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Hyperelliptic modular curves X,(n) and isogenies of elliptic
curves over quadratic fields
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ABSTRACT

We study elliptic curves over quadratic fields with isogenies of certain degrees. Let n be a positive
integer such that the modular curve Xo(n) is hyperelliptic of genus >2 and such that its Jacobian
has rank 0 over Q. We determine all points of Xo(n) defined over quadratic fields, and we give
a moduli interpretation of these points. We show that, with a finite number of exceptions up
to Q-isomorphism, every elliptic curve over a quadratic field K admitting an n-isogeny is d-
isogenous, for some d | n, to the twist of its Galois conjugate by a quadratic extension L of K.
We determine d and L explicitly, and we list all exceptions. As a consequence, again with a finite
number of exceptions up to Q-isomorphism, all elliptic curves with n-isogenies over quadratic
fields are in fact Q-curves.

1. Introduction

The study of possible torsion groups of elliptic curves over number fields has seen a lot of
progress in the last few decades. See, for example, [20] for results over Q, [12, 19] for results
over quadratic fields, [10, 23] for results over cubic fields, and [11] for results over quartic
fields. We also mention the uniform boundness conjecture, proved by Merel [22], which states
that the order of the torsion group is bounded from above by an integer that depends only on
the degree of the number field.

Unfortunately, much less is known about the possible degrees of isogenies of elliptic curves
over number fields. A complete classification of possible isogeny degrees is only known over Q.
Mazur [21] found all the isogenies of prime degree and gave a list of isogeny degrees, which he
believed to be complete. Subsequently, Kenku proved, in a series of papers [14-17], that this
is indeed correct.

The goal of this paper is to classify elliptic curves over quadratic fields with isogenies of
certain degrees n and to investigate their properties. We will try to obtain as much information
as possible about these curves. In particular, for many values of n, we classify all such curves
and explicitly describe the isogenies.

We say that an elliptic curve E over a field K has an n-isogeny if it has an isogeny with cyclic
kernel of order n defined over K. As usual, the (compact) modular curve over Q classifying
elliptic curves with an n-isogeny will be denoted by X(n), and the Jacobian of Xo(n) will be
denoted by Jo(n).

To classify elliptic curves over quadratic fields admitting an n-isogeny, we determine all
quadratic points on the curves Xo(n) for n such that Xo(n) is hyperelliptic of genus at least 2
and such that the group of Q-rational points of Jy(n) is finite. These assumptions are satisfied
if and only if

n € {22,23,26,28,29, 30,31, 33, 35,39, 40, 41, 46, 47, 48, 50, 59, 71}.

Throughout this paper, unless stated otherwise, n will denote an integer in the above set.

Received 7 July 2014; revised 10 March 2015.
2010 Mathematics Subject Classification 11G05, 11G18 (primary), 11-04 (secondary).

https://doi.org/10.1112/51461157015000157 Published online by Cambridge University Press


https://doi.org/10.1112/S1461157015000157

QUADRATIC POINTS ON MODULAR CURVES 579

REMARK 1. The curve X(37) is also hyperelliptic, but Jo(37)(Q) has positive rank.

After obtaining all the quadratic points on the aforementioned modular curves, we study
their moduli interpretation and derive interesting consequences from this. Quadratic points
on Xo(n) (except for the cusps) correspond to Q-isomorphism classes of elliptic curves over
quadratic fields with an n-isogeny. Hence, studying these points gives us information about
the properties of such elliptic curves.

Taking inverse images of Q-points under the hyperelliptic map Xo(n) — P1(Q) gives an
infinite set of points of Xy(n) over quadratic fields. Apart from these, there is only a finite
number of quadratic points; we call these quadratic points exceptional.

We show that for all elliptic curves over quadratic fields K with a 28- or 40-isogeny, the
quadratic field K is real, except in a few explicitly listed cases.

Recall that a Q-curve over a number field X C Q is an elliptic curve E over K that is
Q-isogenous to all of its Galois conjugates °F for o € Gal(Q/Q). If K is quadratic and o is the
non-trivial automorphism of K, then F is a Q-curve if and only if E is Q-isogenous to “E.
We prove that all elliptic curves over quadratic fields obtained from points of P!(Q) as
above are in fact Q-curves. The fact that there is only a finite number of exceptional quadratic
points means that, up to Q-isomorphism, there is only a finite number of elliptic curves over
quadratic fields with an n-isogeny that are not Q-curves.

Let E be a Q-curve without complex multiplication over a quadratic field K with an n-
isogeny, arising from the inverse image of a point of P*(Q) as above. Then, E is not in general K-
isogenous to its Galois conjugate °F, but it is by construction K-isogenous to a quadratic twist
of °E. Tt follows that E becomes isogenous to °E after base change to a quadratic extension L
of K. We explicitly construct such an extension L. Moreover, we prove that E has even rank
over L.

Similar results were proved in [4] for elliptic curves E over quadratic fields K with
torsion group Z/nZ for n € {13,16,18}. These follow from arithmetic properties of the
relevant modular curves X;(n). In [4] it was also proved that for n = 13 and n = 18,
the endomorphism ring of the restriction of scalars Resg /g £ of such a curve E contains
an order in a quadratic field, which implies that Resx /g E(Q) ~ E(K) has even rank. We say
that F has false complex multiplication; see [4] for a precise definition. In all the cases we
consider, our construction implies that E has false complex multiplication over L in the sense

of [4].

REMARK 2. The difficulty that E is not K-isogenous to °FE, but only to a twist of °F,
does not happen for the elliptic curves with prescribed torsion studied in [4]. This is
explained by the fact that Xo(n) is only a coarse moduli space, while X;(n) is a fine moduli
space.

We now give an overview of the structure of the paper.

In §2, we compute Jy(n)(Q) and describe all the quadratic points on Xo(n). We apply these
results to show that for n = 28 and 40 almost all elliptic curves with n-isogenies are defined
over real quadratic fields (Theorem 4). We also prove that the largest k such that there exists
an infinite number of K-isogeny classes over quadratic fields K containing k curves is k = 16
(Theorem 6).

In §3, we give a moduli interpretation of the action on Xy(n) of the normalizer of I'g(n)
in GL2(Q)™, and in particular of the hyperelliptic involution ¢. This is well known in the
case where ¢ is an Atkin—Lehner involution, but we have chosen to present this material from
a general perspective that also encompasses the non-Atkin-Lehner involutions in the cases
n = 40 and 48.
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In §§4 and 5, we show that the non-exceptional quadratic points on Xg(n) give rise to Q-
curves (Theorem 12). We also show how to compute the fields of definition of the isogenies
between the conjugates of such Q-curves. This allows us to describe the fields over which these
elliptic curves acquire false complex multiplication, and by which rings.

In §6, we list all our computational results and give a moduli interpretation of the exceptional
points.

The computer calculations were done using Magma [3]. In particular, we made use of plane
models of X((n) given by polynomials in Q[z, y|, and the g-expansions of the modular functions
z and y for every n. These data were obtained from M. Harrison’s Small Modular Curve
database, which is included in Magma.

2. Quadratic points on Xy(n)

In this section we describe the set of all quadratic points on Xo(n). We write X = Xo(n) and
J = Jo(n). We write ¢ for the hyperelliptic involution of X, and we fix a hyperelliptic map
z:X — P! and a cusp C € X(Q).

Using Magma’s functionality for 2-descent [26], one proves in all the cases that we consider
that J has rank 0 over Q. One could alternatively prove that J(Q) has rank 0 using L-functions
[25, §3.10]. Thus, in this section J(Q) is finite.

2.1. Finding the quadratic points

We first observe that finding the quadratic points on X amounts to finding the rational points
on the symmetric square X of X, which classifies effective divisors of degree 2 on X. The
map

p: X —J
D+ [D—C —u(C))

is an isomorphism away from the fibre above 0, and ¢~!{0} is isomorphic to P'. We have
XP(Q) = ¢ H{OHQ U (J(Q) \ {0}).

Note that ¢=1(J(Q)\{0}) is finite (since J(Q) is finite by assumption), so the set of exceptional
quadratic points on X is finite. Moreover, this set is easy to compute from J(Q); we will do
this explicitly in §6.

Let K be a quadratic field, let o be the generator of Gal(K/Q), and let P be a point in
X(K)\ X(Q) with rational z-coordinate. Then ¢ acts on P in the same way as 0. Let E be an
elliptic curve over K in the Q-isomorphism class of elliptic curves (together with a subgroup)
corresponding to P. As we will see, the moduli interpretation of ¢ (for example, ¢ is an Atkin—
Lehner involution wy for most values of n) implies that the curves E and °E are Q-isogenous.
Thus, F is a Q-curve.

This construction is similar to the one with hyperelliptic modular curves X;(n) [4, §4],
but there is a fundamental difference. Namely, the curves X;(n) are fine moduli spaces, while
Xo(n) are only coarse moduli spaces. Consequently, the Q-curves obtained from X;(n) in [4]
are K-isogenous to their Galois conjugates, while our curves obtained from Xy(n) are only
K-isogenous to their Galois conjugates up to twist, meaning that F is K-isogenous to a twist
of °E, or in other words that E and °E are Q-isogenous. We refer to Elkies [6, § 3] for a detailed
exposition of the relevant properties of the curves Xg(n).

By what we have seen, determining X ?)(Q) amounts to determining the finite group J(Q),
which we will do in the next proposition. Note that for all curves X that we consider, X (Q)
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consists entirely of cusps. The cuspidal subgroup of J(Q), denoted by C}, is the subgroup of
J(Q) generated by the classes of the divisors P; — P5, where P;, P; are Q-rational cusps of X.

PROPOSITION 3. Let n be an integer such that Xo(n) is hyperelliptic of genus at least 2 and
such that Jy(n)(Q) has rank 0. Then Jo(n)(Q) is equal to its cuspidal subgroup C.

Proof. One can obtain an upper bound on the size of J(Q) by using the fact that, for
a prime p of good reduction, the prime-to-p part of J(Q) injects into J(F,). The function
TorsionBound in Magma does exactly this. In all cases except n € {30, 33,39, 46,48}, this
immediately shows that C; = J(Q).

For n € {30,33,39,46,48}, the bound obtained in this way is unfortunately larger than
the order of the cuspidal subgroup. For n = 30 and n = 48, we only obtain that the index
(J(Q) : Cy) is a divisor of 4, while for n € {33,39,46} the index is 1 or 2.

We deal with the cases n = 33 and n = 39 by studying the group structures of the reductions,
not just their orders.

Let n = 33. The group structure of C; is found to be (Z/10Z)?. We compute

J(Fs) ~ Z/10Z & Z/20Z
and
J(F7) ~ (Z/22)? & (Z/10Z)2.
Since J(Q) injects into both of these groups, it follows that J(Q) = C}.
Similarly, in the case n = 39, we compute
Cy ~7)27. & 7,/282Z,
J(F5) ~Z/A7 ® 7./28Z,
J(F7) ~ (Z/27)3 & 7./287,
from which it follows that J(Q) = C}.
Let n = 30. We compute
Cy~Z/2LSL/AL B L)24Z,
J(F7) ~ (Z/27)? © 7.JAZ & 7./ 487,
J(Fo3) ~ Z/27. & /127 & (Z,/24Z)>.
Therefore, J(Q) is isomorphic to a subgroup of (Z/2Z)? & Z/AZ & 7/247. Now the splitting
field of J[2] is Q(v/—3,/5), and we can extract a basis for J[2] from the classes of the divisors
P — @ where P and @) are Weierstrass points of X. By computing the Galois action with
respect to this basis and taking invariants, one shows that J(Q)[2] ~ (Z/2Z)3. This implies

that J(Q) = Cj, as claimed.
Next, let n = 46. We compute C; as

Cy~ZJ1Z® L/227.

Using reduction modulo 3 and 5, one shows that J(Q) is isomorphic to a subgroup of (Z/227)2.

The splitting field of J[2] is Q(v/—23, @), where a® — a — 1 = 0. Computing the Galois action

on J[2] as above, we obtain J(Q)[2] ~ Z/2Z, from which we conclude that J(Q) = C.
Finally, let n = 48. This case is harder, and we use the following method, proposed to us by

Samir Siksek. We have
Cy~Z/AZ®7/38Z®Z/8Z,

J(Fs) ~Z/27 © Z/AZ & (Z/8Z)>.
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By computing the Galois action on J[2] as above, we obtain J(Q)[2] ~ (Z/2Z)? and hence
J(Q)[2] C C;. Suppose that J(Q) # Cy; then there exist P € Cy and Q € J(Q) \ C; such
that 2¢Q) = P. This implies that P 4 2C'; is in the kernel of the map

Cy/2C; — J(Q)/2J(Q),
and hence also in the kernel of
Cy/2C; — J(F5)/2J (Fs). (1)

An explicit calculation shows that the map (1) is injective. Thus, P is in 2C}, say P = 2R
for some R € Cj. It follows that P = 2R and 2(Q — R) = 0 in J(Q). Since C; contains the
complete 2-torsion of J(Q), it follows that @ € C, which is a contradiction. We conclude that
J(Q)=0Cy. O

2.2. Fields of definition of elliptic curves with 28- or 40-isogenies

We now prove that all but a finite number of Q-isomorphism classes of elliptic curves over
quadratic fields with 28- or 40-isogenies are defined over real quadratic fields. This follows
from the description of all quadratic points that we have just obtained.

THEOREM 4. With a finite number of exceptions (up to Q-isomorphism), all elliptic curves
over quadratic fields with a 28- or 40-isogeny are defined over real quadratic fields.

Proof. The modular curves X (28) and X(40) have the following equations (see for example
(8, §4.3] or [7, §§4.3-4.4]):

X0(28): y? = fosg(x) = 2® + 102* + 2527 + 28,
X0(40):  y? = fao(x) = 2® 4+ 825 — 227 + 8% + 1.

Let P be a non-exceptional quadratic point on Xg(n), where n = 28 or 40. Then P is of the
form (z,+/fn(x)) with = € Q. It clear that f,(z) > 0, so P is defined over a real quadratic
field. O

REMARK 5. The exceptions mentioned in Theorem 4 do occur: there exist elliptic
curves over imaginary quadratic fields with a 28- or 40-isogeny. There are a finite number
of Q-isomorphism classes of such curves, corresponding to the points in Tables 4 and 11
(see §6).

2.3. Number of elliptic curves in an isogeny class

We now prove a result about isogeny classes of elliptic curves over quadratic fields. Kenku
proved in [18] that any Q-isogeny class of elliptic curves contains at most 8 curves. In [2],
the authors find isogeny classes over Q(v/5) containing 10 curves. We show that the largest
k such that there is an infinite number of isogeny classes over quadratic fields containing k
curves is k = 16, coming from points on X((48). When counting isogeny classes, we count up
to Q-isomorphism.

THEOREM 6. There is an infinite number of isogeny classes of elliptic curves over quadratic

fields containing 16 curves. For all k > 16, there is only a finite number of isogeny classes of
elliptic curves over quadratic fields containing k curves.
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Proof. Since X(48) is hyperelliptic, it has an infinite number of quadratic points. Since
there is only a finite number of Q-isomorphism classes of elliptic curves over quadratic fields
with complex multiplication, there are, in fact, an infinite number of quadratic points on
X(48) corresponding to elliptic curves without complex multiplication. Let E; be an elliptic
curve over a quadratic field K corresponding to such a point.

Let fi5 : E1 — E5 be a 16-isogeny (over K) to another curve Es. Then fy 5 factors as
fas 0 faao faso fi2, where f; ;11 is a 2-isogeny from FE; to E;y; and E», F3 and E, are
elliptic curves over K. We note that Fs, F5 and E4 all have two distinct 2-isogenies over K.
It follows that E5(K), E3(K) and E4(K) all have full 2-torsion. This implies that each of
these curves has a third 2-isogeny, say to Eg, F7 and Fg, respectively. We obtain the following
isogeny diagram:

Eq Ey B3 Ey Es

Es E; Eg

Each of the E; is 3-isogenous (over K) to an elliptic curve EJ, and hence we get 16 elliptic
curves in this isogeny class.
The second claim follows from results of Bars [1, Theorem 4.3]. O

REMARK 7. The elliptic curve E; is 12-isogenous to a twist of “F;, so “E; is a twist of
either B} or Ej§. It follows from the moduli interpretation of S4s (see §3.4) that the kernel of
this isogeny is not in the kernel of a 48-isogeny, ruling out E%. We conclude that “F; is a twist
of E§.

3. Moduli interpretation of the normalizer of T'g(n)

Let n be a positive integer, and let B(I'g(n)) denote the normalizer of Tg(n) in the group
GL2(Q)* of 2 x 2-matrices over Q with positive determinant. In this section, we describe a
canonical action of B(I'g(n)) on Xy(n), and we give a moduli interpretation of this action.
From this we then derive a moduli interpretation of the hyperelliptic involution of Xy(n). This
lies at the basis of the constructions and results of the next two sections.

3.1. The action of B(I'y(n))

Let C,, be the category defined as follows. The objects of C,, are triples (E — S, C,w) consisting
of an elliptic curve E over a Q-scheme S, a cyclic subgroup scheme C of order n of E and a
nowhere-vanishing global relative differential w on E. A morphism (£’ — S’,C",w') — (E —
S,C,w) in C, is a Cartesian diagram of schemes

oy
S —— S

that is compatible with the group structure and satisfies ¢*C = C’ and ¢*w = w’'. We will
usually omit S from the notation.

We let B(I'g(n)) act by equivalences of categories on C,, as follows. Let v € B(I'¢(n)). First,
we consider the case where « is a scalar matrix (3 2) with a € Q*. For such v, we define

Y(E,C,w) = (B,C,a  w).
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Next, we may assume that ~y is of the form (g 3) with a,b,c,d € Z. We put § = dety = ad — be;
this is a positive integer. After étale localization on S, we can choose an isomorphism

¢ : (Z/néZ)% = E[nd).
We may assume that the subgroup (¢(0,6)) generated by ¢(0,d) equals C. We put
C’Y = n<¢(a7 b)a d)(C, d)> - E.

This is a subgroup of order § whose structure (elementary divisors) is given by the Smith
normal form of . Furthermore, we put

E' =E/C,
and
C" = ((¢(c,d)) + C,)/C, C E';

one easily sees that C” is cyclic of order n. There exists a unique differential w’ on E/C., whose
pull-back to E equals w. We define

Y(E,C,w) = (E',C",u").

Because X(n) is the coarse moduli space of pairs (E, C), and this construction commutes
with scaling w, any v € B(I'g(n)) induces an automorphism

Lyt Xo(n) = Xo(n).

This automorphism only depends on the image of v in B(I'g(n))/To(n). Thus, we get an action
of the latter group by automorphisms of the curve Xo(n) over Q.

3.2. The complex perspective

We now study an analogous construction over the complex numbers, where we can express
elliptic curves using lattices.
Let Lg denote the set of all group homomorphisms 9 : Q% — C such that the group

Ly = (Z?) = Zap(1,0) + Zep(0, 1)

is a ‘positively-oriented’ lattice in C, in the sense that 1(1,0) and (0,1) are R-linearly
independent and (1,0)/(0, 1) has positive imaginary part.

We define a free left action of GL2(Q)T on Lg as follows: given v € GL2(Q)* and ¢ : Q2 — C
in Lg, we define vy € Lg by

() = g blo)

where vy denotes the usual right action of GL2(Q)™ on Q? (‘row vectors’). More precisely, the
bases (w1, ws) of Ly, and (w],wh) of L.y defined by

w1 = w(la 0), wy= w<0’ 1)a
wll = (71/])(170)7 WIZ = (WP)(O? 1)7

satisfy the relation

1 1
Wy = det'y(awl +bwy), wh= det’y(cwl + dws). (2)
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LeMMA 8. (1) Let ¢ and ¢’ be in Lg. Then Ly, = Ly if and only if the orbits SLo(Z)y and
SLo(Z)y" are equal.

(2) Let ¢ be in Lg, and let v and " be in GLy(Q)*. Then L.y = L. if and only if the
cosets SLo(Z)y and SLy(Z)y' are equal.

Proof. The first claim is easy to verify; the second one follows from the first and the fact
that GL2(Q)™ acts freely on Lg. O

Now let n be a positive integer. We write L,, for the set of pairs of lattices (L, L’) in C such
that L’ O L and L’/L is cyclic of order n. Let 7, be the matrix (% ). We define a map

I ﬁ@ — En
U= (Ly Lyp)-
We note that L, is the lattice spanned by +(1,0) and (1/n)1(0,1).

LEMMA 9. The map m, Is a quotient map for the left action of the subgroup T'g(n) C
GL2(Q)*" on Lg.

Proof. Tt is straightforward to check that m, is surjective. We have

(V) = (LWM waw)

Hence m,(y¢) = m,(¢) if and only if L,y = Ly and L., 4y = L,,y. By Lemma 8, this
condition is equivalent to v € SLa(Z) and v,7v7,, ! € SLa(Z), which is in turn equivalent to
S FO (n) O

The above result yields a natural action of B(T'g(n)) on L,,. Viewing elements of £,, as values
of m,, we can describe this action as

Y(Ly, Ly, ) = (Loyaps Ly, ) for all v € B(Ty(n)) and ¢ € Lg.

Furthermore, there is a map from Lg to the upper half-plane H sending 1 to (1,0)/1(0,1).
This descends to a map from £, to the non-compact analytic modular curve T'o(n)\H. From
these observations and the relation (2), we obtain a commutative diagram

Lo—H

[
£, — To(n)\H

in which the upper horizontal map is compatible with the action of GL2(Q)" and the lower
horizontal map is compatible with the action of B(I'y(n)).

3.3. Compatibility

We now show that the constructions in the two preceding sections are compatible. This allows
us to reinterpret the action of B(T'g(n)) on the analytic modular curve I'p(n)\H as an action
on objects of C,,.

Let C2™ be the set of isomorphism classes of (analytified) objects of C,, over the base S =
SpecC. The action of B(I'g(n)) on C,, induces an action on C2". We define a map

F,: L, —C"
(L,L')~— (C/L,L'/L,2midz).
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The following result shows that F, respects the actions of B(I'g(n)) that we have defined on

L, and on C3", respectively.

ProproSITION 10. For all v € B(To(n)) and all (L,L') € L,, we have
Fu(v(L, L)) = v(Fu(L, L')).

Proof. Let (L,L") € L, and let ¢ € Lg be such that m, () = (L, L), so that L = L, and
L'=L,, . InC2, we then have

Fo(L, L/) = (C/Ldia L'Yn?l)/Lfﬂv 2midz).
We first assume that v is a scalar matrix (¢ ) with a € Q*. Then (2) implies
Ly=a'Ly=a'L and L, .4=a 'L, ,=a 'L

This implies
Fo(y(L, L)) = Fn(ailLa ailL/)
=(C/a*L,a"*L/a™ L/, 2midz).

On the other hand, we have
Y(Fo(L, L)) = (C/L,L/L',a™" - 27idz).

These two objects are isomorphic via the map z — az.

Next, we assume that ~ is of the form (g 2) with a,b,c,d € Z and 6 = ad — bc > 0. Then
the lattices L = Ly and L.y satisfy L,y 2 Ly and L.y /Ly has order §. We define a group
isomorphism

¢ : (Z/ndZ)* = (C/L)[nd] = %L/L
(x mod nd, y mod nd) — (x/nd,y/nd) mod L.

A straightforward computation shows that both v(F,,(L,L")) and F,(v(L,L’)) are equal to
(C/Lyy, Loy, v/ Ly, 2mi dz) in C2™. This concludes the proof. O

3.4. Moduli interpretation of the hyperelliptic involution

We now describe an element v € B(T'g(n)) such that the hyperelliptic involution ¢ of X¢(n) is
the automorphism induced by 7 as in § 3.1, and we give a moduli interpretation of ~.

Suppose first that ¢ equals the Atkin-Lehner involution wy for some d | n with ged(d, n/d) =
1. This is the case for all n we consider except n = 40 and n = 48. For the matrix v we can
take any (¢ %) with a,b € Z and ad — b(n/d) = 1.

In [24, §4] it is proved that for n = 40, the involution ¢ is induced by the action of the
matrix Bao = (s 1) € B(T0(40)) of determinant 20, and that for n = 48 it is induced by
the matrix Bis = ()% ¢) € B(I'0(48)) of determinant 12.

By the description of the action of B(I'g(n)) in §3.1, the element v equips every elliptic
curve with a cyclic subgroup C of order n with a second cyclic subgroup C., of order §, where
0 = det~y, and hence with a d-isogeny. If ¢ = wy, then we have C., = (n/d)C}; if n = 40, then
C, is a subgroup of order 20 such that C' N C, has order 10; if n = 48, then C, is a subgroup
of order 12 such that C'N C, has order 6.
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4. Modular forms

Let n be a positive integer, and let v € B(T'g(n)). In this section, we construct a modular form
A, of weight 2 for I'g(n), based on the moduli interpretation of  described in § 3.1. The reason
for introducing A, is that it allows us to explicitly compute the isogenies determined by the
hyperelliptic involution of Xy(n). This generalizes the methods of Elkies [6] to our setting.

More precisely, let (E — S,C,w) be an object of Cy,, and let C, be the cyclic subgroup
of E determined by the moduli interpretation of v as in §3.1. Let E’ be the quotient E/C,
equipped with the differential induced from E. In the situation of §5 below, we know explicit
expressions for E, E’, § and A,(E,w). The subgroup C, can be computed from these data
using an algorithm due to Elkies [6, §3]. We can then use Vélu’s formulae [27] to compute
rational functions defining an isogeny E — E’ with kernel C,.

4.1. Preliminaries

We begin by recalling the facts about modular forms that we need in this section and by
introducing our notation.

A modular form of weight k for I'o(n) can be viewed, according to Katz, as a rule that to
every object (E — S, C,w) of C,,, where we may restrict to the case where S is an affine scheme
Spec A, assigns an element F(E — S, C,w) € A that satisfies F(E — S,C, \w) = A\ *F(E —
S, C,w) for all A € A% is compatible with morphisms in C,, as in §3.1, and is regular at the
cusps in a suitable sense; see Katz [13, Chapter 1] for details.

If E is the Tate curve over C((¢q)) with parameter ¢, equipped with the canonical subgroup
C = p, and the canonical differential w = d{/¢, then the g-expansion of F' is F(q) =
F(E,C,w) € C((¢)). The space of modular forms of weight 2 for T'g(n) is isomorphic to
the space of logarithmic differentials on Xg(n); see for example Katz [13, Appendix 1]. If F,
is the modular form of weight 2 attached to a logarithmic differential «, the relation between
a and F, can be expressed in terms of the g-expansion of F, as o = F,(q)(dq/q).

Over C, modular forms F' as above correspond to functions f on the upper half-plane H: if
(E,C,w) = (C/(ZT + Z),{(1/n),2midz), then F(E,C,w) = f(7). The logarithmic differential
corresponding to a modular form f is f(7)(dq/q), where q = exp(2miT).

The group B(Ty(n)) acts from the right on the space of modular forms of weight & for T'g(n)
via

(F|k’7)(EvC7w) = F(’}/(E,C,OJ)).

If o is a logarithmic differential on Xo(n) and ¢ is the automorphism of Xy (n) induced by 7,
we have

Fuloy = (dety)Fsq. (3)

As usual, we write o (m) for the sum of the kth powers of the positive divisors of m. Let
E4 and Eg denote the standard Eisenstein series, normalized so that their g-expansions are

240~ £
1 (o]
Ee(q) = TEoa Z os5(m)q™
m=1

If F is an elliptic curve given by a Weierstrass equation in x and y, equipped with the standard
differential w = dx /2y, these Eisenstein series are related to the usual coefficients ¢4 and cg by

¢y =240E4(F,w) and ¢ =504E6(E,w).
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We view E4 and Eg as modular forms for I'g(n). Furthermore, for every divisor d of n, let Egd)
be the modular form of weight 2 for I'g(n) given by the g-expansion

ES” (q) = Ea(q) — dEa(q?),
where

E2(q) = — 57

|
=
+
g
Q
B
<
3

4.2. The modular form A,

Let n be a positive integer, and let v € B(I'y(n)). Let (F — S, C,w) be an object of C,, and
let C be the cyclic subgroup of E' determined by the moduli interpretation of v as in §3.1.
We may assume that S is an affine scheme Spec R and that E is given by a short Weierstrass
equation

E:y =2+ asx+as (as,a6 € R, 4a3 + 27a2 # 0)

with w = dx/(2y). We put

Ay (E =S, Cw)= > az(P)eR
PeC,\{0}

One can check that this construction defines a modular form of weight 2 on Xo(n).

Next, for all n in the set mentioned in the introduction, we will derive an explicit expression
for A, in terms of Eisenstein series, where vy is the matrix inducing the hyperelliptic involution
fixed in §3.4.

If n is not 40 or 48, the hyperelliptic involution of Xy(n) equals the Atkin-Lehner involution
wq for some d | n with ged(d,n/d) = 1. It can be shown that

Ay = —2dEYY; (4)

see Elkies [6, §3].

In the remaining cases n = 40 and n = 48, the hyperelliptic involution of Xy(n) is not an
Atkin—Lehner involution. In these cases we have v = 849 and v = (45, respectively, as defined
in §3.4.

ProproSITION 11. The g-expansions of the modular forms Ag,, and Ag,, are

Apy (@) = 40(EY (q) — 3ESV (q) + ES(q)),
Ap,e(q) = 24(EP) (q) — 3E (¢) + ES(q)).

Proof. The computation is inspired by Elkies’s proof of (4). We compute the g-expansion
by evaluating Ag,, on the Tate curve C/q% over C((q)) with coordinate ¢, equipped with
the standard subgroup u, and the differential d¢/¢. The subgroup Clg,, is cyclic of order 20,
generated by ¢'/2(50. The z-coordinates occurring in the definition of Apg,, can then be viewed
as values of the Weierstrass p-function. From the definition of Ag,, and the classical formula

p(z;7) = (27ri)2 (—2 Eg(q) + Z (1_(]";;02)7

n=—oo
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where ¢ = exp(27i7) and ¢ = exp(2wiz), we deduce

Apolg) = Y (-21@2 +Zl—q”§>

CeCpyy \{0} neL

= —38Ea(q) + Y Z

C€Cpy nGZ

It is a straightforward, but tedious, formal computation to show that

Agin(a) = =38F2(@) + D_(Swo(a") = S10(a™/%) + Sa0(q"*/%)),

nez

where for m > 1 the rational function Sy, € Q({)(x) is defined by

m—1
_ (i
Sn= 2 T ch?

By expanding in a Taylor series around = = 0, we obtain

=m? Z lz'™ — lel € Q[[z]]

>1 1>1

and hence .
Spp = m2—— — € Q(x).
e T A—ap

By substituting 2 = exp(t) and expanding in a Taylor series around ¢ = 0, we get

12

Furthermore, it is easy to check that S, is invariant under replacing « by 1/z. We therefore
obtain

Ay = —38E2(q + 23" Si0(@") — 23 Sio(a™ ) + 23 Sao(q?)
n>1 n>0 n>0
Z ql()n C]n
= —38E3(q) — — + 2 (100 o — 2)
n>1 —q ) (1 —q )
10n+5 n+1/2
q
-2 100
EO( N
20n+10 qn+1/2
+2 Z <400 q20n+10)2 - (1— q"+1/2)2>
n=0
10 qlon+5 20 +10
= ~40Ex(q) + 200F2(g ™) — 200 Z m +800 Z 20n+10)2
n20 1 n>O -4

= —40E5(q) + 200 E(¢"°) — 200(E2(¢°) — Ea(¢'")) + 800(E2(¢") — Ea(¢*"))
= —40E5(q) — 200 E5(¢®) + 1200 E5(¢'°) — 800 E2(¢*°).

which gives the first claimed equality; the second follows from the definition of E(d)
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Similarly, the hyperelliptic involution on Xy(48) is induced by the action of the matrix
Bag = (__468 é) of determinant 12 on C49 and on L49. A calculation analogous to the one above
gives the claimed identity. O

5. Moduli interpretation of quadratic points

Let n be such that X(n) is hyperelliptic of genus >2 and such that Jy(n)(Q) has rank 0. The
purpose of this section is to give a moduli interpretation of the quadratic points of Xg(n).
In particular, we show that if F is an elliptic curve over a quadratic field K admitting an
n-isogeny, then F is K-isogenous to a quadratic twist of its Galois conjugate, with a finite
number of exceptions up to Q-isomorphism. The following theorem summarizes the results of
this section.

THEOREM 12. Let K be a quadratic field, and let E be an elliptic curve over K without
complex multiplication coming from a non-exceptional point of Xo(n)(K). Then there is a
quadratic extension L of K (which can be explicitly computed) such that the following holds.

(1) The curve E is a Q-curve that is completely defined over L.

(2) The curve E acquires even rank over L.

5.1. The moduli interpretation

Let ¢ be the hyperelliptic involution on Xy(n), and let v be the element of B(I'y(n)) chosen in
§ 3.4 so that « induces the hyperelliptic involution ¢. We put

0 = det .
We fix a non-zero meromorphic differential @ on Xg(n) satisfying
o= —a.

Let f, be the cusp form of weight 2 corresponding to « as in §4.1. Then we can uniquely
express E4 and Eg as

Eq=gyf2 and Eg¢=ggf3,

where g4, g6 are meromorphic functions on Xg(n).

LEMMA 13. The action of v on E4 and Eg is given by

L v
}E4|4’Y = (—5)2£E4 and ]E6|6’Y = (—5)3£E6.
94 9o

Proof. By (3) we have f,|27 = §f.=a; our choice of « implies f,xo = f—o = —fo. The claim
now follows from the identities Ey4|4y = (t*94)(fal2v)? and Egley = (t%g6)(fal27)?. O

For the rest of this section, we fix the following data. Let K be a quadratic field, and let
o be the non-trivial element of Gal(X/Q). Let E be an elliptic curve over K together with a
cyclic subgroup C of order n. Let P be the K-rational point of X((n) determined by (E,C).
We assume that E does not have complex multiplication, and furthermore that the K-rational
point of Xy(n) defined by the pair (E, C) is not in the finite set of exceptional quadratic points
on Xo(n).
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We fix a non-zero global differential w on E; this gives rise to a (non-uniquely determined)
Weierstrass equation and to the usual c-coefficients ¢4 and cg, which only depend on w. We
define p and X in K* by

_ 21g6(P)ca

a(p)
=——" 2~ and A= -6—2.
M 100(P)es i

We define an extension L of K (of degree 1 or 2) by
L=KWN\).

We note that L can also be written as K (\/—6 Normg,q(x)) and is therefore either K itself
or a Vi-extension of Q.

Let E’ be an elliptic curve over K, equipped with a non-zero global differential w’ (or
equivalently given by a short Weierstrass equation), such that the c-coefficients of (E’,w') are

) =N0o(cy) and ¢ = No(cs).
We note that E’ is a quadratic twist of the Galois conjugate °F of E, namely E' = (°E)V).

PROPOSITION 14. In the above situation, there exists a d-isogeny p : E — E’ with kernel C.,
satisfying p*w' = w.

Proof. Let w” be the differential induced by w on E/C,,, and let ¢j and cg be the c-coefficients
corresponding to (E/C,,w"). We have to prove that (E/C,,w") is isomorphic to (E',w’). It
is enough to show that (¢}, c) = (¢}, cf), or equivalently that each of the two modular forms
E, and Eg takes the same value on (E/C,,w") and (E’,w’).

There is some cyclic subgroup C” in E/C., such that

Y(E,C,w) = (E/C,,C",w").
Using Lemma 13 and the fact that Ey4 only depends on (F,w) and g4 only depends on P, we
get
E4(E/C7,w") = ]E4(E/C,y, Cl, UJH)
= (E4|la7)(E, C,w)

— (o7 (2 (P Eu(E. O

g4

e ntP) g
= (o2 BB ).

This implies

) g aalP)
Cq = ( 5) g4(P) 4-
Noting that g4(c(P)) = o(g4(P)), we rewrite this as
ot
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Likewise,
P)/cs)
= (=65 30(96( oleq).
0= Py e )
The fact that E defines the point P on Xy(n) implies that E is a twist of the curve defined
by y? = 23 — 5g4(P)x — %gg(P)7 so there exists u € K* such that

24094(P) = p?cy and  504g6(P) = pics. (5)

o= (—502‘))20@4) and o = (-5"2”)30@6).

Furthermore, it follows from (5) that p can be expressed as

o= 2196(]3)64
10g4(P)cg’

This implies

as claimed. O

Proof of Theorem 12. We take L to be the field defined above. The first claim follows
from Proposition 14 and our assumption that F does not have complex multiplication. To
prove the second claim, we note that the curves E) and °E are K-isogenous, which implies

rk E(L) = rk B(K) 4+ rk EV(K)
=1k E(K) + 1k °B(K).

It remains to observe that E(K) and “E(K) are isomorphic. O

REMARK 15. One can in fact show that E acquires ‘false complex multiplication’ over L,
in the sense of [4]. More precisely, let M = Q if L = K, and let M be one of the quadratic
subfields of L other than K itself if [L : K| = 2. Then there is an action of the ring Z[v/m] on
the Weil restriction A = Res/ys £ and hence on the group A(M) = E(L), where m is either
6 or —4. In particular, since 0 is not a square in any of the cases we consider in this paper,
E(L) has even rank. The rank of F will also be even over many extensions of L; see [5] for
details.

REMARK 16. The question over which field the isogenies between a Q-curve and its Galois
conjugates are defined was studied from a somewhat different perspective by Gonzélez [9]. We
leave it to the interested reader to compare the two approaches.

5.2. An example

We now give an example to show how to explicitly compute the field of definition of an
n-isogeny on an elliptic curve over a quadratic field corresponding to a mnon-exceptional
quadratic point on Xg(n). We take n = 22 for simplicity, but the same method works in
all cases.
The curve X((22) has genus 2, and the Small Modular Curve database in Magma gives the
equation
X0(22) 1 y? — a3y = —at 4 52 — 102% + 122 — 8.

The hyperelliptic involution ¢ equals the Atkin—-Lehner involution wi; and is induced by the
matrix v = (33 {3). We fix the differential

dzx

T -2y -2
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Then we have
53 4+ 222 + 122+ 8

12

E5’V = fa

Furthermore,
Es=gaf2 and Ee = gsfs,

where g4 and gg are the rational functions defined by

240g4 = 120(—2® + 622 + 4z + 8)y
+1212% — 4842° + 6042t — 35223 — 40022 + 24962 — 2240,
—504g6 = 36(—372° + 2362° — 1402 4 152023 + 36822 + 1408z — 448)y
+ 133127 — 79862° 4 1730427 — 98322° — 496322°
+ 1487042 — 1747202 + 1317122° 4 161282 — 179200.

We consider the points with x = —1. These are defined over the quadratic field K of
discriminant —143, and the points are P = (—1,43) and «(P) = °P = (—1,—1 — ), where
B2 + B+ 36 = 0. One of the elliptic curves in the family (consisting of quadratic twists)
corresponding to the point P is

637 — 28183

1
E:yQ—&-xy—f—(l—i-B)y:xS—§m2+(74—286)x+ 5

(The class number of K is 10, and E does not admit a global minimal model.) The element
1 € K* happens to be 1, so E and ("E)(*H), with o the non-trivial automorphism of K, are
related by an 11-isogeny. Furthermore, if C' C FE is the canonical cyclic subgroup of order 22
and w is the standard differential, the modular form A, takes the value —77/6 on (F,C,w).
Using Elkies’s algorithm, we compute that the kernel C of this 11-isogeny is defined by
the polynomial

P, = a® 4 62" + (285 + 338)2® — (1110 + 7593)z”
+ (40298 — 124963)x — (13223 + 3832473).

Using known algorithms, we can compute the rational functions defining the isogeny, but we
will not write these down.

Finally, we note that both E and its quadratic twist by —11 have rank 0; this can be
shown by a 2-descent. This implies that E has rank 0 over L = K(v/—11), which is consistent
with Theorem 12.

6. Exceptional points

6.1. Notation

In our tables, Q( \/Zi) is the field of definition of the exceptional elliptic curve, and w denotes v/d.
The coordinates denote the quadratic points on the given model of Xy(n) that are not in
#~1{0}(Q) in the notation of § 2. The ‘CM’ column indicates whether the corresponding elliptic
curves have complex multiplication; an entry —D means that they have complex multiplication
by the imaginary quadratic order of discriminant —D.

As we are interested in the moduli interpretation of all the quadratic points on Xg(n), it
makes sense to determine the isogeny diagrams corresponding to the exceptional points. In our
diagrams, the vertices are the points P on Xy(n) instead of the corresponding elliptic curves
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with an n-isogeny. We use this notation as the points P take considerably less space to write
down. We do not write down the functions that for a given point on Xy(n) construct an elliptic
curve with an n-isogeny; these functions are implemented in Magma.
Let P, P, be points on Xp(n) forming an isogeny class whose isogeny diagram is of
the form
PP

In this case, we say that the isogeny diagram is simple and denote it by S(Py, Py, n).
Let Py, Po, P3, Py be points on Xy(n) forming an isogeny class whose isogeny diagram is of
the form
PP

b b

P3P

where the degrees a and b of the isogenies satisfy ab = n. In this case, we say that the isogeny
diagram is a square and denote it by SQ(Py, Ps, Ps, Py, a,b).

For completeness, we give data on the modular curves Xy (n) for all n in our list, even though
some of them do not have exceptional points.

TABLE 1. X((22).

Model: 3 + (—23)y = —z* + 52> — 102% + 122 — 8
Genus: 3

Hyperelliptic involution: w11

Group structure: Jo(22)(Q) ~ Z/5Z & Z/5Z
Exceptional conjugacy classes of points:

Name d Coordinates CM
P -7 (3(w—1), 3 (w+ 11)) no
P, -7 (3(w—1),—w—3) no
Ps -7 (3(~w+3),5(Tw—13)) no
Py -7 (A(~w+3),3(-3w+1)) no
Ps -7 (3(~w+1), 2(w—05)) -7
Ps -7 (3(—w+1),0)) -7
Py 33 (3(~w-3),3(-3w—13)) no
Ps 33 (3(—w—3),—6w — 34) no
Py —47  (G(w+1),5(=Tw+1))  no
Pro —47 (3(w+1), 3(—w-9)) no
P —47  (2(—w+5), 5= (w — 41)) no
Pisy —47  (g(—w+5), :(—w—17) no

Isogeny diagrams of non-CM points, up to conjugation:
SQ(P1, P2, Ps, Py,2,11),SQ(P7,°Pr, Ps,°Ps,2,11),SQ(Ps, Pio, P11, Pi2,2,11).

REMARK 17. The points Py and Pjg are lifts of a point on X¢(22)/ws.
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TABLE 2. X(23).

Model: y* + (—2* —2 — 1)y = —22° — 32 + 22 — 2
Genus: 2

Hyperelliptic involution: was

Group structure: Jo(23)(Q) ~ Z/11Z

Exceptional conjugacy classes of points:

Name d Coordinates CM
Py -5 (32w —2), $(8w + 70)) no
P -5 (32w —2),5(—22w—89))  no
Ps =7 (3(~w+3), 3 (—w—1)) no
Py -7 (3(~w+3),15(-bw+23))  no
P; -7 (0, 2 (w+1)) —7
Ps -7 (2, 2 (5w + 11)) —28
P —11  (§(~w+1), 5 (19w +49))  no
Ps —11 (s(—w+1), 22w +1)) no
Py —-11 (1, 3(w+3)) —11
Po —15 (3 (w+1), 16( 3w +5)) no
P —15 ($(w+1), 2(w+1)) no

Isogeny diagrams of non-CM points, up to conjugation:
S(Pl, P, 23), S(Ps, Py, 23), S(P7, Pis, 23), S(PlO, P, 23).

TABLE 3. X(26).

Model: y? + (—2* — 2z — 1)y = —22° — 32 + 22 — 2
Genus: 2

Hyperelliptic involution: wae

Group structure: Jo(26)(Q) ~ Z/21Z

Exceptional conjugacy classes of points:

Name d Coordinates CM
P -3 (3(w+1),-1) -3
Py -3 (3(w+1),1) —12
Py —11 (3(w—1),7) no
Py —11  (g(~w—1),5(Tw+28)) no
Ps -11  (3(~w—=1),5(-2w+1)) no
Ps —11 (3(w—1),—w—2) no
Py -23  (3(~w+1), 5= (w+2)) no
Ps -23  (3(w+1), ;5(—w+3)) no

Py —23

(i(w—i—l) i(—w—l)) no
Pio =23 (%(

—w+1), & (w+11)) no

Isogeny diagrams of non-CM points, up to conjugation:
SQ(Pg, F)47 P5, P6, 2, 13), SQ(P7, ]Dg7 .Pg7 P107 27 13).
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TABLE 4. X(28).

Model: 3 + (=223 4+ 322 — 32)y = 2* — 32% + 42% — 3z 4+ 1
Genus: 2

Hyperelliptic involution: wr

Group structure: Jo(28)(Q) ~ Z/6Z & Z/6Z

Exceptional conjugacy classes of points:

Name d Coordinates CM
P -3 (3(w+1),0) —12
Py -3 (3(w+1),1) —12
Ps -7 (3(—w+1), 2 (w+1)) -7
Py -7 (f(w+1), £(w+5)) -7
Ps -7 (G(~w+3),i(-w+3) -28
Ps -23  (H(w+1), i(—w+19)) no
P; -23  (3(~w+1), & (w+29)) no
Ps -23 (§(~w+5), 5 (-3w+7) no
Py -23  (3(w+5), o5 (—w+25)) no
P =23 (3(-w+3), i (w—11)) no
P =23 (3(w+3), 4 Bw+57)) no
Py —23 (F(w+1), $(—w+3)) no
Py3 -23  (g(~w+1),:(—w+7)) no
Py =23 (f(-w+5),15(-w+13)) no
Ps  —23 (s(w+5), 2(w—1)) no
Pis —23 (5(w+3), 116 (w+ 3)) no
Pir —23 ((—w+3), 3 (w+5)) no

Isogeny diagrams of non-CM points, up to conjugation:

Pio P
p—'  p p,— ' p

In these diagrams the dashed lines represent 7-isogenies, while the full lines
represent 4-isogenies.
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TABLE 5. X(29).

Model: y* + (—2® — 1)y = —2® — 32* 4 22 + 22 — 2
Genus: 2

Hyperelliptic involution: wag

Group structure: Jo(29)(Q) ~ Z/7Z

Exceptional conjugacy classes of points:

Name d Coordinates CM
Py -1 (w—1,2w+4) no
P, -1 (w—1,w—-1) no
Ps -7 (A(w+1), 16( 1lw—17)) no
Py -7 (5(w+1), (5w +9)) no

Isogeny diagrams of non-CM points, up to conjugation:
S(Pr1, P2,29), S(Ps, Py, 29).

TABLE 6. X(30).

Model: 4 + (—z* — 2® — 2?)y = 32" + 192° + 602 + 110" + 1212> 4 7922 4 28z + 4
Genus: 3

Hyperelliptic involution: wis

Group structure: Jo(30)(Q) ~ Z/2Z & Z/AZ © Z/24Z

Exceptional conjugacy classes of points:

Name d Coordinates CM
Py 5 (—w — 3, 71w + 159) —15
P 5 (3(—w—3),4w +9) —60
Ps -7 (3(~w—3),w—3) no
Py -7 (3(w-3), 312 (5w +9)) no
Ps -7 (3(~w=3),506w—-9) no
Ps -7 (3(w—3), 3 (w—15)) no

Isogeny diagrams of non-CM points, up to conjugation:
Py —— P

/ /

Ps——m B

G'P3 D‘P5

/

In this diagram, the horizontal lines are 5-isogenies, the vertical lines 2-isogenies
and the diagonal lines 3-isogenies.

PP

REMARK 18. All the curves in the diagram are Q-curves and are 6-isogenous to their Galois
conjugates and arise from rational points on the curve X (30)/ws.
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TABLE 7. Xo(31).

Model: y? 4+ (—2® —z — 1)y = —22° + 2* +42® — 32% — 4z — 1
Genus: 2

Hyperelliptic involution: ws1

Group structure: Jo(31)(Q) ~ Z/5Z

Exceptional conjugacy classes of points:

Name d Coordinates CM
Py -3 (3(w—1),-2) no
P, -3 (3(w-1),3(w+7)) no

Isogeny diagrams of non-CM points, up to conjugation:
S(P1, P, 31).

TABLE 8. X(33).

Model: y* + (—z* — 2% — 1)y = 22° — 22° + 112* — 102°® 4+ 202 — 11z + 8
Genus: 3

Hyperelliptic involution: w11

Group structure: Jo(33)(Q) ~Z/10Z & Z/10Z

Exceptional conjugacy classes of points:

Name d Coordinates CM
Py -2 (—iw, 2(—4w - 5)) no
P, -2 (w— 1 —5w — 5) no
Ps -2 (—%w,w +2) no
P, -2 (w—1,7w —2) no
Ps -2 (w, —w+1) -8
Ps -2 (w, w—|—2) -8
P; -7 (3(=3w+1),55(9w+93)) no
Ps =7 (3(w+1),-1) no
Py -7 (3(-3w+1),2(9w+33)) no
Pyo =7 (3(w+1),—w+1) no
Py, —11 (3(—w+1),w+1) —11

Isogeny diagrams of non-CM points, up to conjugation:
SQ(P]7 .P27 P3, .F)47v?)7 11), SQ(P?, P8, PQ, P):[O,?)7 11)

TABLE 9. X(35).

Model: y* + (—2* —2% — 1)y = —2” —22° —2° —32* + 2% — 227 + ¢
Genus: 3

Hyperelliptic involution: wss

Group structure: Jo(35)(Q) ~ Z/2Z & Z/247Z

Exceptional conjugacy classes of points:

Name d Coordinates CM
P 5 (3(~w—1),w+3) =35
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TABLE 10. Xo(39).

Model: y? + (—2* —2® —2? — 2 — 1)y = —227 4+ 22° — 7z* + 2% — 22
Genus: 3

Hyperelliptic involution: wsg

Group structure: Jo(39)(Q) ~ Z/27Z & Z/287Z

Exceptional conjugacy classes of points:

Name d Coordinates CM
P -3 (A(~w+1),5(-w+1)) -3
Py -3 (3(~w+1),-1) —27
Ps -7 (3(~w+3),5(—2lw+7) no
P, -7 (;(w+3), (3w +1)) no

Isogeny diagrams of non-CM points, up to conjugation:
SQ(Ps,°Ps, Py, °P1,3,13).

REMARK 19. The points Ps and P, come from points on X((39)/ws.

TABLE 11. X(40).
Model: y* + (—z* — 1)y = 22° — 2* 4 222
Genus: 3
Hyperelliptic involution: induced by B0 = ({3 10)
Group structure: Jo(40)(Q) ~ Z/12Z & Z/12Z
Exceptional conjugacy classes of points:

Name d Coordinates CM

P -1 (w,2w+1) -16
P -1 (w,—2w+1) -16

TABLE 12. Xo(41).

Model: y? + (—z* — z)y = —27 — 225 + 22° + 5x* + 223 — 42 — 52z — 2
Genus: 3

Hyperelliptic involution: wa;

Group structure: Jo(41)(Q) ~ Z/10Z

Exceptional conjugacy classes of points:

Name d Coordinates CM
Py -1 (3(-w-1),7(-3w—4)) no
P, -1 (3(~w—1),3(w+1)) no

Isogeny diagrams of non-CM points, up to conjugation:
S(P1, P2,41).
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TABLE 13. X((46).

Model:
4 (—xf —2® —2® — Dy =—2" + 20+ 2% — 72® + 2127 — 2925

+332° — 162" + 62° + 32 + 22 — 2
Genus: 5
Hyperelliptic involution: wa3
Group structure:

Jo(46)(Q) ~ Z/11Z & 7227

No exceptional points.
The non-existence of exceptional points also follows from our results for X, (23),
as an exceptional quadratic point on X (46) would also be an exceptional
quadratic point on Xo(23).

TABLE 14. X (47).

Model:

y2+(—m5 —zt =23 —2® — Dy = —22% + 22% — 727 + 42° — 52® — 42t + 72 — 102% + Tz — 3
Genus: 4

Hyperelliptic involution: waz

Group structure: Jo(47)(Q) ~ Z/23Z

No exceptional points.

TABLE 15. X(48).

Model: y? = 2® + 142* + 1

Genus: 3

Hyperelliptic involution: induced by Bis = (% ¢)
Group structure: Jo(48)(Q) ~ Z/AZ ® Z/AZ © Z/8Z
Exceptional conjugacy classes of points:

Name d Coordinates CM

P -1 (w, 4) ~16
Py -1 (w, —4) —16

TABLE 16. Xo(50).

Model: y* + (—2* — 1)y = —2® — 32 — 2
Genus: 2

Hyperelliptic involution: wsg

Group structure: Jo(50)(Q) ~ Z/15Z
Exceptional conjugacy classes of points:

Name d Coordinates CM
P -1 (w, —w) —4
P -1 (w, 1) ~16
Ps =7 (3(w—1),3) no
Py -7 (3(~w-1),%Bw+15)) no
Ps -7 (G(~w—-1), f(~w+3)) no
Ps -7 Gw-1),i(-w+1)) no

Isogeny diagrams of non-CM points, up to conjugation:
SQ(Ps, Pa, Ps, Ps, 2,25).
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TABLE 17. X0(59).

Model:

v 4+ (—2® —2* — 2Py = —22 + 521 — 72° + 1027 — 162° + 102° — 2* — 62° + 52? — 2 — 2
Genus: 5

Hyperelliptic involution: wsg

Group structure: Jo(59)(Q) ~ Z/29Z

No exceptional points.

TABLE 18. Xo(71).

Model:

V(2" =2’ -zt =2 — Dy =2 — 212 — 102t — 2020 — 72° + 2728
+362" — 31z° — 182" + 72® 4+ 102° + » — 3

Genus: 6

Hyperelliptic involution: w71

Group structure: Jo(71)(Q) ~ Z/35Z

No exceptional points.
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