Adv. Appl. Prob. 46, 704-718 (2014)
Printed in Northern Ireland
© Applied Probability Trust 2014
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Abstract

Age-dependent branching processes are increasingly used in analyses of biological data.
Despite being central to most statistical procedures, the identifiability of these models
has not been studied. In this paper we partition a family of age-dependent branching
processes into equivalence classes over which the distribution of the population size
remains identical. This result can be used to study identifiability of the offspring and
lifespan distributions for parametric families of branching processes. For example, we
identify classes of Markov processes that are not identifiable. We show that age-dependent
processes with (nonexponential) gamma-distributed lifespans are identifiable and that
Smith—Martin processes are not always identifiable.
Keywords: 1dentifiability; Bellman—Harris process; Sevastyanov process; Smith—Martin
process
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1. Introduction

Let Z(t) denote the size of a population governed by an age-dependent branching process
started at + = O with a single particle or cell of age 0. Upon completion of its lifespan,
every cell produces a random number of offspring £ € § = {0,1,2,..., J}, where J is a
given positive integer. Let p := (po, ..., ps), where p; := P(§ = j), j € ¢, denote the
offspring distribution. Set i (u; p) :=Zj€g pjul, u e [—1,1],and u := E(§) = Zjeg jpj
for its probability generating function (PGF) and expectation. A cell that produces a single
offspring (§ = 1) is said to be quiescent. This feature is relevant when modeling tumor
growth ([1]; see also [5]). Throughout, we will implicitly assume that p; € [0, 1). Let
3*(p) :=1{j € §: pj > 0}. Forevery j € §*(p),let G;(t) :=P(x <t | & =), t >0,
denote the conditional cumulative distribution function (CDF) of the lifespan 7, given £ = j.
Write D for the class of all absolutely continuous (a.c.) CDFs F that are proper and satisfy
F(04) = 0 (the assumption of a.c. is not needed but simplifies the presentation). Assume
that G; € D, j € $*(p). As usual, every cell evolves independently of all other cells. Let
G =1{Gj, j € $*(p)}. We will refer to C = (p, G) as the characteristics of the process. The
process is of Bellman—Harris type if the CDFs G ; are identical for all j € $*(p). Otherwise, it
allows the lifespan and offspring to be dependent, and belongs to the class of Sevastyanov
processes [3], [4], [7].
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In this paper we address the following question: are there distinct characteristics (p, G)
under which the distribution of the process Z () is identical? This question is relevant to the
problem of model identifiability, which is a central prerequisite to most statistical procedures.
Although age-dependent branching processes are widely used in biology, this question does not
appear to have been studied for this class of models [2], [5], [9]. Answering this question will
inform us about what can or cannot be estimated by only observing Z(¢), a situation that arises
frequently in cell biology.

Let & denote the class of all processes that satisfy the above assumptions. It will be useful
to define a subclass of processes included in &, say 5, with characteristics (p, G) satisfying
p1 = 0. We will say that two processes with characteristics (p, G) and (p, G) are equivalent if,
for all + > 0, the distribution of Z(¢) is the same under either characteristics. Let G, ¢ denote
the collection of processes included in & that are equivalent to the process with characteristics
(p, G). It forms an equivalence class, and our objective is to identify all the processes included
in this class for any admissible set of characteristics (p, G). If the class includes processes other
than the process with characteristics (p, G), then p and G cannot be unequivocally identified
by the marginal distribution of Z(¢) for all > 0.

We construct the class Cp ¢ in the next section. We proceed in three steps. First, we
identify a collection of equivalent processes (Section 2.1). Next, by inverting the transformation
that defines this collection about a properly chosen process, we find a larger collection of
equivalent processes (Section 2.2). Finally, we prove, when J = 2, which is typical of most
biological applications, and J = 3, that the larger collection is identical to C, ¢ (Section 2.3).
Each equivalence class contains a single process such that p; = 0. When J = 2, the
equivalence classes are fully characterized by the expectation and the variance of Z(¢) (Section
2.4). Our results are applicable to study identifiability of families of parametric models. For
example, we find that the Markov version of the process is not always identifiable (Section 3.1).
The age-dependent process with (nonexponential) gamma-distributed lifespan is identifiable
(Section 3.2). We also find that the Smith—Martin process is not always identifiable (Section 3.3).

2. Main results

2.1. A collection of equivalent processes

For every p1 € [0, 1) and a € [0, p1], define p@ = (p(a) e Dy )) where
pj ;
1—% jeg\iy
@.=1 " (1)
P pL—a .
1—a 77 I

Note that $*(p) \ {1} = $*(p'“) \ {1}. By convention, when p; = 0, G| will denote any
CDFin D. Foreveryt >0, j € $*(p),and a € [0, p1], set

o0
GV =1 -a)Gj*Y dGi®),
k=0
where G; * G(t) —fOtG (t —x)dG1(x) denotes the convolution of G; and Fi, and

G*k ) = fO GT(k l)(t x)dG(x) is the k-fold convolutlon of G| with itself. For every
p1 € [0,1) and a € [0, p1], it can be verified that G'? is the CDF of a proper distribution;
it can be interpreted as the CDF of a (non-Markov) phase-type distribution, and the Laplace
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transform of g\ (1) := dG'” (1) /dt is

(1 —a)Ly, (s)
1 —ady (s) '

where £, is the Laplace transforms of g;(r) := dG(¢)/dt. Write G@ = {G;a), j €

F*(p‘“)}and C@ = (p@, G).

Let 8, ¢ denote the collection of processes with characteristics ( p(“), G9), a € [0, p1l-
Since ( p(o), GOy =( D, G), 8, ¢ includes the process with characteristics (p, G). Thus, it is
never empty. Moreover, since pip D - 0, 8,,G always includes at least one process from 5.
This process will play a central role in constructing C) .

Lo (5) = 2)

Theorem 1. For all t > 0, the distribution of the population size process Z(t) is identical
under all processes included in 8, ¢, that is, 8, ¢ € Cp G-

Proof. Let ®c(u,t) :=Ew?® | Z(0)=1), u € [—1,1] and r > 0, denote the PGF of
Z (t) under the process with characteristics C. Conditioning on the lifespan of the cell initiating
the population yields

CDc(u,t)zu{l— Z ijj(l)} Z pj/ b (u, t—x)/dG (x). 3)
J€F*(p) JE€F*(p)
Forevery j € § and u € [—1, 1], let £q>j (u,s) = fo e ' de(u, 1)/ dr denote the Laplace
. C
transform of ®¢c(u,t)/. Put Lo, (u,t) = £(D1 (u,t). Since |Pc(u,t)| < 1 forevery u €

[-1,1] and t > O, we have c,ch, (u,s) < oo for every s > 0. Also, it follows from (3) that
Loc(u,s), s > 0, satisfies

J:%(u,s):;{l— 3 pj£g_,(s)}+ D iy .5) Ly (s). @
J€F*(p) JjeF*(p)

For every a € [0, p1], (4) can be rearranged as

u
{1 —aly ()} Loe(u,s) = ;{1 — Y L) - plccgl(s)}
JEFF(P\{1}
D Py )Ly () + (p1 — @ Loc )Ly (5).
JEF*(P\{1}
Dividing both sides of the equation by 1 — ay, (s) yields

1 pi (I—a)Lg(s)
Loc(u,s) = {_— Z _ _
I —adLy (s) Jeg O] I—a 1—adg(s)
Cpima(—a) Ly () ady(s) }
Il—a 1—adg(s) I —adLy (s)
(1 —a)dLy,.
+ Z Pt i 2 o). (u, s)

l—a 1—aL, (s
JeFH(p@\(1) 0 (s)
p1—a(l—a)Ly(s)
l—a 1—adg(s)

=%{1_ Yo e <a>(s)}+ Y p Ly L, @) ()

Jj€F*(p@) JjeF (p@)

Laoc(u,s)
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By comparing (4) and (5), we deduce that Lo (u, 5) = O o) (u, s); hence, the processes with
characteristics (p, G) and (p'?, GW), a € [0, p1], are equ1valent

2.2. A larger collection of equivalent processes

By inverting the transformation (p, G) — (p¥, G@), a € [0, p1], about aproperly chosen
process in 4, ¢, we will construct a collection of equivalent processes that is larger than 3§, .
Setting a = p; in (1) and (2) yields

pj .
(P _ —p Jjeg\{1},

P
/ 0, j=1
(= p1)Ly;(s) g
ng;m)(S) = Tw’ je g (p\{1},

which identifies a process in 5. We note that @) (u, 1) does not depend on G(p 1) Also,
any process with characteristics (p, G) that satisfy

PP =pf", jegi,

6
Lgp® = L), JeF P\, ©

belongs to Cp G because Goau, 1) = Doy, 1) = @ppp (u, 1) = Pc(u, t). By solving (6)
we find that (p, G) satisfies

pi=pa-pp.  jeg\{h

£ (7)
Ly, (5) = LV Gs )%, JeF P\ {1}

where p; € [0, 1) and él € Dp.g.and D), ¢ C Disasetof distributions suchthatccéj (s),j €

g*(p) \ {1}, are the Laplace transforms of distributions in . Write ( Pp G G[31 él) for any
characteristics that satisfy (7). Then, the collection of processes
U U {process with characteristics (pm Gy Gﬁuél)}

p1€l0, 1) é] €Dp.G

is included in G, ¢. It is also clear that 8, ¢ C Xp,g.

2.3. Exhaustivity of Z,, G when J =2and J =3

Our final step toward 1dent1fy1ng C,,G is to prove that it coincides with r p,G. Denote by
CD (u 1) 1= Fdc(u, t)/au the kth-order partial derivative of ®¢(u,t), k = 1,2,.... Let
mk(t) = IE(]_UC Ol{Z(t) =1} 1Z0)=1),t>0,k=1,2,...,denote the kth-order factorial
moment of Z(¢) under the process with characteristics C, and write m(t) = m(t). We have
m(t) = X (1, 1). Differentiating both sides of (3) with respect to u# at u = 1 yields the
following integral equation for the expectation of the process:

mi)y=1-= Y p;G;H+ Y Jpj/ m(t — x)dG (x). ®)

J€F*(p) Jj€F*(p)
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The second- and third-order factorial moments satisfy
t t
mat) = Y jpjf ma(t —x)dGj(x) + Y j(j—l)p,-/ m?(t —x)dG(x) (9)
jegrpy 70 j€g () 0
and

t
my) =y jpj/o m3(t — x) dG (x)

jeF*(p)
t
+ ) 3j<j—1)p,-f m(t — Xyma(t —x)dG ()
jed=(p 0
t
+ > j(j—l)(j—Z)pj/ m(t — x)* dG (). (10)
j€g*(p) 0

Let £,,« (s) denote the Laplace transform of mk@), k=1,2,3. Taking the Laplace transform
of both sides of (8)—(10) and rearranging the terms yields

1= jeqe(p PiLs; (s)

°Cm = - N 11
() s{l — Zjeg*(p) ]Pjoﬁg,- ()} ah
£ () Ln2(8) Y jeqep JU — DpjLy;(s) 1)

m S) = N )

’ U= jegr(p) JPiLe; (9)
and
L e jG =1 —2)piLe,

L (5) = m3 () X jegrp JUG — DU —2)pjLy;(s) 3£mm2(s)£m2(s)’ 13

1 _2]65*(17) Jp]ngJ(S) aﬁmz(s)
where £, (s) denotes the Laplace transform of m (£)m(¢).

Lemma 1. Suppose that J = 2 or J = 3. For every admissible (p, G), the equivalence class
Cy,G includes a single process in Pp.

Proof. Assume first that J = 3. Consider two processes in &y with characteristics C =
(p, G) and C = D, G). Thus, p1 = 0and p; = 0. Suppose that these processes are equivalent,
that is, they both belong to €,y G. Then ®¢ (u, 1) = ®p (u, 1) and X (1, 1) = cbg"u, ), ue
[-1,1],7# > 0, and kA= 1,2, 3. Write my (¢) for the kth-order factorial moment of the process
with characteristics C. Hence, £ q)gc) ) =L q)(ék) (s), which, using identities (11)—(13), yields

1= poLgy(s) = paLiy(s) = p3Lgy(s) 1- PoL g, () — paLy, (s) — p3Ly, (s)

d(s) d(s)
L2 ()(2p2Lgy () +6p3 Ly () L2(53 O2PaLs, () + 6p3Ly, (5))
d(s) - d(s) ’
6L,,3()P3Lg5(8) | BLomy () Limy(5)  6L73(9) 3L () 3y, (53 )Ly, (5)
d(s) L,,2(5) - d(s) L2 () ’
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where d(s) = 1 —2paLg, () — 3p3Lg,(s) and dis) =1— 2pads, (s) —3p3Ly,(s). Since
Lk (8) = Lz (s), k=1,2,3, and Ly, (s) = L, (s), the above system reduces to

pjLe;(s)  PjLy;(s)
dis)  d(s)

., j=0,23. (14)

The above equations obtained when j = 2, 3 yield

P2L gy () = 3padLg, (5) P3L gy () = 2Ly, () — 3paLy, (s)p3Ly; (s),
P3Lg; () — 2p3Lgy(s) paLy, () = p3cLy, (s) — 2p3Ly, () paLy, (s),

which imply that 2py&Lg, (s) + 3p3Lgy(s) = 2p2Ly,(s) + 3Pp3Ly, (s); hence, d(s) = c?(s)
and the system of equations (14) reduces to p; anj (s) = pjng] (s), j = 0,2,3. Hence,
(p, G)= (p, G) since the distributions Gj and G, j € $*(p), are all proper. This completes
the proof when J = 3. The case J = 2 is treated similarly except that we only use the first and
second equations of the system (14), and we set p3 = p3 = 0.

Theorem 2. We have Z,,,G = Cp ¢ for every admissible (p, G) when J =2 and J = 3.

Proof. We already know that 8, ¢ € €, . To prove that the converse holds, let (p, G)
denote the characteristics of any process included in €p . Then, by construction, the pro-
cess with characteristics ( p(l") G(l’l)) belongs to $y. We also know from Lemma 1 that
(p(pl), G(pl)) = (p'PV, G(PV)). Hence, the process with characteristics (p, G) belongs to
8 .G, which implies that €, ¢ € 4§, . This completes the proof.

2.4. Characterization of €, ¢ using moments when J =2

In data analyses, model parameters are sometimes estimated using moments of the process
rather than its distribution. Then, a relevant question is: which moments are sufficient to
fully characterize the equivalence class Cp ¢? We show below that the answer is simply the
expectation and variance when J = 2. This property does not appear to generalize when J > 2,
however.

Theorem 3. Assume that J = 2 and that the marginal distribution of {Z(t),A t > 0} is
determined by its moments. Then C, g = {processes with characteristics (p, G): m(t) =
m(1), (1) = ma (1), t = 0}.

Proof. To s1mpl1fy the presentation, we assume, when p; i = = 0, that G is any arbltrary CDF

in D. Fork = 2,3, ..., it can be shown by induction and using the identity my (t) = (l t)
that
¢ Lk/2] ‘
mi(t) = pa f Z crrmy (t — X)my_p(t — x) dG(x) + ij, f mi(t — x)dG (x),
0
j=1

where |k/2] denotes the largest integer less than or equal to k/2, and ci, are some positive
integers. Then

2
L (5) = Poli(8)L gy (5) + Ly () Y jpjLg; (5), (15)
j=1
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where i (s) is the Laplace transform of Zrtkz/f ! crrmy(t)myi_,(t). Hence,

L (s)paLg, (5)
L= Y5 ipide )

LetC = (p, G) denote the characteristics of any process in € . Then CDC(u t) = Oc(u,t),
t = 0,u € [—1, 1]. By assumption, ®.(u, 1) is determined by its moments. Hence, C, g =
{processes with characteristics (p, G) my(t) = mk(t) t>0,k € N}, where N = {1, 2, ...}.
We note that 71 (1) = my(t) implies that L, (s) = &L, (s) and lk(s) = It(s), k € N, from
which we deduce, when k = 2, that

<>ka (s) =

paLg,(s) PaLy,(s)
7. = A , (16)
I_ijljpj°cgj(s) I_Z]zl.]p]'ljg/(s)
and, when k = 3, 4, ..., that
L($)paLg,(s) — l(s)paLy,(s) an

L= 30 pjde;(s) 1 =35, jpjLy(s)

Equation (16) and (17) are clearly equivalent when [ (s) # 0. When [ (s) = 0, we deduce
from (15) that £,,, (s) = 0 and my(t) = 0, k = 3,4, .... Thus, in either case, we conclude
that C ¢ = {processes with characteristics (p, G) my (t) =my(t), t >0, k = 1,2}, which
completes the proof.

3. Application to model identifiability

The results obtained in Section 2 are applicable to study identifiability of branching processes
when specific parametric assumptions are made about the lifespan distributions. To shorten the
discussion, we only consider the case in which J = 2.

3.1. Exponentially distributed lifespan

We assume here that 7 is conditionally exponentially distributed, given {§ = j}: G;(t) =
1 —e V', t > 0, for some v € Rj_, J € 3*(p). The resulting class of processes is denoted
by M. We note that Ly, (s) = ¥/ (Yj +5), j € F*(p). Itis defined for s € (=¥, 00), and
extendable to s € (=00, —¥;) U (=, 00) by analytic continuation.

For every admissible (p, G), let C ﬁ,{G = Cp,c NM denote the class of all processes included
in M that are equivalent to the process with characteristics (p, G). We say that the characteristics
(p, G) are identified by {Z(¢), + > 0} if and only if (‘?‘MG includes only the process with
characteristics (p, G). To establish identifiability of (p, G), or lack thereof, it suffices to
construct the class 6’;“ Let (p, G) denote the characteristics of any process in C"M Then
Gj, J € 3*(p), is exponential.

Assume first that p; = 0. If p; = 0, Lemma 1 implies that (p, G) (p,G). If p1 € (0, 1),
we know from Theorem 2 and (7) that, for every j € $*(p) \ {1},

(=P _ Wy <1_ ﬁn?n)
Vi+s vjt+s vi+s/)

Rearranging the terms in the above identity leads to the polynomial equation

(L= PV + )Wt +) = ¥ {(1— poyn + s} +9). (18)
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This identity holds if and only if ¥; = ¥y = ¥;/(1 — p1). Hence, for any ji, jo € 3*(p),
Vji = V¥j,, and the process with the characteristics (p, G) must be Bellman-Harris. Write
Vo= ¥, j € $*(p), and we have ¥; = /(1 — p1). Using the first equation in (7), we
deduce that p; = p;(1 — p1), p1 € (0, 1).

Assume next that p; € (0, 1). If p; = 0, a similar line of arguments shows that the process
with characteristics (p, G) satisfying &j =y —-p1), pj = p;/A—=p1), je F(pl},
belongs to C)'; if ¥; = ¥, j € §*(p).

Now assume that p; € (0, 1) and p; € (0, 1). Then, for every j € 4*(p), we have

(= pov; _ (A= p)y; <1_ piin )/(1_ p11/f1)
Ui+ Vi+s Ui +s Y1 +s /)

Rearranging the terms in the above identity leads to the polynomial equation

(1= PP A = pOY1+5) W +9) W1 +9) = (= pOY (= v +5) ) +9) @1 +5).

(19)
Solving this equation together with the first equation in (7) for each j € $*(p) \ {1} separately
leads to three admissible sets of equations, denoted by A;, Bj, and C; (indexed by j):

(1= pvj = (1= p)y;. (1= p¥j = A= p)y;,
1/21 =¥, 1/[1 = 1/Afj,
ap Vi=vi By {V1=V> i
(1= povn = (1= pyn, (1= pyj = (1= pij,
pPj _ Dj Pji _  Pj
l—pr 1—p’ 1l—p1 1—p’

and
(1= p¥2 = (1 = p)vo,
Vi =1,
(Cj) 1{2 =(1- 131)1/}1,
¥2 = (1= pyi,
pj _ DPj
l—p1 1—pi
Assume first that pgpa > 0. Then the collection of Markov processes that are equivalent to
the process with characteristics (p, G) is determined by simultaneously solving the equations
Xo and Y, where X and Y stand symbolically for either A, B, or C. There are nine such
combinations.

e For equations AAO and Ay, it is easy to show that the only solution is (p, é) = (p, G).
Thus, here (p, G) identifies the process with characteristics (p, G).

e Equations By and B admit solutions if and only if ¢; = v, j € 3*(p), that is, the
process with characteristics (p, G) must be Bellman—Harris. When this condition is
met, the solutions to the two equations satisfy 1& j= 1}, Jj € $*(p), where 1} =y -
p)/(L=p1), pj = pj(1—=pp)/(1—p1),and p; € (0, 1). Thus, any Markov Bellman—
Harris process admits infinitely many equivalent processes in M, which are also all
(Markov) Bellman—Harris.
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e Equations Cy and C» admit solutions if and only if ¥ = ¥» and Y9 < ¥;. Under these
constraints, the unique solution to the two sets of equations is &1 = Yy, 1/}0 = 1}2 =
(L= pOy, pr =1—o/¥1,and p; = p;yo/{(1 — p)yn}, j = 0,2. This solution
always differs from (p, G), except when p; = 1 — ¥o/vr1. Thus, processes that satisfy
the conditions Y9 = ¥ and 9 < ¥ areidentifiable only if p; = 1—1¢ /1. Otherwise,
there exists a unique (p, G) that differs from ( p, G) under which the distribution of the
process Z(t) does not change.

e Any other pair of equations admits solutions only under specific restrictions on (p, G).
For example, equations Ag and B, will have a solution provided that ¥/; = ¥». When the
conditions are met, the only solution to the equations is (p, G) = (p, G), and, therefore,
identifies the initial process.

When either pg = 0 or p» = 0, we obtain the same set of solutions as above (details are
omitted). We summarize the above findings in the following corollary.

Corollary 1. Suppose that J = 2 and, for every j € $*(p), that G;(t) = 1 — e Vil t >0,
for some yr; € R%. Then (p, G) is uniquely identified by the process {Z(t), t > 0}, except in
the following cases.

Case l. If ; = ¥, j € $*(p) (Bellman—Harrls case), then G‘MG includes the Markov
processes wzth characteristics (p, G) e{p1el0, D), p; = p](l —p/0—=pp, Jje
FH\ {1}, ¥ = v (1 — p)/(— p1). j € F(PH)}

Case2. If yj =y, j € §*(p) \ {1}, e 0,1, ¥ < V1, and py # 1 — ¥/ (‘extended’
Bellman—Harris case), then eM ‘G consists of the process in M with characteristics
(p, G) and (p, G), where p1 = 1 —y/yn, p; = p;¥/{(1 — py}, ¥1 = ¥,
and o =y, = (1 — pY1. j € 3’ (p)\ {1}.

Remark 1. Corollary 1 identifies two classes of processes in M that are not identifiable. The
characteristics of the equivalent processes differ widely over C, ¢ when (p, G) identifies
a Bellman—Harris process. As an illustration, consider the Markov process with offspring
distribution p = (%, %, %) and exponentially distributed lifespan with parameters ¥ = | =
Y» = 1. This process is of Bellman—Harris type. The class of processes in M equivalent
to this process is determined by case 1 of Corollary 1, and it includes the processes with
offspring distributions p = [ a- pP1), P1, 5 2(1 — p1)] and exponentially distributed l1fespan
with parameters W() = Wl wz =1/2(1 — pl) where p; €[0,1). In particular, if p; =0,
we obtain the process parameterized by p = (5, , 5) and WO = 1/f2 = 0.5, which belongs to
Po. In Figure 1(a) we present examples of probability density functions g, for a sample of
processes that belong to the equivalence class. In Figure 1(b)—(c) we plot the set of probability
density functions g» when the Bellman—Harris structure of the process is relaxed. For example,
in Figure 1(b) we set ¥y = 1.5 (all other parameter values are identical to those used in
Figure 1(a)), and find using case 2 of Corollary 1 that the class of equivalent processes in
M includes a second process with offspring distribution p = (& 5 3 ) and exponentially
distributed lifespan with parameters 1//1 = 1.5 and 1//0 = Wz = 0.75. In Figure 1(c) we set
Y1 = 0.5, while in Figure 1(d) we set 11 = 1 and ¥9 = 2. In these two cases, the class of
equivalent processes includes only the original process, which is therefore identifiable.

Remark 2. From a statistical standpoint, when Z(¢) is observed at discrete time points, the
likelihood function can be solely expressed using the marginal distribution of {Z(¢), t > 0}, and
the model parameters are therefore not always identifiable. The maximum likelihood estimator
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FIGURE 1: Representation of the set of probability density functions g over the class of equivalent
processes for four processes in M: (a) Yo = ¥ = ¥ = 1 (Bellman—Harris process); (b) o = ¥ =1
and Y1 = 1.5(> Yo and > ) (‘extended’ Bellman—Harris process); (¢) Yo = Y2 = l and ¢] < 1
(‘extended’” Bellman—Harris process); (d) ¥o # v¥2, ¥1 > 0, and Yo = 1. We set p; = % in all
cases. Each plot shows g» and g> (whenever there exists g» # g») for the process with characteristics
(p, G) (solid lines), representative processes of the equivalence class (dash—dot line), and the equivalent
processes in M in Py (dashed lines). The model is nonidentifiable in cases (a) and (b), and identifiable
in cases (c) and (d).

is not consistent, at least in the traditional sense [6]. If modeling quiescence is not of primary
interest, this nonidentifiability issue may be avoided by imposing p; = p; = 0. Under such a
restriction, the interpretation of G, j € §*(p), may change because the time to producing j
offspring could now include a resting phase latently embedded in the lifespan.
3.2. Gamma-distributed lifespan
We now extend the Markov process by assuming that the lifespan is gamma distributed:
wj

[
Gt :=/ L x@ile %% dx
o I'(w))
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forsome ¥ 1= (wj, k;) € RT xR%, j € 3*(p). We have Lg;(s) = K;Uj/(Kj + )i, defined
fors € (—«kj, 00), but also extendable to s € (—00, —«;) U(—«, 00) by analytic continuation.
The assumption of a gamma-distributed lifespan is frequently made in practice [3], [9]. We
obtain the Markov process of the previous section if w; = 1, j € $*(p). In the following
result we show, when w; # 1, that it is identifiable.

Corollary 2. Suppose that J = 2 and, for every j € 3*(p), that G is a gamma distribution
with parameterskj > 0, w; > 0,and w; # 1. Then (p, G) is uniquely identified by the process
{Z(@), 1 = O}.

Proof. Let (p, G) denote the characteristics of any process included in Cp . Assume first
that p; = 0. If p; = 0, Lemma 1 implies that (p, G) (p, G). If p1 € (0, 1), (6) gives

(1-p1) & wj— i wjl "
P Kji+s o Kj+s h Ri+s '

Rearranging the terms in the above identity leads to the equation

(1= PR o+ )7 (kj + )% = k77 &) + )P {R + 9P — pie"). (20)
Dividing both sides of (20) by (k1 + s)‘Z)l (kj + 5)®/ and letting s — oo yields

(1= pRY =« lim {(kj Mk A L }
AT (kj+ ) (kj 4+ 5)® (k1 + )@

In order for the right-hand side to converge to a constant, we must have &; = w;, which implies
that (1— p1)R;” = ;. Then (20) reduces to (&1 + )® (ic; +5)°7 = (& +)*/ {(R1 + 5)*' —
pll{] @1y, Settlng s = —K] gives p]Kl (K] — K1) =0, from which we deduce that & Kj = K1,
and (20) further reduces to (k; 4 )/ = (k1 + 5)*/ — pl/c1 YKy +s5)~ w1 Letting s — —kq,
the left-hand side converges to (k; — K1)/, whereas the right-hand side diverges to —oo.
Hence, (20) has no admissible solutions.

Assume next that p; € (0, 1). If p; = 0, a similar line of arguments shows that there are no
admissible solutions. If p; € (0, 1), (6) gives

(1 — PR/ (Rj + )P _ A =P/ k) + )%
1 — pi(&1/(Ry +5)) 1 — pi(ei/ (k1 +s)@r

Rearranging the terms in the above identity leads to the equation

(1= pOK (e + )P @) + )P Ry + ) — pri]")
=(- pl)x‘”’ &1+ ) (cj + )% (k1 + ) = prey'). 1)
Divide both sides of (21) by (k1 + s)®! (k1 + $)@1 (k; + $)® and let s — 0o. Then
(kj + )7 pixy (icj +5)® }
Rj+9)% &)+ )P (k) + )

(1= poxi” = (1= p)if” hm{

In order for the rlght hand side to converge to a constant, we must have w; = @;, which implies
that (1 — pl)/c =(- pl)K “JThen (21) reduces to

(1 4 ) %)+ )R + )™ — p1c)
= (k1 + )P (c; + )% {1 + )P — prt). (22)
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Setting s = —k1 gives —p]KiUl (k1 — K])(:’l (kj — k1)® = 0, from which we deduce that either
K1 =K1 or kj = k1. We study these two cases separately.
Case (a): k1 = k1. Assume first that w; > @;. Equation (22) becomes

(1 4 )2 R+ ) {1 + 9P = PP} = (cj + ) {1 + )P — pic”}). (23)

Setting s = —« gives pllcf” (kj — k1) = 0. Hence, we must have k1 = k, and (23) becomes

(k1 + )7 (& + )% {1 + ) = pret} = (1 + )% {1 +9)” = pie). (24)
We distinguish two sets of solutions.
(i) Ifk; = k1, (24) reduces to (k1 + )PP (k) 4 5)@1 — ﬁlkf"}z {(k1 4+ $)®" — pic)' ).
Setting s = —« yields plfci‘” = 0, which is not admissible here because p1x; > 0.
(i) Ifx j # k1, dividing both sides of (24) by (k1 +s5)“/ and letting s — —« entails thatw; =

w1 —®1 > 0,and (24) reduces to (£ + )2 { (k1 + 5)P1 — pixy'y = (k1+5) — pixy.
Differentiating both sides of the equation with respect to s gives

0 (&) + )% k1 + 9P = Pt} + 1R+ 9% (k1 9P = w10 + 5”7

Letting s — —k, the left-hand side of the equation converges to O if w; > 1 and diverges
to —o0 if 0 < w; < 1, whereas the right-hand side converges to wj (k1 — /2,-)“)1_1 €
(0, 00).

Hence, (22) has no admissible solutions in this case either. By using a similar line of arguments,
we can show that (22) has no admissible solutions either when w; < @;.
When &1 = wi, (22) reduces to

& + ) {(k1 + ) = pr1ey"} = (kj + ) (k1 + )" — piy}. (25)
If Kj # kj, setting s = —k; gives (k1 —Kj)®" = pik|’" and setting s = —«; gives (k] —
«kj)® = pik,". This implies that k; # &; and k| # k. Taking the derivative with respect to
s on both sides of (25) yields
@R} + ) {1 + 9 = (o1 = 1)) + @1(&) + ) (1 + )
= )+ )1 +9) = (1 =) + 016 +9)" (1 +9)7 7 (26)
As s — —kj, the left-hand side of (26) converges to 0 if w; > 1 and diverges to —oo if
0 < wj < 1, whereas the right-hand side converges to w; (k; — £;)“7 (k1 — /?1-)“’1’1 € (0, 00).
Hence, (25) has no admissible solutions.
If kj = «; then (k;, &) = («;, w;), i = 1, j. We also deduce from (25) that p; = p;.
Hence p; = p; using (19).
Case (b): k1 # k1 and kj = k1. Equation (22) reduces to

(1 + )2 (R +9)H{RL+5)P = PIeP} = R1 4P (1 + )2 {1 +9)” — piec). (27)

Setting s = —k; gives ﬁlki‘” (k1 — k1) (kj — k1)® = 0. Because k1 # k1, we must have
k1 = kj, and (27) reduces to

(k1 + )R+ ) = pri]} = @1+ 97 Gk + 9 = pi!). (28)
We consider the following cases separately.

() If w1 > wj, setting s = —k yields pllcf” (K1 — /q)‘:’l_‘”f = 0, which has no admissible
solutions.
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(i) If &1 > wj, setting s = —k yields [31/2;”1 (k1 — K1)®'~®j = 0, which has no admissible
solutions.

(iii) If w; > w1 and w; > @1, (28) can be rewritten as

(R1 + )2 OH{R) + )P — IR} = (k1 4+ )™kt + 9P — pie®}. (29)

Setting s = —k yields (k] — k1)®! = pllcf" ,and setting s = —« yields (k] — )@ =
p1&}’". Differentiating (29) with respect to s gives
(@) = BN+ )" HR A+ )P = @1 = .} + 1Ry + 9!
= (@) — @)1+ )"l + ) = (e — &)} + @1 (e + )
Letting s — —&1, the left-hand side of the equation either converges to O (if w; — @1 > 1)

or diverges to —oo (if w; — &1 < 1), whereas the right-hand side converges to w; (k1 —
£1)?~1 € (0, 00). Hence, (29) has no admissible solutions.

(iv) If w; = w1 and w; > @1, (28) can be rewritten as

®1 4 )Ry + )P — PIRP'Y = {01 + )" — pie?'}. (30)

Taking the derivative with respect to s on both sides of (30) gives
(@ — 1) (R1 + )P (R + ) = preP} + b (&1 + 9 = w16 + 91

Letting s — —k1, the left-hand side of the equation either converges to O (if w; — &1 > 1)
or diverges to —oo (if w; — @1 < 1), whereas the right-hand side converges to w1 (k1 —
#1)®~1 € (0, 00). Hence, (30) has no admissible solutions. The case in which @ > w1
and w; = @1 is handled similarly, and has no solutions either.

A1

(v) If w; = w1 and ; = @1, (28) reduces to (K1 + $)”' — p1k;
which has no admissible solutions because k| # k.

= (k1 + ) — piky”,

3.3. A Smith—-Martin process

We consider a generalization of the Smith—Martin model originally proposed in [8]. The
process assumes that, conditionalon & = j, j € §*(p), thelifespantakesthe formt = TA; 43,
where 74 ; follows an exponential distribution with parameter y/;, and where § is a nonnegative
constant. In the original formulation of the model, 74, essentially represents the duration spent
by the cell in the Go/ G phases, and &7 is the time spent by the cell in the S, G2, and M
(and part of G;) phases. Here £Lg(s) = e"sfslpj/(wj + §), where it can be extended to
s € R\ {—v;} by analytic continuation. This process is identical to the process of Section
3.1if8; =0, j € $*(p). Let MAM denote the family of Smith—Martin processes. Write
G“(‘; =CpcNM 3M for the class of Smith—Martin processes equivalent to the process with
characteristics ( p, G). This process is not always identifiable.

Corollary 3. Suppose that J = 2 and, for every j € 3*(p), that G;(t) =1 — e Vit=4)
(t = 6;). Then (p, G) is uniquely identified by {Z(t), t > 0} except in the following cases.

Case 1. If y; = v, j € $*(p), and §; = 0 when p1 = 0 (Bellman—Harris case), C’ﬁ‘M
includes the Smith—Martin processes with characteristics (p, G) e {p1 € (0, 1), pj =

pi(l = p0)/(1 = p1), &1 = 0,8; = 8,41 = Y; = (1 —p))/(1 = p1), j €
F*P\INUIP1 =0, pj = p;/(1=p1), §; =8;, ¥j =¥ (1—p1), j € g (P)\{1}}.
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Case2. If p1 € (0, 1), p1 # 1—1///1//1,51 =09, =v,j € g (P \{l} and ¥ < ¥
(‘extended’ Bellman—Harris case), C ‘Aé consists of the Smith—Martin processes with
characteristics (p, G) and (p, G) where p1 = 1 — /Y1, p; = pj¥/{(1 — pDV},
81 =0,8; =8;, 91 =y, andr; = (1 = p)y, j €1{0,2}.

Proof. Let (p, G) denote the characteristics of any process in Cp,g. Assume first that
p1 =0.If py =0, Lemma 1 yields (p, G) = (p, G). If p; € (0, 1), (7) gives

—Ss —8is 8157

P e Yy . €Yy

(- p SV = I//J{l—plA ‘”}.
W;-i—s 1/fj+S W1+S

€2y

Taking the logarithm of both sides of the equation, we obtain

—51S
A ~ ~ A 1
=85 +log (1 — p1) —log(¥j +s) = —6;5 — log(¥j + ) + log ¥ <1 — Dl1— _y )
1 N

Dividing both sides of the equation by s and letting s — oo yields 8 =4, and (31) reduces to
(U= POty + ) +5) — 050 + )W +5) = ¥ () +9)prire . Taking again
the logarithm of both sides of the equation, dividing by s, and letting s — oo yields 51 =0.
Hence, (31) leads to (18), from which we deduce that ¥y = ¢; = ¥/(1 — p1), where ¢ =
Y, je g (p),and p; = p;(1 — p1), f)l € (0, 1). This proves part of case 1 of Corollary 3.
Assume next that p; € (0, 1). If p; = 0, the same line of arguments applies, and, by
symmetry, we find that the process with characteristics (p, G) satlsfylng 8 =4, 1// i=v1-
pu).and pj = pj/(1 = p1). j € §*(p) \ {1}, belongs to 3% if y; = v, j € §*(p). and
81 = 0. This also proves part of case 1.
Assume now that p; € (0, 1) and p; € (0, 1). Then, for every j € $*(p) \ {1}, (6) gives
—b8i5.7 —81s e—3js —b1s.7,
. e e 15y P . €705y
(= pD= ’{1—171 }—(—m) ’{l—p“
Vj+s Vi+s v+ Y1+

Taking the logarithm, dividing both sides of (32) by s, and letting s — oo implies that 8 i =19,
and (32) reduces to

N7 e 15y W L ety
(1—p)=—"—11—p =1 -p) 1 - pr1—= :
lﬂj + s Y1+ 1/f/ Y1 +s
Multiplying both sides by s and letting s — 00, we obtain (1 — pj )wj = (1-p1)¥;. Then(32)
becomes

W — U)W+ )W +5) = prvne S (W) + )1 +5) — prie ™ (@ + ) (W + ).
(33)

}. (32)

We distinguish four sets of solutions.

(@ If 6 > 0 and 51 >0, dividing both sides of (33) by szA and letting s — oo yields
¥j = ;. Then, (33) reduces to pltplej‘s's(wl +5) = 1311#1(’;6”(%01 + ), from which
we deduce that §; = 81, p; = p1, and Y| = V1. Hence, (p, G) = (p, G).

(i) If§; > Oand 81 = 0, rearranging the terms of (33) leads to (/] +){(;— I/f])(lﬂl +s5)+
pllﬁl (lp] +5)} = p1vie” Sls(wj + s)(lﬁl + 5). Letting s — 00, the left-hand side of
the equation diverges to infinity, whereas the right-hand side converges to 0. Hence, (33)
has no admissible solutions.
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(i) If 51 = 0 and 31 > 0, a similar line of arguments shows that (33) has no admissible

solutions.

(iv) If 8 = 0and §; = 0, (33) is equivalent to (19). The values of p and @j, Jj € §*(p) that

solve the equation are given in Corollary 1, and lead to parts of case 1 and case 2.
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