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WHEN ARE DENSE SUBGROUPS OF LCA GROUPS
CLOSED UNDER INTERSECTIONS?

M.A. KHAN

Let G be a nondiscrete locally compact Hausdorff abelian group. It is shown that
if G contains an open torsion subgroup, then every proper dense subgroup of G is
contained in a8 maximal subgroup; while if G has no open torsion subgroup, then
it has a dense subgroup D such that G/D is algebraically isomorphic to R, the
additive group of reals. With each G, containing an open torsion subgroup, we
associate the least positive integer n such that the nth multiple of every discon-
tinuous character of G is continuous. The following are proved equivalent for a
nondiscrete locally compact abelian group G:

(1) The intersection of any two dense subgroups of G is dense in G.

(2) The intersection of all dense subgroups of G is dense in G.

(3) G contains an open torsion subgroup, and for each prime p dividing the
positive integer associated with G, pG is either open or a proper dense
subgroup of G.

Finally, we construct a locally compact abelian group G with infinitely many dense
subgroups satisfying the three equivalent conditions stated above.

1. INTRODUCTION

It is well-known that in nondiscrete familiar topological groups, the intersection of
two proper dense subgroups need not always be dense. This paper is the result of a
successful quest for those LC A(that is, locally compact Hausdorff abelian) groups in
which dense subgroups always have dense intersections. It is convenient to divide all
nondiscrete LC A groups into 2 classes:

(1) those that are torsion-open (that is, have an open torsion subgroup).
(2) those that are not torsion-open.

The two classes exhibit quite disparate behaviour as to their dense subgroups (see
Theorems 2.1 and 2.2). It turns out that for any unusual, anomalous or exotic property
of dense subgroups such as the one we are looking for, one must turn to torsion-open
LC A groups. Section 2 is devoted to them. With each nondiscrete torsion-open group,
a positive integer and a finite set of primes is associated (Proposition 2.1 and Definition
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2.2). These associated integers have a crucial role in determining the behaviour of
dense subgroups. Propositions 2.2 and 2.3 contain extensions of known results (see the
comments preceding them). In Section 2 we prove a little more than we need. Our main
result appears as Theorem 3.1. Finally we construct an LC A group with an infinity of
dense subgroups which are closed under arbitrary intersections (Example 3.1).

For an LCA group G, G is the group of all continuous characters, b(G) the
subgroup of compact elements, ¢(G) the maximal torsion subgroup and E(G) denotes
a minimal divisible extension of G topologised in the usual manner so that G is an
open subgroup. ﬂa = (Ga)" is the Bohr compactification of G. Byi:G — BG
we denote the adjoint of the identity map G4 — G. For a subgroup H of @, iH
(rather than i(H)) denotes the same group as H with topology as a subspace of 8G.
In particular, iG denotes the group of all continuous characters of G with topology as
a subspace of BG, the group of all characters of G; iG is known to be a proper dense
subgroup of BG, provided G is nondiscrete. 2 and ~ denote topological and algebraic
isomorphism respectively. The groups Z(p), Z(p*),Q, Jp, Fp and T have their usual
meanings (or see [2, page 18]). We use R only as the additive reals with no topology.
[] is used for topological direct products, @ for algebraic direct sums. Z(p)™ and
Z(p)™* denote the topological direct product and weak direct product of m copies of
Z(p) respectively.

2. TORSION-OPEN LCA GROUPS

We begin with a definition.

DEFINITION 2.1: Let A be an abelian group and G a compact torsion abelian
group. A is said to be n-bounded if nA = 0; bounded if nA = 0 for some n. A is
strictly n-bounded if n is the smallest positive integer such that nA = 0; we also say
that the strict order of A is n. G is said to be trim if every open subgroup of G has

the same strict order as the strict order of G. G is n-trim if G is trim and strictly
n-bounded.

The following lemma is the first step towards our characterisation of torsion-open
LCA groups.
LEMMA 2.1. Let G be a nondiscrete LC A group.
(a) If G has an m-bounded compact open subgroup, then BG/iG is m-
bounded.
(b) Ifﬂ@/i@ is strictly n-bounded, then G has a compact open n-trim sub-
group.
Proor: (a) By duality, G has a compact open subgroup H such that mG C H;
hence also m(i@) C i1H; since iG is dense in ﬂ@ , m(ié) is dense in m(ﬂ@), a
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compact subgroup of ﬂa As m(ia) C tH, a compact subgroup of ia, we conclude
that m(ﬂ@) CiH C iG, so that ﬂ@/t@ is m-bounded.

(b) n(ﬂ@) C iG implies that the nth multiple of every character of G is con-
tinuous. Let G(n) be the closed maximal n-bounded subgroup of G. It follows from
n(ﬂ@) C iG that the annihilators of Ga(n) in ﬂ@ are the same characters (all con-

tinuous with respect to G) as the annihilators of G(n) in G. Now if G(n) is not open
in G, then G/G(n) has discontinuous characters also {2, 10.6]. Hence, G(n) is open,
so that G has an n-bounded compact open subgroup. Using (a) and the strictness of
n, it follows that every compact open n-bounded subgroup is n-trim. 1]

Before our next result, we make the obvious remark that if an LC A group has a
compact open bounded subgroup then every compact open subgroup is bounded.

PrROPOSITION 2.1. The following are equivalent for a nondiscrete LC A group
G:
(a) BG/iG is strictly n-bounded.
(b) G has a compact open n-trim subgroup.
() G contains a compact open n-bounded subgroup, and n divides the strict
order of every compact open (necessarily bounded) subgroup of G.

PRrROOF: (a)=>(b): This is Lemma 2.1 (b).

(b)=>(c): Let H be a compact open n-trim subgroup and H; a strictly r-bounded
compact open one, then H N H; is strictly n-bounded and also r-bounded. Hence, n
is a divisor of r.

(c)=(a): G has a compact open strictly n-bounded subgroup H. By Lemma
2.1(a), ﬂ@/ﬁ is n-bounded. Suppose it is strictly r-bounded, then » divides n. By
Lemma 2.1(b), G has a compact open r-trim subgroup, so by (c), n divides » and so
T=n. 0

REMARKS. (1) Suppose ﬂ@/ia is strictly n-bounded. It is then clear from the Propo-
sition that every n-bounded compact open subgroup is n-trim, and n is the least such
positive integer.

(2) Every nondiscrete torsion-open LCA group contains trim compact open sub-
groups (this follows from the Proposition above).

DEFINITION 2.2: Let G be a nondiscrete torsion-open LC A group with a compact
open n-trim subgroup. Let p; (i =1,2,... ,m) be the distinct primes that divide n.
Then we shall say that n is the positive integer and p,,... ,pm the primes associated
with G. (Since the strict order of ﬂ@/za is determined by G unambiguously, the
integer and primes are well-defined.)
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The next two Lemmas are related to LC A groups with no open torsion subgroup.

LEMMA 2.2. Let G be a nondiscrete totally disconnected, o-compact, divisible
LCA group such that G = b(G). Then G contains an algebraic direct summand
isomorphic to R.

Proor: By [8, Corollary 6], G = E(K) x L, where L is divisible torsion and
discrete and K is an infinite compact power-open totally disconnected LC A group.
By [7,1.1], K = Hp A,, where A, is a topological direct product of finitely many Jp’s
and finitely many cyclic p-groups for each of an infinity of primes p. If J, C K for
some p, then E(K) contains a copy of F, =~ R, and we are through.

Suppose now K = HP A, , where A, is a non-trivial finite product of discrete cyclic
p-groups for an infinity of primes p. Since K has cardinality ¢ and ¢(K) is countable,
the torsion-free rank of K is ¢, so that E(K) contains a direct summand = R. 1]

LEMMA 2.3. Let G be an LC A group which is not torsion-open. Then G con-
tains a dense subgroup D such that G/D = R.

ProOOF: If G is not totally disconnected, G has a closed subgroup H such that
G/H = T. Now T contains R algebraically, so we are through. If G is totally
disconnected, then G contains compact open subgroups none of which is a torsion group.
Hence, b(G), which is open in G, contains nondiscrete infinite cyclic subgroups, so that
b(E(G)), which is open in E(G), contains a copy of @, the additive rationals with a
nondiscrete topology. Since Q is densein @, Q is o compact and divisible {1, Theorem
2). Let E(G) = Q+L be an internal algebraic direct sum, then Q+ L is densein E(G),
so D = (Q + L)NG is a proper dense subgroupof G. Since G is open and Q+L is dense
in E(G), wehave E(G) = G+Q+L,so G/D=(G+Q+ L)/(Q+ L) =E(G)/(Q + L)
=(Q@+L)/(Q+ L) = Q/Q. Now Q is a nondiscrete totally disconnected o-compact
divisible LCA group with every element compact, so by Lemma 2.2, Q contains R
algebraically. Hence, so does G/D and the proof is complete. 0

In the next two Theorems, we characterise separately two classes of LC A groups:
(i) those that are torsion-open. (ii) those that are not torsion open.

THEOREM 2.1. The following are equivalent for a nondiscrete LC A group G:

(a) G is torsion-open.

(b) Every proper dense subgroup of G is contained in a maximal subgroup
of G.

(c) BG/iG is bounded.

PRrROOF: (a) = (b): Let D be a proper dense subgroup, H a compact open n-
bounded subgroup, then G = D+ H,s0 G/D ~ H/HND, which is n-bounded. clearly,
D is contained in a subgroup of prime index p dividing n.
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(b) = (a): Follows from Lemma 2.3.
(a) = (c): Follows from Lemma 2.1.
(c) = (a): This is from Proposition 2.1.

For the record and for use, we next deal with groups which are not torsion-open. 0
THEOREM 2.2. The following are equivalent for a nondiscrete LC A group G:

(a) G is not torsion-open.
(b) G contains a dense subgroup D such that G/D =~ R.
(c) BG contains a closed subgroup H = (Ry)" such that H NiG is trivial.

PROOF: (a) = (b): Lemma 2.3.

(b)= (a): Follows from Theorem 2.1.

(b) = (c): D separates points of G, so D annihilates no nonzero continuous
characters. Now H = A(ﬂ@, D.,) ~ (R)" and H NG is trivial.

(c) = (a): Since BG/iG is not bounded, G cannot be torsion-open (Theorem

2.1). 0

REMARK. Let G be a nondiscrete torsion-open group with associated integer n. Then
G has a compact open n-trim subgroup H. Now H is divisible by every prime not
a divisor of n. Hence pG is automatically open for every prime p that is prime to
n. So there remain only a finite number of primes, namely those that divide n, which
can possibly provide dense subgroups of prime indices. This is the main use of the
associated integer n.

We end this section after a brief detour. Substantially, the following result appeared
in {5}, [6, Corollary 5.1] and {4]: A nondiscrete LC A group G contains no proper dense
subgroup if and only if G is torsion-open and pG is open for each prime p. We refine
this statement a bit and give a shorter proof.

First we prove a lemma to be used more than once.

LEMMA 2.4. Let G be a nondiscrete LC A group with pG = 0. Then G contains
both a dense maximal subgroup and an open maximal subgroup.

PRrOOF: By [3, Theorem 25, 29] G = L x M where L is discrete and M is an
infinite topological direct product, say Z(p)™. Since the direct sum of these Z(p)’sis
dense in M, G contains a proper dense subgroup and so a maximal one too. Clearly G
contains open subgroups of index p. (Look at the dual.) 0

PROPOSITION 2.2. A nondiscrete LCA group G contains no proper dense
subgroup if and only if G is torsion-open and pG is open for each associated prime p.

PRrooOF: For the sufficiency, we note that by the Remark above, pG is open for
each prime p, so there are no dense maximal subgroups for proper dense subgroups to
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be contained in.

Conversely, assume there are no proper dense subgroups. Then G is torsion-open
(Theorem 2.2). Suppose pG is nonopen for some associated prime p. As each maximal
subgroup of index p is open (otherwise it would be dense), their intersection pG is
closed. Hence, G/pG is a nondiscrete LCA group with no dense subgroup of index p,
contradicting Lemma 2.4. Hence, pG is open and the proof is complete. 0

In {2, 7.18], D.L. Armacost asked which LC'A groups contain no proper pure
dense subgroups. We do not have the complete answer but Theorem 2.2. leads to the
following.

PROPOSITION 2.3. If an LC A group is not torsion-open, then it contains
proper pure dense subgroups.

3. THE MAIN RESULTS
We begin with a couple of lemmas.

LEMMA 3.1. Let mG and nG be proper dense subgroups of an LC A group G.
Then mnG is also dense in G.

Proor: We know n : G — G, n(g) = ng, is a continuous endomorphism of G.
By continuity of m, mG = m{nG) C mnG, so that G = mG C mnG. 0

LEMMA 3.2. Let G be a nondiscrete LCA group and let D and H be respec-
tively a proper dense subgroup and a proper open subgroup of G. Then G contains two
proper dense subgroups whose intersection is not dense in G in each of the following
cases:

(i) G/D =~ G/H =~ Z(p) for some prime p.
(i) G/D =~ G/H =~ Z(p™) for some prime p.
(i) G/D =~ Z(p*™) and G/H =~ Z(p) for the same prime p.

Proor: (i) We have G/DNH =~ (D/DNH)®(H/DNH) = Z(p) ® Z(p). Let
f: G — G/DNH be the natural map; choose a subgroup A of G containing H N D
such that f(A4) =~ Z(p), f(A)N f(D) = f(A)N f(H) = 0. Now A is a maximal dense
subgroup, for ANH = DN H is not open. Hence, A is densein G but AND = HND
is not dense in G.

(i1) Doing as in (i), we see that G/HND = Z(p™)® Z(p™). Let A be a subgroup
of G containing H N D such that f(A) = Z(p™) and f(4A)N f(D) = f(A)Nf(H) =0.
We claim that A=A+ H = G. Since A C A+ H which is open, A C A+ H. Also
ACA, H=HNDC A implies that A+ HC A,s0 A= A+ H. Since H and A
both contain HN D and f(H) and f(A) together generate G/H N D, we must have
A+ H = G. Now A is a proper dense subgroup of G such that AND = HN D is not
dense in G.
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(iii) Here G/HND ~ (D/DNH)® (H/DNH) = Z(p™)® Z(p). Let f: G —
G/H N D be the natural map. Choose a subgroup A containing H N D such that
f(A) = Z(p=), f(A)N f(H) = f(A)N f(D) =0. We claim A = A+ H = G. Since
H is already a maximal subgroup of G, A + H = G. Since A C A+ H which is open,
ACA+H.Also ACAH=ANDC 4 implies A+ H C A. Hence, A=A+H =G
as claimed. Now A is a proper dense subgroup of G such that AN D = HND is not
dense in G. 0

We now come to the main result of this paper.

THEOREM 3.1. The following conditions are equivalent for a nondiscrete LCA
group G:
() @ is torsion-open and for each prime p associated with G, pG is either
open or a proper dense subgroup of G.

(b) The intersection of all dense subgroups of G is dense in G.
(c) The intersection of any two dense subgroups of G is dense in G.

ProOF: (a) = (b): suppose the associated integer n = pi'...pl™, where the
pi's are distinct primes. If p;G is open for all ¢ in question, then G contains no
proper dense subgroups to worry about {Proposition 2.2). Assume p;G is proper dense
for 7 from 1 to k, and open otherwise. Since p;G,... ,pxG are proper dense in G,
it follows by repeated application of Lemma 3.1 that p*...p;*G is a proper dense
subgroup of G. We shall show that every proper dense subgroup D of G contains it.
Let n; = pi' ...p;*. Let H be a compact open n-trim subgroup. Since G = H + D,
G/D =~ H/D N H is n-bounded. Now a bounded abelian group contain a maximal
subgroup of index p if and only its p-component is nonzero. Since p;G is open for
i=k+1,...,m, it is clear that D is not contained in any maximal subgroup of index
pi(i=k+1,...,m). Hence, G/D is n,-bounded that is, n,G C D.

(b) = (c): trivial.

(¢) = (a): Suppose G is not torsion-open, then for each prime p, G contains a
dense subgroup D, such that G/D, =~ Z(p*); this follows from Theorem 2.2. Assume
first that G is not totally disconnected. Then there is a closed subgroup K in G
such that G/K = T. Since Z(2*) and Z(3*) are proper dense subgroups of T' with
trivial intersection, G must contain two proper dense subgroups with intersection K,
contradicting (c). So G is totally disconnected and contains an open subgroup H such
that G/H =~ Z(q) or Z(g*) for some prime ¢. By Lemma 3.2, this contradicts (c).
Hence G must be torsion-open. Suppose finally that for some prime p associated with
G, pG is neither open nor dense in G. Then pG is a proper subgroup of G. If every
subgroup of index p in G were open, then pG would be open (Lemma 2.4). Hence,
G contains a dense subgroup of index p. If pG is open, then G contains an open
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subgroup of index p. If not, the same conclusion follows from Lemma 2.4. Lemma 3.2
then contradicts (c). Hence, pG is either open or a proper dense subgroup of G. This
completes the proof. 0

REMARKS. (1) Nondiscrete LC A groups with no proper dense subgroups satisfy the
conditions of Theorem 3.1 trivially. Such for example are torsion divisible LC A groups.
(2) No infinite compact torsion abelian group G satisfies the conditions of Theorem
3.1. For pG is closed for each prime p. Considering G , it is clear that pG is open for
each associated prime if and only if G is finite.
(3) By now, one may start wondering if there are any LC A groups that satisfy the
conditions of Theorem 3.1 nontrivially. The following example is therefore in order.

EXAMPLE 3.1. Let H = Z(p)™ where m is an infinite cardinal. Since Z(p)™" is dense
in H, H contains infinitely many dense subgroups both of finite and infinite indices in
H. Consider a fixed LCA group E(H). Let K be a dense subgroup of infinite index
in H andlet E(K) be a minimal divisible extension of K in E(H). Considering their
socles (see [2, page 8]), it is clear that E(K) is a proper subgroup of E(H). Also E(K)
is nonclosed for E(K)NH = K is nonclosed. It is easy to check that E(K) = E(K)+H.
Set G = m Then G is torsion-open, p is the only prime associated with G and
pG = E(K) is a proper dense subgroup of G. Let D be an arbitrary proper dense
subgroup of G. Then G = D + H implies E(K) = pG = p(D+ H) =pD C D. So
every proper dense subgroup of G contains E(K). Since

G/E(K) = (E(K) + H)/E(K)~ H/H N E(K) = H/K,

which is infinite, it follows that G contains infinitely many dense subgroups each con-
taining the dense subgroup E(K).
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