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We consider a family of inhomogeneous axisvmmetric mass models with a simple
gravitational potential originally introduced by Kuzmin (1956):

GM
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where R? = z2 + y?, a and ¢ are parameters, G is the gravitational constant, and
M is the total mass of the corresponding density distribution.

The potential (1) and the density p are most elegantly expressed in terms of
prolate spheroidal coordinates (), ¢,v) (cf. de Zeeuw 1985):
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The surfaces of constant density are smooth and not too far from ellipsoidal for
moderate values of the central axis ratio. The axis ratio increases slightly with
increasing radius. The spherical limit is Hénon’s (1960) isochrone.

As already shown by Kuzmin and Kutuzov (1962), the density distribution
p(R,z) can be written explicitly as p(R,Vs). This fact makes it possible to use
a standard inversion technique (Lynden-Bell 1962; Hunter 1975; Kalnajs 1976;
Dejonghe 1986) in order to obtain in closed form—as a series of generalized hy-
pergeometric functions—the unique distribution function f(E,L.?) that depends
only on the two classical integrals of motion (the energy E and the component L,
of the angular momentum parallel to the symmetry axis) and that is consistent
with the density. This f is nonnegative for all oblate models in the sequence. Nu-
merical tests indicate that f > O for prolate models only in case the central axis
ratio is larger than about 0.7. The velocity dispersions can be written in terms of
elementary functions.

The potential of all these models is of Stackel form, so that all orbits in them
enjoy an exact third integral of motion I3, which can be regarded as a generalization
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of the total angular momentum integral of the spherical limit (de Zeeuw & Lynden—
Bell 1985). We have developed a new method for the analytical construction of
distribution functions f(E, L,?,Is), and apply it to these mass models.

We write f as the sum of two parts: f(E,L2,I3) = fi(E,L2,1I3) + fo( E,L?),
where f; is of the form

fUB L2, I5) = ) comnBL2™(p+ qE + rL2 + sI3)", (4)

¢m,n

where comn, p, ¢, ¥ and s are parameters, and £, m and n are integers. This f;
can be integrated fairly easily over velocity space, and results in a density p;. The
remaining density p; = p — p; is then reproduced by f2, which is obtained by the
standard inversion technique. This produces—for the first time—exact analytic
distribution functions for realistic axisymmetric models that depend on all three
integrals of motion. The velocity dispersions in these models can again be given
explicitly.

Not all values of the parameters in f; produce positive distribution functions.
However, fine-tuning is possible, and leads to an interesting variety of anisotropic
models with positive distribution functions. In particular, we have constructed
models with m = 0, p =0, ¢ = 0 and r = s/2. In the spherical limit our distribution
functions reduce to the form f = f,(E, L?) + f2(E), where L is the total angular
momentum.
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