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ITERATION PROCESSES FOR APPROXIMATING FIXED POINTS

OF OPERATORS OF MONOTONE TYPE

SHIH-SEN CHANG AND KOK-KEONG TAN

In this paper, the unique fixed points of multi-valued and single-valued operators
of monotone type are approximated by Ishikawa iteration processes or Mann and
Ishikawa iteration processes with errors in uniformly smooth Banach spaces. The
operators may not satisfy the Lipschitzian conditions and the domain or the range
of the operators may not be bounded. The results presented improve and extend
some recent results.

1. INTRODUCTION AND PRELIMINARIES

Throughout this paper, X denotes a real Banach space, X* the dual space of X
and (-,-) the pairing between X and X*. If D is any set, 2° denotes the family of all
non-empty subsets of D. The mapping J : X — 2% * denotes the normalised duality

mapping defined by

J@)={f € X*: (= f) = £l =N, I £ = lI=II}.

The following proposition gives some basic properties of normalised duality map-

pings.

PROPOSITION 1.1. The normalised duality mapping J : X — 2X° has the
following properties:

1.

2.
3.
4

J(z) #0 for all z € X and D(J) (the domainof J) = X ;

J(az) = a- J(z) for all a € [0,00);

J(—2) = =J(z);

J is bounded, that is, for any bounded subset A C X, J(A) is a bounded
subset in X*;

(Smul’yan[9, 10].) X is uniformly smooth if and only if J is single-valued
and uniformly continuous on any bounded subset of X .
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DEFINITION 1.1: Let D be a nonempty subset of X and T : D — 2% be a
multi-valued operator.

(1) T is said to be of monotone type if there exist a constant k € (0,1) and
an z* € D such that for each z € D there exists j(z — z*) € J(z — z*)
satisfying

(1.1) (6—z*j(x—2*)) <k |z—z*|° forall ¢eTa.

(2) T isstrongly (or strictly) accretive if there is a constant k € (0,1), called
the strong accretive constant for 7", such that for each z,y € D, for each
u € T(z), veT(y), thereexists j € J(z — y) with (u—v,j) > k|.|:1:—y||2.

(3) T isstrongly (or strictly) pseudo-contractive if I —T is strongly accretive,
where I is the identity operator on D.

The following is a special case of [1, Lemma 3.1]. For completeness, we shall include
its proof here (which was omitted in [1]).

LEMMA 1.1. Let D be a non-empty subset of X. If T : D — 2% is strongly
pseudo-contractive, then for each z,y € X, each u € T(z) and v € T(y), there exists
j € J{z — y) such that

(w—v,7) <(1=k)llz - yl*,

where k € (0,1) is the strong accretive constant of I — T .

ProoOF: Since T is strongly pseudo-contractive, there is a constant k¥ € (0,1)
such that for each z,y € D, for each v’ € (I — T)(z), v' € (I - T)(y), there exists
j € J(z —'y) with (u' —',j) > klz - y||?. Let u € T(z), v € T(y) be such that
uw =z —u, v =y—v. It follows that

(z—u—(y—v),5) > kilz — ylI%
that is, (@ —y,3) — (w=-v,5) > kllz — y||*.
Hence lz - yll* = kllz - ylI* > (u—v,3),
that is, (u—v,5) < (1-k)[lz - y)>.

0

REMARK. From Lemma 1.1, it is easy to see that a strongly (strictly) pseudo-
contractive mapping with a fixed point is of monotone type. For results on strongly
accretive mappings or strongly pseudo-contractive mappings, we refer to Chidume (3,
4], Deng and Ding (5], Osilike [8], Tan and Xu [11]) and the references therein.

In [6], Dunn showed that if X is a Hilbert space, T' : D — 2X is an operator of
monotone type and y € D is a fixed point of T, then y = z*, so that T can have at
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most one fixed point. Moreover, if the range of T is bounded, that is, there exists some
& > 0 such that

(1.2) € —nll<é
for all z,y € D, £ € Tz, n € Ty and if further {z,}5, is a sequence in D satisfying
(1.3) Tpnt1 = (1 — cn)Tp + cn€n, where €, €Tz, foreach n >0,

and {cn}52o C (0,1] satisfies

o0 o0
(1.4) 203 <oo and Cp = 00,

n=0 n=0

then {z,} converges strongly to z*.

In (2], Chidume generalised Dunn’s above result to L, spaces for p > 2.

The purpose in this paper is to study the approximate problems of fixed points
for single-valued and multi-valued operators of monotone type by Ishikawa iteration
processes or Mann and Ishikawa iteration processes with errors in uniformly smooth
Banach spaces. The operator may not satisfy Lipchitzian condition and the domain or
range of the operator may not be bounded. Our results presented in this paper improve
and extend some recent results of Chang [1], Chidume [2, 3, 4], Deng and Ding [5],
Dunn [6] and Tan and Xu [11].

For the sake of convenience, we first give some definitions and conclusions.

The Banach space X is said to be uniformly smooth, if the modulus of smoothness
px{:) of X, which is defined by

1
px(r) = gsup{llz+yll+llz -yl -2: 59 € X, Izl =1, llyll < 7}, 7>0,
satisfies the following condition:

1
Jim, Zpx(r) = 0.

I THE MANN ITERATION PROCESS. Let D be a nonempty convex subset of X and
T :D — D a mapping. The sequence {z,} C D defined by

(1.5) 29 €D, Tpy1 =1 —an)zn + anTzn, n 20,

where {@,} is a sequence in (0, 1] satisfying some additive conditions, is called a Mann
iteration process.
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IT THE ISHIKAWA ITERATION PROCESS. Let D be a nonempty convex subset of X and
T : D — D amapping. The sequence {z,} C D defined by

290 €D, zp41 = (1~ an)zZn + anTyn,
(1.6) n20
Yn = (1= Bn)2n + BnTz,,
where {a,} and {8,} are two sequences in [0, 1] satisfying some additive conditions is
called an Ishikawa iteration process.

The above two iteration processes have been extensively studied by many authors
for approximating either fixed points of nonlinear mappings or solutions of nonlinear
operator equations in Banach spaces.

Recently, in [7], Liu introduced and studied the following Ishikawa iteration process
with errors:

II1 THE ISHIKAWA ITERATION PROCESS WITH ERRORS. Let D be a nonempty subset
of X and T :D — D a mapping. The sequence {z,} C D defined by
T € D, ZTpy1 =1 —ap)zn + anTyn + un,
(1.7) n>=0
Yn = (1 - ﬂn)xn + BnTzy + Vn,
where {u,} and {v,} are two sequences in X and {a,}, {8} are two real sequences
in [0, 1] satisfying some additive conditions, is called an Ishikawa iteration process with
errors. In particular, if 8, =0, v, = 0 for all » > 0, then the sequence {z,} is called
a Mann iteration process with errors.
It is obvious that, the Mann and Ishikawa iteration processes both are special cases
of the Ishikawa iteration process with errors.
The following result is [1, Lemma 2.1]:

LEMMA 1.2. For any z,y € X, we have
e+ yll* < llzll* +2(y,5) forall jeJ(z+y)

The following result is [7, Lemma 2]:
LEMMA 1.3. Let {a,}8%0, {bn}>o and {cn}5>, be three nonnegative real se-
quences satisfying the following condition:

ny1 S (1—-tp)ap +byp+cn forall n 2 ng,

(=]
where ng is some positive integer, {t,}3>, is a sequence in [0, 1], Y t, = 00, b, =
n=0

(=]
o(tp,) and Y cn < 00.

n=0
Then lim a,, =0.
n—o00
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2. ISHIKAWA ITERATION PROCESS OF FIXED POINTS FOR SINGLE-VALUED
OPERATORS OF MONOTONE TYPE
THEOREM 2.1. Suppose that X is uniformly smooth, K is a nonempty closed
convex subset of X and T : K — K is a single-valued operator of monotone type (the
range T(K) of T need not be bounded). If the set Fix(T) of fixed points of T is
non-empty, then

(1) for any q € Fiz(T), we have ¢ = z*, where =* is the point appearing in
(1.1), and so T has a unique fixed point in K .

(2) Suppose, in addition, if T is a Lipschitzian mapping with Lipschitzian
constant L > 1, and {an},{Bn} are two sequences in [0, 1] satisfying the
following conditions:

(i) 0< Bn < (1—k)?/(L(1+L)), where k is the constant ap-
pearing in (1.1),
(ii) §an=oo and a, >0 as n — 0.

n=

Then for any =9 € K, the Ishikawa iteration sequence {z,} defined by
Tnt1 = (1 — 0n)Trn + @nTyn
(2.1) n>20
Yn = (1 - ﬂﬂ)xn + BnTzn
converges strongly to the unique fixed point of T in K.

Proor: (1) For any ¢ € Fiz(T), we have ¢ = Tq. Since X is uniformly
smooth, the normalised duality mapping J is sinlge-valued. Because T is a single-
valued operator of monotone type, from (1.1) we have

(g-2*,J(g—z")) < kllg —z*||*,
and so
* |12
llg —z*|I> < kllg — =*||°.
Since k € (0,1), we have || — z*|| = 0, that is, ¢ = z*.

(2) Let ¢ € K be the unique fixed point of T'. If there exists a positive integer n,
such that z,, = ¢, then we have

Yno = (1 — Bnola + BneTa =g,
and so
Tng+l = (1- ano)q + nyq = ¢.

By induction, we can prove that z,,4; = g for all + > 1. This implies that =, — ¢
and the conclusion of Theorem 2.1 is proved. Consequently, without loss of generality,
we may assume that z, # ¢ for all n > 0, that is, ||z, — ¢|| > 0 for all n > 0.
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Since X is uniformly smooth, J is single-valued and is uniformly continuous on
every bounded subset of X . From Lemma 1.1 we have

lznt1 = all” = || = @n)(@n — @) + @a(Tyn — ¢)||
< (1= an) (|20 — ql* + 200 (Tyn — ¢, J(Tns1 — q))
= (1 = @) [Iza — qlI* + 200 (Tyn — ¢, J (Tn ~ q))

(2.2)
+ 2an<Tyn - ¢,J(@Tn41 — @) — J(Tn — q))
= (1 —n)’ l1za — all> + 200 (Tyn — ¢, J (T, — g))
+ 2anvn - ”xn - 9”2 ’
where

Tyn—q . (ZTn41—4¢ Tn — ¢
= (=) = (=) )
" \llzn —gll’ " Mlzn —qll |z — gll
(I) First we consider the second term on the right side of (2.2).
Since T is a single-valued operator of monotone type, we have

(2:3) (T2n ~ ¢, (20~ 0)) < klzn — gll”.
Again since T is a Lipschitzian mapping, we have

ITyn = TZnll S L llyn = Tall L Bn - llzn — Tzn||
B {IT2n — qll + llzn — all}
Bn-(1+ L) |lza — 4

(1 —k)?||zn —qll  (by condition (i)).

<L
<L

(2.4) <L

<

It follows from (2.3) and (2.4) that

(Tyn - Tq, J(-Tn - Q» = <Tyn - Tz, J(zn - Q)) + <Tzn - q J(zn - Q))
(2.5) < A=k llgn = qll® + £ |z — qlf?
= (1-k+k%) - llza —ql®.

(IT) Next we consider the third term on the right side of (2.2). We shall show that
Y2 — 0 as n = oo. Indeed, since

lyn — gll < (1 = Bo)llzn — gll + Ba [[Tzn — Tql|
(2.6) S (1= Ba)llzn —all + Bn - Lllzn — 4l
< L-llzn—gqll,
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it follows that

”Tyn — QII <L- ”yn - Q||

< < L2
l|zn = ql] lzn —gll =

(2.7)

By the assumption that an, — 0 as n — oo and by (2.7), we have

zn-f-l_q Tn Qn “T
Yn — Tnl|
lzn — gl [lza - ¢1|| AT
(2.8) < T
< ———{lITyn ~ qll + llzn — q
Tom = g U2 = al I —al]}

gan(L2+1)—)Oasn—)oo.

Moreover, since for each n >

Tnt1 — 4 ” |(1 = an) (@ — @) + o (Tyn — q)||
|z — gl IIwn —q|l
1Ty — gl
<(1-an)+a,—m——
(= en) et
(1-an)+a,L? (by (2.7)

<
< I3,

the set {(Zn+1~9)/llzn —dll, (@n — @)/ lzn — q||};°:’___0 is bounded. Since J is uni-
formly continuous on any bounded subset of X, (2.8) shows that

(2.9) J(__—_q) _J(lﬁl) 085 m— oo,

ll£n — qll |Zn — qll

It follows from (2.7) and (2.9) that v, — 0 as n — oo.
Substituting (2.5) into (2.2) and simplifying we have

IZn+1 = gll® < [(1 = @n)® + 20 (1 — & + k2) + 20m7n] llzn — g% ..
Since a, = 0 as n — 00, ¥, — 0(n = 00) and
(1- a,,)2 + 2an(1 —k+ kz) + 20,7, =1~ a,,(k - kz) — oz,,(k -k —a,+ 2’7,,),

there exists a positive integer ng such that k — k2 — a, + 2y, > 0 for all n > ng.
Therefore we have

1Zns1 — gl|® < (1-an(k- kz)) lzn — q||2 for all n > ng.

Apply Lemma 1.3 with a, = ||z, — qli?, ta = (k — k®)an,b, = 0 and ¢, = 0, and we
have
lzn — qlI> = 0 as n — oo; that is, z, = ¢ as n — oo. 0

https://doi.org/10.1017/5S0004972700031853 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700031853

440 S-S. Chang and K-K. Tan (8]

REMARK. As we mentioned above, every strictly pseudo-contractive mapping with a
fixed point in a Banach space is an operator of monotone type. Therefore Theorem
2.1 generalises the corresponding results of Chidume [2, Theorem 1]; [3, Theorem 2;
4, Theorem 4], Deng and Ding [5, Theorem 1}, Tan and Xu [11, Theorem 3.2 and
Theorem 4.2], Dunn [6, Theorem 1] and Chang [1, Theorem 3.3] in several aspects. It
will be of interest to compare our Theorem 2.1 with {8, Theorem 1].

3. ISHIKAWA ITERATION PROCESSES WITH ERRORS OF FIXED POINT FOR
MULTI-VALUED OPERATORS OF MONOTONE TYPE
THEOREM 3.1. Suppose X is uniformly smooth, D is a nonempty subset of X,
T : D — 2% is a multi-valued operator of monotone type such that Fiz(T) # 0.
(1) If g € Fiz(T), then z* = g, where z* is the point appearing in (1.1), so
that T has a unique fixed point in D.
(2) Suppose that T(D) is bounded in X, and that {u,} ¢, {vn}oe, are
two sequences in X and {an}3,, {Bn}, are two sequences in [0,1]
satisfying the following conditions

(o]
() 5 llunll < oo, lim |jva]] = 0;

o0
(i) X ap=00, ay—0, B, 20 as n—o00.

n=0
If there exists some xg € D such that the Ishikawa iteration process with errors
{zn},{yn} C D defined by
Tnyl = Q- an)xn + Qnfln + un, where n, € Ty,
(3.1) n
yﬂ - (1 - ﬂﬂ)zn + ﬂﬂ&n + Un, Where §n € Tzn

then {z,} converges strongly to the unique fixed point z*.

\%
L

ProOF: (1) Let ¢ € D be a fixed point of T. Since T is of monotone type, from

(1.1) we have
(g—=z*,J(g-=)) < klla—=|*.
Therefore, we have
1-k)llg-=[*<o0.

Since k € (0,1), we have ||g — z*||> =0, that is, ¢ = z*. This implies that T has at
most one fixed point in D.

(2) Since T'(D) is bounded, let

(3.2) d = sup{||§ — z*|| : { € Tz,z € D} + ||zo — =,
(3.3) M=d+)_ |uall +1.
n=0
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Now we shall prove that
(3.9) znt1 —z*)| £ d+ E llui|] € M, for each n >

Indeed, when n = 0, we have

lz1 — z*|| < ||(1 — @0)(zo — =*) + aolno — z*)|| + lluol|
< lzo — 2™l + llmo — =™ || + [luoll
Sd+ lull < M

Suppose (3.4) is true for n =k > 1, then

zk4r — 2% = ||(1 = aw)(zk — 2*) + ar(me — =) + u|

< (1 — o) |z — z*|| + o |l — =™ || + |l

k—1
<(1—o4) <d+ > ||Ui||> + ak |lme — z*|| + [lukl

i=0

k
<d+ ) |lwll <M

i=0

Thus (3.4) holds by induction.
By (3.2) and (3.4), we have

(3.5) max{“ (1= 0n)(@n — 2°) + An (7 — 27|, 1} max{M,1} = M,,
(3.6) max{”(l — Bo) (@ — 2°) + Balln — ), 1} max{M,1} = M,.
On the other hand, by (3.1) and Lemma 1.1, we have
Izns1 = 2|17 = [|(1 = @n)(@n — 2*) + aa (0 — ) + un’
<|(1 = an)(@n — %) + an(nn — ac")“2 + 2(tn, J (Tny1 — %))
<

(1- an)2 lzn — 1”'*”2 +2an(n — 2%, J(Znt1 — 2 — up))
+ 2{upn, J (Tns+1 — 7).

(I) First we consider the third term on the right side of (3.7). We have

(3.8) (un, J(Zn41 — 2%))

https://doi.org/10.1017/5S0004972700031853 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700031853

442 S-S. Chang and K-K. Tan [10]

(IT) Next we consider the second term on the right side of (3.7). From (1.1), we
have

(M = 2%, I (@ng1 = T* = Up)) = (0n — 2, J (yn — 2%))
(3.9) + (M — 2, J (@41 — T° = un) — J(yn — 2*))
<k llyn = 2°I* + dn,
where
dn = (I — 2%, J(Tn41 — * — un) — J(yn — z%)).

Now we claim that
d, > 0asn— oo

Indeed, from (3.1), (3.2), (3.4) and conditions (i) and (ii), we have

”(xn+1 =" = tup) = (yn — :1:")“ = [[Tnt1 — Yn — un||
= |Bn(@n — &1) — An(Tn — M) — Unl|
< Balllzn — 2*[| + ln — "] + anfllza — 2™l + lInn — 2*[]] + llunll
L Bn(M+d) + an(M + d) + |lun|| @ 0 as n — oo.

Since X is uniformly smooth, J is uniformly continuous on any bounded subset of X .
Hence we have

||J(:l:,,+1 -z —up) —J(yn — :1:")” —0asn— oo
Consequently, we have

(3.10) lda| < llnn — 2*[| - [T (2041 — 2* —un) = I(yn — z*)
. <d'”J(xn-f-l—x‘—un)_J(yn_x*)”_)Oasn-_)w'

Moreover, by (3.1) and Lemma 1.1, we have

llyn — 2*11° = |1 = Ba)(@n = 2*) + Bn(én — z*) + va|”
< |1 = Bo)(@n = %) + Bul€n — )| + 2(vn, J(yn — z*))
< (1= Ba)? llzn = 2*1* + 26 (&n — 2, J(yn — &* — va))
+ 2(vn, J(yn — z*))
< (1= Bn)?llzn = 2|12 + 2B €n — 2*I| - lyn — 2* — vl
+2lvall - llyn - z*-

(3.11)

By (3.2), (3.3) and (3.4), it follows from (3.11) that

lym = 2° 17 < (1= 6)2M? + 28, - d- {llg = 2 ll + lIvnll} + 2 [onll - lltm — =71,
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which implies that {|lyn —:r:‘||}:°=0 is a bounded sequence as {|lv,]|}>  is also
bounded by (i).

Let Mz = sup{|lyn — z*||}. Then M; < oo and from (3.11) we have

n=0

(3.12) lgm = 2*1I* < llzn = °11° + 260 - d(Mz + [[vnll) + 2 llvnll - Ma.
Substituting (3.12) into (3.9), we have

(3.13) (fn — 2, J(Tnp1 — T* — up)) < k{[lz,, - 2| + 2Bnd (Mg + [Jva]))
+2 [lvn| -Mz} +dp = k|zn — z*])* + en,

where

en = k{2ﬂ,.d(M2 + [[vall) + 2 flvnll -Mg} +d, > 0asn— oo
by conditions (i) and (ii).

Substituting (3.8) and (3.13) into (3.7) we have

(3.14)  |Izpn+1 — z¥|| € [(1 - oz,,)2 + 2a,.k] |zn — :l:‘ll2 + 2apen + 2M - ||u,||

= [1 — an(l = k) + an(on — (1 - k))] 2 — 2% + 2anen + 2M - |jun||.

By conditon (ii), since o, — 0 as n — 0o, there exists a positive integer n; such that
an — (1 — k) <0 for each n > ny. Therefore we have

a1 = 2*|* < (1 = an(l = ) llon — 2°[|* + 2enen + 2M [jua|

for all n > ny. Apply Lemma 1.3 with a, = ||z, — :z:‘||2, th = (1 —k)an, by = 2aze,
and ¢, = 2M ||u,||, and we have

|z, — z*||* = 0 as n — oo; that is, £, — z* as n — oo.

COROLLARY 3.1. Let X, D and T be the same as in Theorem 3.1.
(1) For any q € Fiz(T), we have * = ¢, and so T has a unique fixed point
in D;
(2) If {un} C X and {a,} C [0,1] are two sequences satisfying the following
conditions:

L &>
(i) X llunll < oo;
n=0

(=]
(i) 3 oan =00 and a, -0 as n = o0,
n=0
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and if for some zo € D, the Mann iteration process with errors {z,} defined by
Znt+1 = (1 — @n)Tpn + anén + u,, where €, € Tz,
belongs to D and T(D) is bounded in X, then
Tp, — z* a5 n — c0o.

PRrOOF: Apply Theorem 3.1 with 8, =0 and v,, = 0 for all » > 0. The conclu-
sions follow immediately. 0
THEOREM 3.2. Suppose X is uniformly smooth, D is a nonempty convex subset
of X and T : D — 2P is a multivalued operator of monotone type such that Tz # 0
for all x € D and Fiz(T) #0.
(1) If g € Fixz(T), then z* = q where z* is the point appearing in (1.1).
(2) If, in addition, T(D) is also bounded in X and {an},{Bn} are two se-
quences in [0, 1] satisfying the following conditions:

o0
(i) X an=o00, a,— 0 as n — o0;
n=0

(ii) Bn = 0 as n > .
Then for any zo9 € D, the Ishikawa iteration sequence {z,} defined by

ZTpny1 = (1 — @n)Tn + anny,, wheren, € Ty,

Yn = (1 — Bn)Zn + Bnén, where &, € Tz,

strongly converges to z*.

PROOF: Since D is convex, for any o € D, {z,}, {yn} C D. Apply Theorem
3.1 with u, = v, = 0 for all n > 0; the conclusions follow immediately. 0

REMARK. 1. Theorem 3.1, Corollary 3.1 and Theorem 3.2 improve and extend Dunn
[6, Theorem 1], Chidume [2, Theorem 1] in several aspects.

2. Since every strictly pseudo-contractive mapping with a fixed point is a spe-
cial case of monotone type mapping, Theorem 3.1 also improves and extends Liu [7,
Theorem 2]. Moreover, Theorem 3.1, Corollary 3.1 and Theorem 3.2 also improve and
extend the corresponding results of Chidume (3, Theorem 2]; [4, Theorem 4], Deng and
Ding [5, Theorem 1], Tan and Xu {11, Theorem 3.2 and Theorem 4.2] and Chang [1,
Theorem 3.3] in several aspects.
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