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Exact Filling of Figures with the
Derivatives of Smooth Mappings
Between Banach Spaces

D. Azagra, M. Fabian and M. Jiménez-Sevilla

Abstract. 'We establish sufficient conditions on the shape of a set A included in the space L}(X,Y)
of the n-linear symmetric mappings between Banach spaces X and Y, to ensure the existence of a
C"-smooth mapping f: X — Y, with bounded support, and such that " (X) = A, provided that X
admits a C"-smooth bump with bounded n-th derivative and dens X = dens £"(X,Y). For instance,
when X is infinite-dimensional, every bounded connected and open set U containing the origin is the
range of the n-th derivative of such a mapping. The same holds true for the closure of U, provided that
every point in the boundary of U is the end point of a path within U. In the finite-dimensional case,
more restrictive conditions are required. We also study the Fréchet smooth case for mappings from R"
to a separable infinite-dimensional Banach space and the Gateaux smooth case for mappings defined
on a separable infinite-dimensional Banach space and with values in a separable Banach space.

1 Introduction

Several properties related to the set of derivatives of smooth bumps have been studied
recently. In particular, the questions as to how small, how large, and the shape of the
set of derivatives of a smooth bump defined on a Banach space, have been considered.

Ekeland’s variational principle [8] easily implies that if b is a continuous Gateaux
smooth bump on a Banach space X, then the norm closure of b’(X) contains the
origin as an interior point. If, in addition, X has the Radon-Nikodym property,
it follows from Stegall’s variational principle that the cone generated by the set of
derivatives C(b) := {Ab'(x) : x € X, A\ > 0} is a residual set in X*. It was proved
in [1] that if X has a C'-smooth and Lipschitzian bump, then there exists another
C'-smooth bump whose derivatives fill the whole dual space X*. This result was gen-
eralized in [2] for higher orders of differentiability and for mappings, with bounded
support, from X to another Banach space Y, under certain conditions on X and Y.
Also, it was proved in [2] that, if X is a separable Banach space, then there always
exists a continuous Gateaux smooth bump whose derivatives fill all of the dual space.
On the other hand, in [4] there is an example of a C'-smooth Lipschitzian bump on
¢, such that the cone generated by the set of its derivatives has empty interior. Also, as
a consequence of a result of Hajek’s [11], we know that if f is a C'-smooth function
defined on ¢q with locally uniformly continuous derivative, then f”(co) is contained
in a countable union of compact sets, and thus the cone generated by the set of its
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derivatives is of the first Baire category. We refer to [3, 9] for more information on
the size of the set of derivatives of a smooth bump.

The paper [6] studies the shape of the set of gradients of a C!-smooth bump de-
fined on R". It was proved there that such a set cannot be locally contained in a
hyperplane. It was also proved there that this set may fail to be simply connected,
and there was constructed a C'-smooth bump on R” whose set of gradients fills in
any pre-fixed “reasonably looking” compact set containing the origin as an interior
point. For instance, this holds true for every compact convex set containing the origin
in its interior. In [7], the same problem was considered for C'-smooth and Lipschitz
bumps defined on infinite-dimensional Banach spaces. They proved the following:

Let X be an infinite dimensional Banach space with a C'-smooth and Lipschitz
bump. Let Q0 C X* be an open connected set containing the origin and satisfying
that there exists a summable sequence ay, a,, a,, . . . of positive numbers such that
every 1 € ) can be expressed as lim; .o, &; for some sequence 0 = &y, &1, &, ...
in Q such that ||&+ — &l < ai, and that the linear segment [&;,&;41] lies in
Q for everyi = 0,1,2,.... Then there exists a C'-smooth and Lipschitz bump
b: X — [0, 1] so that b’ (X) = Q.

From this result it follows that every open connected set in X, containing the origin,
is the range of the first derivative of a C'-smooth bump defined on X.

In this paper we provide, under weaker assumptions on €2, a C'-smooth bump
so that b’(X) = Q. We study the analogous problem for higher order derivatives
and establish some results that generalize the above mentioned theorems in both
infinite-dimensional and finite-dimensional cases. If X and Y are Banach spaces and
n € {0,1,2,...}, then L!(X,Y) stands for the (Banach) space of n-linear symmetric
mappings from X to Y. We define L2(X,Y) = Y. We prove, for p € {0, 1,...,00}:

If an infinite-dimensional Banach space X has a CP-smooth bump with bounded
derivatives, and dens X = dens L!(X,Y) for some 0 < n < p, then there exists a
CP-smooth mapping f: X — Y, with bounded support, such that f™(X) = U,
where U C LI(X,Y) is a pre-set open bounded and connected set, containing
the origin. If, in addition, every point of the closure U of U is the end point of a
path within U, then there exists a C"-smooth mapping g: X — Y, with bounded
support, such that g™ (X) = U.

This result is close to being a characterization of the set of derivatives of a smooth
bump since, if the set U is the range of the n-th derivative of a C"-smooth mapping,
then it is necessarily path-connected. However, when X is finite-dimensional, the
above result does not hold true and more restrictive conditions must be assumed, see
an example below. We prove the following result:

Let n,m,p € N and consider an open, bounded, and connected subset U C
LE(R™ R™) containing the origin. If for every ¢ > 0 there is a finite family of
open connected subsets of U, covering U, each one with diameter less than e, then
there exists a CP-smooth mapping f: R* — R, with bounded support, so that
bR =T.
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In the last section, we first consider mappings from R" to an infinite-dimensional
separable Banach space Y. We prove:

If a nonempty open subset U C L(R",Y) satisfies the conditions required in
the infinite-dimensional case (above), then there are Fréchet smooth mappings
b,g: R" — Y, with bounded support, so that b'(R") = U and g’'(R") = U.

Finally, we prove:

When X and Y are separable Banach spaces and X is infinite-dimensional, then
there exists a uniformly Gdteaux smooth mapping with bounded support
f: X — Y sothat f(X) = By and f'(X) = Bei(x.y)-

This sharpens results from [2] where smooth mappings b and g were constructed so
that Bgigey) C b'(R") in the first case, and By C g(X), Brixy) C g'(X) in the
second case.

2 The Case of C"-Smooth and Lipschitz Mappings with Bounded Sup-
port

We begin with a lemma which tells us that, for a polygonal curve P in the space
of symmetric n-linear mappings £(X,Y), one can always find a bump whose n-th
derivative’s range contains a suitable neighborhood of P and is contained in another
(larger but not much larger) neighborhood of P. This lemma is our main tool to con-
struct bumps with a prescribed range of derivatives. By a polygonal curve in a Banach
space Z we understand any set (zo, z1, . . ., 2x) 1= Ui:ol (zi, zi+1], where [z;, z;+1] is the
linear segment joining the points z; and z;;; in Z, and k is any positive integer. We
say that this polygonal curve goes from z, to z.

Lemma 2.1 Letp € {0,1,...,00} and let n be an integer with 0 < n < p. Let X
be an infinite-dimensional Banach space admitting a C?-smooth bump b with bounded
derivatives, and let Y be another Banach space such that dens LF(X,Y) = dens X.
Consider a polygonal curve P in L!(X,Y) from 0 to a point Q. Then there is a constant
M > 1 (which only depends on the spaces and not on the polygonal curve) so that for
any € > 0 there exists a CP-smooth mapping g: X — Y, with support in By and with
bounded derivatives, such that

1189 |oe == sup{||g® )| : x € X} < 4e, fork=0,1,...,n—1,
€
P+ MBL?(X’Y) C g(n)(X) CP+ ZEBL;z(X’y),
and g™ |s5,= Q for some &> 0.

Moreover, if n < i < p, the i-th derivative g is bounded by a constant which only
depends on i, €, M and the length of the polygonal curve.

Proof First step: If X has a CP-smooth bump with bounded n-th derivative, by com-
posing it with a suitable C*°-smooth bump on R, we obtain a C?-smooth bump b

https://doi.org/10.4153/CMB-2005-045-9 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-2005-045-9

484 D. Azagra, M. Fabian and M. Jiménez-Sevilla

with bounded image, bounded derivatives and with b(dBx) = 1 for some § > 0.
We may assume that the support of b is included in Bx. By the results obtained
in [2], there is a CP-smooth mapping r: X — Y, with bounded derivatives, so that
M (X) contains Ber(xy). We may assume, up to suitable dilations (replacing r by
x + Ar(3), for A > 0 small enough) and a translation, that the support of r is
included in By and is disjoint from the support of b.

Second step: Notice that the derivatives b, b’,...,b"™, r,r', ... r are all bounded.
Denote by Bpn(xy) the unit ball of the Banach space P*(X,Y) of n-linear homoge-
neous and continuous polynomials from X to Y. Then for any element S € B (xy),
take R € Bps(x y), so that S is the n-th derivative of R and define then the mapping
h: X —Y,by

h(x) = b(x)R(x) + r(x), xe€X.

Clearly, the mapping & has support in By, is C?-smooth with bounded derivatives
and h |,3,= R |, for some r > 0; then A |i,= S. Letus fix M > 1 so that
M > max{||h||o :i =0,1,...,n— 1}. Equally, ' is bounded by a constant M;,
ifn <i < p. The constants M and M; do not depend on the considered S € B (x v),
since the derivatives of the corresponding k-homogeneous polynomial R are bounded
by 1.
Third step: Let P = (Rp = 0,Ry,...,R; = Q) be a given polygonal. Then there is
a family of points {Qy = 0,Qy,...,Qr = Q} satisfying that ||Q; — Q;_|| < %,
the polygonal curve P is included in U]‘(Qj + %Bq(x,’y)) and k% < 1+ 1, wherel
denotes the length of the polygonal curve P. By the second step, there are C?-smooth
mappingsh;: X — Y, j = 1,2,..., k with support in Bx, with bounded derivatives,
al?dwith ||h5‘l)||oo <2efori=0,1,...,n, th-l)Hoo < 2Mifori=n+1,...,p,and
with
2e
M
h;") lsBy= Qj — Qj—1, for j=1,...,nand some d > 0.

BLS"(X,Y) C h;n)(X) C ZEBL;’(X,YM

Then we define the mapping g: X — Y by

s =h+ () m(3) 1+ () (). xex

Notice that the support of g is included in By and if we take v = g—i then g |5, = Q.
Clearly, g is C*-smooth,

, . 5 . Sy k=1 .
lglloo < N oo + 51K Nl 4+ (5) 1A oo <oy i=0,1,0in—1.

and
k

k
2e

U(Qj + 3 Beaxy) C g7 (X) C U(Qj +2eBoixy))-

i1 =1
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This implies that P+ 5 Be(x,y) C §™(X) C P+2¢Bragxy).
Finally, for n < i < p we have

gl <

2eM; (2) G=DG=m 2 M; (3)07"F -1
M \§ M (2 -

M)~

1

-.
Il

<46M,- 2\ (—m)((+1)Me™)
<= (5)

Remark 2.2 'When checking the proof of the above Lemma we observe that:

(i) When dimX < oo and dimY = oo, Lemma 2.1 holds if we replace C*-smooth-
ness with Fréchet smoothness and the inequalities and inclusions there hold for
n=1.

(ii) When X and Y are separable Banach spaces and dim X = oo, Lemma 2.1 holds if
we replace C? smoothness with uniformly Gateaux smoothness and the inequal-
ities and inclusions there hold for n = 0, 1.

Now, when X is infinite-dimensional and under the above hypotheses on X and
Y, we can easily deduce that every open connected subset of L(X,Y) that contains
the origin can be regarded as the range of a higher order derivative of some mapping
with bounded support. Thus we see that there are no restrictions on the shape of
an open connected set in order to be the range of a higher derivative of a smooth
mapping with bounded support.

Theorem 2.3 Let p € {0,1,...,00} and let X,Y be Banach spaces with dimX =
00. Assume that X admits a CP-smooth bump with bounded derivatives and

dens L7(X,Y) = dens X

for some 0 < n < p. IfU C LNX,Y) is a pre-fixed open, bounded and connected set
with 0 € U, then there is a CP-smooth mapping h: X — Y with bounded support such
that ' (X) = U.

Proof Let U be as above. Let D be a dense subset in U whose cardinality is equal to
the density of X. Add 0 to D. Let P denote the set of all polygonal curves lying in U,
beginning at 0 and with vertices in D. Clearly, the cardinality of P is equal to dens X.
For every rational number 0 < € < 1 and for every P € P such that P+2¢ Bru(xy) C
U we find a mapping gp.: X — Y satisfying the properties from Lemma 2.1. Let us
relabel the family of these bumps as {g }aer, where card T’ = dens X.

Consider a bounded family of 3-separated points {x, }4cr. Define

h) =) galx—x), x€X.
a€el’

Let us check that the bump h fulfills the required conditions. Notice that for every
x € X there is at most one non-zero summand in the above definition, which remains
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the same in a neighborhood of x. Thus, h is a CP-smooth mapping with bounded
support and K (X) C U. Let us check that U C h™(X). Since U is connected and
open, for any Q € U, there is a polygonal curve P = (Qp = 0,Qyq,...,Q, = Q)
and 0 < & < 1/2so that P+ 4eBgs(xy) C U. We may assume, by the density of D
in U, that Q, Qy,...,Qu-1 € D. Also, take Q,, € D so that [|Q,, — Q|| < 7. The
polygonal curve P’ = {Qy = 0,Qy, ..., Qu_1,Q;,} € Pand,since P'+2¢ Beuxy) C
P +4eBen(xy) C U, the associated mapping gp/ - belongs to the family {g, }. From
Lemma 2.1 we obtain that Q € P’ + 35 Brxy) C g}()'f?s(X) C h'"(X) and the proof
is finished. [ |

Remark 2.4 Notice that the above result is a generalization for the case 0 < n < p
of the results given in [7] for n = p = 1. We cannot deduce that K" is bounded.
Actually, if the n + 1-th derivative of & were bounded, then U should satisfy the fol-
lowing property: there exists M > 0 so that for every point x € U, the points 0 and x
can be connected by a path within U of length bounded by M. However, for every Ba-
nach space of dimension bigger than one, there are open sets which do not have this
property. Our next theorem further extends the family of sets which can be written
as ' (X).

Theorem 2.5 Let X,Y be a Banach space with dim X = oo. Assume that X has a
C"-smooth bump with bounded n-th derivative and assume that

dens X = dens LY(X,Y).

LetU C LX(X,Y) be an open, bounded, connected set with 0 € U, so that for every Q
in the boundary OU of U there exists a (continuous) path from 0 to Q through points
of U. Then there exists a C"-smooth mapping h: X — Y such that ' (X) = U.

Proof Since we have already constructed a mapping with the required smoothness
conditions so that the image of the n-th derivative is U, we just need to construct a
mapping (with the same kind of smoothness) whose n-th derivative is included in
the closure of U and covers QU. If the reader prefers a direct proof (which does not
rely on Theorem 2.3), consider the argument below for every point of U.

Let D be a dense subset of U, with cardinality equal to the density of X. Take any
Q € JU. By hypotheses, we select a path from 0 to Q through points of U. Therefore
we may choose a sequence Qy,= 0,Qy, Q;, ..., of elements of D, with limit Q (in
norm), and polygonal curves P;, included in U, from Q;_; to Q;, so that, for every
i > 2, the polygonal curves P;, P;.1, Pj4z, ... are included in Q + zi_{rzBL;'(X.,Y)' Let
us denote by P the family of these obtained “infinite polygonal curves”. Then, every
P € P can be identified with the infinite sequence of the points Q;, P = {Qy =
0,Q1,Q,, ... }. Finally, for every k € N, we define

P = {R: {Qy=0,Qy,...,Q} : thereis P € P whose
first k + 1 points are Q :0,Q1,...,Qk}.
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For every R € (J°, Px we construct a C"-smooth mapping gg: X — Y, with
bounded n-th derivative, and eg > 0 in the following way:

Step 1. For every R = {0,Q,} € P, there is a polygonal curve Pg and 0 < &g <
1/2 so that Pg + 2egBer(x,y) C U. By Lemma 2.1, there is a C"-smooth mapping
gr: X — Y, with support in By, such that ||gl||oc < 4eg fork = 0,1,...,n — 1,
and thereis 0 < dg < 1 such that

) I5em= Qi — Qo =Qi, and gy (X) C Pg+2ex Beoxy)-

Step 2. For every pair (Q;, Q;), where R = {0,Q;,Q;} € P, we select a polyg-
onal curve Pg, o, from Q) to Q, so that Pq, o, is included in a ball of radius 5;.
Take 0 < eg < 3 so that Pg, o, + 2¢gBer(xy) C U. By Lemma 2.1, there is a
C"-smooth mapping fz: X — Y, with support in By, such that || f{F| s < 4eg, for

k=0,1,...,n— 1, and there is 0 < 7g < 1 such that

flgn) |“/RBXE Q—Qi, and Qi+ fRn)(X) C Pg o + 2€RBL?(X;Y)'

Then, if R" = {0, Q, }, we define

gr(x) = (%)n fR((stL/S)’ x e X.

The mapping gg: X — Y is C"-smooth, the support is included in (S’%BX and
||g]f3k)||OO < 5’%4613 < 4ep, fork = 0,1,...,n — 1. Also, thereis 0 < 0 < 6’%
with

& o5 =Q — Qi, and Qi +gy"(X) C Pg, q, + 2erBesxy).

Step 3. In general, for k > 2 and for every R = {0,Qq, ..., Qx—1,Qx} € Py, we
select a polygonal curve Pg, | o, from Qi_; to Qi so that P, | q, is included in a ball
of radius 2%2 Take 0 < ep < 2,{%2 so that P, | q,+2erBer(xy) C U. Byinduction on
k € N we define, for every R = {0,Qy, ..., Qx—1, Qx} € Py, a C"-smooth mapping

gr: X — Y, whose support is included in 5’% By, where R = {0,Qy,...,Qr_; } and

”g}(zk)”oog‘lgR; fork=0,1,...,n—1;
Or

gz(zn) loe By = Qr — Qx—1, forsome 0 <dp< ;

Qi1 +89"(X) C Py, o + 2erBrr(xy)-

Ifj>iandR = {0,Q,...,Q;} € P;, R" = {0,Q1,...,Qf} € Pi, we shall
write R” < R whenever Q; = Qf,...,Q; = Q/. Let us select within 4 By a family of
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points {xg : R € P, k € N} with the properties:

|lxg — xs|| > 2, ifR,S€ PyandR #S,

5 ’
|lxr — xs|| > % ifR" <R,S, R € P andR,S € Pryy

6 ’
[[r — xr/|| < %, if R" <R,

Xxg + 0grBx C 4By.

From the above properties we deduce that (xg + Bx) N (xs + Bx) = &, for R, S €
P, and R # S;also, ifR,S € Piy1, R’ € Pr,R’ < R,Sand R # S, then

5’ 6 ’ 6 ’
(xR+ %Bx) n (Xs+ %Bx) =, (XR+ %BX) C (xR’ +6R’BX)'

Now, we define the mapping h: X — Y as the sum Z;:Zl hy, where

h(x) = > grlx —xz), x€X, keN.
RePy

Let us check that h fulfills the required conditions. For every x € X there is a
neighborhood Uy of x and Ry € Py, where I(y) = gr,(y — xg&,), for y € U,.
Thus, |h]e < sup{llg’]lcc : R € Pi} < sup{deg : R € P} < 1/2, for
i=0,1,...,n— 1. Therefore, the series >, h{" uniformly converges in X for every
i=0,1,...,n—1land ) = Zkh](j).

Now, recall that 1" (X) C U and U is bounded, thus h{" is bounded. Also, for
k>2andR = {0,Q,...,Qk_1,Q} € Py the polygonal curve Pq, | ¢, is included
in a ball of radius 3, and then, —Q_; + Pq,_, q, is included in 2 Beu(x.y). Since
g}(zn)(X) C —Qi—1+Pq,_ .0 +25RBL;1(X,Y) C % BL;‘(XA,Y)y it follows that ||h]((n)Hoo < ZL"
Thus, ), h,(cn) is uniformly convergent on X and so the n-th derivative A" = >~ h]({")
is a continuous and bounded mapping.

It remains to prove that h”(X) = U, the closure of U. Clearly, from the con-
struction of the mappings gz, we know that h(X) c U. If Q € 9U, there is
P=1{0,Q1,Q,,...} € Psothat Q; converges to Q. Consider Ry = {0, Qq, ..., Qx},

k =1,2,..., and the associated sequence of points in X, (xg, ). Since R; < R; <
- < Ry < Rgy1 < ---, we know that there exists the limxz, = x. Finally,

k k
H () = S5, e (xk, — xk) = Y5 1(Qi — Qi—1) = Qi and then h (x) = Q
which finishes the proof. u

Remark2.6 Whenn = 1and Y = R, the condition we require for U C X* in
Theorem 2.3 is less restrictive than the condition required in [7]. In every Banach
space of dimension bigger than 1 there are examples of open bounded and connected
sets containing the origin with the properties required in Theorem 2.5,s0 that even
uncountably many points of the boundary of U cannot be end points of paths of
finite length within U. Theorem 2.5 allows us to enlarge the class of subsets of X*
which are known to be the range of the derivative of a C!-smooth bump.
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Theorem 2.5 does not hold true when X is finite-dimensional. Next, we give an
example of an open bounded subset U C R? containing the origin and satisfying the
condition given in Theorem 2.5, so that the closure of U cannot be the range of the
first derivative of any C!-smooth bump on R?.

Example Consider the open sets of the plane

1 1
U, = y)il— — < |x|<1———,|y|<2;,neN
{(x,y) 5, < M 51 ] Jon

and

U= UUnU{(x,y) 01 < max()x|, |y]) <2} U{(x,y): |x] < i,\ﬂ <2}.

n=1

Obviously, the closure of U satisfies the conditions required in Theorem 2.5. As-
sume that the closure of U is the image of a C!-smooth bump b: R?> — R. Let us take
points (a,,0) € U, convergingto (1,0) € JU. By the assumption, there is a bounded
sequence of points (x,, y,) € R? so that b’(x,, y,) = (a,,0). By compactness, we
may assume that the points (x,, y,) converge to some (x, y) € R%. By continuity,
b’(x,y) = (1,0) and there is some 6 > 0so that A := b’((x, y)+dB) C (1,0)+ %B]R{z.
Since b’ is continuous, the set A should be connected. But this is a contradiction,
since { (%, ¥u) }u>n €A CUN((1,0) + 1B) for some N € N.

Nevertheless, we next show that if for every € > 0 there is a finite collection of
open and connected subsets of U which cover U and have diameter less than ¢, then
U is the image of a C!-smooth bump. The above example clearly shows that if we
drop this condition the conclusion does not necessarily hold.

Theorem 2.7  Let us consider n, m, p € N and an open bounded and connected subset
U C LEY(R",R™) containing the origin. Assume that for every € > 0 there is a finite
family . of open (non-empty) subsets of U which cover U and are such that every
V € F. is connected and has diameter less than €. Then there is a C? -smooth mapping
b: R" — R™ with bounded support, so that b’ (R") = U.

Proof We will use the following fact.

Lemma 2.8 Letn,m,p € N, and consider a polygonal curve P in LE (R", R™) from 0
to a point Q. Then there is a constant M > 1 (which does not depend on the polygonal
curve), so that for any ¢ > 0 there exists a CP-smooth mapping g: R" — R™, with
support in Bx and with bounded derivatives, such that

g% loc := sup{llg“ (0l : x € X} < de, fork=0,1,....p— 1,
g<p)(x) C P+2eBrgepm),

g(’” lspy=Q forsome § > 0.
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We omit the proof of this Lemma, since it is almost identical to that of Lemma 2.1.
The only difference is that in this case we do not have the mapping r at our dis-
posal (nor do we need it), so the definition of & in the second step must be changed
for h(x) = b(x)R(x); consequently we only obtain the inclusion g(p)(X) C P+
2€ By (o omy-

Let (ex)x be a summable sequence of positive numbers. We denote by F; the finite
open covering of U given in the hypothesis for e = ¢. For every open subset V' € F,
we select a point T € V, and denote the set consisting of all the points obtained in
this way by Fi. In order to avoid problems of notation, we may consider that the
selected points are all different and that Fy N F; = & whenever k # j. Notice that,
for every k, the finite set Fy is an ex-net of U.

By induction on k € N, we are going to construct a sequence (hy); of mappings
from X = R" to R™ such that:

foreach T € Fy, h,((p ' is constant equal to T on a nonempty open ball,

foreachk > 2, ||(hx — he— 1) oo < €x_1 and h]({p)(X) cUu.

Construction of hy.  Since U is connected, for every T' € F;, according to Lemma 2.8
there is a CP-smooth mapping gr: R" — R™, with support in Bg», so that there is
0 < dr < 1 with g(Tp) sy B = T and g(Tp)(]R{”) C U. Now we fix points {xr : T € F;}
in R” with the property that

||xR—x5H > 2, lfR,SEFl,R#S

We then define

h(x)= > grlx—xr), xR,
TEF,

If 6 = inf{dr ; T € F,}, foreach T € F, h(lp) is constant equal to T on the ball
Bge(x7,d1). Since the mappings in the summand defining h; have disjoint supports,

h(lp )(IR(”) is the union of the sets g(Tp )(]R{”) for T € Fy, and hence it is included in U.

Construction of hy. Letus fix k > 2,V € F;_; and Sy the associated point in
Fy_i. Let us denote F{ = Fy NV and consider T € F/. Since V is connected, by
Lemma 2.8, there is a C”-smooth mapping gry: R" — R™, with support in By,
satisfying that g(T?‘), is constant equal to T — Sy on some nonempty open ball Wy
and Sy + g(T{) \), (R") C V. Now, since F} is finite, by replacing the mappings gr,y with
x — (ary)Pgrv((x — xrv)/ary), for suitable ary € (0,1) and xry € R”, we can
assume that the supports of the mappings {grv : T € F;,V € Fs_,} are pairwise
disjoint and that, for every V' € F_, the supports of the mappings {grv : T € F{'}
are included in a ball where the mapping h;_; is constant equal to Sy. Define

g = > > grv(x) and  I(x) = Iy (x) + gilx).

VEF—1 TeF/
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If x € Wry then b (x) = b | (x) + ¢i"’ (x) = Sy + (T — Sy) = T. Clearly,

HP (R™) :h;{’IGR{")u( U ( U Sv+g(T‘f\),(]R{“))) c Uu( U v) —U.

VEFr—1 TeF/ VeEFi_,

As the supports of the mappings g(T{)‘),, T € F/,V € F;_, are pairwise disjoint,
(he — he_ )P (R™) = g,ip)(]R{”) is the union of the sets g(Tf‘),(]R{"), so it is included in
V — Sy, which is contained in 2ek—1B (o pmy- Therefore || (b — 1) || oo < 265_1.

Since the series of p-th derivatives Y, || (h — hx—1)'?’||c converges and the map-
ping h: R" — R™ defined as the sum Z,fil(hk — hy—1) (with by = 0) has support
within the union of the balls Bg:(xr, 1) for T € Fy, it is clear that h is C?-smooth on
R". On the other hand, h'”)(R") is a closed subset of U containing | J, Fx, and | J, Fx
is dense in U, hence we have that hP(R") = U. [ ]

Remark 2.9  The sufficient condition given in [6] to ensure the existence of a
C'-smooth and Lipschitzian bump b: R" — R with b’(R") = U implies that ev-
ery point in the boundary of U is the end point of a path of finite length within U.
However, as we have already pointed out after Theorem 2.5, for every n > 1 there are
examples of open sets in R” satisfying the conditions required in Theorem 2.7 so that
even uncountably many points of the boundary of U cannot be end points of paths
of finite length within U. Thus, Theorem 2.7 enlarges the class from [6] of subsets of
R" which are known to be the range of the derivative of a C!-smooth bump.

3 The Case of Fréchet or Gateaux Smooth Lipschitzian Mappings
with Bounded Support

Let us consider now mappings from R™ to a separable infinite-dimensional Banach
space Y. In [2], the authors constructed a Fréchet smooth and Lipschitzian map-
ping f: R™ — Y with bounded support so that f’(R™) contains Bgiwmy). Notice
that since the support is compact, we cannot expect f to be C!'-smooth. We present
here an improvement of the quoted result based on the techniques developed in the
preceding section.

Theorem 3.1 LetY be an infinite-dimensional separable Banach space and let m € N.
Let us consider an open bounded and connected subset U C L1(R™,Y) containing the
origin so that every point in the boundary of U is the end point of a path within U.
Then there are Fréchet smooth and Lipschitzian mappings b, g: R™ — Y with bounded
support so that b’(R™) = U and g'(R™) = U.

Proof In order to prove the first assertion, notice that L!(R™,Y) is separable. Let
us fix a sequence (g,), of positive numbers decreasing to 0. We deduce from Re-
mark 2.2(i), following arguments similar to those given in the proof of Theorem 2.3,
that there is a countable family {U,} of subsets of U and a sequence of Fréchet
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smooth mappings h,: R” — Y so that

oo
[hnlloe <1, hy(R™) = U,, U U, = U, and supp h, C Bgn.

n=1

Now, replacing the mappings h, by b,(x) = r,g,(*>*), x € X, with suitable se-

T'n
quences of points (a,), in R” and of positive numbers (r,),, we may assume that

6alloo < €241,  bLR™) =U,, U U, =U, and supp b, C €,Bgm \ €,+1Bgn.

n=1

Now, we define b: R" — Y, as b(x) = > b,(x). Clearly b is continuous and
Fréchet smooth in R™ \ {0}. An easy calculation shows that b is Fréchet smooth at 0.
Indeed, ife,4; < |t| < &, and v is a norm one vector in R™, we have

[b(tv) = b(O)] _ bultv)] _ _
1 LI

n+ls

and this implies that b is Fréchet smooth at 0 and b’(0) = 0.

Let us now prove the second assertion. Take M > 0 so that U C M B LIR™Y)-
Take a dense sequence (Ty,), in MBgigny) with Ty = 0 and T, # 0 forn > 2.
Fix a summable sequence of positive numbers (£,),. We define P as the family of
sequences R = {Qy, Q,, ... } satisfying
(a) Qi e{0,T;}and )., Q; € U foreveryn € N.

(b) There exists T € U so that [|T — 37, Qi[| < e, for some sequence 1 <

my < my < mz < --- and Q; = 0 whenever i ¢ {m;, my, ms,...}. Moreover,

we may assume that there is a path from Eigmk Q; to Zigmkﬂ Q; within U N
(T + & BL(]R{m"y)).
Define
P, = {R ={Q,...,Q,}: thereexists P € P
whose first #n points are Qy, . . ., Qn} .

Notice that each set P,, is finite.

We obtain from Remark 2.2(i), as in the proof of Theorem 2.5, a family of Fréchet
smooth mappings hr: R” — Y, R € P,,n > 2, and a bounded family {xz,R €
P,,n € N} of points in R” satisfying the following conditions:

(c) If R € P, then supphg C xg + $,Brn and ||hg|lcc < ¢,. IfR,S € P, and
R # S, the supports of hg and hg are disjoint. The sequences (s,), and (c,), of
positive numbers decrease to 0 and satisfy the additional conditions which will
be deduced later from inequalities (3.2) and (3.3).

(d) If R = {Qy,...,Q,} and there are k non-zero elements with Q, # 0, then
sup{||hg(x)| : x € R"} < ey (Whenk > 2), 3., Qi + hz(R™) C U and
hr(x) = Q,(x — xg) whenever x € xg + 6,Bp». If Q, = 0 then we assume that

gREO.
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(e) IfR € P11, S € P, and S < R, then supp hg C xs + 0, Bgn. (Here, and below,
S < R means that R is a “right” extension of S.) The sequence (d,), satisfies
that 6, < % and the additional conditions which will be deduced below from
inequalities (3.2) and (3.3).

(f) IfR,S € P11 and R # S, then the balls B(xg, s,+1) and B(xgs, s,+1) are separated

by the distance %

Then we define for every n € N,

by=> hx and b=> b,

ReP, n

Clearly b is continuous and Fréchet smooth at x € R™ whenever x is not a point of
accumulation of the set {xz : R € P,,n € N}. Let us check that b is Fréchet smooth
at any point x € R™ and that b'(R™) = U.

If x = lim, xg,, where R, = {Qy,...,Q,} € P,and Ry < R, < Rz < ---, take
v € R™ of norm one, N € Nand x + v € (xg, + svBgrn) \ (xry,, + Sn+1Bgn). Then

H w - ZQn(v)H _ H Z (hR,;(x+tvt) — hg,(x)) _ Z Qn(V)Ha
- SN n>N

for suitable R}, < Ry, < ---,R! € P; and Ry = R Thus,

(3.1) H w -3 Qn(V)H

h g, 1
- H RN(x+wt) Ry (%) _QN(V)H 2 37 (Ul + )] + 1, ().

n>N+1

If hg, is not identically zero, this implies that Qy # 0. Assume that Qy is the k-th
non-zero element of Ry. Since ||h ||oo < €x—1, Where gg = M, we have that

H hg, (x + tv) — hg, (x)

t - Qv <260,

If Qn = 0 the above summand is zero. Now, let us find a suitable upper bound for
the second summand of (3.1). Since x € xg, + 9,,Bgn, we have hg (x) = Q,(x — xg,)
for every n € N, and then

1 1 M
L Sl S [ S [ [ S Py

n>N+1 n>N+1 n>N+1

Since we are assuming that x + tv ¢ xg,,, + SN+1Bgrm, we deduce from (e) that |t| >
SN+l — ON+1 > Sne1 — 25 = 2 and thus

2M
(3.2) Y lx—x,

S
N+1 n>N+1

< 2N G= a0,

S
N+1 n>N+1
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Now it is possible to assume that we have selected the sequences (s,), and (6,), so
that they satisfy lim, v(n) = 0.

Finally, if the summand 1 £ >N+ IRy (x +1v)]| is not zero, thenx+1tv € xp;  +
SN+1Bre. Since Ryy1 # Ry,;» we deduce from (f) that |¢| > ot and then

(3.3) Z gy e+ )| < == 2N g+ )] <= 2% 6= uN),

n>N+1 n>N+1 n>N+1

Again, it is possible to assume that we have selected the sequences (J,), and (¢,), so
that they satisfy lim, (1) = 0. This proves that b is Fréchet differentiable at x and
b'(x) =3, Q.

Clearly, from the construction of b we have that b’(R™) C U. Now, if T € U there
exists R = {Qy,Qz,...} € Psothat )", Q; = T. Thus, the above implies that there
exists x € R” so that b’(x) = T and then b'(R™) = U. [ |

Finally, let us consider Gateaux smooth mappings between two separable Banach
spaces X and Y. It was proved in [2] that when X is infinite-dimensional, there exists a
uniformly Gateaux smooth Lipschitzian mapping f: X — Y with bounded support
so that f(X) contains By and f’(X) contains Beixy). Next we construct f so that
the images of f and f’ are exactly these two sets, that is to say, f(X) = By and
f'(X) = Beixy)-

Consider on L!(X,Y) the topology T of the pointwise convergence on X. It is
well known that if X and Y are separable, then the topological space (Bg1(xy), 7) is
separable and every element of (Bg1(xy), 7) has a countable basis of neighborhoods.
We shall use the following lemma which is a slight modification of a result from [2].
We omit the proof of this lemma since it is straightforward.

Lemma 3.2 ([2]) Let X and Y be separable Banach spaces and (V,),, be a decreasing
family of T-closed, convex and symmetric subsets of 2Bg1(xy) which is a base of neigh-
borhoods of 0 in (2Bg1(x,y), 7). Then, there is a sequence (Tp)m C 2Bri(xy), and an
increasing sequence of positive numbers (¢,,), converging to 1 with the property that for
any T € BLSI(va),

(3.4) T = 7-sum Z Ty, , for some subsequence (Ty, )k
k

Moreover, the partial sums satisfy the stronger condition

(3.5) T—> Tw€Vi and |Y Tl <e, keN.

i<k i<k
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Proposition 3.3 Let X and Y be separable Banach spaces, where X is infinite-dimen-
sional. Then, there is a uniformly Gateaux smooth and Lipschitzian mapping f: X — Y
with bounded support so that f(X) = By, f'(X) = Berixy) and f'is || - ||-T continu-
ous.

Proof We first construct uniformly Gateaux smooth mappings g and 4 from X to
Y with bounded supports so that ¢(X) C By, ¢'(X) = Beixy) and h(X) = By,
h'(X) C B cixy)- Then, the required mapping f is defined as the sum of suitable
translations with disjoint supports of ¢ and k, that is to say, f(x) = g(x—a)+h(x—Db)
where (a + supp g) N (b + supp h) = @.

Since X is separable, there exists an equivalent uniformly Gateaux smooth norm
I - 1| on X [8, p. 68] and thus, by composing it with a suitable C*°-smooth bump ~
on IR, we get a uniformly Giteaux smooth bump 6: X — R, 8(x) = ~(||x||), with the
properties f(x) = 1 for ||x|| < 1/2,0(x) = 0 for ||x|| > 1 and §(X) = [0, 1]. Notice
that sup,.. , [|x]|[|6’(x)|| = M < oo since supp 6’ C B \ 3Bx.

Let us denote by P the family of subsequences P = {Q1, Q, ...} of (T,), satis-
fying conditions (3.4) and (3.5) and P, = {R ={Qi,...,Q,} : thereexistsP €
P whose first n points are Qq, ..., Qn} . By induction on #, we shall construct a se-
quence (g,), of mappings from X to Y so thatg = > g, as follows.

First step: Definition of g, and g. Let us consider for every R = {Qy,...,Q,} € P,
the straight line L from S,,_; = Y7, Qxt0 S, := > ., Q, (from 0 to Q if
n = 1). By assumption, thereis 0 < s, < 1 (for instance s, = 1 — &,) so that
L+ s,Boxyy C Bexy). Take m, € N with max{Z”*z, %(1 + M)} < my,. Letus
define

gr(x) = Z Q;—(x)a(zf—l x), x€X.

i=1 n

Then, ||grllco < 2% Also, if we put by gr i(x) = QWYI-Iy xe X, i=1,...,mp,

my,
then
Q Q i . 2
lahsol < 124 0l o amg < 2 (14w <,
n n n
and
My ;
(3.6) g < [ J Qi+ suBriy).
i=1 n
Therefore,
m, i
(3.7) Su—1+gr(X) C U(Sn—l + Qnm_ +5nBL:(x,Y)) C Beixy)-

i=1 n

Notice that g isa constantequalto », ., Q, in2~"Bx,if R = {Q;, Q,, ..., Q,}.
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Let us consider a bounded family of points {xg : R € P;} with ||xg — xs]| > 2
whenever R # S and replace gg by x — gr(x — xg). Define

gilx) = grlx), x€X
ReP,

Let us definer; = 1 and §; = zﬂ—,l. Then, supp g; is included in the union of the
disjoint balls {B(xg,r1) : R € P;} and g is constant equal to Q; in B(xg, ¢1), if
R = {Q]} € T].

In general, for n > 2, we consider 0 < §,, < r, < 1 and points {xz : R € P,} so
that replacing the mappings gz by x — r,gr(*%), for every R € P,,, we can assume
that the support of the mapping g is included in xs+0,_1Bx,if S< Rand S € P,_,
that is to say xg + r,Bx C xs + 8,_1Bx, and also g} is constant equal Q, in B(xg, d,,)
ifR={Q,...,Q,} € P,. We also assume that B(xg, r,) N B(xg/,,),if R # R’ and
R,R’ € P,. Let us define for n > 2

g(x) = Y gr(x) and g(x Zg” x € X.

REP,
Obviously, g is continuous since the series >, g, converges uniformly in X.
Second step: The mapping g is uniformly Gateaux smooth. Let us check first that g is
Géteaux smooth. Fix x € X, v € By and consider

w: [-1,1] =Y, ) =glx+1tv),

nt [FL 1] =Y, @u(t) = gulx +1v).

Then p(t) = 3, @a(t), for [t| < 1. Let us prove that the series of gradients ) ¢, (1)
is uniformly convergent for [t| < 1. If y = x + tv = lim, xg, for some sequence

Ry <R, < -+ <R, €P, then g is constant equal Q, in a neighborhood of y and
we have

(3.8) et = Q).

n>1 n>1

Otherwise, thereisk € NandR{ < --- < R{ ={QJ,...,Q;}, where R/ € P; so that

(3.9) Z ort) = Z Q(v) +gl(x+tv)(v)

n>1 n=1
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Therefore for N € N we deduce from inclusion (3.6) that,

G10) [ eno| = | X e, in the case (3.8),
n>N n>N

k—1
(3.11) H Z go,',(t)H < H Z Q,Q(V)H +|QL(W)|| + s, in the case (3.9)
n>N n=N
(3.12) (assuming that k > N, and 0 otherwise.)

Inequalities (3.10) and (3.11) imply that ) -, ¢, (¢) tends to 0 as N — oo, uni-
formly on [—1,1]. Thus ¢ is differentiable and ’(r) = >, ¢, (t). In particular,
©’(0) = ", g (x)(v). Since this can be done for every v in Bx, we deduce that g is
Gateaux smooth at x and g’ (x) = > -, g, (x), where this sum is considered in the 7
topology. It is easy to check that the derivative g’ is || - ||-7 continuous as well.

The uniform Gateaux smoothness of g can be proved as in [2]. Let us give here
the proof for completeness. Fix v € Bx. Consider for every n € N the mapping
G,: X — Y defined as

G,(x) = gl(x)(v), x€X.

On the one hand, it is straightforward to verify that the mapping G, is uniformly con-
tinuous (this is a consequence of the uniform Gateaux smoothness of the norm || - ||
since then x — || - ||(x)(v) is uniformly continuous outside a ball containing the ori-
gin [8, p. 61]). On the other hand, it can be deduced from inequalities (3.10), (3.11)
and the strong property (3.5) related to the “directional uniform” convergence of the
series ), Q,, that the series ) G, is uniformly convergent on X. In particular, this
implies that the limit mapping of the series G: X — Y, G(x) = ), Gu(x) = g'(x)(v)
is uniformly continuous on X. If v ranges over all elements of Bx, we obtain that g is
uniformly Gateaux smooth.

From the inclusion (3.7) and the expression of g’ we have that ¢/(X) C Bei(xy).
Since for any T € Br(xy) there is a sequence (R,),, R, = {Q1,...,Qu} € P, with
> u>1 Qn = T, we obtain that g’(X) fills in Bei(xy). Moreover, since the image of g
is bounded, we may assume, replacing g by x — rg(x/r) that g(X) C By.

Third step: Construction of the mapping h. Consider a dense sequence (y,), in the
unit sphere of Y and for every n € N the family

<1

)

k
(3.13) P ={o=(0(),...,0m) €N": H S0y
i=1

fork:l,...,n}.

Fix 0 < ¢ < 75 and select a bounded family ¥ = {x, : 0 € P,,n € N} in X

satisfying the following conditions:
(1) ifo#0', 0,0 € N", then ||x, — x,/| > 3" !,

(2) ifeeN", o/ e N"*lando < o/, then ||x, — x,/|| = 5”:.
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(Here 0 < ¢’ means that ¢’ is a right extension of 7.)
Then, for every nand x € X, we define h,,;: X — Y

— X — Xo
hn(x): Z 52(11 l)ya(n)e( En_l )

oc€P,

andh: X — Y, h(x) = ), hu(x). Itis easy to check that the mapping h is continuous,
has bounded support, is uniformly Gateaux smooth and has bounded derivative.
Moreover, h(X) = By . Indeed, for every y € By there is a sequence (¢,), where
0, € Pyand o, < opprsothaty = Y o 2" Dy . Then, if x = lim, x,,, we
have h(x) = y. Also from condition (3.13) we have that h,(X) C By. Finally, if we
replace h by x — h(rx) we may assume that #(X) = By and h/(X) C Beixy)- [ |

Remark 3.4 1t is worth observing that, by a slight modification of the proofs of
Propositions 3.1 and 3.3, we obtain the following result:

Let X and Y be separable Banach spaces and X infinite-dimensional. Let us consider
a bounded open subset U C L!(X,Y), M > 0sothat U C MBgixy), and let (V,;),
be a decreasing family of T-closed, convex and symmetric subsets of 2MBg1(x y) which
form a basis of neighborhoods of 0 in (MBg,(x,y), T). Assume that there exists a sequence

(Qu)n in U so that for every T € U, there is a subsequence (Q,,); with

(1) T—- Zle Qu, € Vi, forevery k € N,
(2) the linear segment between Sy = ZLI Qy, and Siy1 == EZ{: Qy,; (between 0 and
Qy, ifk = 0) isincluded in U, for everyk = 0,1,2, .. ..

Then, there is a continuous and Gdteaux smooth mapping f: X — Y with bounded
support so that f'(X) = U.

Acknowledgements We wish to thank Robert Deville for his generous advice and
his help improving some of the proofs.

References

[1]  D. Azagraand R. Deville, James’ theorem fails for starlike bodies. J. Funct. Anal. 180(2001), 328-346.

[2]  D. Azagra, R. Deville, and M. Jiménez-Sevilla, On the range of the derivatives of a smooth mapping
between Banach spaces. Math. Proc. Cambridge Philos. Soc. 134(2003), 163-185.

[3]  D. Azagraand M. Jiménez-Sevilla, The failure of Rolle’s theorem in infinite-dimensional Banach
spaces. J. Funct. Anal., 182(2001), 207-226.

, On the size of the sets of gradients of bump functions and starlike bodies on the Hilbert space.
Bull. Soc. Math. France 130(2002), 337-347.

[5] S. M. Bates, On smooth non-linear surjections of Banach spaces. Israel J. Math. 100(1997), 209-220.

[6] J. M. Borwein, M. Fabian, I. Kortezov, and P. D. Loewen, The range of the gradient of a continuously
differentiable bump. ]. Nonlinear Convex Anal. 2(2001), 1-19.

[7]  J. M. Borwein, M. Fabian, and P. D. Loewen, The range of the gradient of a Lipschitzian C' -smooth
bump in infinite dimensions. Israel J. Math. 132(2002), 239-251.

[8]  R.Deville, G. Godefroy, and V. Zizler, Smoothness and Renormings in Banach Spaces. Pitman
Monographs and Surveys in Pure and Applied Mathematics 64, Longman, Harlow, 1993.

[9]  T. Dobrowolski, Weak bump mappings and applications. Bull. Polish Acad. Sci. Math. 49(2001),
337-347.

(4]

https://doi.org/10.4153/CMB-2005-045-9 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-2005-045-9

Exact Filling of Figures with the Derivatives of Smooth Mappings 499

[10] T. Gaspari, On the range of the derivative of a real-valued function with bounded support, Studia
Math. 153(2002), 81-99.
[11] P. Hajek, Smooth functions on co, Israel J. Math. 104(1998), 17-27.

Departamento de Andlisis Matemdtico Mathematical Institute
Facultad de Ciencias Matemdticas Czech Academy of Sciences
Universidad Complutense Zitnd 25

28040 Madrid 11567 Praha 1

Spain Czech Republic

e-mail: Daniel_Azagra@mat.ucm.es e-mail:  fabian@math.cas.cz

Departamento de Andlisis Matemdtico
Facultad de Ciencias Matemdticas
Universidad Complutense

28040 Madrid

Spain

e-mail: mm_jimenez@mat.ucm.es

https://doi.org/10.4153/CMB-2005-045-9 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-2005-045-9

