
CYCLES OF EACH LENGTH IN REGULAR TOURNAMENTS 
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( r ece ived November 17, 1966) 

1. In t roduc t ion . It is known that a s t rong t o u r n a m e n t of 
o r d e r n con ta ins a cycle of each length k, k=3, . . . , n, 
( [ l ] , T h m . 7). Moon [2] o b s e r v e d that each v e r t e x in a s t rong 
t o u r n a m e n t of o r d e r n i s contained in a cyc le of e a c h length k, 
k = 3, . . . , n . In th is p a p e r we obta in a s i m i l a r r e s u l t for each 
a r c of a r e g u l a r t o u r n a m e n t , tha t i s , a t o u r n a m e n t in which a l l 
v e r t i c e s have the s a m e s c o r e . 

The p r o p e r t y tha t each a r c of a t o u r n a m e n t of o r d e r n is 
conta ined in a cycle of each length k, k = 3, . . . , n , is s u b s e 
quent ly r e f e r r e d to as p r o p e r t y A . If t h e r e i s an a r c f r o m a 
v e r t e x u to a v e r t e x v in a t o u r n a m e n t T , we use the t e r m i n 
ology "u defea t s v " or "v i s defeated by u " and the no ta t ion 
(u, v) € T . I(v) = {u€ T : (u, v) € T } and 0(u) = {v € T : (u, v) € T } . 

2 . Main r e s u l t . 

T H E O R E M . A r e g u l a r t o u r n a m e n t of o r d e r 2n + 1 
s a t i s f i e s p r o p e r t y A . 

P roo f . A 3 -cyc l e and a r e g u l a r t o u r n a m e n t of o r d e r 5 
obvious ly sa t i s fy p r o p e r t y A . In the following we a s s u m e 
n > 3 . 

Le t (v, v ) € T be an a r b i t r a r y a r c of T . The t h e o r e m 
o 

wi l l follow if for each k, k = 1, . . . , 2 n - l , t h e r e e x i s t s a k - p a t h 
f r o m v to s o m e v e r t e x of I(v) such that v i s not a v e r t e x in 

o 
the p a t h . 

Th i s r e s e a r c h f o r m s p a r t of the d o c t o r a l d i s s e r t a t i o n submi t t ed 
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Since v and v a r e in n e i t h e r of the s e t s 0(v ) and 
o o 

I(v) , we have 0(v )fl I(v) H . Le t t ing v € 0(v )fl I(v) we 
o r 1 o 

obta in a 1-path (v ,vt) of the d e s i r e d f o r m . 
o 1 

A s s u m e t h e r e is an r - p a t h (v , v . . . . , v ) , 1< r < 2n-2 , 
o 1 r — — 

such that v € I(v) and v i s not a v e r t e x of the r - p a t h . Let 
r 

U = {u . , . . . , u } be the v e r t i c e s of I(v) tha t a r e not in the 
1 p 

r - p a t h . 

CASE 1. U i <h and (v , u.) € T for s o m e u. e U . Then 
.„ r J J 

(v , v . . . . , v , u.) i s an (r+1) - p a t h of the d e s i r e d f o r m . 
o 1 r j 

CASE 2 . U 4 (h and (v , u.) je T for a l l u. e U . A s s u m e 
Y * J J 

r > n - 1 . If ( u , v ) € T for i = 0, 1, . . . , r , then u would have 
— 1 i 1 

s c o r e g r e a t e r than n c o n t r a d i c t i n g the r e g u l a r i t y of T . Hence , 
s ince (u , v ) e T , t h e r e i s a v e r t e x v. of the r - p a t h , i < r , 

1 r l 
such tha t (v., u ) € T and (u . v.) € T for j = i+1 , i+2, . . . , r . 

l 1 1 j 
Then (v , v , . . . , v . , u , v , v , . . . , v ) i s an (r+1) - p a t h of 

o l i l l + 1 i+2 r 
the d e s i r e d t y p e . Not ice tha t we have r e p l a c e d an a r c (v., v. ) 

l i + l 
of the r - p a t h by a 2 - p a t h f r o m v. to v. which does not p a s s 

t h rough v . Hencefor th , th is me thod of obtaining a pa th of l eng th 
one g r e a t e r wi l l be r e f e r r e d to as r e p l a c e m e n t . 

A s s u m e 1 <̂  r <C n -2 . Since v 4- I(v) , then p >_ n- r >_ 2 . 

Since (u., v ) 6 T for a l l u. e U , then if (v., u.) e T for s o m e 
J r j l j 

v. , i = 0 , l , . . . , r - l , and s orne u . € U , an ( r +1 ) - p ath of the 
i J 

d e s i r e d f o r m can be obta ined by r e p l a c e m e n t . Thus we a s s u m e 
(u., v.) € T for 0 < i < r and a l l u . € U . Thus v de fea t s a t 

J i - - J o 
m o s t r m e m b e r s of the s e t S = ( v , v , . . . , v , u . . . . , u } . 

o r 1 p 
H e n c e , t h e r e a r e a t l e a s t n - r > 2 m e m b e r s of 0(v ) in the 

— o 
c o m p l e m e n t of S . Le t w . , . . . , w denote n - r m e m b e r s of 

1 n - r 
0(v ) in the c o m p l e m e n t of S . Since u de fea t s v , . . . , v 

o l o r 
and h a s s c o r e n , i t canno t defea t e a c h w. . Le t (w , u ) € T . 

J t 1 
If r = 1 , then (v , w , u ) i s a 2 - p a t h of the d e s i r e d f o r m . If 

o t 1 
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r ^ 1 , t h e n (v , w , u , , v , v 0 , . . . , v ) i s a n ( r + l ) - p a t h of t h e 
o t 1 Z 3 r 

d e s i r e d t y p e . 

C A S E 3 . U = é w h i c h i m p l i e s I (v) C { v , v , . . . , v ) 
r — L 1 2 r 

a n d r > n . L e t W = { w . . . . , w^ M } b e t h e v e r t i c e s of T 
— 1 2 n - r - l J 

i n t h e c o m p l e m e n t of {v , v , v , . . . , v } . If (w. , v ) € T f o r 
o 1 r J j r 

s o m e w . € W , o r if (v , w . ) € T f o r s o m e w . e W , t h e n a n 
J o j j 

( r + l ) - p a t h of t h e d e s i r e d t y p e c a n b e o b t a i n e d b y r e p l a c e m e n t 
s i n c e r > n . C o n s e q u e n t l y , a s s u m e (v , w . ) € T a n d (w , v )e T 

r J j o 
f o r a l l w . e W . 

J 

If r = n , t h e n W c o n t a i n s n - 1 v e r t i c e s . T h u s t h e r e i s 

a v e r t e x w . of W t h a t c a n b e d e f e a t e d by a t m o s t n - 1 v e r t i c e s 

n o t i n W . If v t d e f e a t s w . , t h e n w e c a n o b t a i n a n ( r + l ) - p a t h 
1 J 

of t h e d e s i r e d t y p e b y r e p l a c e m e n t . On t h e o t h e r h a n d , if r > n , 

t h e n v c a n d e f e a t no v e r t e x of W o r e l s e r e p l a c e m e n t y i e l d s 

a n ( r + l ) - p a t h of t h e d e s i r e d f o r m . In e i t h e r c a s e , w e c a n 
a s s u m e t h e r e i s a v e r t e x w e W s u c h t h a t (w , v ) € T . 

t t 1 

C o n s i d e r t h e n - 1 v e r t i c e s a m o n g ( v ^ , v ^ , . . . , v ) t h a t 
*• 2 3 r J 

a r e r - p a t h s u c c e s s o r s of t h e v e r t i c e s of I (v) i n t h e r - p a t h . 
S i n c e v i s d e f e a t e d b y v and e v e r y m e m b e r of W , t h e r e 

o 

e x i s t s a v e r t e x v , 2 < s < r , of t h e r - p a t h s u c h t h a t (v , v )e T 
s — — o s 

a n d v t e I (v) . T h e d e s i r e d ( r + l ) - p a t h i s 
s - 1 

( v > v » v . > . » • • • ' v » w . ' v > . ' v o ' •••' v J • o s s + 1 r t l 2 s - 1 

T h e t h e o r e m f o l l o w s b y i n d u c t i o n o n t h e l e n g t h of t h e p a t h . 

3 . C o n c l u s i o n . L e t S b e a t o u r n a m e n t w i t h v e r t i c e s 
v , . . . , v w h i c h s a t i s f i e s (i) p r o p e r t y A o r ( i i ) e a c h a r c of S 

i s c o n t a i n e d i n a 3 - c y c l e and e a c h v e r t e x i s t h e i n i t i a l v e r t e x i n a 
p a t h of l e n g t h k , k = 1, . . . , n - 1 . A d j o i n t w o v e r t i c e s v and 

v ^ to S a n d l e t v t d e f e a t v ^ , l e t v t b e d e f e a t e d b y 
n+2 n + 1 n+2 n+1 

a l l t h e v e r t i c e s of S , and l e t v ^ d e f e a t a l l t h e v e r t i c e s of S . 
n+2 

T h e r e s u l t i n g t o u r n a m e n t , c a l l i t S1 , of o r d e r n+2 s a t i s f i e s 
p r o p e r t y A . If t h e s c o r e s e q u e n c e of S i s ( s . . . . , s ) , t h e n 

I n 
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the s c o r e s e q u e n c e of S' i s (1 , s +1, s +1, . . . , s +1, n) . 
1 2 n 

Hence , the t o u r n a m e n t s sa t i s fy ing p r o p e r t y A f o r m a c l a s s 
lying be tween s t rong t o u r n a m e n t s and r e g u l a r t o u r n a m e n t s . 

In g e n e r a l , an a l m o s t r e g u l a r t o u r n a m e n t , tha t i s , a 
t o u r n a m e n t of o r d e r 2n having n v e r t i c e s wi th s c o r e n and 
the r e m a i n i n g v e r t i c e s with s c o r e n - 1 , does not sa t i s fy p r o p e r t y 
A . To see th is we c o n s t r u c t the following t o u r n a m e n t with 
v e r t i c e s v , v , . . . , v t . Le t v. defea t v , . . . , v. for 

o 1 2 n - l l l+ l i+n 
i = 0, 1, . . . , n - 1 and le t v. defea t v \ ' * - - > v - > At A o \ 

l l+ l (mod 2n) i + n - l ( m o d 2 n ) 
for i = n, . . . , 2n -1 . The r e s u l t i n g t o u r n a m e n t i s a l m o s t r e g u l a r 
and i t i s e a s y to see tha t the a r c (v . v ) i s not conta ined in a 

n - 1 n 
3 - c y c l e . 

The au thor w i s h e s to thank P r o f e s s o r P a u l Kel ly for h is 
m a n y va luab le s u g g e s t i o n s du r ing the c o u r s e of the a u t h o r ' s 
r e s e a r c h . 
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