we work with graphs whose degree sequence belongs to the set A (a1, a2)
for some specified o; and ap. We are interested in the probability that the graph remains
connected when links fail independently with probability p. It is straightforward to compute
the probability that a given node i becomes isolated due to link failures; it is simply p% . Thus,
by the union bound, the probability that some node becomes isolated is at most

n
Zpd" < npelogn—verlogn — exp((1 4 clog p)logn — /a1 logn log p).
i=1
Hence, if clog p < —1 or, equivalently, p < exp(—1/c), then the probability that some node
becomes isolated goes to 0 as n increases to oo.

By way of comparison, consider the classical random graph model of Erdos and Rényi [8]
with the same mean degree. Here, an edge is present between each pair of nodes with probability
clogn/n, independent of all other edges. Here we should assume that ¢ > 1 to ensure that the
Erdos—Rényi graph is connected, w.h.p. After taking failures into account, the edge probability
becomes (1 — p)clogn/n, and the presence of edges continues to be mutually independent. Itis
well known for this model that if (1 — p)c < 1 then the graph is disconnected, w.h.p. Moreover,
in a sense that can be made precise, the main reason for disconnection when (1— p)cis ‘closeto’ 1
is the isolation of individual nodes. Intuitively, these arguments suggest that graphs generated
according to (3) can tolerate link failure rates up to e ~!/¢ while retaining connectivity, whereas
classical random graphs can tolerate failure rates only up to (¢ — 1)/c. We now rigorously
establish a weaker result.

We will use Theorem 4 to show that random graphs drawn from the distribution w, can
tolerate link failure rates up to exp (—1/c(1 — 8)), where § is defined in Theorem 4, without
losing connectivity.

Theorem 6. Forany p < exp (—1/c(1 — 8)), agraph G chosen at random from the distribution
Wn and subjected to independent link failures with probability p remains connected, w.h.p.

Proof. Fix p < exp(—1/c(1 — 5)). For a subset U of the vertex set, let éy e denote the
number of edges between U and U* that have not failed. We will show that, w.h.p., éy ye > 0
for all subsets U, i.e. the graph is connected. Now,

tn(Cu.ue(G) =0 | ey.ye(G)) = pevve(©,
Assume that e7, e (G) > (1 — 8)uclogn forall U € V with u < tn. Then

(243

W (there exists U: u < tn, éy ye(G) =0) < Z (Z)P(lé)udogn'
u=1
Since p < exp(—1/c(1 —§)) is given, then, for some ¢ > 0 and large n, p{l=9clogn
e~ (Fe)loen Using the inequality () < n“/u!, we obtain
L -
wn(there exists U : u < tn, ey yc(G) = 0) < Z ;(”P(I_S)Clogn)u
u=1 "

S exp(np(l—g)clogn) _ 1
< exp(ne(I+ologny _ 1 (31)

which goes to 0 as n — oo.
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Suppose that ey, y<(G) > (1 — S)cu logn forall U C V with tn < u <n/2. Then

W (there exists U: tn < u < n/2, éy.ye(G) = 0)

< Z p(l—g)cu logn

U: tn<uzn/2

< 2np(1—5)rcn logn_ (32)
We see from (31) and (32) that
in(there exists U : ey ye(G) =0 | ey y<(G) > (1 — Sculogn) - 0 asn — oo.
Also, by Theorem 4,

/L,,<eU’Uc(G) < —S)culogn foralU CV,0<u< %) — 0 asn — o0,

when G is chosen according to the distribution u,, which establishes the claim of the theorem.

Appendix A
Let Dy, ..., D, be i.i.d. random variables with distribution given by (10). Define
1 o
fUy) = exp(—Bj° +yjlogn) and F(y) =) f(j,»), (33)
! =

sothat P(D1 = j) = f(j, v)/F(y). Now, the ratio

fG+LY) b ejsnpiyiogn
FG.v) j+1
is a decreasing function of j. Define k,, to be the smallest value of j for which f(j + 1,

¥)/f(j,y) < 1, and note that the maximum of f(j, y) over j is attained at k,,. Now, k), — 1
is the integer part of the (unique) solution of the equation

hix,y):=—logx+1)—2x+ 1B+ ylogn =0.

It is readily verified that the solution is

1
d, = ﬁ(y logn + loglogn + %) +o(1).

Letk, = |d, ] + 1, where | x| is the integer value of x. Then, for any j > 0,

Sy it 1y) _
fky +j,v) ky +j+1
Syl k1 oy
flky,v) ky+j+1
<e 2,

exp(—B(2k, +2j+ 1)+ ylogn)
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where we have used the fact that f(k, + 1,y)/f(ky,y) < 1 to obtain the last inequality.
Iterating this inequality yields f(k, + j, ¥)/f(ky,y) < e #1U=D_ Similarly, we obtain
flky —j—1,¥) _ flky, —1,9) (1 _ L)e_zﬁj < 6_2/31"
f(ky—j,V) f(ky,J/) ky

since f(ky,y)/f(ky —1,7) > 1 by the definition of k,. Iterating this inequality yields
flky =i,/ flky,y) < e P/U=D_ Thus, for all integers j > —k, , we have the inequality

f(k + j9 V) —_ j i|— .
L= < e VU < exp(—B(1j] = D). (34)
fky,y)
Next, we derive an equivalent for the above ratio. Observe that, for any fixed j,
fly +j.y) k!

[y y) +j)veXp(_ﬁj(2kV +j) + vJjlogn)
2 Y

1 2
— — exp(—Bj 2ky + )+ V) logn)(l + 0<J—)).
Ky, ky
Taking logarithms,
fy+iv) . L ( J? )
log —X =2 — _jlogk, — Bj 2k, + j) + yjlogn + O
g f(ky,)/) J 108 Ky J y T yJlog log n
2 Jj?
= jh(xy,y) +pj—Bj +0(1—),
ogn

where p =28(x, —k, + %). Note that p € [—8, B] for all n because k, € [d,,d, + 1].
Since h(d,, y) = 0 by the definition of d,,, we can now write

[ty _ o (P
g(j, )= —f(ky’y) =+ xj)exp(pj —Bj7), where Aj—0<logn)- (35)
Thus, by (33),
F(y) = fky,v) Z g(j,v) = Kolp, B) f(ky, ), (36)

J=ky
where Ko(p, B) ~ Z;o:—oo exp(pj — Bj?) is bounded uniformly in y and n.
Proof of Lemma 1. We obtain from (10) and (35) that
Y520 if Gy y)
Y20 fUY)
Y%, A+ kg y)
D ST )
—k, (1 L ET s 0+ expo) - ﬂjz)>
ky 3252, (L+ 1)) exp(pj — Bj%)
=ky + Ki1(p. B),

E[D] =
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where

Yo exp(pj — Bi*)

> eexp(pj — B

Note that K(p, B) is bounded uniformly in y and n. It is also easy to see that E[D;] is a

continuous and increasing function of y. This yields the first claim of the lemma.
A similar calculation yields

Ki(p, B) ~

Y0t f UL Y)

EL(P0" = >0 fGL )
e Yk, (4 i/ k)8 y)
D D (VR )
=k + 2k, K1(p, B) + K2(p, B),
where
(o, B) ~ Y3 o i7explpj = Bj%)

>3 _sexp(pj — Bi%)

remains bounded, uniformly in y and n. Hence,

var(D1) = Ka(p, B) — K1(p, B)*

remains bounded. In fact, we see that var(D;) is asymptotic to the variance of a discrete
Gaussian distribution; this distribution is nondegenerate for any finite §. Hence, var(Dy)
remains bounded below by some strictly positive constant as n goes to co.

Next, we evaluate the moment generating function of D1. Proceeding as in the calculations
of the mean and variance, we have

Z;io " f(j,v)
>0 fUY)
Yk, €80y
Y, 80y
Yk, (L) exp(( + p)j — B
>k, (L+ A exp(oj — Bj?)
V(0 + p)
v (p)

E[e’P1] =

= exp(9k,)

= exp(9k,)

~ exp(9ky) , 37

where

Y7 o exp®) — Bj%)
27t —sc eXP(—Bj?)

is the moment generating function of the discrete Gaussian distribution which adds mass

proportional to e ~#/ ? at each jeZ.

V() = (38)
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Proof of Lemma 2. We obtain, using (34) and (36), for large n,

Z?inl/“—i-l f(-]’ V)
F(y)

1 o0
<——— > exp(—BG +n'* — k)
j=0

P(D; > n1/4) =

Ko(p, B)

R it 1/4>2>
= Ko(p. B) ;exp< ﬁ(J 3"
00 2
- Zj:o exp(—pjJ )efﬂﬁ/{
Ko(p, B)

By the union bound,

n
P(D € A) < Y P(D; > n'/*) < Kne PV/4,

i=1
which establishes the claim of the lemma.

Proof of Lemma 3. In what follows we prove the result for the sequence D;. Following the
same lines, we can prove the lemma for D;.
Since E[D1] =k, + K1 (p, B), it follows from (37) that

0
Elexp(0.X,1)] = exp(—0E[D1])E[exp(6 D1)] ~ exp(—0 K1 (p, ﬂ))u~ (39)

v(p)

For fixed 6, this is bounded uniformly in n since Ki(p, ) is so bounded, and i does not
depend on n. The first claim of the lemma now follows from the inequality E[exp(0|X,1])] <
E[exp(6 X,1)] + Elexp(—6 X,,1)].

Since X1 = D1 — E[Dq], var(X,1) = var(Dy), and the second claim of the lemma is
immediate from Lemma 1.

The last claim of the lemma follows from the fact that

o0

Z min{P(X,; = j), P(X,1 = j + 1)}

j=—00

= Zmin{P(Dl =j),P(Dy =j+ 1)}
j=0

> P(D1=j)P(D1=j+1)
j=0
X7 so(explpj = Bi*)(exp(p(j + 1) = BG + 1))
2 iz oo exp(p] = BJ?)

> 0.

This completes the proof of the lemma.
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Proof of Lemma 4. We will bound P(D € A|(a, @2)¢) using the moment generating func-
tion of X,,1 := D1 — E[ D] and Chernoff’s bound. Observe from (39) that

01
Elexp((v/8 logn)X,1)] = exp(—/@lognK, (p, ﬂ))W, (40)

where v is defined in (38). Here, p and § are constants, and K (p, 8) remains bounded as

n — oo. Let
v = JOlogn +p i

25 =Lyl
We have
( > eXp(—ﬂj2)>w(\/6) logn + p)
Jj=—00
= exp((v/Blogn + p)j* = B Y exp((v/Blogn + p)(j — j*)
j=—00
- BG* = (D)
= fTATD N T expB( — )k — BEY)
k=—00
= exp(B(G)D) exp(—BO* — j)7) D expRBOT — jN)k — Bk,
k=—o00
and so

Q! 2
¥ (/0logn + p) = k(p. B, e)exp((“/Ti—gJ”’))’

where x (p, B, 0) is bounded, uniformly in n and 6. Substituting this into (40) yields

E[exp((/0logn)X,1)] = x1 exp(tgf% + k24/0 log n>

where «1 and x, may depend on p, 8, 6, and n, but are bounded. Thus, we obtain, using
Chernoft’s bound,

01
P(X,1 > Vazlogn) < ki exp(—,/&ag logn + ogn +K2,/910gn> forall 6 > 0.

4p

Take 6 = 4y ,32. Now, by the union bound,
n
P(U{XW- > o logn}) < k1 exp(—(apB — 1)logn + 2k28+/ a2 logn).
j=1

The constant «; can be chosen large enough so that «p 8 — 1 > K. Hence, the right-hand side
above decreases to 0 faster than e "X 1°¢” as n — 00. A similar bound can be obtained on the
probability that X,,; < —/aylogn for some j € {1, ..., n}. Thus, we have shown that, given
K > 0, we can choose &1 and &> so that

n n —Klogn
= = e
P(l l{an > /aplogn}U l l{an < —/aq logn}) < 7

j=1 j=1

(41)
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for all sufficiently large n. Here, X,,; = D; — E[D/], and the D; are i.i.d. with mean clogn.
Let D denote the empirical mean of Dy, ..., D,. The event, |D — E[D{]| > /nlogn is the
same as the event | X,,; + - - - + X,u| > n+/nlogn. Using the same Chernoff bound techniques
as above, we can show that 1 can be chosen so that, for sufficiently large n, this event has
probability at most X187 /2 Combining this with (41) yields the claim of the lemma:

simply take /oy = /&1 + /7 and /oo = /&2 + /7.
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