A CONSTRUCTION FOR WYTHOFFIAN POLYTOPES
G. C. SHEPHARD

1. Introduction. This paper contains an account of a simple method
of deriving the coordinates of the wvertices of any uniform polytope or
honeycomb (degenerate polytope) whose symmetry group is generated by
reflections.

Polytopes and honeycombs of this type have been described by many authors,
amongst whom must be mentioned Schlifli (10), Gosset (8), Mrs. Boole Stott
(14), Schoute (12; 13), Elte (7), Robinson (9), and Coxeter (1; 2; 3; 5). The
whole theory of uniform polytopes was unified by Coxeter (4; 6, pp.86, 196),
who adapted Wythoff’s construction (15) to obtain a general geometrical
method for obtaining all the uniform polytopes whose symmetry groups are
generated by reflections.! His discussion was elegantly illustrated by the use of a
graphical notation (7, p. 191; 4, p. 329).

One of the most comprehensive discussions of uniform polytopes in analytical
terms is that of Schoute (11; 12), whose paper, in four parts, comprises a com-
mentary of 190 pages on Mrs. Boole Stott’s geometrical methods. As Professor
Coxeter remarked to me in a letter, ‘it is sad to think how much unnecessary
work Schoute did, through not anticipating Wythoff’s construction.”

This present paper is concerned with an analytical account of the Wythoffian
polytopes and is based principally on the geometrical ideas of Coxeter’s paper
(4). After the determination, for each group, of a set of basic vectors, the
coordinates of the vertices of any uniform polytope associated with that
group may be written down. A modified form of the same method can be
applied to determining the coordinates of the vertices of the Wythothan
honeycombs.

2. Finite groups. Suppose that ® is a finite n-dimensional group generated
by reflections in » primes whose point of concurrency is O, the origin of the
(cartesian) coordinate system. Considering the reflections as operating on an
(n — 1)-dimensional sphere whose centre is O, the fundamental region of the
group may be taken to be a spherical simplex whose bounding figures are the
intersections of the sphere with a specially chosen set of primes, reflections in
which generate the group (6, pp. 188-191).

Received June 1, 1953.

11t is convenient to call these polytopes Wythoffian. In (4) Coxeter uses the word Wythofhan
in a different sense to include some uniform polytopes whose symmetry groups are not generated
by reflections, namely the ‘“‘snub’ polytopes in three and four dimensions.
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If we represent the simplex (and therefore the reflection group) by a Coxeter
graph (4, p. 329), then we may suppose that the sth node of the graph (the
nodes being numbered in some arbitrary manner) corresponds to the prime p;
which intersects the sphere in the bounding figure Py Py... P, 1 Py ... P,
of the simplex P; Py . .. P,.

Now define # basic vectors ry, ry, . . . , I, in the following manner: r;
is in direction OP; and the distance of its end point from p; is 3. Thus,
considering
2.1 r, = (rn, Yioy « o« rin)

as the coordinate vector of the point R;, then the reflection r;* of r; in p; is the
coordinate vector of R* which is at unit distance from R;.
The following is the basic result:

2.2 One vertex of any Whythoffian polytope (of unit edge length) derived from
the group ® has the coordinate vector
er; + el 4+ ... 4 €I,

where ¢; = 1 if the ith node of the graph is ringed, and e; = 0 if the ith node of the
graph is not ringed.

The other vertices of the polytope may be found by applying the operations
of ©, that is, by repeated reflections in the primes py, Ps, - . . , P». Consequently,
when we have found the set of basic vectors for &, we can immediately deter-
mine the coordinates of any polytope found by applying Wythoff’s construction
to ©.

2.3 Example: & = C;, the symmetry group of the cube (order 48).

Graph Number of node Basic vector Reflecting plane
1 r, = %(1, 1, 1) x;3 =0
4
2 t2=%(\/2,\/2,0) x2—-x3=0

3 r3=%(\/2,0,0) X1 —x2=20

The operations of this group correspond to permuting the coordinates in
every way and also to changing the sign of any one. We write the values of the
e; in the form {e;, €2, €;) and so derive coordinates for the seven Wythoffian
derivatives of Cs, as in Table 2.4.

The proof of the basic result follows immediately from Coxeter’s account
of Wythoff's construction. Evidently the “first vertex” is left invariant by a
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reflection if the corresponding e; is zero, or is transformed into a point at unit
distance if the corresponding ¢; is unity.

By allowing ¢; to take other values, the vertices of polytopes may be derived
whose bounding figures are parallel to the corresponding bounding figures of a
uniform polytope but whose edges are equal in length to the values of the non-
zero €;. (See for example (4, p. 336). Here a ringed node marked +/2 is taken
to indicate that e; is to be given the value 1/2.)

The basic vectors, and their reflections in the primes, are precisely the trans-
lations to be effected on the bounding figures in the ‘‘expansions’” and ‘‘con-
tractions’ of Mrs. Stott’s method (14).

3. Infinite groups. A similar method may be used for the coordinates
of the vertices of a degenerate polytope (honeycomb) in # dimensions. In
this case the fundamental region consists of a Euclidean simplex P; Py . .. P,y
of which the vertex P,,; is chosen as the origin O of the coordinate system.
The method differs from that for finite groups on account of the fact that if
all the Wythoffian polytopes associated with a given group have edges of unit
length, the ‘“scale” of the group (i.e., the size of the fundamental simplex) may
be different in each case. We proceed as follows:

The primes p1, P2, - - - , P. are defined to be the faces of the fundamental
simplex that pass through O, and p,11(c) to be the prime

n
Z ax; =
i=1

parallel to the face P, P, . . . P, of the simplex, and normalized so that Za? = 1.
The size of the simplex is therefore altered by varying the value of the constant
¢. The vectors r; are defined as before, that is, r; lies along the line of inter-
section of all the primes except p; and p,+1 and its end point is at distance
1 from p;. Also 1,41 is the zero vector. Define also the #» 4+ 1 constants by the
relations

n
Z ajris
=1

C; (i=1,2,...,n),

Nl
I

= Cpt+1y

where r, is taken in the form 2.1.
The first vertex of the honeycomb has coordinate vector

€r; + (33 ) + .« + €n+1rn+1

where ¢; = 1 if the 7th node of the graph is ringed, e; = 0 if the 7th node of the
graph is not ringed, and the other vertices are given by repeated reflections of
the first vertex in p1, P2, . - . , P and

Z ax; = €1+ €62 + ... + €161,

https://doi.org/10.4153/CJM-1954-015-5 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1954-015-5

G. C. SHEPHARD

132

swstid [euo3e)oo

((eNM+1)¥ pow)

PUE ®IP2YEI00qN0 PRIBOUNL], | Fgt 10 AaF ‘@A+DF ‘@NMe+DEH (T eA+T e D | (111D
eipay
-ej00qnorquioyl pue swstid [euod ((g/™+72)z pow)
8100 ‘saqnd  ‘saqnd  pIBOUNI | gt 1’07 (F ‘@GAHDF ‘@A+HDF) |G er+TeA+D | (101D
BIP2YE}O0 pajedunty pue ((g/e+1)g pow)
$9qno  ‘BIPaYEI0QND  PIAJROUNL, | YTy AF GA+DF ‘GAe+DF) (T 8N+ e Ae+D | (0 TT'D
BIPOUE}D0 PajRUNL], | FeEY (g/Ny pow) (0 ‘eNMF ‘6/NGTF) 0z 'ere) | (0110
saqn) | ve="¢t'7 | (F pour) (IF IF ‘1F) 1D | (100D
©Ipaye}00 ((&/+1)g pow)
puUB SoqnNd ‘BIPOYEBIOOQNIIqUIOYY | Fg7'0; (F IF ‘@A+DF) (1‘rgr+1) | (0‘T0‘D
((@/+1)g pow)
BIPOYEIOO0 PUE SIQND PA)eIUNI, | Fer'0 (F ‘@A+FDTF ‘@A+DF) | G er+1eAr+D | (00'T'D
BIpAUEIOOQND PUE BIPIYEIOQ | FeY (/g pow) (0 GNTF GNTF) e~ ‘e | (00TO
soqn) | *¢ = 7¢% | (g pow) (IF TF ‘1F) (' | 000D
quodA2u0y Ul BIPIYA[O] quiod S901119A JO S91BUIPIOO)) X0)19A )11 (73 ‘23 ‘%3 ‘T3)
-Aduoy

(g y33ud| 23pa jo squiodKauoy 03 Ne[RI 0s pue ‘g Aq pardinw uaaq 2ABY d[qe} SIY} Ul S3JLUIPI00D Y} [[V)

VY Ypm pagoroossp squioalauoy fo gD 7€

https://doi.org/10.4153/CJM-1954-015-5 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1954-015-5

A CONSTRUCTION FOR WYTHOFFIAN POLYTOPES

133

3.1 Example: & = R4, the symmetry group of uniformly packed cubes.

Number
Graph | of node Basic vector C; Reflecting plane

1 I = %(1, 1, 1) % X3 = 0

4
2 r: = 3(1v/2,v2,0) V2 xe—x3=0
3 r3=%(\/2,0,0) %\/2 xl——x2=0

4
4 Ty = (0,0,0) % X1 =¢

Reflections in pi, p: and p; are equivalent to permuting the coordinates in
every way, and altering the sign of any coordinate. Reflections in all four planes
include the operation of increasing any coordinate by a multiple of 2¢. Hence

the coordinates of the vertices may be written

(xly X2, x3)

form a number of lattices.

(mod 2¢),

though this may not be the simplest or most elegant form. These points evidently

Owing to the fact that the graph is symmetrical, only nine of the fifteen
Wythoffian derivatives (Table 3.2) are distinct (5, pp. 402-403).?

30n page 403, the symbols for k384 and ks,384 have been accidentally transposed.
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