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On Global Dimensions of Tree Type Finite
Dimensional Algebras

Ruchen Hou

Abstract. A formula is provided to explicitly describe global dimensions of all kinds of tree type fi-
nite dimensional k-algebras for k an algebraic closed field. In particular, it is pointed out that if the
underlying tree type quiver has n vertices, then the maximum global dimension is n — 1.

1 Introduction

Let k be an algebraically closed field, and let A be a finite dimension k-algebra. By a
module we mean a finite dimensional left A-module. The supremum of projective
dimensions of all A-modules, or equivalently, of all simple A-modules, is called the
global dimension of the algebra A, and is denoted by gl.dim.A ([We]).

It is well known that global dimensions of hereditary algebras are one, of tilting al-
gebras as well as quasi-tilting algebras are at most two, while those of self-injective al-
gebras except semisimple ones are infinite ([Au, As,Ha,Ri]). Some attractive issues of
representation theory of algebras such as representation dimensions of finite dimen-
sional algebras and the finitistic global dimension conjecture for Artin algebras are
all closely connected with global dimensions of corresponding algebras ([Ig, Ra, Xi]).
So to find global dimensions of finite dimensional k-algebras of the special type is
worthwhile and interesting.

A finite dimensional k-algebra is called tree type if it is Morita equivalent to some
k-algebra kA/{p) with A a tree type quiver and (p) an admissible ideal of kA. For
more information on tree type finite dimensional k-algebras we refer the reader to
[Bo, Br]. Although we know that the global dimension of a tree type finite dimen-
sional k-algebra is finite, there has not been a formula to describe it until now. In this
paper we provide a formula to explicitly describe global dimensions of all tree type
finite dimensional k-algebras.

Denote the cardinal number of the set R; by |R;|. Then we have the following
theorem.

Theorem 1.1 Suppose a tree type finite dimensional k-algebra A is Morita equiv-
alent to kA/{p), where A is a tree type finite quiver and (p) is an admissible ideal of
kA generated by relations on A. Then the global dimension of A is the maximum of
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{|R;|+ 1]i € J}, where R;,i € ] are the ultimately successive relation sets on A deriving
from the minimal relation generators of (p).

The technical terms in the theorem will be defined in the following section.

Example  Let A be the following tree type quiver

Q9 [&310]
y9<—10<—11
«Q Q Q (07
1— =2 —2 53 2 o4 "t o5

N a7
6———7 —>8
Suppose {p) is an admissible ideal of kA generated by
Qoryp, (20glrg, X300y, (i3, (], AeQl5(r1, (7.

Then by Theorem 1.1 the global dimension of kA/(p) is 5, since there are three ul-
timately successive relation sets on A in all, namely {ayao, a5, 3003, 03 },
{mar, a3z, 4053}, and {agasan, azae}, with the largest among them being
{avarig, gy, s, ayais }, with cardinal number 4.

2 Proof of Theorem 1.1

A quiver A = (A, Ay, s, e) is given by two sets Ag, A; and two maps s, e: A - Ag;
Ay, A are respectively called the set of vertices and the sets of arrows of A; s(«) and
e(«) are respectively called the head and the tail of @« € A;. A path p in A of length
I means a sequence of arrows p = oy~ with e(;) = s(ayy;) for 1 <i <1-1. Set
s(p) = s(ay), e(p) = e(cy) and I(p) = I, which are called the head, the tail, and the
length of p, respectively. Regard a vertex i € A as a path of length 0 and denoted
by e;. For any field k and any quiver A, let kA be the k-space with basis the set of all
finite length paths in A. For any two paths p = .- and g = 8,,---51 in A, define
the multiplication

0, otherwise.

. {ﬂnmﬂlam--m, ife(p) = s(q),

Then kA becomes a k-algebra, which is called the path algebra of A. In kA, we
denote by kA™ the ideal generated by all arrows. Note that (kA*)” is the ideal gen-
erated by all paths of length > n.

A relation ¢ on a quiver A over a field k is a k-linear combination of paths ¢ =
aipy + - +a,p, with a; € kand e(p;) = - = e(p,) and s(p1) = - = s(p,). We say
that o starts from e(p;) = --- = e(p,) and ending in s(p;) = ==+ = s(p,). If p = {0 }rer
is a set of relations on A over k, the pair (A, p) is called a quiver with relations over
k. Associated with (A, p) is the k-algebra k(A, p) = kA/(p), where (p) denotes the
ideal in kA generated by the set of relations p. An ideal (p) of kA generated by the
set of relations p in kA with (kA*)" c (p) c (kA™)? for some n > 2 is called an
admissible ideal of kA.
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A quiver is called tree type if its underlying graph is a tree. In graph theory, a tree
is an undirected graph in which any two vertices are connected by exactly one simple
path. Hereinafter, we let A be a tree type quiver.

Definition 2.1 If two relations p; and p, on A have p; = pp1, p» = pap with
p, P1, p2 non-trivial paths of A, we say that p; is successive to p,. If p; is successive to
P2, we denote it by p; ~ p;.

Definition 2.2 A set T of relations {p; | i € I'} on A is called successive if there is an
order < on I such that all elements of I can be listed as i; < i, < i3 < ** < i_1 < i
subject to i; ~ i,y for j = 1,...,m — 1. Moreover, if p; starts from vertex i, the
successive set T of relations is called starting from vertex i.

Definition 2.3  Arelation set T on A is called ultimately successive if T is a successive
set on A that is not properly contained in other successive relation sets on A. A
starting from vertex i ultimately successive relation set T on A means that T is a
starting from vertex i successive set on A that is not properly contained in other
starting from i successive relation sets on A.

Example 2.4 Recall the example in the introduction, and let p1, . . ., p; respectively
denote the relations agar1g, araigarg, Az, auas, A, Qs Ly, Q7 Q.
Then we have

pPrL~ P2, P2~P3, P33~ P4 P55~ P3 Pe~ P7-

Thus Ty = {p1,p2, P53, p1}> T2 = {ps, p3, pa}> T5 = {ps, p7} are ultimately successive
relation sets on A. Then T, and T start from vertex 1 ultimately successive relation
setson A. Ty = {2, p3, p4} is the only ultimately successive relation set on A starting
from vertex 10.

Lemma 2.5 Relations on A have the form i, ¢ @i ¢-1°+ 0, 20, 1.

Proof We know that there is at most one path connecting two vertices of A, since
the underlying graph of A is a tree. Therefore, the assertion is true by the definition
of relation on A. |

We call {p; | i € I} a set of minimal relation generators of an admissible ideal (p)
of kA if p;,i € I are relations on A, (p) is generated by p;,i € I, and each p; is not
generated by others p; with j #i,j eI

Lemma 2.6 Let {pj| j € I} be a set of minimal relation generators of an admissible
ideal {p) of kA. Given any vertexi of A, there are only finitely many ultimately successive
relation sets starting from vertex i derived from {p; | j € I}.

Proof The set of all relations on A is finite, since any relation on the quiver A is

of the path’s form o, ¢, -, ;, by Lemma 2.5, and A is a tree type finite quiver.
Then the assertion is clear. u

https://doi.org/10.4153/CMB-2014-035-9 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-2014-035-9

On Global Dimensions of Tree Type Finite Dimensional Algebras 817

Lemma 2.7  The set of minimal relation generators {p; | i € I} of an admissible ideal
(p) of kA is a union of ultimately finite successive sets R, Ry, ..., R,p.

Proof This can be done, since (p) is finitely generated by relations on A. ]

Given an admissible ideal of kA, denote by S; the i-th simple module for algebra
kA/{p) corresponding to the i-th vertex of the graph A. Denote by pro.dim.S; the
projective dimension of kA/{p)-module ;.

A representation (V, f) of a quiver A over a field k is a set of vector spaces {V; | i €
A} together with k-linear maps f,: V; - V for eacharrow a: i — j. If V = (V;, f,,)
and W = (W;, g,) are two representations, a morphism

@[}:(wlv"',wn):v_)W

is given by ¢; € Hom(V;, W;) such that ¢, (@) fo = ga®s(a): Vi(a) = W,(«). This
defines the category rep, A of representations of A. If w = ay--«; is a path in A,
we may denote by V,, the composition V,,---V,,. We say that V satisfies the relation
p=x.,cwprovided 3, ¢,V = 0.

Due to a well-known theorem of Gabriel, the category of finite dimension repre-
sentation of a quiver A over k satisfying relations (p) is equivalent to the category
of finite dimensional kA/{p)-modules ([Au, As]). So we usually investigate kA/(p)-
module category through corresponding quiver representation category. In the se-
quel we identify kA /(p)-modules with their quiver representations.

Lemma 2.8 Let (p) be an admissible ideal of kA. Suppose {p; | j € I} is a set of
minimal relation generators of the ideal {p). Let

Qiy gy Qg 20y 1y Qi Q2 Qiy 1y e Qg Q00,1 €{pj| jel}

all be relations on A starting from vertex i. Then the projective kA [{p)-module P(i) is

Vai g = lid Vo, =0
Va,-H:le @iyt -1 ' k Qi 1y

0 \(Ii)

/ Vo, = Lia
0 k- V“r’n-rrl = lig k V(l’wn =0 0

Proof Since P(i) = kAe;/(p), and one basis of kAe;/(p) over k is

€y Q15 QG 20 1y « ooy Q170G 206, 1, Oy 1, G, 20, 1,
sy Qiy iy =10, 2 Q) 15wy Q1 QG 000, 15 -y Qg 17O, 0O, T,
the assertion follows. |

Lemma 2.9 Let (p) be an admissible ideal of kA generated by the relations on A. If
none of the minimal relation generators of (p) starts from vertex i, then the projective
dimension of the kA [{p)-simple module S; is no more than 1.
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Proof If i is a sink vertex of A, then the kA/{p)-simple module S; is a projective
kA/{p)-module, so the projective dimension of the kA/{p)-module S; is 0. If i is not
a sink vertex of A, we then denote by iy,1,,...,1, the vertices of A that are tails of
arrows starting from i. Then
t
00— GBP,'N ——P——=S; —0
p=1
is a minimal projective presentation of the kA /{p)-simple module S; by Lemma 2.8.
So the projective dimension of the kA/(p)-simple module S; is no more than 1. H

Let A be a finite dimensional algebra, and let M;, i € 1,2,...,n be a family of
indecomposable A-modules. We denote by &, M; the direct sum of all pairwise
non-isomorphic M;, i € 1,2, ..., n. For example, if M, M,, M5 are indecomposable
A-modules, M; ¢ M,, and M, = M3, then 91‘3:1Mi =M, & M,.

Lemma 2.10 Let (p) be an admissible ideal of kA generated by relations on A. If
Ri,R,, ..., Ry, are all ultimately successive relation sets starting from vertex i deriving
from minimal relation generators of (p), then the projective dimension of the kA/{p)-
simple module S; is the maximum of {|[Rj|+1|j=1,2,...,m}.

Proof Suppose

Rj={a 1001101205115 Qjon02n-1"0220 01,

T O‘J‘:IRM\RJ\O‘j-,IRth\Rj\—l'"aj-,leLZO‘J}\RjIJ}
for j = 1,2,...,m. We denote by e; «; the vertex from which the arrow o x; starts,
andbye; Rt the vertex in which the arrow a; g | e ends. Note that it is possible

iR IRjt1g;
thate; ;; is same as another ejs j . Denote by P; ; the projective kA/{p)-module cor-
responding to the vertex ej x ;, and by P; | 1, | + the projective kA/(p)-module corre-
SToE
sponding to the vertex € IRyl e+ WE denote the maximum of {|R;| | j = 1,2,...,m}
: T

by d. Then by the structure of tree graph, we have a minimal projective presentation
of S; by Lemma 2.8:

0 . D PJ'-leLf\Rj\-,Jr ) © Pj-,le\,t\Rj\
JiIRjl=d JiIRj|=d

m
© Pjazqu 9;'":1Pj,1,2 — P, —§, — 0.
j=1

Therefore, the projective dimension of S; is the maximum of

(Rl +1]j=1,2,....m}. n

Example 2.11 Recall the quiver A in Example 2.4, and let (p) be the admissible
ideal of kA generated by py, ..., p7. Then the projective dimension of simple A/(p)-
module S is 4, since T = {ps, p3, pa} and Ts = {ps, p7} are all ultimately successive
relation sets starting from vertex 1.
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Now we prove our main theorem.

Theorem 1.1  Suppose a tree type finite dimensional k-algebra A is Morita equivalent
to kA/(p), where A is a tree type finite quiver and {p) is an admissible ideal of kA
generated by relations on A. Then the global dimension of A is the maximum of {|R;|+1 |
i € J}, where R;,i € ] are the ultimately successive relation sets on A deriving from the
minimal relation generators of (p).

Proof Since A is a tree type finite dimensional k-algebra, it is Morita equivalent to
kA/{(p) for a finite tree type quiver A and an admissible ideal (p) of kA ([Au, As]).
Therefore to determine the global dimension of k-algebra A is just to determine the
global dimension of kA/(p). The global dimension of kA/(p) is the maximum of
projective dimensions of all simple kA/(p) modules ([We]). Therefore by Lemmas
2.9 and 2.10 the global dimension of A is the maximum of {|R;| + 1 | i € J}, where
R;,i € ] are all starting from vertices of A ultimately successive relation sets deriving
from minimal relation generators of (p). Since it is clear that on one hand ultimately
successive relation sets belong to starting from vertices of A ultimately successive
relation sets, and on the other hand, an ultimately successive relation set starting from
a vertex of A must be a subset of an ultimately successive relation set, the maximum
of {|[R;] + 1| i € J} where R;,i € ] are all ultimately successive relation sets starting
from vertices of A deriving from minimal relation generators of (p) is the same with
the maximum of {|R;| + 1| i € J} where R;,i € J are all ultimately successive relation
sets deriving from minimal relation generators of (p). So the theorem holds. ]

Corollary 2.12 {0,1,2,...,n— 1} are all possible global dimensions of all n-vertex
tree type finite dimensional k-algebras. In particular, if n > 1, the maximal global
dimension of all n-vertex tree type finite dimension algebras is n — 1.

Proof If n = 1, clearly the global dimension of tree type finite dimensional k-
algebras is 0, since these algebras are semisimple ones. If n > 1, since {0,1,...,n-2}
are all possible lengths of ultimately successive relation sets of an admissible ideal of
the corresponding tree type path algebra kA (note that the length ”0” means that
there are no relations), and it easy to see that any of these lengths can actually oc-
cur in suitable tree type quivers and suitable relations. So the assertion follows from
Theorem 1.1. [ ]

Corollary 2.13  Suppose that A has n vertices. Let (p) be an admissible ideal of
kA. Then the global dimension of kA/{p) is n — 1 if and only if (p) is generated by

A, Q300 ..., Oy 1Oy,

Proof On one hand, if (p) is generated by ayai, azaa, ..., a,_1@,—, then
a0, 300, . . ., 010y constitutes the unique ultimately successive relation set,
and its cardinal number is # — 2. So by Theorem 1.1, the global dimension of kA/(p)
isn—1.

On the other hand, if the global dimension of kA/{p) is n—1, then by Theorem 1.1
there is an ultimately successive relation set whose cardinal number is # — 2. Suppose
Q1,300 . . ., (y_1 (y—y 1s such an ultimately successive relation set. Then (p) has
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to be generated by c,a, a3y, ..., 10—, since A is a tree type quiver with n
vertices. |

Corollary 2.14  Let B be a tree type finite dimensional k-algebra. The global di-
mension of B is the same as the global dimension of an A,-type finite dimensional k-
subalgebra B’ of B for some n € 7"

Proof Assume that B is equivalent to kA/(p). By Theorem 1.1 there is an ultimately
successive relation set R such that the global dimension of Bis |R|+1. Let kA" +{p)/{p)
be the subalgebra of kA/(p) where A’ is a full sub-quiver of A generated by vertices
and arrows occurring in R. It is easy to see that A’ is an A,-type quiver for some
n € Z*. By Theorem 1.1 the global dimension of kA" + (p)/(p) is also |R| + 1. Since
there exists a k-subalgebra B’ of B that is Morita equivalent to kA" +{p)/{p), the global
dimension of B is the same with the global dimension of B'. ]
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the paper.
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