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Let f(z) be an entire function, M(r) the maximum of f(z) on |z | =r, and
A>1. Let E, = E(f) = {z: log | f(2)] < (1-2)log M(} z|)}, and denote the
density of E, by
Di(E;)) = m(z€ E;: | z| £ R)/nR?
where m is planar measure.
Developing an idea of Lindelsf, Boas, Buck and Erdos (3) prove:

Theorem (A). For any A>1, there is a positive number K = K(1), the same
Sfor all entire functions, such that
D(E;) = Om Dg(E;) S K < 1/4;

R—w
Theorem (B). lim AD(E;)= lim A lim Dg(E;) =0;
A= A0 R-ow
and conjecture that perhaps
lim AD(E)) =0 *)

A=

also holds.

The authors of (3) do not seem to have noticed that their method gives some-
thing more, namely inequality (4) below, when the class of entire functions is
restricted to those of finite positive order and type, and in fact can be used to
show (in support of the conjecture (*)) that, in certain senses, no matter how
large A may be, AD(E,(f)) may be arbitrarily small for proper choice of f(z),
where f(2) has finite positive order p. (If fis a polynomial D(E)) = 0.)

Precisely, we have:

Proposition I. Given ¢>0, A>1, there exists a p = p(e)>0 and an entire
Sfunction f(z) of finite positive order p such that

AD(E(f)<s.
As =0, p—0.

Proposition IX. Given ¢>0, p>0, there exists an entire function f(z) of finite
positive order p and a A = A(e) such that

AD(E()<e
As e—0, 1> 0.
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Both propositions follow from the same proof which is simply (3) with
Jensen’s Inequality replaced by Jensen’s Theorem; combined with an easy
and well-known estimate, and an example of Boas (1).

Proof. Let H, ; = {0: log|f(re®)] < (1—2)log M(r)}. Let f(z) be an
entire function of finite positive order p and finite positive type 1, with f(0) = 1,
and, as usual, let n(f) = the number of zeros of f(z)in | z| £ ¢, and

N = j ’ n(t)/tdt.
Then as shown in (3), °

© 2n
L rog M) |~ mH, pai =tog M(r)— 2 | log | fire®| db
27t ) 27[ 0
= log M(r)—N(r), (1)
by Jensen’s Theorem.
Let I = lim n(r)/r®. Since t and p are finite, so is / (e.g. (2), p. 16). Given

r—oo

n>0, choose R, such that for r = R, = Ry(n),
(@) M(r)>1.
(b) log M(r) < (z+mr*.
(c) n(r) = (I—mr*.

Then (cf. (2), p. 16, or (1), p. 28), for r> R,,

N@) = J * w(t)tds+ '[ n(o)tdt = 1 e o),
as r—o0. ° fo g

Hence, for r> R,,
N(r) > l—n
log M(r) — p(z+n)
for every n>0, as r—> 0.

+o(1) @

R
Also, asin (3), m(ze E;: R S |z|<R) = J m(H,, )rdr.

Ro
Integrating this equation with respect to 4 and using (1) and (2) gives

o R
*\ 71 — 1— R2/R2—(2/R? rN(r) dr<1— I=n
L Dy(E3)di = 1~ R3/R*~ (IR ’L, og M) =" e

as R— oo, for every n>0, where Ef = E;\{z : | z| S R,}.

+o(1) 3y

But, as observed in (3), ADx(E%) £ J Dg(E%)dA. Hence letting R— oo, and.
0
n—0, (3) becomes

1— — > Tim ADR(E*) = Tim ADR(E,;) = AD(E)). @)
- R-w

1
pt R
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The inequality (4) holds for all entire functions of finite positive order and
finite positive type.
Consider now the special function

0

91.,(2) = T {1+4([A]n)~12%}

=1
where [1] is the greatest integer < A, and it is understood that if either p=>0
or A>1 is given the other is to be chosen so that 0< p<[4].

As shown in (1), g; ,(2) is an entire function of order p, and type

, (n/[]pescnp/[ 7],
with ] = 1.
Hence we have
- sin np/[1]
AD(Exg,,)) £1- ——=- 6))
e np/[4]
and so the two propositions.
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