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AN INVERSION THEOREM FOR THE STIELTIJES
TRANSFORM OF DISTRIBUTIONS

by STEVAN PILIPOVIC
(Received 28th August 1984)

1. Introduction

The Stieltjes transformation of generalized functions was investigated by Benedetto
[1], Zemanian [16], Misra [10], Pandey [11], Lavoine and Misra [7], and Erdélyi [5].
The inversion theorems for the Stieltjes transform of generalized functions, in their own
approaches, were given in Benedetto [1], Zemanian [16], Pandey [11], Pathak [12] (he
used Pandey’s approach) and Erdélyi [S].

We notice that the inversion theorems for the Stieltjes transform of functions were
given in Widder [15], Sumner {13], Hirschman and Widder [6] and Byrne and Love
(21, (91

In this paper we use the definition of the distributional Stieltjes transform of index p
(peR\(—Ng); No=NuU{0}), S,-transform, given by Lavoine and Misra. The S,-
transform is defined for a subspace of Schwartz space 2'(R) while in [16], [10], [11]
and [S] the Stieltjes transform is defined for the elements of appropriate spaces of
generalized functions. But in these spaces the differentiation is not defined. This implies
that, for example, the Stieltjes transform of 6®'(x—a), a=0, ke N, is meaningless in the
sense of [16], [10], [11], [5]. (The space investigated in [1] does not contain §%(x —a),
a20, as well) It is easy to see that the S,-transform of 6*(x—a), a0, exists for
p>—k, peR\(—Ng). This is the reason why we use the definition of the Stieltjes
transform given in [7] and [8]. Carmichael and Milton [3] also used this definition for
their investigations of the Stieltjes transform.

We are going to give the Inversion Theorem for the p-th Stieltjes transform of fe %,
(which has p-th Stieltjes transform) where &, is the space of tempered distributions
with supports in [0, c0). We denote the S,-transform of f by S,f. S,f is a holomorphic
function in C\(—oc0,0] so we can apply, roughly speaking, the classical inversion
formulae in order to obtain the properties of f in the interval (0, co0). In the general case
the point zero brings some difficulties for the full characterization of f. We overcome
these difficulties by giving the distributional sense to the classical inversion formulae.

2. Definition of the S,-transform and notation

Lavoine and Misra defined the Stieltjes transform by introducing spaces 2’(a) in [7]
and #(r) in [8]. We give here the definition of the S,-transform in a little different

notation.
171
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The space #'(p), pe R\(—N,) is the space of distributions with supports in [0, o)
such that fe #'(p) iff there exist keN, and a locally integrable function F with
supp F [0, o0) such that

(a) f=D'F;

w (1)
(b) [[|FO|¢+p)~* *dt<co for B>0

V]

(D is the distributional derivative).
If instead of (b) we suppose that there exist C= C(F) and e=¢(F) >0 such that

(© |F()|sC(i+xpret=e if x=0,

the corresponding space is denoted by .#/(p). The space #'(p) has the main role in this
article.

Obviously, S (p) < #'(p), peR(—NR\(—N). Let fe #'(p) and (1) (b) hold with
p+k>0.1If

Fy(x) =§ Ftyd:, xeR,

then

IFy(|(1+%) 7P * < (1+x)70* | |[F(0)| de
v 0

S[|F@|(1+0~7 *dt<M,  x20,
0
where
M= |F@®|(1+9 " *dt<oo.
o
Thus we ha:ye
f=D*"F,,supp F, [0, c0)
and
[Fi(lsM@+x°*%  x20.
If p>p and 0<e<pg—p then

[Fi()|SM(1+xpP®+0 17 x>0,
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This means that the following implication holds:

Je#(p)p+k>0=feS(p) for p>p, PeR\(-Ny)

If fe #(p) and (1)(b) holds with p+k <0, the situation is a little more complicated.

Since
w

[ |F@®)|(c+B)~"*dt< oo

0

it follows that

T|F(t)\dt<oo, x20.

We put

60 0, x=<0

X).= ®
_[Foydt+aoHR), <70
where H(x) is the Heaviside function and «,= [ F(f)dt. In the distributional sense we
have '
DG(x)=F(x) and f=D**1G.

It

Fix):=—{ F(dt, x20,
then for x>0

[FA(1 -+ S TIF@I(1+9 74 ar

<T IFo|1+9~"*dt=M < oo.
(V]

Thus, if x=0
|GR)| <M +]ag), ice.
|G| S (M +|agl)(1 +x) =+ D+ e+ 1,
and the following implication holds:

feZ(p),p+k<0=> fes(p) for p>—k and peR\(—N,).

https://doi.org/10.1017/50013091500017569 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500017569

174 S. PILIPOVIC

Now we define the Stieltjes transform S,, pe R\(—N,), of a distribution f e _#(p) with
properties given in (1). It is a complex-valued function given by :

(S,1)5): = () | — 24

J W, SEC\(—O0,0] (2)

where (p),=p(p+1)...(p+k—1), k>0 and (p)g=1.
It is proved ([8]) that §,f is a holomorphic function in €\(— 0, 0], #(p)<= #'(p+p),
peN,, and

(0)p(S,+ o)) =(S,(fPNs),  fef(p+D) 3
(f® also denotes p-th derivative).
Thus, if f € #'(p+p) then fP e _#'(p).

If f is a tempered distribution with supp f <[0, o) it is well known ([14] Ch. 1, 5.4)
that there exist ke Ny, me N, and a unique f;, € LL (R) with supp f, =[O0, o0) such that

f=(f)* and Z'fk(t)l(l+t)"”dt<oo.

Thus, for any fe %, there are ke N, and Fe LL(R) such that (1)(a) holds and there
exists peR\(—N,) such that (1)(b) holds as well. This means that any fe%’, has the
Stieltjes transform of index p, p € R\(—Ny) for p>p, where

p,=inf{p e R\(—Ny) such that (1) holds}.

One can easily find distributions f, g€ %", such that:

preR\(—Ny) and §,f does not exist for p=p;
py€ R\(—Ny) and S,g exists for p=p,.
(f(x)=H(x), g(x)=H(x—2)In" 2 x.)

We shall use the following differential operators from [5] (see [5], relation (6.1) with
p=1+4+n,gq=1+n and p+k instead of p):.

(=1D)""'T(p+k) 4y
K4 s = D" 2n+p+k+1Dn+l, N ,
ek S Tt p k) e
where D is the ordinary derivative. We notice that these operators and similar ones are
used in [9] as well. The operators &, , , ., ne Ny, are formally self-adjoint.
Also, we shall use somewhat modified operators:

; '— (_1)n+lr(p+k+1)
n,p.k, x* _(n+ DT(n+p+k+ 1P+t

n+k+2 2n+p+k+2Dn+l
’

x neN,.
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As we are going to use these operators in the distributional sense with D-
distributional derivative, we use the notation %, ,, ., L, ;... if D is understood in the
distributional sense and %, , . s L, ,x if D is understood in the ordinary sense.
Clearly, if a function f has got “good” properties on some open interval then there is no
difference between 2, , v v Lo pxx @a0d £, 5 4 0 Lu g x-

We shall use the following two formulae from [5] ((6.3) and (6.4)):

.. T@n+p+k+2) xrtotketd
@ p—k_ > 4
mpk X +) ntDTmtp iRt *20 >0 (@)

and
[ Luppslx+)™74dt=1, x>0, n+p+k>0. )
V]

Except for two remarks at the end of the paper, we suppose that f € #'(p) ie. f=D'F
for some Fe L (R) with supp f =[0, o) and some ke N, such that (c) holds.

3. Inversion theorem
We shall prove:
Inversion Theorem. Let f e #'(p). Then for any &

lim <L, , i (S,f)+(x), $(x)> = {f(x), $(x))

n—w

where k is the value from (c).

By (S,ff)+ we denote the distribution which correspond to the function (S,f), where

s 0

If (5,f)+ is a function from L (R), then (S,f), denotes the regular distribution
which corresponds to (S,f). and if (S,f). does not belong to L, (R), then (S,f), is an
appropriate regularization of (S,f).. This will be explained in detail in the following
two sections.

If we compare our Inversion Theorem with the corresponding ones in Pandey [11]
and Pathak [12], for example, we notice the following: the set S of restrictions of
functions in & =%(R) on (0, o) with the topology induced by that of & is a proper
subspace of the testing function space S, (0, 00) in their notation. Hence the restrictions
of elements from S,(0, ©) belong to §'. Further, our Inversion Theorem is valid for
¢ € & whereas Pandey and Pathak use ¢ € 2(0, c0).

In proving the theorem we observe separately cases p+k>0 and p+k <0.
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4. The case p+k>0

Let us put F,(x)={§ F(t) dt, xe R. The function F, is continuous, F,(0)=0and F{"=F.
It follows from (c) that for some C, >0

IFl(x)IéiIF(r)ldt§c1(1+x)"+"‘z x20 )

(we choose ¢ such that p+k—e>0). :
Since f=F%*! from (6), by partial integration, we obtain

(S /)8) =P+ 1(Sp+x+1F1)(s),  s€C\(—0,0].

In the same way as in [5], p. 239 (proof of L,,‘x¢7—>¢(x) as n—c0) we can prove that
for x>0

Lokt 1,:Sp 11 F)(x)=Fy(x) as n—oo. @)

We want to obtain an estimate of the convergence rate in (7). Because of that, in the
following lemma, we give the complete proof of (7).

Lemma 1. The sequence

-?n,p,k+ 1,x(Sp+k+1F1)(x)"F1(x)
xB(x) ’

neN,

where B(x)=(1+x)?** 17 if p+k—1—¢>0 and B(x)=1 if p+k—1—£<0, xe(0, ),
converges uniformly to zero on (0, o0) as n—co.

Proof. From (4), (5) and (c) it follows that:

|‘(£n.p,k+ l,x(Sp+k+1F1)(x)_F1(x)|

IF2n+p+k+3) [2(F(t)—F(x)x"tetktigm+1

Tt )T+ p+k+1) (I, (x+)2ntetk+3 de
I'Cn+p+k+3) T(Fl(ux)—Fl(x))u"“d
S+ D)IT(n+tprk+1)|i (1uwrteress

I'(2n+p+k+3)x T wtt
S(n+1)T(n+p+k+1) o (1+u)2nFotk+3

jl:|F'1(xs)|ds du
1

n+1

I'Cn+p+k+3)x f u
T+ D)IC(n+p+k+1) o (14u)ntertr+s

du

fIF(xs)|ds
1
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T2n+p+k+3)x  @u"* A(x, w)|u—1|

(n+DIT(n+p+k+1) 3 (1+u)2ntotk+3 du

C

IIA

I'2n+p+k+3) *B(x )Tu"“A,(u)|u 1
(n+D'T(n+p+k+1) o (14u)ntetk+3

du

A

C

where for p+k—1—¢>0

L Ja+xpriTe ue(0,1) _ ue(0,1)
() = (1 +xu)p** " 17¢ ye[l, o) Axw): (1+u)”+" 1= ue[l, o)

and for p+k—1—£e<0 A(x,u): =1, A,(u): =1, x,ue(0, ).
If we put

ue(0, o0)
then A satisfies the conditions of Widder’s theorem ([15], p. 344, Theorem 8.c) which
implies

Cn—-1)! © u"A(w)

=2 5 (L M AD=0 as noco.

Since

I'@n+p+k+3)nt(n—2) e Hk+3

@n—1)!(n+1)!T(n+p+k+1) as n— oo,

the assertion of Lemma 1 follows. []

Lemma 2. x**XS ,f)(x), xe(0, ) is a bounded function in any interval (0, B), B>0.
Proof. For x>0 we have

xp+kw Fl(t)
) (X+t)p+k+l

B |Fy(9) 2 |Fy(9)]
ptk I 1
=x (g(x+t)p+k+ldt+£(x+t)p+k+ldt

Fy(9)
z+ldt+ p+kj' |p+k+|ldt'

it IR0

- o(x-}-t)"+
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Thus, we have to prove that

B |F1(t)|
xp+komd

is bounded when x tends to 0.
From (6) it follows that |F,(x)|<C, x€(0, B), where C is a suitable constant. So we
have

B |F ()| B 1
Xp+k owdté Cx"“‘ t‘;mdt

By the direct computation of the last integral the assertion follows. J

Letusdenote by [ p + k] the greatestinteger notexceeding p + k. Since [p+ k] —(p+ k) > — 1
and

|x["+"](S,,f)+(x)| = lx["“‘]_["+")x"+"(Spf)+(x)| S Cxleth=(o+h)

where x€(0, B), B>0 and C is a suitable constant, it follows that x?**(S_f),(x) is
locally integrable on R.
We put

E=[p+k]-1.
Obviously, the cases
(S,f)+ €LidR) or  x*(S,f)+ € Li(R)

are possible for some s, 0 <s<I+1 which depends on f. Let us suppose the case (we call
it the extreme case):

X!(8,0) +(x) # Lie(R).

In this case (gj—")+ denotes the following regularization of the functions (S,f). (see [4],
p- 11):

PR 1

S, f)+(x), p(x)>: = g (S,f )(x){¢(X) —¢(0)— -
_ ’ w

- ¢<'>(0)} dx+ [ (5,)(08(x)dx,  de. ®)

If we put

(Sp+h+1+iF1)(x), x>0

0, x<0 ieNg,

(Sprx+1+:F1)+(x): ={
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from the proof of Lemma 2 it follows that we have to put

<(Sp+k+l +iF1) +(x), @(x)):

1 I+i
=£(Sﬂ+k+l+iF1)(x) {¢(X)_¢(O)— T (lx_*_—i)!d’(lﬁ)(o)} dx

4] (Spours o iF )00 dx ®)

Let us find the relations between (Sp_f)‘J,") and (S,+x+1+mfF1)+ meN. For m=1 and
¢ € we have

S, Y40, $(x)>=—<(S,£)+(x), $'(x)>

~—fEnm{pe-o0 - - 20 a
~ T SoNE# R dx

=0 [y sxeaF 0 {011 40— - - E 2O o
~(Phers [ (Spere s PO () dx

=Sy FID {0000~ - - 2O

—(Pres j (S, +xs2F () {¢(x)—¢(0)— -

- xl+l¢(l+l)(0) d
T+ x

+ (0 1S, exe 1 F)DED) = (Ps s 2 T (S +xs 2 F (X P(x) dx.
Thus, we obtain

(Sof Vs = —(Pes oS, +x52F 1)+ (X) + (P 1S, 41+ 1 F)(D)

3 (= 169,
i=0
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and by repeating the preceding arguments we obtain

(Sp_f W =(=1)"(P)r+1 +mlSpk+1+mF 1)+ + Ami(9), &)
Apsl@) =3 Cop 30 (10)
i<o

where C,, . ;, i=0,...,14+m, are suitable constants.
If jeN, (9) and (10) imply

SNE=(5,NH)
=(= ™0+ 1+mSp+i+14mF 1)L +(Am, ()7

=(—=D)"P)i+1 tm+Sprkt14m+iF 1)+ + Amiji(0).

So we obtain

Sprxr1+mF )L =(=1(p+k+14+m(S, s ksr14+m+;F1)+

+Am,k,1(5)s (11)

l+m+

Jj .
Am,k,j(a) = "“ZO Cm.k,j, ié(‘)a

where C,, 4 ;.5 i=0,1,..., I+ m+j, are suitable constants.
If for some number s, 0 <[s] </, the following conditions hold:

XS, ) +(x) ¢ LioR)

and

XIS, £) (%) € Li(R);
then in (8) resp. (8') the last factor has to be

(s]+i

xtl x
__¢([ ])(0) resp. ([s]—+l)',

(] Py,

In this case we obtain formulae similar to (9)}+11).
If (S,f)+€Li, then (S,f), is a regular distribution. If in the computation of

L, ,.k.<(S,f)+(n—0) regularizations are to appear, then they have to be made in the
way which we have already described.
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Proof of the Inversion Theorem for p+k>0. We shall give the proof for the extreme
case 1.e. we suppose

XS, 1)+ ¢ Li(R).

The other cases discussed above can be proved in a similar way. By (9) we obtain

($e)
Ly koS, 1)+ (), B(x))

— (=) T(p+k+1) n+l_ 2n+p+k+2pntl Q£ +
T (n+ DIT(n+p +k+ 1)(0)y4 D" 2 HERADMN(S, £) 1 (x), 6% V(%))

_ (=1MT(p+k+1) Vetoamepkaa et
_(n+1)!l“(n+p+k+1)(p)“l<D bR (€8 Vi () MR

(Sptkent2F1)+(X)+ Aps 1 1 (0)(X)), d*+1(x)>.

Using Leibniz formula, (11), the fact that x?6%(x)=0 if p>k and (8'), we have

<Dn+1x2n+p+k+2Dn+I(S_"7)+(x)’ ¢(k+ ”(x))
- < "il (n-il- 1)(x2n+p+k+2)(n+l —i)
i=0

((— 1)"+l(p)k+n+2(sp+k+n+2Fl)(j-)(x)

Hmﬂawwmwwwn>

n+1 3
___< Z (n-ii-l)(xln+p+k+2)(n+1—i)(_ 1)"+1+l(p)k+n+2+i

’(Sp+k+n+2+iF1)+(x)’ ¢(k+ 1’(x) >

n+1
=Y (=)"HCITY2n+p +k+2)
i=0

(PR 24+D(P)i 4 i g (Sp+);+..+i+2F1)(x)x"+"+“i+ 1p** D(x)dx.
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Thus, we obtain

CLu ke S, f) 4 (), $(x))

=)o+ k+ D)+ p k4 i+2)0s 1 dP)kansis2
% (n+ DIC(n+p+k+ 1)(p)es 1

(I) (Spsrtnrir2F )X PHFHGET(x) dx.

For x>0 we have

"{j ("fl)(—l)"r(p+k+l)(p+k+1),.+1+.-(n+p+k+i+2),.+1-i
= n+DT(n+p+k+1)

'xn+p+k+i+l(Sp+k+n;+i+2F1)(x) =«$n,p,k+ l,x(Sp+k+1F1)(x)'

Now Lemma 1 implies
Ly o (S, 1)+ (X) — F(x), p(x)>
=(—1)*! I(-ft’n,,,,k+1,x(sp+k+ 1 F) () — Fy(x))p®** V(x) dx

n,p.k+ 1,x(Sp+k+ 1Fp)(x)—F(x)
xB(x)

=(_1)k+1 T"g
0

‘(xB(x)¢**)(x))dx—0 as n—ooo. |

5. The case p+k<0

Let us remark that p+k¢ —N,.
We put

~[Fd,
Fl(x):={0 x XSO'

Since we suppise that f € #(p), (c) implies that there exists B, >0 such that
|F1(0] < [ [FO]de<B,(1+xp*+%, x20, )
In the sense of the distributional derivative we have

Fy=F—a,, where ao={ F(t)dt (12)
(1]

https://doi.org/10.1017/50013091500017569 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500017569

INVERSION THEOREM FOR STIELTJES TRANSFORMS 183
By partial integration we obtain (x> 0)

(8,10 = (o) | —)

0 (X+t)p+k

© F, 1
~(oh ((p+k) ot ) (13)
0 X

Let

Lemma 3. If ¢e& and n— oo we have

(T po X 105 S0~ <CEY(x), $()).

Proof. Since —p—k>0 and n— oo, there exists se N, such that in the expression
D"*1x7°~¥ (n sufficiently large) the regularizations of x3? %7/, j=s,...,n+1 are to appear.
We regularize these functions in the usual way ([4]). From the fact that x?§Y(x)=0 if
p>J, we obtain

(P =1 T(p+k+1)
(n+DIT(n+p+k+1)(p)+y

. <Dn+ lx2n+p+k+2Dn+1x:_p—k’ ¢(k+ 1)(x)>

(=) T(p+k+1)
T(n+ )T+ p+k+1)(p+k)

T DT 1 (4 Ry R () dx

-

_ (=1)T(p+k+1)(p+k+1), .
= T(n+p+k+1) CHE), ¢4 02>

=CH*" V(x), ¢(x)>, ¢eZ. 1
Similarly as in Lemma 1 (by using Widder’s theorem [15], p. 344), one can prove:

Lemma 4.

gn.p,k+l.x(sp+k+ lFl)(x)_Fl(x)
X
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converges uniformly to zero on (0, c0) as n— 0.

Proof of the Inversion Theorem for p+k<0. Let pe&. If we prove

lim <I’n,p,k,x(p)k+l(sp+k+ 1F1)+(x), ¢(x)>

n— o

= (FE (%), $(x)> (14)

then (13), Lemma 3 and (12) imply

llm <I‘n,p,k.x(spf)+(x)’ ¢(X)>

n—oo

= ljm <Z‘n,p.k,x(p)k+l(sp+k+1F1)+(x)’ o(x)>

n— w0

+ag lim <Ly, 5 (Pl 3775 $(x)>

n—w

={(F +aod)¥, ¢>=(FY, ¢>=(f, ¢>.

For the proof of (14) we have to repeat the arguments of the proof of the Inversion
Theorem for p+k>0. The regularizations of (S, ,+,F,)? will occur for 0<s<j<n+1
where s does not depend on n. At the end, instead of Lemma 1 we have to use Lemma

4. §

Thus, the Inversion Theorem is completely proved.

Now we give two remarks related to the space #'(p).

Remark 1. Let us suppose that fe #'(p), pe R\(—N,) such that (1) holds with
p+k=>0. According to Section 2 we have f e #(p) for 5>p, peR\(—Ny). Let p:=p+1.
From (S,f) = —p(S,+1f) on (0, ), we obtain

1_ - .
- ;Ln,p+ 1.k+1,xD(Spf)+(x)_’f(x) in & as n—co.

Remark 2. Let fe_#'(p) and (1) hold with p+k<0. Then, because of the fact that
fef(p), p> —k, peR\(—N,), we choose the smallest je N, such that p+j> —k. Now,
from

(8,9 =(—1¥(p)(S,+;f) on (0, )
and

f=(F;+aoH)**Y on R (see Section 2),
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we obtain

A L — )
(_ I)JWLn,p+j.k+l.xDJ(Spf)+(x)—)f(x) in & asn-—o0.
i
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