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ABSTRACT

We generalize our previous method on the subconvexity problem for GLo x GL; with
cuspidal representations to Eisenstein series, and deduce a Burgess-like subconvex
bound for Hecke characters, that is, the bound |L(1/2,x)| <. C(x)"/4~(1=20)/16+¢ for
varying Hecke characters x over a number field F with analytic conductor C(x). As a
main tool, we apply the extended theory of regularized integrals due to Zagier developed
in a previous paper to obtain the relevant triple product formulas of Eisenstein series.
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1. Introduction

1.1 Statement of main result

If 7 is a (cuspidal) automorphic representation of GLg over a number field F with (usual)
conductor C(mgy), archimedean analytic conductor C(7), and analytic conductor C(m) =
C (7o) C (), the absolute convergence for Rs > 1 of the associated L-function L(s, ) and the
functional equation implies for any ¢ > 0, via the Phragmén—Lindelof principle together with
Iwaniec’s method [DFI02, (19.16)]' to establish the necessary bound on the vertical line
with Jts = 1 4+ € with small € > 0, the estimation at the central point

IL(1/2,7)] <F. C(m) /4,

called the convex bound or the convexity. If the Riemann hypothesis holds for L(s, ), then we
have the optimal bound
[L(1/2,m)| <p. C(7)",

called the Lindeldf hypothesis. Reducing the exponent of C(7) from 1/4+¢€ to 1/4— 9+ ¢ for some
positive constant 0 < § < 1/4 is called the subconvexity problem. More generally, for @ = C()
(respectively, C(may), C(7o)), an estimation

‘L(l/Qa ’/T)‘ <<F,5,C(7r)/Q Q1/4_5+E

is called a (hybrid) subconvexr bound (respectively, subconvex bound in the level aspect, subconvex
bound in the archimedean aspect).

In the simplest case, the first and most famous subconvex bound was obtained for the
Riemann zeta function by Weyl [Wey21] (see, for example, [Pat88, §6.6]),

C(1/2 + it) < [t|/471/12Fe e R,

which can be considered as (a special case of) a subconvex bound in the archimedean aspect
for the Dirichlet L-functions. If y is a Dirichlet character of modulus ¢ = C(xg,) € N, Burgess
[Bur63] established his famous subconvex bound

IL(1/2, x| )] = [L(L/2 + it X)| <pe ¢ /47H10F

Later, Heath-Brown [Hea78, Hea80] generalized the Burgess bound to include the t-aspect as
the hybrid bound
|L(1/2 + it, x)| <e (q([t] +2))"/*1/10%

Ever since, the subconvexity problem has become a venerable problem in analytic number theory,
in which both the optimal subconvex saving § and the largest class of L-function mark the
limit of techniques of analytic number theory. The savings § = 1/12 and 1/16 seem to be two
natural barriers in the literature. They are called the Weyl-type (respectively, Burgess-type)
subconvex bound for this historic reason. Moreover, it was discovered that for d > 1 the
subconvexity problem of L(s,n) is intimately related with various equidistribution problems
[Duk88, Sar01]. More such relations can be found in [Mic07, Lecture 5], as well as an application
of the subconvexity problem in the level aspect for d = 1 and F imaginary quadratic.

In this paper, we restrict to the case d = 1, that is, when = = x is a Hecke character. In the
case F = QQ, many strong results are known besides the above bounds due to Weyl, Burgess and

! The argument cited only treats the case for F = Q but it works for general number fields by replacing the relevant
divisor function by the one for ideals of the ring of algebraic integers.
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Heath-Brown (for example, [HWO00]), especially in some special cases. For example, in [HWO00] the
case of ¢ prime and of hybrid type is considered; in [Mil16] with a very strong result of sub-Weyl-
type, the case of ¢ = p™ a prime power and for the g-aspect is treated. Another interesting special
case is when we restrict to x = x4 the quadratic character (and for ¢ special, say square-free).
Bounds better than the Burgess one are known to hold for the Weyl-type. For example, among
many other good results, Conrey and Iwaniec [CI00, Corollary 1.5] obtained

|L(1/2 +it, xq)| <t,e g/,
which was recently generalized by Young [Youl7, (1.5)] as
|L(1/2 + it, xq)| <e (q([t] +2))1 /47125,

The above bound was further generalized for cube-free q by Petrow and Young [PY18]. Over a
general number field, the best result known is the main theorem of Soehne [Soe97, p. 227], which
follows the method of Heath-Brown [Hea78, Hea80] (it attains the Weyl-type bound if the usual
conductor f = f§ is a cube):

L(1/2 + it, x) e (Coo (|- [NE(F) O 4 Nr(fo) V2 + N(f/fo) V47,

where fo is any ideal dividing f, the usual conductor of y.

In the work of Michel and Venkatesh [MV10, Theorem 5.1 and §5.1.7], a subconvex bound
for Hecke characters x was obtained with the subconvex exponent unspecified. We shall modify
their approach and obtain a hybrid subconvex bound of Burgess-type for L-functions associated
with Hecke characters over general number fields.

THEOREM 1.1. Let x be a Hecke character of F with analytic conductor C(x). We have
‘L(%, X)‘ <P C(X)1/47(1729)/16+67
where 0 is any constant towards the Ramanujan—Petersson conjecture.
Combining with Soehne’s bound, we deduce the following result.
COROLLARY 1.2. Let x be a Hecke character of F and t € R. Write
T:=Cu(x- 1), a:=Can(x)
Then we have, for any € > 0,

(Tq)"/6 ifT > ¢'/2,
L3 +ito)| <er (T { ¢ if U0/ < T < g2,
(Tq)(3+29)/16 T < q(1-20)/(3+260)

where 0 is any constant towards the Ramanujan—Petersson conjecture.

Proof. We apply Soehne’s bound with fg = o the ring of integers of F, compare it with
Theorem 1.1 and distinguish cases according to the relative size of T and gq. O
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1.2 Discussion on method
The proof is inspired by the method of our earlier work [Wul4] where we established a Burgess-
type subconvext bound for GL; twists of a GLa cuspidal representation m:

IL(1/2,7 % X)| < pe Clx)/2-17200/8%¢ (1.1)

In this paper we show that it is possible to replace the cuspidal representation m by the Eisenstein
series representation 7(1,1) and obtain the same bound. Theorem 1.1 then follows from the
identity

L(s,m(1,1) x x) = L(s, x)2. (1.2)

The main hurdle is to address the non-square-integrability of Eisenstein series. For this we use
a regularization process which we show does not harm the quality of the final outcome. By
contrast, the original approach with truncation on Eisenstein series [MV10, §5.1.7] does destroy
the Burgess-like quality (see §4.3 below for more details).

It is worthwhile to make some comments on our method, which is quite different from the
methods applied in the case F = QQ by Burgess or by Conrey and Iwaniec. The Burgess method
is based on the study of character sums of the shape

> x(n),

m1<n<msg

which makes use of Weil’s bound and hence makes extensive use of the periodicity of the summand
function n — x(n). Its direct generalization,

S o, (1.3)

m1<Nr(A)<me

where 2[ runs over integral ideals, loses the periodicity for the summand function. Our method can
be viewed as a variant of Conrey and Iwaniec’s method (see [Wul7a, §1.1]). The main common
feature is to bring a problem for GL; into the setting for GLs, and to use the available knowledge
on the spectral theory of automorphic representations for GLs. According to the comparison
between [BH10] and [Wul4], this method virtually consists of taking (1.3) to the fourth power and
studying the cancelation of the resulting character sums by means of the ‘spectral decomposition
of the shifted convolution sums’ [BHO08| instead of Weil’s bounds on character sums, hence it is
also a variant of the original method of Burgess, ‘disguised’ in the language of periods, which
treats the archimedean aspect equally well.

It would also be enlightening to point out the following explanation of identity (1.2) in terms
of an identity of periods. Any function in the induced model of 7(1,1) can be constructed from
a Schwartz function ® € S(A?) as

Fulg) i= Idet " [ @(0.00) 137 @l

whose Whittaker function is equal to

Wa(a(y)) = |y |1/2/ 3ol <tij> a*t,

where §2(®) is the Fourier transform of ® with respect to the second variable. Hence the period
representing the left-hand side of (1.2) can be rewritten, with the change of variables y — yt, as

[ Walax @l = [ S@ ol aedy.
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The right-hand side of the above equation is exactly the integral representation of that of (1.2) if
§2(P) is decomposable as the tensor product of two functions in S(A). In other words, if we read
the above discussion inversely, we see that our method makes use of the ‘two-dimensional Tate
integral’, which brings in the structure of GLy not present in the usual integral representation
a la Tate of L(s, x).

Remark 1.3. We also remark that the (global) factorizability x(ty) = x(¢)x(y) is responsible for
such a link. For example, even though we have a similar identity of L-functions,

L(s,m(1,1) x 7) = L(s, m)2,

where 7 is a cuspidal representation of GLo, an identity of the integral representations of the two
sides does not seem to exist: the left-hand side is represented by the Rankin—Selberg integral for
GLo x GLg; the right-hand side is represented by twice or the square of the integral representation
for the standard L-function for GLs.

1.3 Notation and conventions
N is the set of natural numbers containing 0. All characters including Hecke characters are
unitary. Non-unitary ones will be called quasi-characters.

If f is a meromorphic function around s = sg, we introduce the coefficients into its Laurent
expansion,

f®) (s ) (s
—00<k<0 ’ k>0 ’
The terms for k£ < 0 form the principal part [Rud86, p. 211] of f at sg. We write

) (5
OV CECNTCED DR

—oo<k<0
In particular, if f has a pole of order kg at sg, we have

ak hol k! 6k+k0
T ) = G e |__ (6= 076

s=S0

Remark 1.4. The value f'°!(sq) with notation as given above is intimately related with the finite
part functional, denoted by f.p. in [GJ79, Theorem (6.33)].

In addition to the notation given above, we import [Wul4, § 2.1], in which most of the notation
is in fact standard. (For example, our normalization of measures is just the Tamagawa measure
with the standard convergence factors.) We simply address the following points/differences.

(i) The number field is written in bold character F, with ring of algebraic integers o and ring
of adeles A. v denotes a place of F. If v < oo is finite, we usually write v = p, which is identified
with a prime ideal p of o.

(ii) We write the algebraic groups defined over F in bold characters such as G, N, B, Z, where
G = GLo, B is the upper triangular subgroup of G, N < B is the unipotent upper triangular
subgroup, and Z is the center of G.

(ili) K =[], Ky is the standard maximal compact subgroup of GLa(A), where

SO2(R) ifF, =R,
K, = { SUy(C) ifF,=C,
GLa(0p) ifv=p < 0.
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(iv) In GLa, for local or global variables x € Fy, or A, y € F* or A*, we write

ww = (7). aw=(" )

(v) We use the abbreviation
[GL2] = GL2(F)Z(A)\GL2(A) = [PGLy].

(vi) If fo € m(1,1), the global principal series representation induced from trivial characters,
which defines a flat section fs € 7(|-|3,|-[,®), we normalize the usual Eisenstein series E(s, fo) =
E(fs) by

E*(s, fo) == Ar(1 + 25)E(s, fo)-
(vii) In the above equation, Ap(s) is the complete Dedekind zeta function of (g(s). More

generally, L(-) denotes L-functions without factors at infinity. A(-) denotes the complete
L-functions. We write (f for the residue of (¢(s) at s = 1. We also introduce

CAr(=2s)  AM(0)
Ar(s) = AFF(z +2s) r

Additional notation will be given in the course of proofs.

+0(1).

2. Miscellaneous preliminaries

2.1 Extension of Zagier’s regularized integrals

In this subsection we recall and summarize our extension of the theory of regularized integrals in

[Wuls, §§2 and 3] without proofs. This extension fits well in the context of the Rankin—Selberg

trace formula. It could not be well understood in the framework of the subconvexity problem.

Hence we encourage the interested reader to read [Wul8, §§2 and 3] for a better understanding.
We begin by recalling the following space of functions on the automorphic quotient of GLg

over a general number field F with the ring of adeles A.

DEFINITION 2.1 [Wul8, Definition 2.14]. Let w be a unitary character of F*\A*. Let ¢ be a
smooth function on GL2(F)\GL2(A) with central character w. We call ¢ finitely regularizable
if there exist unitary characters y; : F*\A* — CW, a; € C, n; € N, and smooth functions
fi € Indg(A)mK(Xi,wxi_l) for 1 < ¢ < [, such that:

(i) for any M > 1,
p(n(z)a(y)k) = er(n(x)a(y)k) + Oy, ™) as lyla — oo;

(ii) we can differentiate the above equality with respect to the universal enveloping algebra of
the Lie algebra of GLa(A).

Here we have written/defined the essential constant term

l
pr(n(@)ay)k) = exlak) = S x> log™ |yl - fi(k).
=1

In this case, we call Ex() = {x;|-|'/?T® : 1 <i <1} the exponent set of ¢, and define
ExT(p) = Dl 77 € Ex(p) : Rai > 0}, Ex () = {al [/27°7 € Ex(p) : Revi < 0}

The space of finitely regularizable functions with central character w is denoted by A% (GLs, w).
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Obviously A"(GLg,w) is stable under the right regular translation of GL2(A) and contains
the Schwartz space with central character w, hence the space of smooth cusp forms. It also
contains any finite product of Eisenstein series [Wul8, Remark 2.19]. In the case w = 1 and for
any ¢ € AT(GLy, 1), the integral

R(s,p) = /A on = ialn)al P g
X%

is convergent for any Rs > 1 and admits meromorphic continuation. We use it to define the
regularized integral as

AT(GLy, 1) - C,

reg 1
Y w(g dg:z(Ress: R(s,¢) + /filidFL).
[PGLo] @) Vol([PGLz]) 1/28(59) agl K (%)
n;=0
x1(AM)=1
If f e Indg%gm(xh X2) such that X1X2_1 = ||X‘ for some u € R, we introduce the regularizing
Fisenstein series as [Wul8, Definition 2.16]
Ap(1—2s—iu;) _ i )2
E'e8 =E - ! dr - x7 ' (det g)|det g[}/9"". 2.1
(5.1)0) = Blo. 1)(0) = {5 [ o) i (et g) et (21)

For any ¢ € A"(GLy,w) with auxiliary data given in Definition 2.1 we define [Wul8, (2.3)]
o o

E(p) = Z @E(%‘, fi) + Z @Ereg(%‘, i) (2.2)
§Raj>0 §R0éj>0
aj#1/24ip; o =1/24ip;

where 11; € R is defined only if w‘lxg (y) = |y[&2w 7. This defines a linear map
A(GLy,w) — A" (GLy,w), ¢ = E(yp),

such that ¢ — £(¢) € LY(GL2,w), which is GLg(A)-intertwining when £x(¢) does not contain
|-|a. We denote the image by £(GLsa,w). Moreover, if ExT(p) N Ex (p) = @ then E(yp) is the
unique element in £(GLg,w) such that ¢ — E(p) € L2(GLg,w) [Wul8, Proposition 2.25], and we
call it the L2-residue of ¢ [Wul8, Definition 2.26]. In the case w = 1, A™(GLy, 1) is in the range
of applicability of the regularized integral and [Wul8, Proposition 2.27]

/reg ©(g)dg =/ (p(g) — E(p)(9)) dg.
[PGLo] [PGLy]

In particular, the above equation proves the GLg(A)-invariance of the regularized integral as
a functional on A% (GLg,1), when £x(p) does not contain |-|5. In this case the above equality
was originally due to Zagier [Zag82]. In [Wul8, Theorem 2.12 and Definition 2.13] we carefully
generalized this theory into the adelic setting and proved the above equality without constraint
on £x(¢p).

In view of the inclusion [Wul8, Remark 2.19]

AT (GLy, w) - AT(GLy, ws) € AT(GLa, wiws),

we can consider the following bilinear form. Let 7;, j = 1, 2, be two principal series representations
with central character w; satisfying wiws = 1. Let V; be the vector space of m; realized in the

1463

https://doi.org/10.1112/50010437X19007309 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X19007309

H. Wu

induced model from B(A) with subspace of smooth vectors V,>°. We then get a GL2(A)-invariant

bilinear form
reg

Vit xVp® = C, (fi,f2) = E(f1)(9)E(f2)(g) dg,

[PGL]

where E(f;) should be suitably regularized if 7; is at a position which creates a pole/zero for the
relevant Eisenstein series. In [Wul8, Theorem 3.5] we succeeded in identifying this bilinear form
in the induced model. In order to present the result, we need to introduce some extra notation.
If we identify for any s € C the space of functions 7y with H, where

GL s —S
my o= Tndg 2V (L3 i), H = IndfS 1,

then we can regard the intertwining operator Mg : 71 — m_5 as a map from H to itself. Using
the flat section map H — ms, f — fs, we mean

(Mofo)(a(y)r) = [y (Mof)(5), ie, Mofs = (Mof) s

Let eg € H be the constant function taking value 1. Define

Pk :H — C, f»—>/ f(k)dr
K
where dr is the probability Haar measure on K. We obtain a map from H to itself,
M, = M, o (I — Pxey),

where I is the identity map. Since Mj is ‘diagonalizable’, we obtain the Taylor expansion as
operators

> s" n 3 M N M "
M,f = Z ﬁMé )f, (respectlvely Myjoysf = Z m/\/l§/)2f>-
o n=0

THEOREM 2.2 [Wul8, Theorem 3.5]. The regularized integral of the product of two unitary
Eisenstein series is computed as follows.

(i) Suppose & # &o. If 1 = w(&1,&2), Mo = 7r(§1_1,§2_1) (respectively, mo = W(fg_l,éfl)), then

re (0)
/[ © B0 B, £2) = 25D b1 )~ PreMP i - M),

PGLy] ( )

(0)
(respective]y AA&%(PK(ﬁMoﬁ) + P (foMof1)) — PK(Mél)fl ' f2)>'
F

(i) If m = m(&,€),m = (71,671, then

re (2) (2)
/ i EW(0, /1)EW(0, f2) = W (0) Px(fif2) + Py (0) K(f1 ‘Mél)fg)
[PGL2] ( ) )\F (0)
)\ (0)
+ E1E8; (M(()l)fl 'M(()l)fZ) - %PK(M(()g)fl : f2)
F

A
—Pr(MP fi- M f2).
Here we have written [Wul8, (2.2)]

ACY
_ Ar(=2s) _ A0
() = A T2 L Z i
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2.2 Regularized triple product formula
Let us first complete the analysis for products of two Eisenstein series. We recall a lemma.

LEMMA 2.3 [Wul8, Lemma 3.4]. Let f, f1, fa € RGSEIQ(A)W(L 1). For 0 # s € C small, we have,
for any n,ny,ne € N,
reg 1 /\(n)(s)
[ e ( + s,f> = - JE Pk (f);
[PGLo)] 2 ALY (0)

reg 1
/ Eree, ,(n1) ( +s fl> Rres; ,(n2) <’ f2) = 0.
[PGLy) 2 2

We also recall the technique of deformation [Wul8, (3.1)], inspired by the work of Michel and
Venkatesh. In general, if ¢ € AT(PGLy), £ € £(PGLy) are given, so that ¢ — & € LY([PGLy)),
and if we can find continuous families s € AT(PGLy), & € £(PGLy) which coincide with ¢, £
at s = 0, then we have

reg reg reg
/ 4,02/ p—E&=lim ws — Es —hm</ gps—/ 85>. (2.3)
[PGL2] [PGLg] s—=0 [PGLQ] s=>0\J[PGLy] [PGLg]

We turn to the study of regularized integrals of the form
reg 1 1

E 7f1>E<7f2>-
/[PGLQ] <2 2

EE(s, /) = fo+ (VL) ot hr ( - 3 )Pl = eoape)

Eﬁg’(n)<1 ) +Z< > 172k)f> 1/2
n+1)\( 1) " n e
() { D S () om0k

k=1

Denote e = e1. We can write

from which one can easily deduce EN#(1/2 + s, f1)Ex" (2)(1/2, f,). We tentatively define

3 2 "
greg(s) = E(n2) <2 + s, f1f2) + Z (22) (1)kEreg,(k})< +s flMl/z k)f2>
k=0

(=12 2AG " (0) reg. (o) (1
+PK(f2)‘{ ot 1 B §+8,f1

e o)

1
+ Eres(n2) (2 — s, f2M1/2+5f1>
1 1
+Ar(s)Pk(f1) {Ereg’(m) (2 — s, f2) — Eres(n2) <27 fz) }
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Applying Lemma 2.3 with n; = 0 together with (2.3), we get

reg
/ Ereg( fl)EI‘eg n2 < f2)
[PGLo] 2’
= lim Ereg<1 +s f1>E‘“eg ”2)< f2> — £ (s)
50 JIPGLy) 2

ng n _1\k
:limz<k2> (=1) AW (s )PK(flMg’};"“)fz)

s—)OkZ0 )\( 1)( )
A (—s)
+ WPK(szUHsfl) + Px(f1)Pk(f2)
NI e SO~ (n) AR 0 (s) (n2),_ }
{ — +kz_1 L) D ST 0 F RSN (—5) ¢

Taking Laurent expansions, we verify that the function in s in the range of the above limit is
regular at s = 0, contrary to appearances. The symmetry

Pr(AMU) o) = Pr(LMULF), Yk €N,
must be used. Moreover, it can be differentiated n; times to deduce (iii) in the following theorem.

THEOREM 2.4. Consider two (global) principal series representations w1 and ma of GLa(A).

(i) Write mp = w(&1,&]) and mo = w(£2,&5). Suppose w1 % 7ra. This case is subdivided into four
cases according to:

o {1 #£& and o # &
e respectively & = & and & # &;
e respectively & # & and & = &;

o respectively & = £, & = &, &162 # 1 and €363 = 1.
Then, for any ni,ns € N, we have

reg 1 1
/ E(n1) (7 fl) . E(n2) <7 f2> =0
[PGLs] 2 2
reg
respectively /[PGL}Ereg " < f1> : )<;7f2>
2
reg 1
respectively /[PGL]E(n1)<2,f1) - Ereg(n2 < f2> 0;
2

reg 1
respectively / Eres(m < f1> -Ereg(n2) <7f2> =0
[PGLQ} 2

(i) Let & # &. Ifm = 7(&1,&2), ma = w(& 1, &), respectively my = w(&; 1, &), then, for any
ni,n2 € N, we have

reg
/[VPGL ] E(nl) <;, fl) . E(nQ) <;, f2> = 0, reSPGCtive]y
2

is a linear combination with coefficients depending only on ni,ng and Ag(s) of

PK(MJ/L;MQH f1- f2); PK(Mil}Qfl - f2) = Px(f1 'M§?2f2),0 < < max(ng,ng).
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(iii) If my = 7(&,€),m = m(£71,&71), then for any ni,ny € N

reg 1
[ ) e )
2

is a linear combination with coefficients depending only on ni,ny and Ag(s) of

K(ﬂg%ﬁ - f2) =Px(f1- 1/2f2) | < max(ny,ns);
PK(M%MQH fi- f2); PK(fl)PK(f2)-

Next, we give a complement of the main theorem of regularized integrals [Wul8, Theorem
2.12]. Let &1, &2, w be Hecke characters with &1&w = 1. Let f € 7(&1,&2) and ¢ € C*(GLy,w),
that is, a smooth function on GLy(F)\GL2(A) with central character w. Suppose ¢ is finitely
regularizable, as defined in Definition 2.1.

PROPOSITION 2.5. For #ts > 1 sufficiently large,
Risoi)i= [ lon = i@ Wl dndy
Fx\Ax JK

is absolutely convergent. It has a meromorphic continuation to s € C. If, in addition,

© := max{Ra;} <0,
J
then we have, with the right-hand side absolutely converging,

R(s, ¢ f) = / 0-E(s,f), ©<Rs< 6.
[PGL2]

In the above region, the possible poles of R(s, p; f) are:
o 1/24iu(&6") if &5 is trivial on AD;
e (p—1)/2 where p runs over the non-trivial zeros of L(s,&1£5").
In particular, R(s, y; f) is holomorphic for 0 < Rs < min(—0,1/2).
Proof. The proof is quite similar to that of [Wul8, Theorem 2.12(3)], except that M f; is no longer

explicitly computable. In fact, we have, for T' > 1, Rs > 1, using the standard Rankin—Selberg
unfolding,

/ @ ATE(S7 f)
[PGL2]

~ren- [ ([ ton = eiotatnm s as ) s lyli1y.m a7
— /FX\AX </ (on — on)(a(y) )M fs (k) dﬂ)&( Nyla™™ 1\yIA>Td Yy

1 o Tstoajtip;
X
+V01F \A <Z/ f] dlﬁ', 1X & (A))=1 nij!asnj <S+Oéj+7;,uj>

. (_1)71] anj T*S+O¢j+iu;
R ]2 /K Ti{mIMFalR) dr - Lyep(aon=1 njl 08" \ —s+a; +ip ) )’
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where 1 (respectively, ) is such that

T . iu'.
Xi€1(y) = lyly”,  (vespectively, x;(y) = lyl,”).
We conclude by first shifting s to the desired region, then letting 7" — oco. The possible poles

are encoded in the possible poles of M f,, which are included in those of L(1 + 2s,&1&, 1)_1 in
the above region (cf., for example, [Wul7b, Corollaries 3.7, 3.10 and Lemma 3.18)). |

PROPOSITION 2.6. Retain the notation of the previous proposition, with © < —1/2. Recall
* 24au; )
P (n(@)aly)k) = ng Myl > log™ [yla f; (k)

(i) If& # &2, then

O"R hol ‘ B reg n) 1 ! (”"‘"])(0)
(5n) (2917) = foaay 2 (2) = X S Pt

J

where the summation is over j such that & x;(AM) =1, a; +ip(&1x;) = —1/2.
(ii) If & = & =&, then

"R hol ‘ reg rog. (1) 1 )\(nJrn])(O)
<asn> <27907f> :/[ @ E (27f> _Z)\(_)(())PK(fjf)

PGLo] ; F

AL (0) - Pr(f - (€ o det)) / o (€ o det),

[PGLs)
where the summation over j is as in the previous case.

Proof. The case (i) being simpler, we only give details for (ii). By twisting, we may assume £ = 1.
Let s be small with s < 0. The L2-residue of ¢ - E(1/2 + s, f) is given by

)= EM)(s+1+ay, fif),
J
where the summation is over j such that ¥a; > —1. Define

/

E78(s) = ZEreg,(nj)(S +1+a, fif) + ZE(nj)(S +1+aj, fif),
J J
where Z; is the summation as in the statement and Z; is the rest. By the previous proposition,
we have

1 1 reg [ 1
- ) = E( = — . - A :
R<2+s,<p7f> /[PGL2]so E<2+s,f> /[pGLQ]*” B <2+s,f>+ P(5)PK (/) /[pGLQﬁD
[ (eE(gans) o) - [ - e
[PGLo] [PGLo]

T Ap(s)PK(f) - /

[PGL2]

Since £7%(") () is the L2-residue of ¢ - E*&(")(1/2 4 s, f), we can compare the finite parts of
both sides and conclude by

/

E(s) — €75(s) = Y A7 (5)Pk (ff). O

J
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Finally, we state and prove a special case of regularized triple product formulas. The method
used in the proof is applicable in any general case but only the one treated in the following
theorem is used in the current paper.

THEOREM 2.7. Let f; € w(1,1),j =1,2,3. Then, for any n € N,

reg 1
/[ B0, f1) - B (0, fo) - Eres ) (2, f3>

PGLs]

n hol
(%j) (;E*(O,fﬁ‘E*(Oan);f?,)

and a weighted sum with coefficients depending only on Ag(s) of
Pr(M fi- f2)P(fs), 0<I<3;
Px(fi /2 Mvgl/)zfi%)a 0 <! <max(2,n), | =n+3;
Pk ((fiMof2 + faMof1) - /K/lvgl/)zfg), 0 <l <max(l,n), l=n+2;
Pk(Mofi- Mofo- M), fs), 0<I<n, l=n+1.

is the sum of

Proof. We shall only point out how the computation is effectuated, since the precise formulas are
quite long, of no interest for the purpose of the current paper, and would only obscure matters.

E(fr, f2) = (Ap)? - {E SO (L i fo) + JE O (L 1y MDD o+ MYV 1 - o)
#1E MY R MY 1))
is the L2-residue of E*(0, f1) - E*(0, f2). Let ¢ := E*(0, f1) - E*(0, f2) — £(f1, f2). Then we need

to compute
reg 1 reg 1
/ @ - Erea(n) <,f3> +/ E(f1, fo) - Ere& (™ <7f3>-
[PGLo] 2 [PGL2] 2

The first term is computed by Proposition 2.6(ii), involving
reg A 2 reg
/ o= / E*(0, 1) - B0, f2) = (5)/ EW (0, f1) - BV, f2),
[PGLo] [PGLo] [PGLo]
which is treated in Theorem 2.2(ii). The second term is treated in Theorem 2.4(iii). O
2.3 Extension of global zeta integral
Fixing a central Hecke character w over a number field F, we extend the global part of the

Hecke-Jacquet-Langlands theory to A"(GLg,w) (Definition 2.1), as well as an analogue of
the ‘approximate functional equation’. Note that Eisenstein series are in .Afr(GLQ,w).

DEFINITION 2.8. Let ¢ € A%(GLg,w) for some Hecke character w. For a Hecke character y and
s € C, s > 1, we define the zeta functional by

o) = [ =R a

where we recall the essential constant term
l

px(n(@)ay)k) = exlak) = S xi@)lyly > log"y|a fi(k).
=1
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PROPOSITION 2.9. ((s, x, ) has a meromorphic continuation to s € C with functional equation

C(Sa X (10) = C(l - SaW_IX_la w<,0)

It has possible poles at s = —a; — ipu(x;x) with x;x(AM) = 1 (respectively, s = 1 + a;j +
ip(xjw™txY) with x;w™ "1 (AW) = 1), with pure order n; + 1. Here u(x) € R is defined for

X(AM) =1 as x(t) = [t

Proof. By the invariance of ¢ at left by w, we can rewrite the zeta integral as

= — s—1/2 ;x
C5::9) = [,y (0 = R @O)x(wlul 27
lyla>1
! LEFX\Ax(w-SOW-SOE)(a(y‘l)) Xyl 2 d*y
lyla<1
N LEFX\AX pxla)x @yl dy
lyla<1
+ LGFX\AX w.pi(aly™)wx () |yly 1/2dX
lyla<1

We can calculate the integral concerning ¢y, and get

C(s,x: )
~ [ o — Rl 0y
lyla>1
" Aeww(w.w—wwmm@»w N )l Py + G ()

lyla>1

(=)™t (1) (1) fi(w)
2 (s + oy + O ) 2. (1-s+a;+ w(ijlxl))”f“)’

XXl 1y=1 xjwtx T, ) =1

from which we easily deduce all the assertions. a

We turn to the special case p(g) = E*(sg, &,wé 1 f)(g) the usual completed Eisenstein series
(respectively, E™8(sg, &,wé™ 1 f)(g) defined in equation (2.1)), for which the local computation
is the same as for a cusp form. Note that in this case ¢y = ¢n, hence p(a(y)) — ¢n(aly)) =

2acrx Welalay)).

PROPOSITION 2.10. Let o(g) = E*(s0, &, wEY; £)(g) (respectively, EF®8(sq, &, wé™; £)(g)) where
§,w are Hecke characters and [ € m¢ 1. The zeta functional has a decomposition as an Euler
product in which only a finite number of terms are not equal to 1:

_ B iy Ly (1 + 250, w, '€0)
C(& xop)=As 807§X)A(3 50,8 X) 1:[ Ly(s + 50, §uXv) Lu(s — SOawv&Tle)

/ Wy 0 (a(yo)lyols 2 A%y, (respective]y

A(s + 50, EX)A(s — 50, wET1Y)
A(1 + 250, w™1€2)

Ly (14 250, w; €2 s .
11 OB bl [ W el ).
L Ly(8 + 50, EoXw) Lo (s — 50, oo~ Xv) JFX

C(87X7 SO) -
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The method of truncation used in the proof of Proposition 2.9 for the analytic continuation
of the global zeta functional is not the only possible one. Another version of truncation on the
integral is closely related to the classical approximate functional equation. Let hg be a smooth

function supported in the inteval [0,2), being equal to 1 on [0, 1]. For any A > 0, we denote by
ho,a the function t — hgo(t/A). We then have, for s > 1,

(5+m0e)= [, 6~ @@~ hoasla) 2y
" / (w-p — wke)al@))w X @)yl Roallyl ")
FX\AX
- / i (a)x@)lylko Ally]) &y
Fx\AX
s [ wekat)e O hoalsl ) d°y. (2.4)
FX\AX

For the last two lines, it is not hard to compute their analytic continuation using the form of g
and the analytic continuation of the Mellin transform of hg as (since hy is of compact support
contained in (1,2))

M(ho)(s) = /OOO ho(t)ts 2t = % fm(hé)(s; 1)+1
N-1
= ()Y [[ s +5) ') (s + N), YN eNseC.
§=0

Remark 2.11. We also have, first for s < —1 then for s € C,

M(1 — ho)(s) = /000(1 - ho)(t)ts% - Rl l) —IM(ho)(s)-

S

Then, writing s; = 1/2 + o +iu(x;x), the last two lines of (2.4) are defined for s € C as

! n;
G D 1) (AT M) (5 +5,))
j=1
! (—1)ns+L !
= Cf*‘(l) Z fj(l)éxj-xm - Cﬁk‘(l) Z fj(1)5><jx
j=1 J j=1

J
n; o0 1
( ]> (log A)nj—k—H / h6(t)ts+sj 10gktdt ) / AS(s+s5) gni—k g§
0 0

l [e'e) 1
— G f(Ddyx / ho(t) ( / gnitd(stsi) dé) logi*1 ¢ dt,
=1 0 0

and, writing s} = 1/2 + a;; + ip(xw X ),

l i ,
G(1) D Fi ()8 myms (<17 (A5 o) (5 — )
j=1
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l 1 nj+1 l
= G1) 3 £ 0Dt o+ G0 D £t (1)
j=1 J 7j=1

. 0 , 1 ,
<T,Lj>(logA)”f"“+1 / ho(£)t° 5 log" tdt / A=) gk g
0 0

k=0

l oo 1
+ G (1) D fi(w)dy -1 (<) / ha<t>< / 5"ﬂ't5<s—sﬂd5> log™ ! ¢ dt.
j=1 0

0

We separate the terms in the sum 22:1 according as s; = 0 and s; # 0 (respectively, 3"7 =0
and 33 # 0). For s; = 0 (respectively, 33 = 0), the finite part at s = 0 is bounded, with implied
constants depending only on F,n;, hg, by

l l
Z OxixLs;=00(| f5(1) log™ 1 A|) (respectively Z Oy jw—1x-1 159200(\fj(w) log™i T A)> .
j=1 j=1
For s; # 0 (respectively, 3;» # 0), they are of size at s = 0, with implied constants depending
only on F, a;j,n;, hg and an arbitrary N € N,

<A§st /5 (1) log" A>

e

1
Z Ox;xLs;#00

J=1

l —Rs’. i
. A9 fj(w) log™ A
(respectlvely E 5ijlxlls;.7é00< | ’]8(/’12/ |>>
=1 7

The first (respectively, second) line of (2.4) is supported in |y|n € [A4,00) (respectively,
[(24)71,00)), hence is well defined for all s € C by the rapid decay of ¢ — ¢k For the second
line at s = 0, we can apply Mellin inversion to see

/ (w. — w6 (@(w))w~ X W) ho a(lylTY) ¥y
FX\AX

1 ds
—Ga) / ASlc( + sl,wlxl,w.so) M(ho)(s1) 2L,
Rsq—c1>1 2 21

which is bounded, with implied constant depending only on F, hy and an arbitrary N € N, as

A010</ 1C(1/2+ s, w1 w.p)| |d81\>
Rs1=c1>1 fo;(ﬂSl + m| 2m ’

where ¢; can be chosen as any real number such that the integral defining ¢(1/2+s1,w ™ x =1, w.¢)
is absolutely convergent for sy > c¢1. Similarly, we have, for any B > 0, that

/ (0 — ok @@)x)(1 — ho.5)(yla) &y
FrX\AX

e (1 ds
= —/ B QC(2 + 52, X, S0> Dﬁ(ho)(—32)2—?
Rsa=co>>1 ™

is bounded, with implied constant depending only on F, hg and an arbitrary N € N as

B—CQO(/ ’C(1/2+827Xa (/7)| ’d32|>
Rso=co>1 H%;MSQ + m| 2m

where co can be chosen as any real number such that the integral defining ((1/2 + s2, x, ¢) is
absolutely convergent for Rso > co.
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DEFINITION 2.12. For any function h : Ry — C and any Hecke character y, we define the
h-truncated (zeta) integral on AT (GLg,w) as

o= [ M X~ R0 d"
In summary, we have obtained the following proposition.
PRrROPOSITION 2.13. Take hg as indicated at the beginning, some positive constants 0 < A < B,
and define h(t) = ho p(t) — hoa(t), t > 0. For any ¢ € A"(GLy,w) with x;, i, n; given in
Definition 2.8, we write
sj=1/24 a; +ip(x;x) (respectively, s; =1/2+ a; + in(xjw )

if x;jx (respectively, x;w™'x™') is trivial on A1) and u defined in Proposition 2.9. Then the
difference

(3 x ) = Clhaxs o)
is bounded, with implied constants depending only on F,a;,n;, hg and an arbitrary N € N, as
the sum of:
(i) degenerate polar part,

l l

D Fuxls=00( (D) 1og" T A + 3 76, 13110 20O(|fj (w) log™i ! A);
j=1 j=1

(ii) mormal polar part,

l . . l —Rs’ )
AR5 £5(1) log™ 4] A7) log™ A
E :5XjX15j7éOO< 55|V ) + § :5ijlxlls}7500< |55V )5
j=1 j=1 J

(iii) lower part,

?

c 1C(1/2 4 s,w ' xH w.p)]| |ds]
ATO N1 —
Rs=c1>1 [In=ols +m]| 2m

1/2
peof [ B0z tevel)
Rs=ca>1 Hm:(]’S + m| 2m

In (iii) (respectively, (iv)), c1 > 0 (respectively, ca > 0) is any real number such that the integral
defining ((1/2+s,w™ x ™1, w.p) (respectively, ((1/2+s, x, y)) is absolutely convergent for Rs > c;
(respectively, Rs > c2).

(iv) upper part,

Remark 2.14. We will use the bound for the normal polar part in the case where s; is bounded
away from 0.

2.4 Classical vectors in spherical series

Let F be a non-archimedean local field with uniformizer w, absolute valuation ||, valuation
ring o, ideal p and cardinality of the residue class field ¢q. Denote by 75 = Inng(fﬂSF)(LP )
the principal series representation of PGLg(F), where s € C. For s € iR, the underlying Hilbert
spaces for the unitary representation 7, can be identified with each other. We denote this common

Hilbert space by H, that is,
Resge* "y = nd& g (1,1) =: H,  where K = GLy(0).
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We regard 75, s € C as a family of representations of GLy(F) on H. By the branching law, there
is a canonical decomposition as K-representations,

H= EBWOHn,

where H, is an irreducible K-subspace of H generated by a unitary vector e,, such that
{eo,...,em} form an orthonormal basis of the Kg[p™]-invariant subspace of H for any m € N.
These vectors e, called ‘classical vectors? in [Wul4, Definition 5.4], are defined up to a factor
of modulus 1. We determine/choose them as follows. First of all, we impose

eo(k) =1, VkeK.

LEMMA 2.15. Let e}, € 75 be defined by

e |
¢/2 & 172 0

e =mg(a(@w™)).eo — ¢ Vg + ¢ me(a(@ )0 + ¢ Prs(a(w ) ey, Vn = 2.

n

el = ms(a(w™)).eq

Then if s € iR, {eg, €}, ..., €., } is an orthogonal basis of the K[p™]-invariant subspace of H for
any m € N.

Proof. If s € iR, {eg,ms(a(w™1)).e,...,ms(a(w™™)).e0} is a basis of the Kg[p™]-invariant
subspace of H for any m € N. Then use the Macdonald formula [Bum98, Theorem 4.6.6] to
verify that e, is orthogonal to 7s(a(w™")).ep for 0 < m < n — 1. O

LEMMA 2.16. If we define

1/2 -1/2 —ns
€1 = qs+l/2 _ q—s—1/2 €1, €n = \/ g—11— qflfgsena Vn > 2,

then e, is independent of s and {eq, ..., ey} form an orthonormal basis of the Kg[p™]-invariant
subspace of H for any m € N. Moreover, the dimension d,, of H, is given by

do=1, di=¢q, dp=q"—q"% n=2.

Proof. If we write 0,, = @"0 — @" 1o, n > 1, then

DozB(o)wN(o)={<Z Z) eK:ceoX},

Dn:B(o)N_(on)={<Z Z)EK:CE%}, 1<n<m,

D;, =Ko[m] = | J Dn
are the double cosets of K with respect to B(o0) and Kg[m]. From the computation
aww™ b\ (¢ ldw™ 1\ _ (cad — bc) *
cw " d -1 0) 0 cw ")’
aw™™ b 1 0\ _(dl'w(ad—bc) *
cw™™ d) \-d7lew™ 1) 0 )’

2 They are called ‘paramodular’ vectors by Brooks Roberts and Ralf Schmidt.
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one easily deduces that

—s—1/2 —s—1/2

+1/2 _
q° / q L 1/2 k>1;

qs+1/2 —q , | _

/ _
e1lp, = g2 1 q-1/2
ehlp, =0, 0<k<n—2, élp,,=(1—q 72)" /D (g,
ehlp, = (1 — g 172) "D (1 — g7, k>

(=g

The assertion follows since the mass w,, of D,,, assuming the mass of K is 1, is given by

:qjtil’ wy =1 (1-¢7), n>1

Wo

For the ‘moreover’ part, it suffices to notice
en(k) = dY?(k.en, en) (2.5)
and to evaluate the above equation at k = 1. O

COROLLARY 2.17. We record some special values of e :

1 n =0, 1 n =0,
en(1) = ¢'/2 n=1, ey(w)=4—-¢ " n=1,
(" — " 2)V2 n>2, 0 n>=2.

LEMMA 2.18. The two bases {eg, e1, ... } and {eg, ms(a(w™!)).eq,. ..} of the subspace of classical
vectors in H are related as follows.

(i) Forn > 2, we have

g2 4 12 »
P2 — 12 ms(a(@™))-eo — P2 — 12 €o;

q+1 q—ns
TNy —11—g¢ 12

x (ms(a(@™)-co — g 20" + ¢ " )ms(alw ")) eo + ¢ ms(a(@ ")) e0)-

el =

(ii) For n > 2, we have

qs+1/2 _ q—s—1/2 N ¢ +q®
€1 ¢/2 + 172 €o;

-1 o
ms(a(w™)).ep = pYERp—Ys

where the coefficients c(n,l;s) = cp(n,l; s) are given by

—n/2 (n+1)s _ ,—(n+1)s (n—1)s _ ,—(n—1)s
C(TL,O;S) _ q q q o qflq q ,
1+ q—l qs _ q—s qs _ q—s
~(n-1)/2 R
q - q
1:g) — ns _ _-—ns
C(nv 73) 1 +q_1 q ) 1— q_QS )
o o 1_q—1—2s q—l
. _ 1)/2 2[—2
c(n,l;s) = g~ M=D/2(gns — ¢ n)s) =T ”q T 2<i<n
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(iii) For n > 2, we have

s+1/2 _ q
ql/2 + q—1/2

—s—1/2 —s

C+a” |
g2 q-1/2 0

q

ms(a(w™)).eg = c(n,l; s)w.ey,
=0

ms(a(w)).eq = w.eq +

where w € K is the Weyl element and the coefficients c(n,l; s) are the same as in (ii).

Proof. (i) is merely a restatement of Lemmas 2.15 and 2.16. For (ii), we first use Lemma 2.15 to
deduce a relation of two formal power series

Yo X = (Z ms(a eoX”) (1—q (¢ + 4 °)X +¢7'X?)
n=2
—eo — ms(a(w™ )) eoX + q71/2(q5 + ¢ %)epX

(Z ms(a eoX”) 1—q¢ (¢ +q )X +q'X?)

, 1 qS +q78
_60—<61—q meo X.

Reverting this relation, we obtain

o0 (n+1)s _ ,,—(n+1)s
Z ms(a )).eo X" = (Z q_”/Qq . q_s X”)

= q° —q
;1 ¢+ q
.<€0+<€1_q 1/2+q_1/2 )X+Z€ Xn>

and conclude by inserting Lemma 2.16. (iii) follows from (ii) by noting

ms(a(w™)).ep = ms(wa(w " )w ), ((wn wn)) .e0 = w.ms(a(w ")).eo. U

COROLLARY 2.19. If R(s) : ms — m_g Is the normalized intertwining operator sending ey to e,
then R(s) acts on H,, by multiplication by

o 1 — q—(1—25)

p(n; s) = pp(n,s) =q 1= g (129)

Proof. This is a special case of the computation in [Wul7b, § 3.4.3]. Here is another proof. R(s)e,
is equal to

g+1 ¢™
q— 11 _q—1—23

x (r_s(a(@™)).co — ¢~ 2(q* + g ) m_s(a(@ " )).eo + g s (a(@ ")) c0)

o 1— q—(l—28) g+1 qns
=4 1 __q4(1+2@ g—11— g 1+2s

x (r_s(a(@™)).co = ¢~ (@* + q)m_s(a(@ " ).eo + g g (a(@ ")) c0),

the last line being equal to e, since it is independent of s. O
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Remark 2.20. For F archimedean, we have similar computations already available in [Bum98,
Proposition 2.6.3] and [Wul4, §2.7]. We recall them without proof.
e F =R. H, is the subspace of vectors v such that

cosa sin« ;
. v =e"%
—sina  cos o

and H,, # {0} only if 2 | n € Z. We have

|2

k+1-—2s
w(n;s) = py(n,s) H
k=0 k+1+2s
e F =C. H, is the subspace on which SU2(C) acts as the unitary irreducible representation

of dimension n + 1 and H,, # {0} only if 2 | n € N. We have

s) ) = TT E2
s = (N, §) = k+28
2lk=1

We write eg € Hy for the spherical function taking value 1 on K = SO3(R) or SU3(C).

DEFINITION 2.21. For n,l € Z, we write [ < n to mean either 0 <! < n or n <1 < 0. We extend
the definition of e,, pu(n;s) and ¢(n,l;s) for n,l € N to n,l € Z,l < n by requiring

€n i =w.epn, u(—n;s)=pn;s), c(—n,—1;s)=c(n,l;s).

3. Local estimations

3.1 Non-archimedean places for exceptional part

We work on a non-archimedean place p and omit the subscript p for simplicity of notation. Recall
en defined in Lemma 2.16 and Definition 2.21, but change s to so. To emphasize the dependence
on Sg, we write e, s, € Ty, for the flat section associated with ey, and W, (so,-) the associated
Kirillov function in the Kirillov model K(7g,, %) of 7s,, with respect to an unramified additive
character v of F. Recall the local zeta functional

(s, W) = /F W)yl 2d%y, W e K(m,, ).

LEMMA 3.1. The ratios of zeta functions
C(1/2 + s, Wy (s0,°))

n\9, = Gn\$S, = ’ € Z’
Cpn(8550) = Ga(s, 50) ¢(1/2 + s, Wo(so,-)) !
are determined by:

e (o(s,s0) =1 and

¢ g ¢ +q%
Cl(sv 30) = q50+1/2 _ q—(so+1/2)q B q50+1/2 — q_(50+1/2);
e ifn > 2, then
+1 —nso —ns — S —s —n=1)s —imn—2)s
Culsy50) = 1/ 2 d (a7 = 2@ +q70)g T g ),

q — 1 1 _ q717250
e ifn <0, then (,(s,50) = (—n(—s,s0)-
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Proof. From the relation of zeta functions
(s, a(@"). W) = |w|7"¢(s, W) = ¢"((s, W),
the desired formulas are simple consequences of those in Lemma 2.18(i) and (iii). 0

COROLLARY 3.2. Assume Rs = € > 0 small, |n| is bounded by a constant and 0 < k < 2. Then
we have

o 2 k
(e 1/2)| < og g,
0s;

3.2 Non-archimedean places for L*-norms

Using the notation of the previous subsection, we define the Rankin—Selberg local zeta ratios for
ni,no,n € Z and s1, S92, 5 € C,

ny no2 | n ny n2
G| — =(|(_=
S1 59 S S1 S92

LeEmMA 3.3. (i) We have

n> _ InEnpaLaE) Wi (51, 9) Wiy (52, 9)en s (9) dg
y JNEN e, ) Wolst, 9)Wo(sz2, g)eos(9) dg

C <—n1 —nNn9

51 So

(ii) Let ng = 0 = s9. The ratio is non-vanishing only if |ni| = |n|.
(iii) Recall the dimension d,, of H, computed in Lemma 2.16. We have, for n > 2,

(O n)_ a2 e D g )
0 0fs)  Vg—11=¢g7 " 1+ ¢ G+1/2)
_ 2q*1/27(n71)52 + (n—2)(1 — g~ (+1/2))

1+ ¢ G+1/2)

—1—(n—2)82 + (n — 3)(1 - q7(5+1/2))
1+ q—(s+1/2) ’

+q
while for n =1,
(0 q'/% + ¢ 12 2¢° 2
0 0ls _q1/2_q—1/2 1+q—(s+1/2) q1/2+q—1/2 )

Proof. (i) is a consequence of the w-invariance of the Rankin-Selberg local zeta functional.
For (ii), we may assume n > 0 by (i). It suffices to notice that

/ en(K)Why, (1, gk) dk
K

is non-vanishing only if |n;| = |n|, since by (2.5), [k en(r)rdk is dn'’? times the orthogonal
projection onto the e,-vector of H,. In particular, we deduce, for n > 0,

/ en(ﬁ)Wn(slagH) dk = drjl/QWn(Sbg)'
K
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Hence for (iii), we are reduced to computing

[ W00, a@)Wol0,ay))lyl" .

By Lemma 2.18(i), we are again reduced to computing

Wo(0, alyw =) Wo(0, a(y))lyl*~"/? d*y

FX
Z —m/2 m+ 1) (n+m)/2(n+m+ 1) . qf(ner)(sfl/Q)
s 24 (=1 — g2
=7 (1= ¢ G+1/2)3 g
and conclude from it. O

COROLLARY 3.4. For any integer k > 0, we have
6"3 0 n —|n| k
4. Proof of main result

The main structure of the proof is similar to our former work [Wul4]. We shall only emphasize
the differences and the extra difficulties. We shall not recall the intuition of the method in terms
of the equidistribution of certain lines approaching the low-lying horocycles, but refer the reader
to the first two pages of [Wul4, §3].

4.1 Reduction to global period bound
The fixed GLg automorphic representation m = m(1,1) is realized as the completed Eisenstein
series E*(0, -). We imitate the cuspidal case by choosing

wo = E*(0, fo) ¢ =n(T).po,

where fy is the spherical function taking value 1 on K in the induced model of 7(1,1). Writing
the normalized Whittaker functions as

W(;k,v = Cv(l)WO,v = Cv(l)Wfo,m

we get by Proposition 2.10 an expression for the relevant L-function.
Jox n(T) W5 (aly) d¥ye] ™ (1
d*y, v ’ -
< ) [H/F ) Wil w1 Ly(1/2, x0)? ] C<2’X’¢>’

v]oo v<00
where the global zeta integral is defined in Definition 2.8 and reduces in our case to

oop)= [ o)~ entamnly e,

whose value at s = 1/2 must be interpreted via analytic continuation, unlike the cuspidal case.
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PROPOSITION 4.1. We can choose T, with |Ty|, € [C(xv),2C(xv)] such that

« n(Ty). W, ) dX Yy
I1 [, #(twistetu e [T 2N g g

v]oo v<00

where @ = C(x) = II,C(xy) Is the analytic conductor of x (we keep this notation in what
follows).

Proof. This is a special case of [WulT7a, Proposition 2.4] for ‘option (B)’. O

4.2 Reduction to bound of truncated integral

We are reduced to bounding ((1/2, x,¢). This can be defined only via analytic continuation.
However, we can still approximate it with a truncated integral, just as the classical approximate
functional equation does. The outcome is that we essentially only need to estimate a compact
domain integral, which is equivalent to a finite sum in the classical setting. Recall Definition 2.12.
We shall apply Proposition 2.13 with A = Q7*~!, B = Q"' for some x € (0,1) to be chosen
later, with ¢; = co = 1/2 4 € and with hy and h specified there.

LEMMA 4.2. Assume @ is bounded away from 0. Then we have, for any small € > 0,
1 —K €
<<27X? 90> = C(O—*h7X7SO> +OF,h0,6(Q /2 )
= [ AU @y + Op (@24 + Q)

where o is the average of Dirac measures given by

1
=37 2 Vmllmals

E v €l

with a parameter E > 0 to be chosen later, and

IE:{U<OO:(]UG[E,2E],TUZO}, ME:|IE|>>10§‘E"
Proof. We only need to consider the case for h since o x h gives bounded translations. Compared
to [Wul4, Lemma 3.2], the new situation is as follows.

e The normal polar part is non-vanishing.

o At w]| oo, W5, is no longer of compact support in F., hence [Wul4, Corollary 4.3] used in
[Wul4, §6.1] for local archimedean bounds on the vertical line Rs = —1/2 — € needs to be
reconsidered.

e There is a new passage from the first line to the second line, for which the estimation of an
integral of the constant term N needs to be done.

We proceed to bound each part appearing in Proposition 2.13.

(0) The degenerate polar part is vanishing.

(1) The normal polar part and the integral of pn are non-vanishing only if x = |-|* for
some p € R, in which case C(x,) = 1 for all v < 0o and C(x,) = |u|F*® for all v | co. Hence
Q= |,u|[F:Q]. Note that by [Wul8, Proposition 5.33], there are pj, ps € C depending only on F
such that

von(zn(@)a(y)r) = palyly? + palyly * loglyla, Vz € Z(A),z € Ayc A ke K.  (4.1)
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If we write
on(zn(@)aly)r) = |yl > f1(%) + lyl} > loglyla fa(k),

then we can easily calculate

) =p,  fo(l) =p2, filw)=m H(l + |Tv|2)—[FU:R]/2’

v]oo
fo(w) = 2 H(l + T, |2)"[FRl/2 1°g<H<1 4 ’Tv|2)[FU:R]/2>'
v]oo |00

We thus find that the normal polar part, which is of the form

<A1/2|f1<1)! A1/2\f2<1>logAl>+o<A‘1/2!f1<w>\ A—1/2|f2<w>logAr>
11/2 +iplN 11/2 +ipl¥ 11/2 —ipl¥ 1/2 —ipN )

can be bounded as O(Q~) for any N € N, due to the arbitrarily large denominators. For the
integral of (N, since h(t) has support contained in [Q "7, @*~!] with |h(t)| < 1, we find that

(note that n(T).en(a(y)) = ¢n(a(y)))

/ h(lyla)en(a(y))x(y) &y = Op py . (QWD/2T). (4.2)
FX\AX

(2) We turn to the lower part. Recall the choice ¢; = 1/2 + €. The relevant zeta function has
a decomposition as a finite product

1 _ 1 1)\
C<2+37X 17w'90> _L<2+87X 1> : H
v]oo
I Jex wn(To) We , (alyo)) X (wo)lyol§ 4% v
Ly(1/2+ s, x0")?

[ wnT) Wi alwd)s ol 4

<o

At an archimedean place v, say F,, = R, [Wul7a, Lemma 3.12(2)] gives the relevant local integral

[ wnT) W a0 )l

— (T T [ W) T )l 4

a bound O(\Tv|11/2+6). For F, = C the argument is similar, using [Wul7a, Lemma 3.13(2)]. At
v < 00, [Wuld, Corollary 4.8] is still applicable. We thus deduce that, using the convex bound
of L(1/2 +s,x7 1),

’C(% + s, X_l,w.go)} LF,e ’% + S|EC(X)1/2+E.
The desired bound is thus O(Q~(++1/2Q1/2+¢) = O(Q~*/?*°).

(3) The treatment of the upper part is similar and simpler. It gives the desired bound

O(Q_H/2+6). O
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4.3 Interlude: failure of truncation on Eisenstein series
We have approximated ((1/2,x, ¢) by some smoothly truncated integral

L atn@ay (e [0 [ )

as in the cuspidal case. We then would like to apply the Cauchy—Schwarz inequality

2 h h
< / &y / n(T).o(a())2 d*y,

FX\AX FX\AX

h
/ ola(y))x(y)d y

FX\AX

and apply Fourier inversion to |@g|?, interchange the order of summation and estimate each
component as in the cuspidal case. This is not possible because ¢g is no longer of rapid decay
hence |¢o|? is not square-integrable any more. A first idea, already employed in [MV10, §5.1.7],
is to (smoothly) truncate the Eisenstein series (g up to some height X, denoted by AX¢q. For
example, if we naively choose X no less than the height of the truncation on the integral (namely,
Q" in the notation of [Wul4]), we find

h h
/ la(y)x(y) ¥y = / n(T). A% go(a(y))x(y) 4.

FX\AX FX\AX

We could continue the argument by replacing ¢y with AXpg. But then some L2-Sobolev norm
of |[AXg|? would come in as a multiplicative factor of the final estimation of the above integral.
This causes no problem in the cuspidal case since the relevant norm is bounded by some
L*-Sobolev norms of g, which depend only on 7. This is no longer the case for AX¢q since
its norms all depend on X, hence some positive power of @ = C(x). This means that in the
final optimization just before [Wul4, Remark 3.11], we would have to replace EQ~1/4t0/2 by
something like X FQ~Y/4+9/2 which completely destroys the Burgess-like quality. Indeed, in
the thesis version of [Wul4] we have pursued this idea and were only able to obtain a saving
(1 —20)/12 instead of the Burgess-like saving (1 — 26)/8.

A better way, which is also the main innovation of this paper, is to generalize the spectral
decomposition/Fourier inversion into a space of functions suitably larger than the square-
integrable ones. As we have seen in §2.2, A"(GLg, 1) is a good candidate: it contains |po|? and
differs from smooth vectors in the L2-space only by (non-unitary) Eisenstein series. Specifically,
we shall decompose

/h ”(T)-Iwo(a(y))Pde:/

FX\AX FX\AX

h h

n(T).(|ol? —5)(a(y))dxy+/ n(T).E(a(y)) d*y,
FX\AX

where we have written £ = £(|¢o|?) for simplicity. Without amplification, the norms of |pg|* — &
depend only on g, hence m; with amplification the relevant norms have contributions as small
as (log E)? (see Theorem 5.4) where E denotes the length of the amplifiers, which is negligible.
Hence we can treat the term related to |pg|? — € in the same way as in the cuspidal case without
harming the quality of the bound. Since £ is determined explicitly by (g, the term related to
it is explicitly estimable. We will treat the estimation and see that its contribution does not
harm the quality of the final bound either. Namely, the generalized spectral decomposition fits
as well with the estimation of the integrals as the ordinary one in the cuspidal case. Note that
the simpler (g is, the simpler & is.
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4.4 Regroupment of generalized Fourier inversion
We make the strategy described in the above remark more precise. Introducing

1 @y
= X<wp,>5wpw,l’

Eppelp ’

we can apply the Cauchy—Schwarz inequality

2
[ oehtletanm ey =| [ sl s ela)x) dy
FX\AX FX\AX

< / h(lyla) &y - / W(lylw)lo’, * ola(y))]? &y,
Fx\AX FX\AX

The first integral in the last line is of size Or(log @), hence negligible. Opening the square, we

get
o= 3 (2P (22) (o 22 ) oo 22) ) )
Jnr (o 2228 ) 075 o),

2

P17P1ap27P2€IE

ZXP<

pels

where we have abbreviated

Decomposing the non-square-integrable function as

o225 0= o Z2) i) + ) (43)

Wy W Who

where the L2-residual part (2.2) or [Wul8, Definition 2.26] is given an abbreviated notation
o Wy, Wy, —
Eo(p) =&lal ——|.v0-%0 ), (4.4)

applying to po(p) = wo(P)N + ©o(P)cusp + po(P)ris the Fourier inversion decomposition in the
sense of [Wul4, Theorem 2.18] and regrouping the two constant terms, we can rewrite the second
integral as

/ h(lylw)lo, * p(a(w) &y

vk ) ) e

Z Xp ha 17” ) (P cusp Z ha 17” 900 ﬁ)ElS

pely

Z X5 iz, fezpylar 1 (T) -0 (B)),

p€I4

where we have used the h-truncated zeta integral in Definition 2.12. Note that we can drop
@y, /@p, in the second integrand, since its adelic norm is contained in [1/2,2].
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4.5 Bounds for each part
LEMMA 4.3. We have, for any € > 0,

- 520 [ (o(22) o[22 ) )t

1

<<F,e E—2+EQ€ _‘_Qn—l-i-s'

Proof. We write and decompose
- w w
s = [ o) (o 22 )0 a( ) n) ati)a,
FX\AX wpfl wpé N
SN(F; h) = SY(B; h) + Sx(Fi h),
Sk = [ hilyla)a
FX\AX

/\‘Ul
E]
v
AS)
Z
—~
S
Nt
IS
7 N\
g
=1
[ V)
~__
Z
—
=
s
QU
X
<

The treatment of

is the same as [Wul4, Lemma 3.4], which gives a term <p . E~2¢Q°. Using (4.1), we find

)

- / B(lyla)lyle loglyla d%y
FX\AX

1/2 1/2
Wp,y Wpa

_ Wy
+ pgpir log

Sx(psh) = (’Mﬂ + 12 log

Wyl 1A Wot 1o 1 @ph A

- / h(lyla)lyla ¥y
FX\AX

1/2 1/2
’Zﬂpl pr

+ (H1pr2 + p2pin)
Wyl la

Wty 1A
1/2

2| Wy Whpy

1/2
- / B(lyl) Iyl log2lyla d*v,
A FX\AX

Wy W@yt A

from which we easily see, by the same consideration of (4.2),

SRR <o @ | S Y SR )| <l @ -
p
pely

Remark 4.4. There are nine different patterns of the positions of pq,p/, pe2, p5, listed in [Wul4,
Proposition 3.5]. The estimation of the remaining three terms depends on the pattern. For
simplicity, we only treat the typical pattern in detail in what follows, that is, when py, p, p2, b
are distinct. The treatment of the other patterns is quite similar.

LEMMA 4.5. For any € > 0, we have

‘ Z xpC(hy 1,n(T).E0(P))| <P poe (EQ)(Q"'E* + E72).

pely

Proof. This follows from Corollary 5.3 and the omitted calculation for other patterns. The
situation is quite similar to that of [Wul4, §§6.2-6.4]. O
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The estimation of (1/Mp) 3 s 13 X3S (h, 1,n(T).p0(P)eusp)  and (1/Mp) Y5 1 X6 (R, 1,
n(T).¢0(P)gis) is essentially the same as the cuspidal case given in [Wul4, §§6.3 and 6.4]. In
fact, the only difference appears in [Wul4, (6.16)], where we could bound ||A% a(w,, /= )P0 -

a(w@, /@y )-pol| easily by L*-norm of ¢y. For the current case, we need to bound ||A% pq(v1,

v}, ve,v})|| defined in (4.3). Decomposing the relevant function into K-isotypic parts, we can
apply Theorem 5.4. Thus unlike the cuspidal case, we get an extra (log E)® in our estimation,
which is harmless. Hence [Wul4, Lemmas 3.6 and 3.7] remain valid in the current case, giving
the following results.

LEMMA 4.6. For any € > 0, we have

1 .
5t 3 6 Ln(T) o)

pely

<<F,h0,e (EQ)EEQQl/QfO.

LEMMA 4.7. For any € > 0, we have

Z Xp h,l,?’L )‘@0(5)Eis)

pely

<Fhe (EQ)EQU—Y/2

We are finally led to establishing (1.1) by
minmax(EfljEQ71/4+9/2’Q*H/Q,Q(ﬁfl)/Z’E1/2Q(n71)/4’EQ(n71)/2) — Q7(1729)/8,
Kk, B

with an optimal choice given by

5. Complements of global estimations

5.1 Estimation for exceptional part
Recall & (p) defined in (4.4).

DEFINITION 5.1. For p, we define 7i(p) = (n,), for v running over the set of places of F such
that:

e n, =0 forv|ooand v ¢ {p1,p],p2,psH};

o np=1ifpe{p},pa}, mp=—1if p € {p1,p5}.
For 7i = (ny)w, [ = (Iy), with components in Z, we write [ < i to mean ly = n, at each v, defined
in Definition 2.21. We define, for l_:j i

U(f) :Zlvv ||f\| :Z” ‘ _®enu’

v

H/J'U Ny § v ﬁ f ) = H cp(np’lp35)v

p<oco

where the local components are defined in Lemma 2.18(ii), Corollary 2.19, Remark 2.20 and
Definition 2.21. We write the Laurent expansion at s = 1 of the complete zeta function Ap(s) as

Ar(s) = 1 Af + 7w +O((s — 1), (5.1)
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We recall E**8(s, f) in (2.1) or [Wul8, Definition 2.16] as well as the abbreviation

an
E0(s, f) 1= BTG, ).

We compute & (p) explicitly as

— s * reg, 1 1 * 7 o Tore 1
&o(p) = Z C(”(ﬁ)al;o){MF’QE g(2)<2a€f> + <2VF - 2AF//(Z,O)> 29rE g(2a€f>

I=7i(p)

- 1 o
+ <2A;7F + A% <27F - §Ai}p/(l; 0)>>Ereg (1) (2 el> }

where the derivative z/(I;0) is taken with respect to s in p(l; s). Consequently, we obtain

¢(h. 1,n(T)-E0(F)) = Zﬁ) <ﬁ<ﬁ>,z?o>{rA;P<(h,1,n< >Ereg<2>(2,el>)

+ <2’7F - %A*Fu’(f; o)> 27F<(h, 1,n(T).E"® < >>
+ <2A;fyp+z\;<2w A ( (1;0) >>C(h,1,n T).Eres( )<;el>>}

(5.2)

“‘l

Thus we are reduced to bounding, for n = 0,1, 2,
¢(h, 1,n(T).E* M (L e).
LEMMA 5.2. For n =0,1,2 and any € > 0 sufficiently small, we have
’C(hv 1, n(T)‘Ereg,(n) (%’ ef)) ‘ <Fohoe (EQ)E(QH—IE—(I/Q)U(D + E—(1/2)||ﬂ\)

Proof. At the left-hand side, the Mellin transform of the integrand is related to L-functions. We
make use of this fact by applying the Mellin inversion formula to get

1 1 1 ds
reg,(n) [ 2 ) | = _ - reg,(n) [ = ) | 22
C(h,l,n(T).E <2,el>> - M(h)( 5)((2 +s,1,n(T).E (2,el>>2m,,

and then shift the vertical line of integration to the left. There are poles of the integrand
determined by Proposition 2.9. We calculate the constant terms in order to analyze the poles.
We have

25\ (—25) p(l;1/2+5) B
Se-(k i
AF(2 + 28) 2s |y|A el ( )7 # 0,

2sAp(—2s) Jy[,° —1
AF(2 —+ 28) 28

re, 1 s
EN® <2 + s, ef> (a(y)k) = |yl er (k) +

E(l n s)< W)k, eg) = lylLes(1) + es(1).

2

Hence we get, for n =0,1,2, [ =+ 0 and with constants ¢, depending only on F,

reg,(n 1 n . 11 i n—
() ER (Goer) ) = s log"lacr (D + 3w Mitog £+ log Hlacp(1),
b=[1]-1
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reg,(n 1 n
n(T) Bt ( e;) (a(y)w) = (Ht(wn(T))lyla) log" (Ht(wn(T))[yla)er (w)

+ > B (log B+ l0gn—k (ly | He(wn(T))) e (w);
k=|l] -1

n(T).Exf (; €a> (a(y)) = Iyl logylacg(1) + Y exlog" *ylacg(1),
k=0
() B (G5 ) (al0)w) = (HeCun(T)lyla) Oog Be(un(T)lula)"eg(1)

n

+ Y cr(loglylaHe(wn(T)))" ™ eg(1).
k=0

By Proposition 2.9, {(1/2 + s, 1, n(T).E*&((1/2,¢;)) has:
e a pole at s = 1 with residue equal to

Ht(wn(T')) log" Ht(wn(T))ey (w),

which is bounded, using Corollary 2.17, as

-

Q72 lOgn Q- E7(1/2)0(l);

e apole at s = 0;
e apoleat s=—1.
We can thus write, for 0 < e < 1, using [Wul4, (6.1) and (6.2)] and Proposition 2.9,

e (1 1 rog () ( 1 d
C<h717n(T)_E 6 ><276f>> :ASZE§<2+3,1,n(T).E 5 )(2,el~>>9ﬁ(h)(—8)2;i

-

+ Op ho E(anlJreEf(l/Q)a(l))'

To bound the integral on the vertical line s = ¢, we have, by Proposition 2.10,

1 re n 1
<<2 + 5,1, n(T).Ere! )<2,el~>>

o Cr(1/2+ s+ 50)Cr(1/2 + s — s0) s %
=~ g : Wou (0, v v (Yo L) Yo Ud v
osy 50:1/2{ Cr(1+ 2s0) 11/1?5 {0, aly) S To)lunl 47y
Cp(]. + 280) s %
p<og Lo G2 T 5+ 50)G(1/2+ 5 — s0) /pr Wo,p (50, alyp)) Vo (ypTo) [Yplp 4"

11 C(%)S—sog,zp(s,so)},

pe{p1,p2,p7 .00}

where (1, (s, S0) is defined in Lemma 3.1. From Corollary 3.2 we deduce

ak:

il <F. E*(1/2)Ilfll+6’ E<n<2.
83’0“ '

C(¥p)° "¢y, (8, 50)

pe{p1,p2,p],05}

so=1/2
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At p < oo, T, # 0, assuming T, = w, F , we can calculate explicitly (using, for example, [Wul4,
Lemma 4.7])

Gp(1 +250)

G(1/2+ s+ 50)Gp(1/2 45— 50) Jry
—1/2—s— —1/2—s+
. —kp(1/2+s—so)1 —Gp /2ms=s0 . —kp(1/2+s+so)—2501 —dp [2=sts
- qp 1 _ qp—280 qp 1 _ qp—280
—1/2—s— —1/2—s+ —2k
g e /240-s0) (1= Gy [Py gy ) 1 gy
p

q — 1 1—g 2

Wop (50, a(yp) )tp (uo ) ysl 4™ Yp

Thus we obtain the following bound

Gp(1 + 2sp)
so=1/2 p(1/2+ 5+ 50)G(1/2 4 5 — s0

< q;k*’e(kp log qp)k<<ke_k.

o
85]5

)/FX Wo,p (50, a(yp)) ¥ (YpTo) [Yplp 4™ vy

At v | 0o, we can trivially bound

ak
’8’“ / Wo,u(80, a(y)) Vo (Yo To) [yols ™ yo
S0 Iso=1/2 JFJ
0" .
< Ak WO,U(SO7Q(?JU)) ’yv‘vd Yo Le 1
¥y |05 s0=1/2

using classical asymptotic estimation for Whittaker functions (or [Jac04, Proposition 4.1]).
Together with convex bounds for (g, we see, for n =0, 1,2,

(L + 5,1, n(T).E&0) (L e)| < (14 |s])FQ/2 e g/2M+e,
We get the desired bound using [Wul4, (6.1) and (6.2)] again. O
COROLLARY 5.3. For a typical pattern, we have, for any € > 0,
1C(hy 1,0 (T)-E0(P))] KFohoe (BQ)(Q"'E? + E72).

Proof. This follows from (5.2) and the following bounds resulting from Lemma 2.18(ii),
Corollary 2.19 and Remark 2.20:

WT0) < B, o(fi(F), 1 0) < B~/ — p2+/2)) 0

5.2 Estimation for regularized L*-norms
Recall E > 0 defined in Lemma 4.2. Choose a uniformizer w, at every finite place p. Let 77 = (ny)y,
ny € N such that:

e ny=0unless F < g, < 2E;

e both the number of p such that n, # 0 and |n,| are bounded by some absolute constant.
Associated to 7 we define ¢ = ¢(77) € A such that t, =1, v | co and t, = @, *. Take p; =
E*(0, f;), for j = 1,2, where:
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fjv € mp(1,1) is a unitary vector, spherical at each v = p < oo;

at each v | 0o, fj, lies in some K,-isotypic H,, ,, whose definition is recalled in Remark 2.20;
write 7 = (1) vjoo OF (1j)0 With 15, = 0 for p < oo;

|njul,v | 0o are bounded by some absolute constant.

Recall [Wul8, Definition 2.26] and write, for j = 1,2,

& =Eabpr - P2), wr=alb)pr P2—E& & =E(pj?).

We are interested in the L?-norm of ¢; in terms of E.

THEOREM 5.4. With the above notation and conditions, we have
lpell < (log E)°.

Proof. Note that

reg reg
lul|® = / (a(t)|e1]® — a(t)€1)(g)(lp2]” — E2)(g) dg +/ lp2l*(9)a(t)E1(g) dg
[PGLy] [PGLy)
reg reg
- [ awa@e s [ (E@Pdg
[PGL2] [PGLg]
reg reg
—2R a(t)p1(9)e2(9)E(g) dg + / a(t)]e1*(9)€2(g) dg. (5.3)
[PGLo] [PGLy)]

We bound the right-hand side term by term, which will occupy the rest of this subsection.
Note that only the fourth and sixth terms have growing contribution as (log E)3 and (log F)°Y,
respectively. O

For the first term in (5.3), we use the Cauchy—Schwarz inequality to get

/[reg (a(t)e1]® — a(t)€1)(g)(|@2]? — €2)(g) dg

PGLy]

= / a(t)(le1l* = €1)(9)(|p2l® — £2)(9) dg
[PGLy]
< Jla@®)(erl* = EDIl - p2l* = &l = llleal* = &1l - lw2l* = &2,

which is independent of ¢, hence FE.
For the second and third terms in (5.3), first notice that we can write

2
AV
q -3 eli()
k=0

where &£ ;(s) is a regularizing Eisenstein series (2.1) and the superscript (k) means taking
derivative k times with respect to s. Moreover, &) (s) are spherical at finite places. We notice
further that although the regularized integral is not GLg(A)-invariant, it is still K-invariant
[Wul8, Proposition 2.27(2)]. Hence if we write the Hecke operator associated with 7 as

T(n) ::/ R(k1a(t)k2) dr1 dry = H T(plely,
Kfin xKfin

p<oo
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where R(-) denotes the GLy(A)-translation, we have

reg

/[ eaPea0a@ ds = [ [eaPo)T @) do,

PGLy] [PGLo]

/[reg (D)€ (9)E(g) dg = / (e (9))ag) dg.

PGLs) [PGLo]

&1 k(s) is a generalized eigenvector of T'(77) with eigenvalue [Bum98, Theorem 4.6.6]

—n/2 <q(n+1)s . q—(n+1)s q(n—l)s —(n—1)5>

B q _ —q
A(i; ) = [T Ae(npli o), Ap(nss) = 1i — | : —q, ' :
P )

G —q° aQ—qp°
(5.4)

in the sense that (cf. [Wul8, Remark 2.17])
T(M)E1k(1/24+5) = M7 1/2 + 5)E1 ,(1/2 4 5) + ci(A(7i;1/2 4+ 5) — 1) AR (S),

where Ap(s) is a ratio of zeta functions of F (see, for example, Theorem 2.2) and ¢ € C is some
constant depending on ;. Note that A(7i;1/2) = 1. Consequently, we get

T(EN (1/2) =Y (I;) AO(it;1/2)€1(1/2)

=0

k—1 k+1) (= (—1)
k . ) AEF (731 /2) A (0)
AHD (7.1 /9 0 F '
rar ()N o -
Inserting the obvious bound AV (i7;1/2) < (log E)!, we see that the second and third term in
(5.3) are bounded as < (log F)3.

Remark 5.5. \y(n;s) = cp(n,0;s) defined in Lemma 2.18(ii).
For the fourth term in (5.3), we first make & explicit.

DEFINITION 5.6. We extend the definition of I < 7 in Definition 5.1 to the case n,, # 0,v | 0o as
follows:

e F,=R:1[, < n, means [, = ny;

o F,=C:1, Xny, means 0 <1, < ny.
At v | co, we write e,, for some unitary vector in H,, recalled in Remark 2.20 without
specification.

‘We can thus write

- -

a(t).o1 = c(ﬁ,l;O)E*(O,eﬁ1+l~) = & = (1, ;O)S(E*(O,eqﬁf)@). (5.5)

n

X
3
et
3

Recall the tensor product formulas for representations of K,, v | co:
o F,=R: H,® Hy, ~ Hym;
o ¥, =C: H,® H,, ~ n+m@Hn+mf2@"'@H\n—m\'
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Together with the explicit determination of constant terms
* * — 7 1/2
EX(0, ez, , ) (a(y)r) = {AR(D]yly* loglyla + (29% — AR (14 (1 + z~o>)ry| Yes (),
pan(a(y)s) = {A (D)l loglyla + (29 — SAR(L) 1 (772; 0)) [yl } fa (k)

we deduce the existence of ¢ such that

EE"(0,e;  pP2) = Z Crm (CzEreg’@) (3, €mit) T c1 (I)Ere ) (3, emir) T Co(f)Ereg(%a €m+f)),

m=m1+72
(5.6)
where we have written
ca=ca(l) = AR 2, co(l) = (29F — 3AR4 (711 + 150)) (2% — $A50(732; 0)),
c1(l) = (298 — $Apu/ (711 + 5 0))Af + Af (298 — SA4/ (7720)).
LEMMA 5.7. For ki, ke > 0, the regularized integral
ree 1 1
reg,(k1) [ Z reg, (k
is non-vanishing only if m1 = ma, l_i = fg We also have
8 ea (i) (1 veg,(ka) [ 1 1] by ko +2
BRI 5 emar ) (@) Es D ooen 1) (9) dg| < E7V (log E) -
PGLs
Proof. This is a direct consequence of Theorem 2.4, together with
dk -
M*F) e (Ar(s—1/2)u (m+l;s))em+l~. O

128+~ Jok
/ ds s=1/2

Applying the lemma and the estimations
(7 + B0) = W/ (073;0) + W/ (5:0), W/ (1:0) < log B, [e(7, T; 0)] < £~ (M-I,
we finally get

reg . 2 —
/ E@Pdg =Y S L0l Y e (e
[PGLe] I M=+t k1 k2 =0

reg 1 1
' /[PGL }Ereg’(kl)<2 emH)(g)Ereg’(kQ) (2,€m+f> (9)dg
2
< E7 Il (1og E)S.

For the fifth term in (5.3), note that we have computed/decomposed a(t).¢1 and & in (5.5)
and (5.6).

LEMMA 5.8. For any k > 0, the regularized integral

reg i 1
/[ E*(0,e; 7 )(9)pa2(g)Eree®) (2, €m+l§) (9)dg

PGLy]

is non-vanishing only if Iy = l5. We also have

reg 1 R
/ E*(0, e, ,)(9)pa(g)Eree® <a€m+f> (9) dg‘ < B log B4
[PGL] 2
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Proof. We apply Theorem 2.7. The ‘degenerate part’, that is, the weighted sum involving Pk,
is easily seen to be non-vanishing only if [ = I3, and in the case I; = Iy = [ it is bounded by

foulll (log E)*4 since pu(™(l:1/2) < E-l(log E)™. For the ‘main part’, we note that

R(3+5,E%0,¢; .7)(9)¢2(9):877,)

is the product of (g(s+ 1)*(r(2s+2)~1, some local components at v | oo irrelevant for

estimation, and
PAO 0]1/2+s

defined in (3.1). Lemma 3.3(ii) implies the non-vanishing assertion. We need to estimate

R\ (1 kR ok ap(l
o) \2) T Gra s | \T 2T ) )

Corollary 3.4 concludes the bound. O

We deduce that
2

reg - . .
[ ate@m@E@d = Y S ealioR Y adl
[PGLe] =iy T2 [<5 k=0
o oalg)Eres ) L
X /[PGLQ]E (0,e5, . 7)(9)p2(g)Eree (2a€m+f>(g)d9

< E7 Il (1og E)S.

For the last term in (5.3), first notice that we can write

2
1
62 = Z Ereg,(k) <2, hk) y
k=0

where hy, are spherical at p for which ny # 0. We are reduced to bounding
reg . ) ) 1
L7 a5 0 )@ PEO (50 ) (0) do
[PGLs)
to which Theorem 2.7 applies directly.
The degenerate part contributes (log E)3. In fact, only
k(MG at)f1 - ) f1)Px (i), 0<1<3,

has non-constant contribution. For the main part, using the GLy(Fy)-invariance of the local
Rankin—Selberg zeta functions, we easily deduce

1 r(s+1)* (1 Cr(2s +2)R(1/2 4 s, [E*(0, f1)|%; hi)
R( = £).E* (0, f1)|* by ) = 22 A A o +s ) -
<2+8,‘a( ) ( ?f1)| I k‘> CF(28—|—2) 7’L72+$ CF(S+1)4 ’

where only the term A(7i;1/2 + s) defined in (5.4) depends on E. We bound
k! okt

(k + 4)! Osk+4

1
s4R<2 L s, la(t) B0, f) hk) < (log B+
s=0

from A (7;1/2) < (log E)!, and conclude that the last term in (5.3) is bounded as < (log E)°.
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Appendix A. Disadelization in a special case

For the convenience of readers not familiar with adelic language, and also for those who want to
see the computation in the classical setting, we provide part of the disadelized computation in
the case F = Q and x = ||, that is, the case for the Riemann zeta function.

On the adelic side, we shall work in the framework of PGLs, hence all previous groups such
as N, B, K are considered as subgroups of PGLs via the canonical projection. 1g, denotes the
identity element in PGLa(Agy). ¢ is reserved for functions on [PGLg|. We restrict ourselves to
SO2(R)-invariant functions. The finite places of Q correspond to prime numbers p = pZ.

On the classical side, we shall confuse SO3(IR)-invariant modular forms on I'\PGL2(R) with
functions on I'\H, where I' < PSLy(R) is a lattice, I is the subgroup generated by I' and
diag(1,—1). f is reserved for functions on I'\PGL2(R). Hence

=1 ((" 7)) s=etiven

We also write e(x) := > for z € R.
We assume the existence of a compact subgroup Kr < PGLy(Agy,) such that
Kr NPGLy(Q) =T, det(Kr)=2%, a(Z¥)C Kr.
Then the strong approximation theorem, PGLy(Ag,) = PGL2(Q)Kr, yields
PGL2(Q)\PGL2(A)/PSO3(R)Kr ~ I'\PGL3(R)/PSOy(R) ~ I'\H.

Kr-invariant functions ¢ are in bijective correspondence with functions f, determining each
other by

f(9) = ¢(g,16n), Vg € PGLa(R).

Consequently, if p denotes the standard uniformizer at the place p, then since p € Z; for any

prime ¢ # p and ¢ is invariant by a(zx), we get

(alp™")-#)(g, 16n) = ¢((9:1,- .., La(p™h), 1,...)) = @(a(p)g, 1an) = f(a(p)g),
or (a(p™)f)(2) := f(pz). The constant term, defined by

onlg) == /Q i)

is left-B(Q) right-Kr invariant. From the strong approximation theorem, we deduce that

B(Q)\PGLa(Ag)/Kr =~ B(Q)\PGL(Q)/T
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corresponds bijectively with the set of cusps of I'. (Look at the right action of PGL2(Q) on P1(Q)!)
We take a system of representatives [I'] C PGL2(Q) for the above double coset decomposition.
Hence ¢ and the following finite collection determine each other:

©N(g,7), v €[l CPGL(Q) C PGL2(Agy).

For every v € [['], N(Ag,) NvKry~! is a compact subgroup of N(Agy,), hence equal to N(dvz)
for some d, € Q*. The strong approximation theorem for Q implies

Apn=Q+dZ = Am=|]|o+dZ = Q\A=(d2Z\R)xdZ,

where o runs over a system of representatives for Q/d,Z. Hence

onlg,7) = /d . /d _pln(u)g.n(=)) dzdu = |d;| /d o P

= |d7|_1/ o(y n(u)g, 1) du, Vg € PGLy(R).
dyZ\R
On the other hand, the function
fr(9) = f(7719) = ¢(v"g, Ln)
is a modular form for the lattice yf'y_l. Since
ATy~ 'NN(Q) = vKry ™' N N(Q) = N(d,Z) N N(Q) = N(d,Z),

the normalized constant term at the cusp oo of f, is

fonl) = ldy] ! / £ (n(x)g) dz = on(g, 7).

d,Z\R
Write fz = fi,~n. Since both functions
A*—C, yr plaly)) and y— on(a(y))
are left-Q* right—zx invariant, and since, by class number 1 of Q,
QX \AXJZ* ~ {+1N\R* ~ Ry,

we can compute the zeta functional as
(s, 1, ) :/0 (o — en)(a(t), Lan)t* /2 d"t = /0 (f = fa)(a(t)t*= 2 d%t.

Write eg € H := Indg( )KL for the constant function taking value 1 on K. The normalized
Eisenstein series E*(s, eg) corresponds to the usual normalized real analytic Eisenstein series for
the full modular group

y1/2+s
E (S,Z) = A(l -+ 23) Z m
(e,d)=1
c,deEZ

Introducing, first for s > 1 then by analytic continuation using the second expression, the
function

o 1/2—s e(—uy) _111/2—s > —(t4y2/t) s x
ICOO(S7y) T FR(l + 25)|y| /]R (1 + u2)1/2+s du - ‘y| 0 € v t d ta ) € Ra
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one computes the Fourier expansion at oo as
* * * * y x
(E - EN)(Su Z) = (E - EN)(Sv 60) 1/ 1ﬁn
= Y elna)Kao(siny) - In| V2 T -

(e4+1)s _ p—(e+1)s

S —S8
0#nEZ pelIn prep
= > ene)Koo(s,ny) - [n]* 20 _s5(In),
0#n€eZ

where o5(m) := > dim d® is the usual divisor sum function. Hence the zeta functional is equal to

C(s,1,E*(s0, €0)) / Z Kool(s0,ny) - [n|*0~ /2, 25 ()Y~ 1/2 g%y
0#n€eZ

_220' 250 / / t+n2y2/t)t80 S—So dXth
_ZU 250 nS0~ s/ / t+y)t s+50)/2 (s—50)/2 dXth

= FR(S — 50)I'r(s + 50)C(s — 50)C(s + 50) = A(s — s0)A(s + s0)-

Proposition 4.1 studies a variant of the above equality by replacing s with 1/2 + iu, E*(so, eo)
with n(T).E*(0,¢eg) for some T € R, |T| < |u|. Together with Lemma 4.2, we are reduced to
bounding

/0 " hy) - ((T)E*)(0, iy) ",

where h is a positive function with support in [|u|="71, |u/*"!]. We would like to apply the
Cauchy—Schwarz inequality,

2

/ T hy) - (n(T) B0, ) d*y

oo oo

< [ rwde [ hw) - @@ B0
and Fourier inverse |E*(0, z)|2, which is not square-integrable. Michel and Venkatesh’s idea is to
Fourier invert the restriction of |E*(0,2)|? on a large compact region containing the domain of
integration, which fails to give the Burgess-like quality because the L2-norm of such restriction
depends polynoimally on p. Our idea is to find &, some linear combination of derivatives of
Eisenstein series such that [E*(0,2)|? — £ comes back to L2. The existence of £ is due to Zagier
[Zag82] and our extension [Wul8, §2]. Hence, for

| 1) - ) e Py 0.
- /0 ) (DB = D)+ [ he) - (u(T)E)in) .

we can estimate the two terms on the right-hand side separately. To the first term we apply
Fourier inversion to |E*|? — £. For the second, we compute directly. The advantage over Michel
and Venkatesh’s approach is that the L?-norm of |E*|?> — £ is essentially constant, while the
second term contributes no more than the constant part of the the first term.

The truth is a little more complicated due to the large contribution of the one-dimensional
part of |E*|2 — €. Hence we need to use the method of amplification. We shall not be precise as
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to the exact form of amplification since the aim is to give an idea of how things look. If p is a
prime regarded as the uniformizer of Q,; embedded in Af , then

C(S) 1’ (L(p_l).E*(So, 60)) = /(; (E* - EI*\I)(S(M ipy)ys_1/2 dXZ/v
from which we deduce that
C(l/z +ip, 1, a(p_l)'E*(()? 60)) = p_ZNC(l/Q +ip, 1, E*(Ov 60))'

We can replace E*(0, eg) with some balanced average of p*“a(p~!).E*(0, eg) without affecting the
integral representation and Lemma 4.2 given above, since a(p~!) commutes with the n(T),T € R.
After applying Cauchy—Schwarz, we are led to Fourier inverting

a(p_l).E*(O,eo) -E*(0,e9) or E*(0,pz)-E*0,2).

In the classical setting, we should view all modular forms for PSLy(Z) as forms for T'y(p) at
this step. Hence we need to find some linear combination £(p) of derivatives of Eisenstein series
for T'o(p), such that

¢o(p)(2) :== E*(0,pz) - E*(0,2) — £(p)(2)

has slow increase at every cusp of I'g(p). This is of course feasible in the classical setting, but
with painful computations. The more convenient adelic computation goes as follows.

GLa(A)

DEFINITION A.1. Fore € H := Indg(A)mKl, we write eg € IndB(A

associated with it. For any sg € C, n € N we write
n
o . 9

= €s.
s s
’ ds™ 5=50

(13, -14%) for the flat section

It is easy to verify

@(()7,10) . eém) = e§7;m), Ve € H, Vn,m € N.
Let e; € H, admitting the same local component as ey at places co and g # p. At p we take its
local component as the e in Lemma 2.16. Specifically,

—-1/2

e1laraz,)-Kop) = P 2 ellkom) =%

E(s,e1) corresponds to an Eisenstein series for I'g(p) given by

El(s,z):E(s,el)<<y ff)jlﬁn> - %;GL . 2615< <<y T)Jﬁn))

veB(Q

C T ()

YEN(Z)\T'o(p)

1
= el (7 ) m))
YEN_(pZ)\I'o(p)

P

since we know the set {0, 00} of cusps for I'y(p) as

PCLL(Q) = BN UBQ (, ') Tl
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We insert the value of e; s to obtain

1/2+s
s . 1
Bi(s,2)=p? S0 S oy 3 %((1 )7) |
+EN(Z)\To () veN_ (pZ)\To (p)

Note that this is regular at s = 1/2. We now turn to the determination of £(p). Using the Laurent
expansion of A in (5.1), we can write the constant term as

EN(0, e0) = 2vgeo,0 + A@e(()}()].

Computing the constant term of a(p™1).E*(0, ep) is convenient only if we can express a(p~1)eg
as a linear combination of flat sections. This is done in Lemma 2.18, yielding

a(p—l) o — ps+1/2 _p7(5+1/2) - PS4 p s y
S p1/2 —I—p*1/2 S 1/2 +p*1/2 S
1/2

1/2 _ —1/2 1/2 _
1y (1) _ @, P b 1y , p p
a(p™)-ep0 =€+ p71/2 =Y e+ 71/2 —i73 (logp)eo,o + (logp)ero-

We thus obtain

(a(p™").E*)n(0, ) - ER(0, o)

|2101/ —p /2 o2
1/2 71/2 1,1/2

1/2 _ p—1/2 @
P2 f p=1/2 (logp) + 27gAg + 270A¢ > €0,1/2

Q

P2 /2 12, —1/2

D P p (1)

<|A@| (logp) + 290 Ag 1/27]91/2 + 270Ag o1/2 +p_1/2> €1.1/2
pl/2 — p1/2 ,

(QVQA ﬁ(logp) + 4ol >60,1/2

1/2 —1/2
p p
+ | 27gAg(log p) + 4|’7Q\27p1/2 > €1,1/2-

Writing for E(s, z) the usual (non-completed) real analytic Eisenstein series and, for n € N,
om 1 (n) am

E — E;7(1/2 =
RZam 1/2( (52) 5—1/2)7 r1/2,2) dsm

we deduce via the adelic classical correspondence of constant terms that

—-1/2

1/2
* re p p
E(p)(2) := |AyPEe®)(1)2, z)+yAQ127l/2+p_l/2 EP(1/2,2)

Er®(M(1/2, z) Ei(s, z),

s=1/2

2P 12 _ p=1/2
+ (| ol ﬁ(logp) + 27gAg + 27QA% )Ereg )(1/2, 2)

1/2 -1/2 /2 —1/2
p =P D (1)
ﬁ“’Y@A 1/2+p_1/2>E1 (1/2,2)

+ ]AQ| (log p) +2’yQA

pl/2

pl/2

+ (27@AQ 72} p 172 (logp) + 4’7@|2>Ereg(1/272>
oD _pl2

+ <2nyAQ log p) + 4|70l pl/2>E1(1/2,z)

does the job.
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With the above construction, we then showed that the (renormalized) L?-norm of ¢g(p) on
To(p)\H is < (logp)?3, as well as its derivatives with respect to the Lie algebra of PGLa(R). Its
Fourier inversion,

oP)(2) = et 1+ o %jfor Gse)
+ /_Z Cp(0,i1)E(iT, 2) / Cp(1,i1)E; (i1, 2) ZT
= eo(p)n(2) + Z Co(H)f(2)
# cusp form for To(p)
/ Cp(0,i1)(E — En)(iT, 2) / Cp(1,i7)(E; — Eq ) (i, Z)ZZ;

with Fourier coefficients Cy(f), Cp(0,i7), Cp(1,i1) € C, converges uniformly in any compact (for
the first version) or Siegel domain (for the second). Thus

¢, n(T).00(p)) == /0 " h(y) - golp)(iy) *y

:/Ooh() wo(p)n(iy) Xy + > Cylf / hy) - f(iy)d™y

f 0
/ Cp(0,i7 / h(y) - (E — EN)(iT, iy) deZ—;

dr

+ / Cp(1,i7) / (E1 — Ein) (it iy) 'y —
—o0 0 4m
and we estimate the right-hand side term by term.
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