J. Austral. Math. Soc. 71 (2001), 187-199

ON (2, 3, 7)-GENERATION OF MAXIMAL PARABOLIC
SUBGROUPS

L. DI MARTINO and M. C. TAMBURINI
To Laci Kovdcs on his 65th birthday
(Received 19 January 2001; revised 15 June 2001)

Communicated by R. A. Bryce

Abstract

Let R be a ring with 1 and E, (R) be the subgroup of GL,(R) generated by the matrices / + re;;, r € R,
i # j. We prove that the subgroup P, ; of E,,5(R) consisting of the matrices of shape (4 f), where
A € E,(R). A € E;(R) and B € Mat, ;(R), is (2, 3, 7)-generated whenever R is finitely generated and
n, n are large enough.
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1. Introduction

We recall that a non-trivial group is said to be (2, 3, 7)-generated if it is an epimorphic
image of the infinite triangle group A(2, 3, 7), defined by the presentation (X, Y |
X? = Y? = (XY)" = 1). The relevance of (2, 3, 7)-generated groups stems from
their relation with the normal structure of the classical modular group and the theory
of Riemann surfaces. In particular, the finite (2, 3, 7)-generated groups (the so-called
Hurwitz groups) are realizable as automorphism groups of maximal order of compact
Riemann surfaces of genus at least 2. Over the recent years, it has been shown that
the class of (2, 3, 7)-generated groups is indeed quite large (see [LTW, LT], and the
references quoted there). Naturally, since (2, 3, 7)-generated groups are perfect, much
attention has been devoted to simple or close to simple groups. In particular, while
the seminal paper [Co] had already shown that the finite alternating groups A, are
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Hurwitz provided n > 167, [LTW] and [LT] show that most finite classical groups
are Hurwitz, provided their Lie rank is large enough. The prototype key-result in
this context is Theorem A in [LTW]. Let R be an arbitrary ring with 1 and, for
each n € N, define E,(R) to be the group generated by the set of n x n matrices
{I+re; |reR,1<i#j <n} Itiswell known that, forn > 3, E,(R) = SL,(R)
if R is commutative and either a semi-local or a Euclidean domain (see [HO’M]).
In particular, E,(R) contains E,(Ry) = SL,(Ry), where R, denotes the subring of
R generated by 1. Theorem A in [LTW] asserts that, if R is finitely generated, then
E,(R) is (2, 3, 7)-generated for all sufficiently large n. However, it was also noticed
that Theorem A could be applied in order to prove (2, 3, 7)-generation for certain
semi-simple groups and even for groups that are far apart from the semi-simple ones.
Namely, it was proven in [LTW] that if n > 287, the direct product of ¢ copies of
SL.(F,), where F, denotes the finite field of order ¢ = p¢, is Hurwitz provided
t < q'~287/81. and moreover, that there exist Hurwitz groups which are extensions
of p-groups of arbitrarily large derived length by the group SL,(F,). Pushing further
in this direction, but still in connection with groups of Lie type, in this paper we prove
that the subgroup

P,i(R) = { (g 2)‘ A€ E,R), AcEi(R), Be Mat,.j(R)}
of E,,:(R) is (2, 3, 7)-generated, whenever R is finitely generated and n, n are large
enough. Note that, for n,n > 3, P, ;(R) coincides with the commutator subgroup
of a maximal parabolic of E,,;(R). Clearly, P, ;(R) is the semidirect product of the
‘unipotent radical’ N, consisting of the matrices of shape ( {; / ), and the ‘standard Levi
subgroup’ L, isomorphic to E,(R) x E;(R), consisting of the matrices of shape (4 7).
Then, via suitable variations of the techniques developed in [LTW], the following is
proven:

THEOREM. Let R be generated by elements t,, . .., t,,, where 2t, — t12 is a unit of R
of finite multiplicative order. Then P, ;(R) (and therefore also the Levi subgroup L)
is (2, 3, 7)-generated for all n, n > 84(m + 1) + 180 + 216.

2. Joining representations via handles

Let T be the canonical basis of the free R-module (Z) consisting of all row vectors
of size |X|. We assume |X| < oo and let the group GL;5(R) act on the right on
(Z). We also identify the symmetric group Sym(X%) with the group of permutation
matrices. As above, welet A(2,3,7) = (X, Y| X =Y} =(XY) =1).
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DEFINITION. If ¥ : A(2, 3,7) — GL;5(R) is a representation, a 2-subset {a,, a3}
of X is called a handle for r if the following conditions are satisfied:
(1) ¥ (X) fixes a;, @3 and the submodule (X \ {a;, a3});
(2) ¥ (Y) acts as one of the cycles (ay, a,, a;)*! for some a; € ¥ and fixes
(Z\{a1, az, a3}).

We note that, whenever y is a permutation representation, our definition of a handle
coincides with that given by Conder in [Co]. In the sequel, we will always assume
that ¥ (Y) acts as (a, a3, a3).

LEMMA 1. Let {a;, as}, {b:, b3} be disjoint handles for a representation ¥ of
A(2,3,7) and suppose that Z € GL;5|(R) induces the identity on (X \ {ay, as, by, b3})
and acts on (@, a3, by, bsy) in one of the following ways:

0 I -1 «al
() (1 0), or (2) (0 ,),
where a € R.

Then y(X)Z is an involution and Y (X)ZY(Y) is conjugate to v (XY). In
particular, one can define a representation ¥ : A(2,3,7) — GL5(R) by setting

V(X) =¥ (X)Z, Y (Y) =y ().

The easy proof of the above Lemma is given in [LT]. Clearly, the handles of
different from {a,, a;} and {b,, b3}, if any, are still handles of 1/} This fact allows
repeated application of Lemma 1. In the following we are interested in commutators.
In order to use in a more direct way the results of Conder, we find it convenient to
write [a, b] for the commutator aba~'b~!. (We warn the reader that this notation
differs from that used in {LTW] and [LT], where [a, b] stands for a~'b~'ab).

LEMMA 2. Under the assumptions of Lemma 1, set y = [y(X), y(Y)] and y =
[V (X), ¥ (V).
(1) Both a, and b, are fixed by y and y.
(2) Suppose that A is a subset of £ such that each of the submodules (A) and
(X \ A) is invariant under y. Setting a, = a;y(Y™"), by = by (Y™"), assume further
that A, = {a\¥(X), as, by (X), bs) is a subset of A. Then

(i) (X \ A)is y-invariant and y acts on {¥ \ A) in the same way as y;

(ii) (A) is y-invariant.
(3) Suppose that y acts on A as a permutation consisting of two cycles of respective
lengths . = @, + Wa, v = vy + v, of the following shape:

(ay XY™, ayX),an....a3) (B (XY™, ..., by (X), by,..., by).

My M2 vy v2
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If Z is of type (2) assume further that p; = v,. Then py,, has order l.c.m.(u, +
V2, ha + V).

PROOF. (1) Direct calculation.
(2) Using (1), we see that, for each v € £\ A,, vy = vy. Thus (i) follows at once
from the assumptions that A} € A and (X \ A) is y-invariant. As for (ii), for each

v € A\ Ay, we get vy = vy € (A). Thus, we need to show that, if v € A,, then
vy € (A). For this purpose we assume first that Z is of type (1). In this case:

ay(X)y =b =by(X)y, @y =by(XY™") = by,
by X))y =a=ay(X)y, by =ay XY™ =ay.

Hence A,y = Ay C (A), by our assumptions. Next, assume that Z is of type (2).
Then

ay(X)y = —a1 +ab = —ai¥y (X)y + ab ¥ (X)y € (A)
@y = —ay (XY ) +ab ¥ (XY™) = —asy + absy € (A).

Finally, b, ¥ (X)y = by = by (X)y € (A) and b3y = by (X Y™!) = byy € (A).
(3) Suppose first that Z is of type (1). By the above considerations, y acts on A as

(av XY™, ...,aiv(X), by, ..., b)) (b XY™, ...,y (X)), ai, ..., a43).
-~ e s’ — N, i’

M1 V2 vy H2

Next, suppose that Z is of type (2), hence by assumption u, = v,. Then ¥ acts on A as

(ay(XY™,...,ai¥(X), —ai +aby, ..., ~as +ab)
mo e

(v XY™, ...,y (X), by,..., by). O
NP — e s

COROLLARY 3. Let :UAMEZ, 3,7 - GL|;2(R) be a permutation representation.
Fori=1,...,k, assume that {a}, ai} and {b}, b.} are disjoint handles for  and that
Z; acts on the submodule (a}, ai, b}, b}) in one of the ways described in Lemma 1,
fixing pointwise (X \ {a}, @i, bi, bi}). Let ¥:AR,3,7) > GL5(R) be defined by

VX)) =¥(X)Zy... Zi, YY) =y(Y).

As above, sety = [y (X), y(Y])andy = [ (X), 1/}(Y]. Foreachi <k, let A" bea
(y)-invariant subset of T containing {aiy (X), ai}, where ai = aiy (Y™"). Similarly,
let B! be a (y)-invariant subset of T containing { by (X), bi}, where bl = by (Y™").
Assume further that A' N B' = (. Then, setting U, = U*_ (A’ U B"), each of the
submodules (A', B'), ..., (A%, B¥) and (£\ U,) is y-invariant, and y acts on (£ \ Us)
in the same way as y.
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PROOF. Assume k = 1. Then A' U B' = U, is y-invariant by assumption. It
follows that = \ U, is also y-invariant, since y acts as a permutation on X. Thus our
claim follows from Lemma 2, with A = U;. Now assume k > 1 and consider the
representation ¢ defined by ¢(X) = Y (X)Z,...Z;_\, p(Y) = ¥ (Y). Set Uy, =
Uf.:ll (A"U BY). By induction, each of the submodules (A', B'), ..., (A*"!, B*!) and
(X \ Uiy} is invariant under [¢(X), ¢(Y)] = y,, and ¥, acts on (X \ U,_,) in the
same way as y. Thus y, acts as a permutation on ¥ \ U;_,, fixing each of the sets A¥,
B*and X\ Uj. In particular, y, fixes (Z\ U,)®(A', BY®--- @ (A*!, B¥1) = (T\
(A* U BY)). Now we have ¥ (X) = ¢(X)Z;, ¥ (Y) = ¢(Y). Application of Lemma 2
to the representation ¢, with A = A* U B*, shows that the submodules (A*, B*) and
(X \ (A* U B*)) are both invariant under 7, and that y acts on (X \ (A* U B¥)) in

the same way as y,. It follows that (A', B'), ..., (A*"!, B¥!) are also p-invariant.
Since (X \ Ui) < (Z\ (A¥U BY) N (Z \ U,_,), we conclude that y acts on (L \ U)
in the same way as y. O

3. The (2, 3, 7)-generators for P, ;(R)

Let Q = {v; | 1 <i < n} and Q= {v; | 1 < i < n} be the canonical bases
for the free R-modules consisting of row vectors of sizes n and n respectively. Thus

P, 7 (R) acts naturally, on the right, on the direct sum (£2) & (2). In order to describe
a pair of (2, 3, 7)-generators x, y for the group P, ;(R), we make use of 17 diagrams
introduced by Conder in [Co]: namely the diagrams G, E, A (pages 78 and 79)
with 42, 28, 14 vertices respectively, and 14 diagrams H, (page 84) with v vertices,
ve D=1{36,42,57,77, 115, 135, 136, 142, 144, 165, 180, 187, 195, 216}.

We assume n % 10 (mod 14) unless n = n = 10 (mod 14), and set:

=42, [=0 if n=n=10 (mod 14);
1=180, =0 if n%10 (mod 14), 7 # 12 (mod 14);
[=180, I=187 if n#10 (mod 14), i=12 (mod 14).

As the elements of D give all residues modulo 14, if n and n are large enough, then
there exist uniquely determined a,a > 2, b, b € {0, 1, 2} and d, d € D such that we
can write:

n—l=42a+14b+d, i—1=42a+14b+d.
We think of € and € as a union of Conder diagrams. Namely, let

Q=G U---UG,UH,;UH,, $,=G,U---UG;UH;U Hj,
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where each G;, G; is a copy of G, whereas A, E, H;, H; are copies of A, E, Hj, H;
respectively, and H, = @ if l = 0, H; = @ if | = 0. Then we set:

Q=Qif b=0, Q=QUAIf b=1, Q=QUEIf b=2,
Q=Qif =0, Q=QUAIfb=1 Q=QUEIf b=2.

We label the points of €2 (and likewise those of 2, putting bars everywhere) as follows:
Gi={y |22 -1D)+1=<j <42}, 1=<iz<a
A={w|1=<i<14}, E={w|1=<i=<28;

Hy={v; |42a+1<j <n-1}; H={y|n—-1+1<j <n}

Inorder to construct x, ¥, we start with a permutation representationof A(2,3,7) =
(X, Y X?=Y=(XY) = 1) on (Q) & (Q), defined by

§ 0 y O
X > (O é , Y— 0 y— s
where £, y, E_ , ¥ are given below. For this purpose, let U be one of Conder diagrams
mentioned above. U depicts a transitive permutation representation ¥y of A(2,3,7)

on the set of vertices of U, hence of degree v = |U|. For each i < a, we write
& = ¥c(X), yi = ¥c(Y). Then we define:

o= (I_I Ei) VY, (X)¥u(X), yo= (I_I )’i) Vi, (Y)Yp (Y),

i=] i=1

where ¥y, (X) = ¢y (Y) =@ if Il = 0, and set

& =50, y =Y if b=0,
§ =&5Ya(X), y =yoa(Y), if b=1;
E=EYe(X), y =y (Y), if b=2.

We fix our labelling so that

& = &6, = (v1, v4) (s, v7)(Ve, V10) (s, V12) (Vs, V2a)(V11, V29)(V13, V16) (V17, V1o)
(V185 V25) (V20, V27) (V21, V23) (V22, V30) (V26, V30) (V2s, Var) (31, V3g)

(v3s, v37) (V36 Vao) (V3s, Va2),

Y1 =Yg, = I_I (V3j 41, V3542, V3j43);
0<j <13
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for i > 1, the actions of §; = &, and y; = y|g, are obtained translating the indices by
42 - 1);

VYa(X) = (wy, wa)(ws, we)(ws, wi)(wr, wio)(Ws, W13)(Wia, Wia),
Ya(Y) = n (W3j 41, W3j42, W3j43);
0j <3
Ve(X) = (w, wa)(ws, we)(we, wiy)(wr, wie)(Ws, Wi3) (W2, Waa)
(W14, Wae)(Wis, Wie)(Wig, Wi9) (W21, W) (W23, Was) (W27, Wag),

Ye(Y) = 1_[ (W3 41, W3 42, W3j43).

0<j<8

According to the chosen labelling, the three handles in each G; are denoted respec-
tively by

{vasazii-n, U3+42(i-1)}, {U14+42(i—1), U15+42(i—1)}, {U32+42(i-1), U33+42(i—l)}

and the handle in A or E by {w,, w;}. We denote by {b}, b5} the handle in H,, v € D.
£ and y are defined in a similar way with respect to 2.

DEFINITION OF X AND y. The (2, 3, 7)-generators of P, ;(R) are obtained by ex-
tending the above permutation representation of A(2, 3, 7) to the linear representation

on (2) @ (£2):
A ECX] 0 A y 0
X»—>x—( 0 éfﬁ)n Yr—)y_(o }_}),

where £, E, xi, Xy and T are defined below. Note that, in order to have enough handles
for repeated application of Lemma 1, we need to impose the condition a, a > 2m + 2,
where m is the number of generators ¢, .. ., t, of the ring R.

¢ is a permutation of order 2 which, by repeated application of Lemma 1 to &, with
¥ = Qand Z of type (1): joins each diagram G; to G;;, (1 < i < a — 1) via the last
handle of G; and the first handle of G,,,; joins G,_, either to A or to E via the central
handle of G,_;; joins G, to H, via the central handle and, if I # O, joins G, to H, via
the last handle. Namely:

V324426108 = V2442is Vagai-nd = v (1 <i<a-—1)
Vis442(a-25 = W2, Vis4420a-2)§ = W3

Vipsara-ns = b3, Usraaa-ng = b andif 1 # 0,
Vigsa2a-1)5 = bé» Vis+42(a—1) = b§~
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The permutation ¢ is defined similarly with respect to . It follows that X +> (50C EOE )
Y — y defines a permutation representation of A(2, 3, 7), which is transitive on each
of Q and Q. Actually, it will turn out that (§Z, y) = Alt(Q) and (EZ, 7) = Al(S).
As in [LTW], x,; is an involution of E,(R) which, by repeated application of
Lemma 1 to §¢ with ¥ = Q and Z of type (2), joins the first two handles of G, and

then joins in pairs the central handles of G,, Gs, ..., Gou—2, Gyn-). Namely:
~—— e
VX = —Vy + (v, V3X) = —Us + Vs
Vi44a20j -HX1 = —Viapa22j -3 + GiViasa20j—2, 2 =j <m;
Vis+4202j -3X1 = —Vis4a22j-3) + L Vissa2j—2, 2 5j S m.

X, is defined in a similar way with respect to 2. Thus X (“0’“ P 20;. ), Y > y defines

a linear representation of A(2,3,7). It will be shown that the image of A(2,3,7)
under this representation is the full Levi subgroup L of P, ;(R).

Finally, applying Lemma 1 to (“0’“ Eioi. ), with £ = Q U Q and Z of type (2), we
define an element T of the unipotent radical N, which joins the central handles of
G, and C_;a_z as follows:

vl4+42(a—3)T = —Vi4442(e-3 + 1_)!4-0-42(0—3)3

V15442(a—3) T= —V15442(a-3) + 515+42(a—3).

4. Action of the commutator

For each subset A of Q2 we identify Alt(A) with the group of even permutation
matrices of E,(R) which fix every point of €2\ A. We make a similar identification
for Alt(A), where A C Q. Moreover, we set:

-3 )

Let ¢ be a permutation representation of A(2,3,7). A cycle ¢ of the commutator
[V (X)), ¥ (Y)] is called useful in [Col, if ¢ has prime odd length and contains an orbit
of ¥(X) and two points from an orbit of ¥ (Y).

s€ Alt(A)} ,  Alt(A) = [(6 (s)) |5 € Alt(A)} .

LEMMA 4. Let d, |, x, y be defined as in Section 3. The following properties
hold:

() #2=9=u)"=1

(ii) (X, y) contains Alt(T' UTy), where T UTy C H, and T is the support of a
useful cycle c of [Yy,(X), ¥y (Y)], v € {d, I}.
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PROOF. (i) Repeated application of Lemma 1, starting with the representation  :

~

AQ2,3,7) = GL,4:(R) such that ¥ (X) = (gg) =E vy =(3))=7.

(ii) We need to determine the decomposition of (€2, Q) into [£, y]-invariant sub-
modules and the orders of the corresponding restrictions of [x, y]. Following the
notation of Section 3, we first note that:

[W6(X), ¥ ()] = £, 1]

= (vg, U3, V37, Va2, V24, Vs, V1, Vg, Usg, U3s, Var, Vio, V3)

N— —

(vis, V29, V7, V12, V23, Vig, Vi3, V21, Us, Vs, V11, U2s, Vis)

— -

(v36, V30, Vi9, V27, V22, V34, U1, U39, Vg0, V17, V26, Vag, U33) Of order 13;

[¥a(X), ¥a(D)]

= (We, Wia, Wy, Wig, Wi3, Wy, Wy, Wy, Wy, Ws, Wiz, Wiy, w3) of order 13;

[Ve(X), Ye(Y)] = (we, was, wiz, Wa, Wy, Ws, Was, Wiy, W)

(ws, Wiz, Wy, Wi, Wy, Wio, Wis, Wie, W7)
(W)a, wag, W, Wi, Wy, Wa7, Wae, Wig, W) Of order 9.

We intend to apply Corollary 3 to the permutation representation X — E, Y — v,
where £ is defined as in (i). Thus, for each pair of handles {a}, a}}, (b, b} in QU Q
(i < k, say) which have been used in the definition of ¢, E , X1, X, and T in order
to join Conder diagrams, we assume that {a}, a}} is contained in a diagram of type
G, and denote by A’ the orbit of length 13 of [£, §] which contains {a{é, a}, where
a! = aly~'. Similarly, if {b}, b} is contained in a diagram of type G, A or E, we
denote by B' the orbit of length 13 or 9 of [£, §] which contains {bi£, bi}, where
bl = biy~!. Otherwise, we denote by B’ the diagram H, or H;, v, 7 € D, which
contains (b}, bi}. By Corollary 3, setting U = | J{_, (AU B'), each of the submodules
(A', By and ((Q U Q) \ U) is invariant under [£, ]. Moreover, [£, $] acts on the last
submodule in the same way as (€, 7], thatis, as a permutation matrix of order dividing
9 - 13. To compute the orders of the restrictions of [, y] to each submodule (A‘, B)
we distinguish the following cases.

(a) Suppose {b;, bi} belongs to a diagram of type G, A or E. Noting that, in the
last two cases, the join is of type (1), we are in the situation of Lemma 2 (3), with
A=A"UB', u, =6, u, =7andeitherv, =6, v; =7 orv; =4, v, = 5. It follows
that [£, $],as. 5 has order 13 or 11.

(b) Suppose {5, b}} belongs to a diagram of type H. Table 1 below gives the cycle
structure of the restriction of [x, y] to A' U H,, v € D. This table is deducible from
the table in [Co, page 87], noting that [X, $],.a: »,, coincides in Conder’s notation with
(xyt)?, where 1 is the symmetry in the vertical axis of G U H,. Every useful cycle
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TABLE 1.

(A,Hyp) 123 31117

(A',Hs;) 123 357*12?

(A’ Hip) 1132 1431121712423

(A, Hys) 1117 225211*15%17

(A', Hy) 1122 125% 8211217307

(A', Hig;) 1152 1247292 10% 12415243
(A", Hyg) 113% 144%5116%7%12213%17% 322
(A", Hi) 1112 12224%29*17

(A', Hye) 1122 42511

(A", Hp3s) 1122 1334%528211219212
(A", Hppe) 1132 14425113126

(A", Higs) 1122 1422425%8%11°19

(A", Higo) 1122 125267728%1121321947
(A", Hys) 1322 2252627%213%14%23

is denoted in bold and has length belonging to the set [1 = {5, 17, 19, 23, 43, 47}.
Note that b} is fixed, whereas b4 belongs to a non-trivial orbit whose length is listed in
column 2. In particular, the support of the useful cycle intersects trivially the handle
{bi ’ b:‘!}

Using all the above data and setting y = [x, y],m =32-9.7-11. 13, we see that

Pm:([&t,y]”’ 0 )
0 [&,5)"

acts as the identity on both €\ (G, U H; U H,) and Q \ (G; U H; U H;). Moreover,
denoting by h the product of the primes in I1, it is easy to check the following facts:

(1) Suppose n = n = 10 (mod 14). Then, by assumption, ! = 42 and I=0It
follows n — I = i — I = 10 (mod 14). Hence d = d = 136 = 10 (mod 14). Thus
(&, y]™ consists of cycles of length k € {5, 23} and a single cycle ¢); of length 17,
which is useful and whose support is contained in H,,. On the other hand, [£Z, y]™
consists of a single cycle ¢s of length 5, which is useful and whose support is contained
in I'?135. It follows that

Amyh/17 _ f €17 0 ~msh/s _ [ €5 0

(2) Suppose n # 10 (mod 14). Then ! = 180 = 12 (mod 14). It follows that
n—1%# —2 (mod 14), hence d # 180 = —2 (mod 14). We claim that also d # 180.
To check this, consider first the case 72 % 12 (mod 14). Then ! = 0 implies d # 180.
Finally, if n = 12 (mod 14), then I=187=5 (mod 14) implies d=71=1
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(mod 14). Thus [£¢, y]™ consists of cycles of length & € T\ {47} and a single cycle
c47 of length 47, which is useful with support contained in H .

(2.1) Assume 71 # 12. Then [£Z, 7] consists of cycles of length k € IT\ {47} and
a single cycle ¢, of length p € IT\ {47}, which is useful with support contained in
Hj. It follows that

smyh/a1 _ [ Ca7 0 Smyhlp _ o O Al
™ (0 Iﬁ) and (™) (0 ;) where o € Alt(R2).

(2.2) Assume i1 = 12. Then [EZ, y]™ consists of cycles of length k € IT\ {47}
and a single cycle ¢,; of length 43, which is useful with support contained in Hg;. It

follows that
~myh/a1 __ [ Ca7 0 Amyh/43 __ I, 0

If ¢ is one of the useful cycles occurring in Table 1 and ' denotes its support, then
' NIy s @ by definition, and a direct computation via Conder diagrams (see [Mo])
shows that [TUTl'y| > |I"|+3. Thus, by Lemma 3 in [LT], based on a classical theorem
of Jordan, (c, ¢”) = Al(I" U I'y). Setting ¢ = ¢} in case (1) and ¢ = c¢47 in case (2),
we conclude that ((§ 2 ), (% 2)) = AI(T UTy), where T C H,, v € {d, I}. O

5. Proof of the theorem

LEMMA 5. Ali(Q) x Alu(Q) < (£, §).

PROOE. LetI' € H, and c be as in Lemma 4. Observe that, by the remarks made
just before Table 1, X;r = (§¢)r = &r = (¥, (X)) r. It follows that c is also a cycle
of each of the commutators [x, y], [E£, y] and [§, y]. Suppose that S is a maximal
subset of £ with respect to the following properties: TUT'y C § and AlUS) < (£, ¥).
Since I' contains two points from an orbit of y, we have S N Sy # 0. It follows
that (Alt(S), Alt(S)’) = Alt(S U Sy), hence (Al(S), Alt(S)’) = Alt(S U Sy). Thus
S = Sy by the maximality of S. Suppose that § # Q. By the transitivity of (£¢, y)
on €2, there exists v € § such that v€¢ € 2\ S. Since I' contains an orbit of & and
|| = 5, there exists w # w’ € I" such that w§ € {w, w'} and v € {w, w'}. Note that
s = (v, w, w') € Alt(S) and either 5% = (vEZ, w', w) or 5% = (VEL, w, w'E). Thus,
ineach case, w € SNsupp(s®%). It follows that (Alt(S), s*%) = Alt(SU{vEL JU{w'E}).
Let A U A be the subset of QU Q consisting of the handles used to define x;, x; and
T. Then (2, Q) = (A, A) ® (Q2\ A) @ (2 \ A), where each direct summand is
X-invariant and X acts on (2 \ A) as £¢ does. Since v # vE¢ and {w, w’} C T, itis
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clear that (v, w, w’) < (2 \ A). Hence (§ 1) € Alt(S) and

<A1:<s> ) >=<ATt<S), (o 1))=Risunevws),

But this contradicts the maximality of S, as v€¢ ¢ S. We conclude that S = €, that
is Alt() < (x, y). This, together with (1), (2.1) and (2.2) in the proof of Lemma 4,
implies that (% 2) € (£, y), where ¢ is a useful ul cycle of prime length. Applying to
the same arguments as above, we finally get Al(Q) < (&, 9). O

For any subset A of 2 we denote by E,(R) the subgroup of Eq(R) = E,(R)
which fixes every point of Q \ A. Similarly for Q. Moreover, we set

EA(R>=[(3 f) aeEA(R)], sz(R>={(i)" 2)

LEMMA 6. (x, y) contains (L, T), where L = EQ(R) X EQ(R) is the Levi subgroup
of P,i(R).

aec EA(R)}.

PROOF. Werecall that £ = (5" ¢, ) T. As (§ & ) € Alu@) x Alt(&), it follows

from Lemma 5 that ( 2) T € (£, ). Note that the subgroup E generated by the
latter element and Alt(Q \ G,->) preserves the decomposition (€2, Q) = (Q\ G.2) ®
(Q \ G;i_2) ® {G,-2, Gs-3); as a matter of fact, E is a subgroup of the direct product:

X1 0 I 0
(G ) me)o{(s D)o

Since, under our assumptions, n = || > 84(m+1)+180+216, it follows from [LTW]
that Eq,¢, ,(R) is generated by elements xx; and y, where x, y € Alt(2 \ G,_2). A
fortiori, (x;, Alt(2\ G,-,)) = Eqa. _2)(R) Since the latter group is perfect, (x 3
contains the derived subgroup E = Eqq,. _(R) of E. In particular, (5 7) e (£, 9)
and, again by [LTW], (("l ) Alt(Q)) EQ(R) is contained in {x, y). In a similar
way one shows that (x, ¥) contains EQ(R). It follows that T € (x, y). O

LEMMA 7. Assume n,n > 3. Then P,;(R) = (L, T,), where T, = ({) ”“;;e”).

PROOF. Let A = ("~nywten D), B = (h7en-ez+ea—en D) As mentioned in
the introduction, SL(n, Ry) < E,(R), where Ry, = Z14. It follows that A, B € L
and Z = TAT? = (4%) € (L, Ty). Forany r € R, let S, = ("7 ). Then
(Z%Z7' | re R} = { (% '”“)l re R} (L, T;). The normal closure of this root

0 I
subgroup under the matrices of shape (¢ ) where o and t run over the set of even
permutation matrices, is the whole of N . O
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Observe that 7; differs from T by an element of L. Thus, by Lemma 6 and
Lemma 7, (x, y) = P, ;(R), and our theorem is proven.
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