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ON THE STABLE EQUIVALENCE OF PLAT 
REPRESENTATIONS OF KNOTS AND LINKS 

JOAN S. BIRMAN 

1. We are interested in the question of the decideability of the classical knot 
problem. A knot is the embedded image of a circle 5 1 in Euclidean 3-space E 3 . 
If Li , L2 are knots, then L\ œ L2 if there is an orientation-preserving homeo-
morphism h: E 3 —> Ez with h(L\) = L2. By the " k n o t p roblem" we mean: 
given two arbi t rary tame knots L1, L2 (a knot is t ame if it is equivalent to a 
polygonal kno t ) , decide in a finite number of steps whether L\ tt L2. T h e 
object of this paper is to show t h a t the knot problem is ' ' s tably equivalent" 
to a problem of deciding membership in the double cosets of a distinguished 
subgroup K2n of the classical braid group B2n [1]. By stably equivalent we mean: 
In each group B2j we will define a part icular e lementary braid <T2j-2> We will 
show tha t each knot Lt may be associated with a (non-unique) element 
$i £ B2n , for some integer nt. Our theorem asserts t ha t L\ tt L2 if and only if 
there exists an integer t ^ max (tii, n2) such t h a t for each n ^ t the braids 
^i(^2ni

(J271^2 • • • ^2/1-2 G B2n, i = 1,2, are in the same double coset modulo K2n. 
T h e question of whether or not there is an effective algorithm to decide if 
L\ œ L2 is thus reduced to two other questions: 

(1) Can a bound be placed on the integer tl 
(2) Is the double coset problem in B2n modulo K2n decideable ? 
T h e smallest possible value of t is the bridge index of Lx. An interesting 

question is whether it is adequate to choose t to be the bridge index of L\. 
If this were t rue, then the answer to (1) would be affirmative, and the knot 
problem would be reduced to question (2). For composite knots , we show tha t 
choosing t to be the bridge index of L\ is not adequate (see Section 5). For 
prime knots the question was open a t the t ime tha t this paper was writ ten, 
bu t new examples of Montesinos now show tha t even for prime knots some 
stabilizing is necessary. 

With regard to question (2), very little is known, however it is worth noting 
tha t the group B2n has been studied extensively in the l i terature, and tha t 
various other related problems in B2n have been solved. For example, the 
conjugacy problem in B2n has been solved [10]; the word problem in B2n has 
been solved in a t least 4 distinct ways [1 ; 2; 10; 4] ; the group B2n is residually 
finite [3]; has a (possibly faithful) matr ix representat ion over the rationals 
(defined by sett ing the indeterminate in the "Burau representa t ion" [8] equal 
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KNOTS AND LINKS 265 

to 1/2); and a faithful representation as a subgroup of the automorphism 
group of a free group. One can, moreover, decide whether an arbi t rary element 
in B2n belongs to the subgroup K2n. 

Our main theorem is strikingly similar to a classical result of Singer [15] 
and Reidemeister [14], which implies t ha t the homeomorphism problem for 
closed, orientable 3-manifolds is s tably equivalent to the problem of deciding 
membership in the double cosets of a distinguished subgroup 9?^ of the mapping 
class group Wlg of a closed orientable surface of genus g [5]. Our algebraic knot 
problem seems, however, to be easier than this algebraic homeomorphism 
problem for 3-manifolds, because the group B2n is a much more tractible 
group than Wlg. On the other hand, our main result is also similar to a theorem 
of Markov [13; 4] which shows tha t the knot problem is equivalent to a 
question about the relationship between the solutions to the conjugacy problem 
in the groups Bm (m = 2, 3, 4, . . . ) . The main advantage of the present result 
over the Markov theorem is tha t we need only consider the double coset 
problem in a single group B2n, whereas the Markov approach seems to neces
si tate the consideration of a chain of conjugacy problems (See [4], Markov ' s 
Theorem asserts t ha t if two closed braids ft, ft £ Bm represent the same knot 
type, then there is a finite sequence of closed braids /3 = fii —>...—> (3r = ft 
joining /3 to ft such t ha t /3;- is either in the same braid group as /3;-_i and con
jugate to fij-i, or can be obtained from /3;-_i by altering string index in a 
canonical manner. I t is not known whether the operations of altering string 
index and conjugation in Bm commute, (cf. our Lemma 10 below: double 
coset multiplication and altering string index do commute . ) ) However, the 
conjugacy problem in Bm has been solved, while the double coset problem is 
open. 

The plan of this paper is as follows. In Section 2 we define the groups B2n 

and K2n, and develop some properties of links which will be needed later. Our 
main result is Theorem 1, which will be s tated and proved in Section 3. In 
Section 4 we discuss appropriate generalizations of Theorem 1 to links. In 
Section 5 we discuss the question of placing a bound on the integer /. 

2. T h e groups B2n a n d Kin. Let E+
3 denote the subset of Euclidean 3-space 

E3 defined by {(x, y, z)/z ^ 0}, and let A = Ai U . . . \J An denote a set of 
n unknot ted and unlinked arcs properly imbedded in E+

3. To make this choice 
explicit (Figure 1) we will take Au 1 ^ i rg n, to be the union of the line 
segments [(i - .25, 0, 0) , (i - .25, 0, 1)], [(i + .25, 0, 0) , (i + .25, 0, 1)] 
and the half circles {(x, 0, z)\(x - i)2 + (z - l ) 2 = (.25)2, z ^ 1}. The points 
dA C SE+

3 are then the 2n points (i ± .25, 0, 0) , 1 ^ i ^ n. The group 
of isotopy classes $ = [<p] of orientation-preserving homeomorphisms 
<p: (d£+3 , dA) —» (d£+3 , dA) is the classical braid group Bin. 

Let £ _ 3 denote the lower half-space z ^ 0, and let A' = Ax \J . . . VJ An' 
denote the half circles {(x, 0, z)\(x - i)2 + z2 = (.25)2, z ^ 0}. Let p: £ + 3 -> 
£_ 3 , with p(x, y, z) = (x, y, —z). Then the identification-space £ +

3 \Jp<p E_8 , 
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(c) 6-plat defining the 
geometric braid 
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FIGURE 1 

(d) T h e generator <T2<Ti2<T2 
of KQ as a geometric 
braid. 

defined by the rule p<p(x, y, 0) = (x, y, 0) for each (x, 3/, 0) £ d £ +
3 , is homeo-

morphic to E3 and the subset L = A VJp(p A' is a 1-manifold, i.e. a link in E 3 . 
I t is immediate tha t the link type of L depends only on the isotopy class <i>of <p. 
T h u s we have associated a link type with each element <ï> £ B2n- T h e essential 
features of L are, of course, concealed in the surface mapping <p. 

I t will sometimes be convenient to visualize the link L in an a l ternat ive way. 
Observe t h a t <p, being an orientation-preserving homeomorphism of d £ +

3 —» 
dE +

3 , is isotopic to the ident i ty map via an isotopy <pt (which will in general 
move the 2n points of dA). Adopt ing the convention <p0 = <p, <pi = id, we may 
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then define a homeomorphism h: E+
s Up<p £_ 3 —> E +

3 U p EJ by the rule 

h(x, y, z) = (cpz(x), <pz(y), z) if 0 ^ z ^ 1 

= (#, 3/, z) if z > 1 or s < 0. 

Then A(<iL4 x [0, 1]) is a geometric braid (Figure l b ) and P * = h (A \J p<f> A') is 
a link which is represented as a 2n-plat (Figure 1c). 

A link which is represented by a plat has the following properties: 
( P I ) I t is contained in the subset of JS3 which is represented by the in

equalities - . 2 5 g z ^ 1.25. 
(P2) I t meets the planes z = —0.25 and z = 1.25 in precisely n points, and 

every other plane z = z0, —0.25 < Zo < 1.25 in precisely 2n points. 
I t follows immediately from classical results of Artin [2] tha t : 

L E M M A I. If a tame link in E 3 satisfies P I and P 2 , then for each sufficiently 
small 7] > 0 the point set P * P\ {(x, y, z)/ — 0.25 + rj <z< 1.25 — rj} determines 
a well-defined element of the group Bin. Conversely, plats determined by distinct 
representatives of the same element of B2n define the same link type. 

We will now establish: 

LEMMA 2. Every tame link may be represented as a polygonal link in Es which 
satisfies P I and P2 above. 

Proof of Lemma 2. Our link L may without loss of generality be assumed to 
be polygonal and to satisfy P I . We may further assume tha t : 

(P3) No edge is in a plane parallel to the xy plane. 
(P4) Let e > 0 be an arbitrari ly small real number. Then, for any 3 con

secutive vertices bj-i, bj, bj+1 of L the line lj parallel to the z axis 
through bj has an e-neighborhood Nj which meets the link only in the 
edges [bj-i, bj] and [bj, bj+i]. 

(For, if a vertex sequence bj-i, bj, bj+i violates either (P3) or (P4) we may 
replace it by bj-i, b/, bj+1 for some appropriate b/ close to b3, in order to 
achieve (P3) and (P4 ) ) . 

Let e denote a uni t vector in the direction of the positive s-axis. If bj-i and 
bj are any pair of adjacent vertices, the dot product [&;_i, bj] • e 9e 0, because 
L satisfies (PS). Let bo, b\ be any pair of adjacent vertices which satisfy the 
condition [b0, bi] • e > 0. (Since each component of L is connected, such a pair 
exists.) Star t ing with bo, b1} label the vertices of tha t component of L as 
60, bi, . . . , br in the order in which they are encountered. Then, there will be 
some first vertex bk such tha t [bk, bk+i] • ~e < 0. (see Figure 2) . Let Nk, lk be 
as defined in (P4) above, and let bk , bk" be the uniqm points of intersection of 
dNk with [bk-i, bk] and [bk, bk+i] respectively, and bk* the unique point of 
intersection of lk with the plane z = 1.25 (Figure 2). Replace the edge sequence 
&*—it bk, bk+1 with bk-u bk, bk*, bk", bk+1. Now repeat the entire procedure, 
continuing along bk*t bk", bk+\, bk+2 until the first vertex bm is encountered with 
[6m 1 bm+i] • t> 0. Jus t as above, replace bm-U bm, bm+i with bm-U bj, bj, bm", 
bm+i, where now bj is the point of intersection of lm with the plane z = —.25. 
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z = 1.25 

z = -0 .25 

FIGURE 2 

After a sufficient number of repetitions of this procedure on each of the com
ponents of L, the link will be replaced with a link P* which defines the same 
link type as L and satisfies (PI) and (P2). 

Definition. A polygonal link which satisfies properties (PI) , (P3) and (P4) 
above will be said to be in general position. If a polygonal link L is in general 
position, then we will call the plat which is constructed by the method used in 
the proof of Lemma 2 the canonical plat associated with L. Note that the 
canonical plat associated with a link in general position is unique. 

Lemmas (1) and (2) imply immediately: 

PROPOSITION 1. The mapping <p —» A Up(p A' induces a surjection from the 
class of groups B2n, n = 1, 2, . . . . onto the class of all tame link types. 

The algebraic structure of the group B2n has been studied extensively in the 
literature (for a list of references, see [4]). A convenient set of generators for 
B2n will now be defined. Recall that elements of B2n are represented by homeo-
morphisms of (dP+3, dA) —* (d£+3, dA).To define one such map hh let Dj be 
the disc of radius 0.5 in the x — y plane with center at (0.5(j + 1), 0, 0), 
1 ^ j ^ 2n — 1. Parametrize Dj with polar coordinates, and define h3- by 
hj(r, 6, 0) = (r, 6 + 47rr, 0) for points in Djy extended by the identity map 
to all of dE+

3. (The map hj interchanges the jth and j + 1st points of dA, 
leaving all others fixed.) The isotopy class of hjy 1 ^ j ^ 2n — 1, defines an 
element in B2n which will be denoted a,. 
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LEMMA 3 (Artin [1]). The group B2n is generated by {au 0"2n-l}« 

I t follows immediately, using the definition of a geometric braid given earlier, 
t ha t by applying an appropriate isotopy çpt we may view the braid 
<Tj(j — 1, . . . , 2n — 1) in B2n as the geometric braid which is formed (in a 
plane projection such as tha t in Figure lb) by crossing the jth string over the 
j + 1st, leaving all other strings unaltered. In this way we see tha t the plats 
belonging to the geometric braids <ï> G B2n and $a2n £ B2n+2 differ in the 
manner indicated in Figures 3a and 3b. This fact will be needed later. 

an n 
Geometric braid </> 

cm TJ 

an n 
Geometric braid </> 

U U • • • oo 
(a) A U^A' 

FIGURE 3 

(b) A \J^Af 

The subgroup K2n of B2n is defined to be the subgroup of those mapping 
classes <£ G B2n which have a representative <p : (dE+

s, dA) —> (d£+3 , dA) 
which extends to a map <p : (£+3 , A) —> (£+3 , A). Generators were recently 
determined for K2n, in terms of those defined above for B2n. 

LEMMA 4 (Hilden [11]). The group K2n is generated by \au o"20-i2o-2, and 

(T2i<T2i-l<T2i+l(T2i, 1 ^ i S U — 1} . 

T h e generator a2(Ti2(T2 G K$ is illustrated in Figure Id as a geometric braid. 
One more observation is in order before we proceed to the main par t of the 

paper, and t ha t is to interpret K2n and B2n algebraically as subgroups of the 
automorphism group of a free group. The group B2n has a faithful representa
tion as a group B2n* of automorphisms of the free group F2n of rank 2n, where 
F2n may be interpreted geometrically as the fundamental group of dE+

3 — dA. 
If we choose generators for 7n(djE+3 — dA) which are represented by simple 
loops X2i-u X2l encircling the points (i — .25, 0, 0) , (i + .25, 0, 0) respectively, 
then the image of ajf 1 ^ j S 2n — 1 under the isomorphism from B2n to 
B2n* will be 

(Tj* : Xj —•» Xj+u Xj+i —> Xj+i^XjXj+u Xk —* Xk if k 7^ j,j + 1. 

With these conventions, we may interpret K2n in another way: 

LEMMA 5. The subgroup K2n* C B2n* is the group of those braid automorphisms 

of F2n which leave invariant the normal closure of X\X2, X 3 X 4 , . . . , X2n-\X2n 

in Fin. 

https://doi.org/10.4153/CJM-1976-030-1 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1976-030-1


270 JOAN S. BIRMAN 

Proof of Lemma 5. Let* Ç B 2n be represented by ^: (ô£+
3, 3̂ 4) —> (ô£+3, dA). 

Clearly a necessary condition for \p to extend to \p: (E+3, A) —• CE+3, ^4) is 
t ha t the induced automorphism yp* leave invar iant the kernel of the homeo-
morphism i* : 7ri(d£+

3 , dA) —>7ri(£+
3, ^4) induced by inclusion. Wi th our 

choice of generators above for 7Ti(dE+
3, dA) ker i* is precisely the normal 

closure of XiX2j . . . , X2n-1X2n in F2n = 7Ti(dE+
3, dA). T h e sufficiency of this 

condition follows from a theorem of MacMil lan [12]. 

3. S tab le equ iva l ence of p la t r e p r e s e n t a t i o n s of k n o t s . Using the con
ventions introduced in Section 2, we may now establish our main result. T h e 
proof will occupy the remainder of this section. 

T H E O R E M 1. Let Lui = 1,2, be tame knots. Choose elements 3>f G B2ni in such 
a way that the plat A V J m A' defines the same knot type as Lt. {By Proposition 1, 
this is always possible.) Then Lx œ L2 if and only if there exists an integer 
t ^ max (ni, n2) such that, for each n ^ t the elements 

<£>/ = $i(T2ni(j2ni+2 . . . (T2n-2 Ç B2n, i = 1, 2 

are in the same double coset of B2n modulo the subgroup K2n. 

Remark. A large pa r t of the proof of Theorem 1 is valid both for knots and 
links. We will consider the more general case of links as long as we are able to, 
specializing to knots in Lemmas 9 and 10 below. 

Proof of Theorem 1. T h e first task will be to establish t h a t 4>/ £ B2n and 
$i G B2ni determine the same link type. This will follow by i teration, if we 
can establish tha t $i<r2ni Ç B2ni+2 and Qt £ B2ni determine the same link type, 
and the easiest way to see t h a t is by a picture. Recall t h a t every plat may be 
visualized as the link obtained from a geometric braid, by identifying the 
strings in pairs on the top and on the bo t tom of the braid (cf. figure l b ) . In 
this representation, the plats A Wp$ A' and A U p $ J 2 n . A' will be as il lustrated 
in Figure 3. Clearly, these represent the same link type. 

T o establish the "if" pa r t of Theorem 1, suppose, then, tha t <£/ = a\$2a2 

for some «i, a2 G K2t. Let gu g2 be the self-homeomorphisms of (£+3 , A) 
which represent ai, a2 respectively. Then , we may define a homeomorphism 
h : £ +

3 \J„X. EJ - > £ +
3 U „ 2 , £ _ 3 by the rule h\E+* = gu h\EJ = pg2p~\ 

Since h (A 0 W i > Af) = A U p<f>2> A', our links are equivalent . Thus , the "if" 
pa r t of our assertion is established. 

T o begin the "only if" pa r t of the proof, we will need some notat ion. Let L 
be a polygonal link. If bi, b2, . . . are consecutive vertices of L, then \bu &2], 
[62, ^3], • . • will denote the corresponding edges. T h e symbol [bu bjy bk] will 
denote the closed simplex with vertices bu bj} bk. Suppose, then, t h a t L is a link 
with vertices bu b2, 63, . . . , and t ha t [b\, b2l &3] Pi L = [bi, b2] VJ [b2, bz\. Then 
we say t h a t the " m o v e " 6&2 = ®(&i, b2, b&) is applicable to L, and define a 
new link L* by: 

(2) L* = db2L = L + [bu h] - [bu 62] - [62, 63]. 
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T h e moves ®ft2 and its inverse (®&2)
_1 will be called elementary or type S 

deformations. Two links Li, L2 are combinat or ially equivalent if there exists a 
finite sequence of links joining Lx to L2 with the property tha t each link in 
the sequence can be obtained from its predecessor by a single type © deforma
tion. The sequence joining L\ to L2 will be called a deformation chain. I t is a 
classical result t ha t tame links are equivalent if and only if they are combina-
torially equivalent. 

T h e reader is referred to Section 2 for a definition of "general position". 
We assert: 

LEMMA 6. If L and L* are combinatorially equivalent and in general position, 
then there is a deformation chain from L to L* such that all links in the chain are 
in general position. 

Proof of Lemma 6. If (fë(a, b, c ) ) - 1 creates an edge [a, b] or [b, c] which 
violates (PS) or (P4) , we may replace it with (S(a, b', c ) ) _ 1 , where b' is close 
to b and is chosen so tha t (5 (a, V, c)~lL is in general position. Afterwards, 
replace b by V in all links which follow. If S (a, b, c) creates an edge [a, c] which 
violates (P3) or (P4) and if [c, d] is the edge which follows [a, c], choose a 
point c' close to c and on [b, c], replace @(a, b, c) with fë(V, c, d) S (a, b, c') 
(<&(b} c', c ) ) _ 1 , and replace c by c' in all links of the deformation chain. This 
creates a new deformation chain joining L to V'. Induction on the number of 
edges which violate PS or P 4 completes the proof. 

Suppose, then, tha t L and L* are polygonal links which are joined by a 
deformation chain, with L and L* and every link in the chain in general posi
tion. By method of Lemma 2, we may associate with each link in the chain a 
unique canonical plat , as defined in Section 2: 

Ii = Ii\ > 111 > . . . . > Iir = JL 

P = PI PI Pr = P* 

Each canonical plat P ; will (later) be associated with a unique element of the 
group B2nj for an appropriate integer rij. Each Lj+i = Q(a, b, c)±1Lj for some 
vertices a, b, c of Lj. Our first task will be to prove tha t certain moves are 
adequate in every case to transform Pj to Pj+i. These moves will then be 
interpreted in terms of operations in the groups B2, B±, B&, . . . , and reduced 
to the simpler set of moves described in Theorem 1. 

A point p in the region between the planes z = —0.25 and z = 1.25 will be 
denoted a lower (respectively upper) boundary point if its s-coordinate is 
— 0.25 (respectively 1.25), otherwise p is an interior point. The superscript " # " 
will be used for lowrer boundary points, and ' V for upper boundary points. 

In general, a type © move will not take a plat to a plat , however in certain 
special cases it will, and we denote this subclass of type S moves with the 
symbol type S. 
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The reader is referred to Figure 4. Let a, 5, c be consecutive vertices of P, 
with b interior. Let V be a second interior point close to 6, satisfying [a, b, V] C\ 
P = [a, b] and [&', 6, c] H P = [ft, c]. Define: 

(3) JR6 = dl(b, bf) = @(6', 5, c)g(a, 6', è)"1 

If 9{&P is a plat, then we say 3t6 is applicable, and call this a move of type 9Î. 
It is clearly always possible to find an interior point b' close to any interior 
vertex b of P such that 9?& is applicable. 

The reader is referred next to Figure 5. Let cf, r, c" be consecutive vertices 
of the plat P , with r a boundary vertex (we illustrate the move with an upper 

a c 

di(br V) P = P - [a, b] - [6, c] + [a, b'] + [V, c] 

FIGURE 4 

/ 
H 
l\ 
/I 
// 
/ I 

/ I 
' I 

d'J I 
.~-\.J d" 

v> 
» , (c', d', s, d", c") P = P - [c't r] - [r, c"] + [c', d'] 

+ [d't s] + [s, d"] + [d", c"]. 

FIGURE 5 
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boundary vertex, bu t the situation is identical if r is a lower boundary vertex) 
and d close to d'. I t will be assumed tha t [d, r, c"} C\ P = [d, r] VJ [r, c"] . 
Let s ^ r be a. second boundary point, on the same boundary component as r, 
and let d', d" be interior points satisfying the conditions [d, d', d"\ C\ P = d, 
[df, d", c"] HP = c", and [d't s, d"} C\ P = 0. Then we define: 

(4) S r = JB r(c' ,d ' , *,<*",<;'') 

= ®(d', 5, d " ) " 1 ® ^ ' , d", c / /)~1®(c /, d', c , ,)"1@(c', r, c"). 

If 93 rP is then a plat , we will say tha t 33r is applicable to P. The move 33r or 
its inverse will be denoted type 33. We will also sometimes use the degenerate 
move $8r(d, s, c") which occurs when d' — d, d" = c". I t will also be denoted 
type 53. 

Note t ha t a type 93 move is executed by retracting the "spike" a t r to the 
"base" c'c", and shooting out a new spike to s, which will in general thread 
in and out of the other edges of the link. In most cases it will not be possible 
to accomplish this move by sliding the spike a t r along the boundary plane to s, 
because the other edges of P will interfere with such a move. 

Moves of type S, 9i and 93 defined above all leave plat index unaltered. 
(Plat index is the number of intersections of the plat with the planes z = 1.25 
and z = —0.25.) Our next move changes plat index by ± 1 . The reader is 
referred to Figure 6. Let 6^_i, bjy bj+i be consecutive vertices of the plat P , 

b * 
z = 1.25 J. 

l\ 
l\ 

z = -0.25 f~ 
b* 
U 3 

a ( i y ) P = P- [ft/,ftj - [ft,,&/'] + [ft/,ft/] + [ft,,ft/] + [&/,ft/']. 
FIGURE 6 
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with bj an interior vertex. If P is the unique canonical plat constructed from 
a link L in general position, then P will also be in general position, hence P 
satisfies proper ty (P4) , Lemma 2. Let bj*, b/ be the points of intersection of lj 
with the upper and lower (or lower and upper) boundary planes, and let 
b/y bj" be points on [fej_i, bj] and [bj, bj+i] which have distance Ç from bj. 
Assume further t h a t [fe^-i, bj] • ? a n d [bj, bj+i] • *?> 0 (or < 0) . Then we define 

(5) 2I(6y) = (@(i„ 6/ , 6 / ' ) ) - x (e(6/ , 6 / , M ) " 1 ^ , 6/ ' , fti+i))"1 

X (<g(&j_i, ft/. ft,))"1-

Note tha t 2I(fej) is always a plat , and t h a t 21 (bj) is applicable to every interior 
vertex bj when P is in general position. T h e move 2l(fe;) or its inverse will be 
denoted type 21. 

LEMMA 7. Le£ L, L* fee combinatorially equivalent links which are in general 
position, and let P, P* be the canonical plats associated with L, L*. Then there is 
a finite sequence of plats 

p = pf _> p 2 * _> . . . _> p fc* = p * 

swcfe / t o each P * is obtained from Pj-i* by a single move of type (§, 9Î, 33 or 21. 

Proof of Lemma 7. I t will be enough to prove the lemma for the case where 
L* = (Qb)

±1L, since the general case will then follow by induction on the 
length of the deformation chain joining L to L*. I t will, moreover, be adequa te 
to consider the case L* = S&L, since the case L* = (S&)_ 1L may be handled 
by the inverse of the sequence used to go from P to P * if L* = 6 6 L. 

Choose an orientation on L. An edge [bj-\, bj] of L will be colored blue if 
[6^_i, &,-] • ~e> 0, and rerf if [fry-i, fey] • ? < 0. See Figure 7. T h e vertex fey will 
be said to be 

type 1 if [fej_i, bj] and [bj, bj+i] have dist inct colors, and if bj is not an 
interior point; 

type 2 if [bj-i, fej and [bj} fe^+i] have dis t inct colors, and if fey is an interior 
point ; 

type 3 if [fe^-i, bj] and [fe;-, fey+i] have the same color. This implies t ha t bj is 
interior. 

Suppose t h a t L* = @(&2, fe3, fe4)^, where L contains the vertex sequence 
fei, 62, b%, &4, 65. We must t rea t separately the cases obtained when fe2, bz, fe4 are 
each type 1, 2 or 3. There is no loss in generali ty in assuming t h a t the edge 
[fei, fe2] is blue, since the choice of an orientation on L is a rb i t rary . T h e type of 
bi, fe3, fe4 will then determine uniquely the colors of the edges [fe2, bs], [fe3, fe4], 
[fe4, fes]. I t may happen tha t there will be two possibilities for the color of 
[&2, fej G L*, however once this color has been fixed, the type of the vertices 
fe2 and fe4 of L* will be fixed. T h u s there will be a t most 54 cases to t reat , 
depending on the type of fe2, bz, fe4 and the color of [fe2, fe4], and each such case 
may be associated with a unique mapping (i,j, k) —» (/, m), where i,j, k,l,m = 
1, 2, 3 denote the vertex types of the vertices fe2, fe3, fe4 of L and fe2, fe4 of L*. 

https://doi.org/10.4153/CJM-1976-030-1 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1976-030-1


KNOTS AND LINKS 275 

3 = 1.21 

z = -0 .25 ±^ Type 1 Type 2 Type 3 

FIGURE 7 

In Table 1 we examine these 54 cases. Some turn out to be impossible. For 
example (cases 1, 2) if b2, b^, b^ had types 1 1 1 then after applying ®&3 the 
link L* would have an edge which violated (P3), so that L* would not be 
in general position. Or (cases 19, 20) if b2, bz, b± are types 2 1 1 , then [b2, b4] 
will always be blue, never red. The 54 cases are moreover not all independent, 
because of symmetry consideration, since we note that a replacement sequence 
for the case (i, j , k) —> (/, m) may be obtained from one for the case (k, j} i) —> 
(ra, /) by reflecting each plat in the original sequence about the plane z = 0.50. 

In the cases not handled as above, replacement sequences will be given in 
Table 1 whenever it is possible to define them unambiguously, or else discussed 
below Table 1 in further detail. Our notation will always be the same: The 
vertices of the link L which are involved in our move will be denoted bly b2j bz, 
bi, b5. We define L* = (S(&2, 63, bA)L. If any vertex of L or L* (say bk) is type 2, 
then in constructing the canonical plat associated with L or L*, we must shoot 
out a spike at bk to bk* (an upper boundary point) if [bk-i, bk] is blue, or to bk* 
(a lower boundary point) if \bk-u bk] is red. The unique points of intersection 
of the boundary dNk of an e-neighborhood of bk with the edges [bk-i, bk] and 
[bk, bk+i] which are needed to construct the canonical plat will be denoted bk 

and bk" (cf. Figure 2). The first non-trivial case, (1 1 2) —> (1 3) is worked out 
with pictures, to illustrate the procedure. 

Case 3. (1 1 2) —> (1 3). Figure 8 shows the portions of the links L and L* 
starting at bi and ending at bb. Since fr4 G L is a type 2 vertex, we must alter 
it to produce the canonical plat P , which will include the vertex sequence 
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b\, b2, 63, bi, b*, b\", bs. Since none of the vertices bu b2, b4, bb of L* is type 2, 
this same vertex sequence b1} b2, 64, &5 will be included in the canonical plat P*. 
To get from P to P* by moves of type (g, 9Î, S3 and 3 , first apply ft(è4', è4), 

Link Deformations: 

L = bx 

Plat Deformations: 
b2 

P = h 

b< gfo.h.M éf 

6 / / 9?(&4', è 4 ) 

efo.ft/.ft,)-1^ b\ A k" ^ . ( V . ^ . M 6i 

©(ft/, 64,64*) 

64= L* 

bt = p*= L* 

FIGURE 8 
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moving the vertex b{ to &4. Then apply (6(62, hi, M ) - 1 - I t is applicable 
because 6(62, &3, &-0 was applicable to L. Next, apply S3&3 (fc/, be, hi) to move 
the t ip of the spike a t &3 to the point fr4

#. Finally, apply Ë(&4
#, &4, 64*) and 

(SK64))-1, to obtain P* . 
Case 5. ( 1 1 3 ) - + (1 2). The plat P = L. Apply $R(64, 64") to P to move bA 

to &4". Apply (@(&2, 64', &3))_1- I t is applicable because S (62, Ô3, ̂ 4) is applicable 
to L. Apply $^3(64', bé, b±") to move the spike a t b% to hi, obtaining P* . 

Cas<? 9. (1 2 2) —> (1 3) . T h e plat P contains the vertex sequence &i, &2, 63', 
fe3

#, W , &•/, &4*, W , &o. Apply 9?(&4', 64) to move 64' to 64. Then apply 
(@(62, W, es '))"1- Next apply (33&4#(£4', 63', hi, ft3", &0)" 1 to move the spike a t 
bé to hi. Apply S(&4

#, &4, &4*) to delete the vertex &4. Finally, apply ? l (^ 4 ) _ 1 

to obtain P* = L* = @(62, 63, fe4)L. 

Case 11. (1, 2, 3) ~> (1 , 2) . Apply g(&2, 64', 63') to P . Next apply 5R(64, 64"). 
Finally, apply (SB4#(&4', 63', &3

#, 63", &4"))_1 to obtain P* . 

Case 21. (2 ,1 , 2 ) - > (2, 3) . Apply 91(6/, 64) to P . Then apply ((gCfea7', 64', M ) " 1 -
Next, move the spike a t a3 to &/ by applying 93&3(&4r, ^4#, &4). Delete the 
vertex &4 by applying Ë(fr4

#, 64, ^4*). Finally, apply (2I(64))_ 1 . 

Cfl5e 23. (2, 1, 3) -> (2, 2) . Apply ))l(bu 64") to P . Then apply (g (6 2 " , 64 ', 

63))-1 . Finally, apply (5B&4#(&4', 63, 64"))" 1 to obtain £*. 
C « ^ 24. (2, 1, 3) -> (3, 3) . Apply ft(&2", 62), (<g(&3, &2", a 4 ) ) ~ \ JB&8(62, &2#, 

Case 27. (2, 2, 2) -> (2, 3) . Apply 3i(&4', &4) to P . Then apply g(&2", &/, &3'). 
Next apply (3364#(a4

r, &3', &3
#, &3", bA))~K Now apply (5(a4

#, &4, £4*) to delete &4. 
Finally, apply ( ï ï (ô 4 ) ) - 1 to obtain P* . 

C a ^ 29. (2, 2, 3) -> (2, 2) . Apply (<g(&2", &4', &3'))-1. 9t(fe4, &4//), (»6 4 ' (&A 

63', ^3# , 63" , 6 4 " ) ) - 1 . 

C a ^ 30. (2, 2, 3) -> (3, 3) . Apply 9Î(&2", &2), then (@(&3", &2", 6 , ) ) - 1 . Now 
move the spike a t a3

# to £2
# by (33&2#(a2, 63', «3#, £3", 62")) - 1 - Delete a2 by 

applying g(a2*, &2, a2
#). Apply (21 (ôa))"1 to obtain P* . 

C a ^ 41 . (3, 1, 3) - » (2, 3) . Apply $R(&2, &2'), S(&3, 62", &4), S&8(&2', &2*, &2"). 
Case 47. (3, 2, 3) -> (2, 3) . Apply 9Î(&2> &2'), then g(&3", 62", 64), then 

3 3 6 2 * ( & 2 / , & 3 / , & 3 * ^ 3 / / , & 2 / / ) - 1 . 
This completes the proof of Lemma 7. 

Having established Lemma 7, it will no longer be necessary to restrict our 
a t tent ion to polygonal links and combinatorial deformations. Accordingly, 
we may replace any plat P * in the deformation chain joining P to P * by any 
other plat which is the image of P* under a homeomorphism h: E's —> P 3 , 
where h is required to be isotopic to the ident i ty map via an isotopy ht such 
tha t ho = h, hi = identi ty, and, for each 0 S t ^ 1, ht(x, y, z) = (x, y, z) 
whenever z ^ —0.25 + 77 or z è 1.25 — 77, fc»r some small 77 > 0. At the same 
time, we replace the p . 1. deformations of types 33 and 21 by moves 33 and 21 
which are isotopic to 33 and 2Ï via an isotopy which is the identi ty for all points 
(x, y, z) Ç P 3 such tha t z ^ —0.25 + 77 or z ^ 1.25 — 77. I t is immediate t ha t 
the composition of a move of type 33 (or 21) and any number of moves of type 
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© and 9? will be a move of type $ (or 21). Thus we may sharpen Lemma 7 to: 

LEMMA 8. Let P, P * &e /ze/0 plats which define the same tame link type. Then, 
there is a finite sequence of plats 

P = Pf-^Pf-* ->Pk* = P* 

such that each Pj+i* is obtained from P* by a single move of type S or 31. 

To proceed further, we wish to specialize the move 21. Intuit ively, 2Ï lias the 
effect of adding a "trivial loop" to the plat P a t any point b. We now wish to 
show tha t it is adequate to do this in a very special way, choosing b to be 
arbitrari ly close to the lower boundary plane, and to have larger x coordinate 
than any other point of P. Thus b is in the lower right corner of P, relative to 
a projection of P onto the x — z plane (cf. Figure 3). We will, further, require 
tha t the new double point introduced by a type 31 move applied a t b have 
smaller z-coordinate than any other double point of P. We will also restrict 
ourselves to the case where the new twist introduced into the projection of P 
when 21 is applied has the sense illustrated in Figure 3b, and never the opposite 
sense. We will call this special type 21 move " type ?" , with 8+ denoting the 
addition of a loop a t b, and S~ denoting the deletion of a loop a t b. Note tha t 
in Lemma 9, below, we restrict our a t tent ion to knots. (The corresponding 
assertion for links is a little more complicated). 

LEMMA 9. Let q be an arbitrary point of P, which is assumed to have a single 
component. Let 21 be a type 21 move applied at q. Then there exists a sequence 
931, . . . , 93 2 of type 93 moves such that 

2Ï = 93 , . . . 93i8+, 2I-1 = g - S r 1 . . . 8 , - 1 . 

Proof. Note t ha t the second assertion follows from the first because ?~ is 
the inverse of ? + . Hence we may restrict our a t tent ion to the case where a 
loop is added a t q. 

We first show tha t it is possible to reverse the direction of the twist in a 
type £+ move by a sequence of moves of type 93 and ? + . See Figure 9. Choose 
points b', b" close to s#, and apply a type 93 move, retracting the spike a t s* 
to the base b'b" and shooting out a new spike along the indicated path {through 
the loop a t r#) to a new location £# (picture 2). After an isotopy (picture 3), 
use a second type 93 move to return the spike to s#, this time choosing a path 
t ha t goes behind the loop a t r# (picture 4) , achieving thereby the desired 
result. Thus we may, without loss of generality, assume tha t any type 2 + 

move which is applied has the sense illustrated in Figure 3b. 

Let b be the point a t which our type ? move is to be applied (Figure 10). 
Since P has one component, b is connected to q by a sequence of arcs which go 
between the upper and lower boundary planes, touching each k t imes. See 
Figure 10. Let r0*, r^, rx*, r2

#, . . . , rfc_i*, rj, rk* be the ordered sequence of 
upper and lower boundary points of P which are encountered in going along P 
from b to q, where b is located on r^r^ and q is located on rk^rk*. 

Apply a type ? + move a t b (picture 2, Figure 10). This will create two 
new boundary points, Si# and sQ*, with s^ very close to r^. Choose points 
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c£ [fi#, So*] a n d d £ [s0*, s / ] , with c and d very close to ri# and s / respectively. 
Now perform a type 33 move, pulling the spike a t s0* back to the base cd, and 
shooting out a new spike to Si*, which is close to ri*, with the entire pa th 
c Si* d very close to s^ri* (Picture 3). Picture 4 is obtained from picture 3 by 
an isotopy. Next choose points y on Si*Si# and x on s / r i* , both very close to 
the upper boundary (and hence also to Si*). Perform a type 33 move, retracting 
the spike a t s^ to the base xy, and shooting out a new spike, along a pa th 
very close to fi*r2

#, to the point s2
# on the lower boundary plane. Let H e a 

point on ri*r2
# which is very close to ré'". Then we have produced a move of 

type SI a t the point h as the product 93293i£+. 

Repeating the construction above, it is now easy to see (picture 6) tha t there 
exist moves 333, 334, • . . , 33 2* such tha t a type ?{ move a t a point n on rA._i*rA:

#, 
where n is close to rk*, may be obtained as a product 332/t332A;-i . . . 33i?+. 

Now apply a type 33 move a t the base nm (close to r / ) , pulling in the spike 
a t rk_i* to nm, and shooting out a new spike along a path which stays close 
to rj q up to q, and then goes straight up to q* on the upper boundary plane. 
Finally, choose p on q*rk*, close to q, and apply 932̂ +2 by pulling back the spike 
a t rjf to the base qp, and shooting out a new spike straight to g# on the lower 
boundary plane. Thus we have produced a type 31 move a t q as the product 
332*;+2 . . . 93i?+, and the lemma is established. 

LEMMA 10. Let P have one component, and suppose that P* is obtained from P 
by applying a type 93 move, followed by a type £+ move. Then, we may also obtain 
P * from P, by first applying a type 8+ move, and following it by an appropriate 
sequence of type 93 moves. 

Proof. If the type 93 move was applied to move a spike on the upper boundary 
plane there is no problem, since a type ? move is always applied a t a point 
arbitrari ly close to the lower boundary plane, so that the two operations 
necessarily commute. Suppose tha t a type 93 move has been applied to move a 
spike from r# on the lower boundary to a new location a t s# on the lower 
boundary, by retracting it to the base c'c" and shooting out a new spike from 
c'c" (Figure 11). If a type ? + move is then applied at the point b, and if b does 
not belong to the arc c's*c"', then again S and ? + commute, hence we may 
assume tha t b is on c's*c", say on the segment s^c", which is assumed to have 
larger x coordinates than c'V. I t will be assumed further tha t b is very close 
to s*. After the type ? move our p la t will be in the situation of picture 3 
(Figure 11). We must show tha t it is possible to get from the situation of 
picture 3 to picture 1 by a series of moves of type 93, followed by (at the very 
last step) a single move of type 2~. Note tha t since ? is a plat, the arc s*c" 
may be continued to a point t* on the upper boundary plane. We now apply a 
type 8̂ move, a t the base b'b" (picture 3) , to move the spike a t si* to /1*, close 
to /*. This motion will be assumed to be done by pulling back the spike a t Si* 
to b'b", and then shooting out a new spike along a path in a very small neigh
borhood of the arc s^c"t*. An isotopy brings us to the situation of picture 5. 
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(The isotopies which are illustrated in Figure 11 could of course be absorbed 
in the type 33 moves, however the procedure is easier to visualize if the iso
topies are carried out in stages.) We now apply another type 33 move, re
tract ing the spike a t s# to the base c'c" and shooting out a new spike to r* 
along the pa th used in picture 1. T o go from picture 6 to 7, copy this last move 
with the spike a t Si# to move it to r<f (close to r#) , along a path in a neighbor
hood of c'V#. An isotopy takes us to picture 8. Now pick two points d', d" 
close to ri# , and using them as a base retract the spike a t ti* to d'd" and shoot 
it out again to Si*, along a path which is a t first very close to the lower bound
ary, and then straight up to Si* (recall tha t Si* has a maximal x-coordinate, 
by our original choice of Si* via a type 2 move). See 9. Another isotopy takes 
us to picture 10. In picture 10, choose p o i n t s / ' , / " on the plat close to s^ on 
the lower boundary edge. Then (picture 11) apply a type 33 move, pulling 
back the spike a t rf to / ' , / " , and shooting it out to s^. We are now ready to 
delete the trivial loop a t sf and Si* by a type 2 move, to get picture 12. A final 
isotopy takes up to a picture, which is identical with picture 1. This completes 
the proof of Lemma 10. 

LEMMA 11. Let P , P * be plats which define the same knot type. Suppose that 
P = P i —» P 2 —> . . . —> P 5 = P * is a sequence of plats joining P to P* , with 
Pj = ^jPj_i for each j = 2, . . . , s, each ^j being a single move of type 33, 
£ + or 8~. Then there is another sequence P = P i * —> P 2 * —»...—» Pq* = P * 
joining P to P*, with P ; * = ^ / " P ^ i * , and 

^ * is type £ + if j = 2, . . . , m ^ q; 

^ * is type 33 if j = m + 1, . . . , 5 g q; 

<Jé * is type 2~ if j = s + 1, . . . , q. 

Proof. If there exists an integer k such t h a t ^ ^ is type S+ b u t ^ ^ - i is not 
type £+ , then let k be the smallest such integer. I L / ^ _ i is type S , apply Lemma 
10 to replace the s e q u e n c e ^ * ^ * - ! = 8+33 by 33* . . . 33i8+. I f - ^—i is type £~, 
then £~~ and ? + will cancel each other, and we may replace the sequence 
Jt\+vJt\Jt\-i^\_2 with ^k+vJ£k-2. This process may be repeated as often as 
necessary until we finally obtain a new chain P = P i * —> P 2 * —>...—> Pm* —> 
P w +i — » . . . — » JPD = P* , where P* = 2+Pj-i* for each j = 2, . . . , m, and 
each Pj is obtained from its predecessor by a single move of type 33 or • 8~". 

If there now exists an integer t such t h a t ^ \ is a type 8~, bu t^#* + i is type 33, 
then let £ be the largest such integer. Then, necessarily, ^t+i is type 33. 
Applying Lemma 10, we may now replace the sequence *Jt t+vM t = 338~~ by 
8~33i . . . 33w, thereby reducing /. This process may be repeated as often as 
needed, until all 8~ moves are collected a t the right of the chain. This proves 
Lemma 11. 

We are now ready to prove Theorem 1. From Lemma 11 we know tha t , if P , 
P * are plat representatives of the same knot type, then we may find sequences 
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of plats 

p * _ p * ^ p * ^ y p * 

such tha t for 2 ^ j ^ m the plat P ; * is obtained from P ; _ i * by a move of 
type 8 + , and if q — 1 ^ j ^ 5 the pla t P ; - i * is obtained from P / by a move 
of type ? + , while P 5 * is obtained from P w * by a sequence of moves of type 33. 

I t only remains to interpret our moves algebraically. T o do this we refer 
the reader back to Section 2, where the group B2n and its subgroup K2n were 
defined. 

By Lemma 1, each plat P* determines a well-defined element <£<, of the 
group B2nj. T h u s we have: 

$ i —> . . . —> $ m —> . . . —> $ , $«, — > . . . — > $ s 

In Section 2, we defined the part icular elements a{ of 132n as self-homeomor-
phisms of (dP+3 , dv4). Also in Section 2, we described a method for construct ing 
a geometric braid from a self-homeomorphism of (dP +

3 , d^4). Applying tha t 
construction to the elements cr^ £ B2n (i = 1, 2, . . . , 2n — 1) one obtains 
immediately the well-known fact t ha t at may be interpreted as an elementary 
geometric braid in which the ith. string crosses over the i + 1st, all other 
strings being left invariant . T h u s the plats defined by $ G B2n and $a2n G 
B2n+2 differ in the manner illustrated in Figure 3, i.e. the plat defined by the 
lat ter is obtained from tha t defined by the former by a single move of type £+ . 
Conversely, if P* is obtained from Pj-i* by a single move of type S+ , and 
if P< _i* is the plat defined by ^ - î £ B2nj_ly then it must follow tha t P * is 
the plat defined by $j = $j_ia2nj_l £ B2nj_1+2. Thus , after a sequence of 
m — 1 moves of type ? + we must have $ w = $io-2ni(72ni+2 . . . 0-2^+2^-2- (Our 
convention here is the common algebraic convention of composing free auto
morphisms from left to right. This does not agree with the usual geometric 
convention of composing mappings from right to left.) Similarly, we obtain 

<&s = $qCT2nqO'2nq+2 • • • a2nq+2(q-s-l) > 

T o relate $m to &s we need the algebraic analogue of P / = SB^Py-i*. 
Suppose first t ha t 33 moves a spike in the upper boundary plane from r* to 
s*, by retract ing it to the base c'c", and then sending it out again along a new 
pa th in the complement of Pj-i* (cf Figure 5) . We may wi thout loss of gener
ali ty assume tha t c' and c" lie on a plane parallel to the xy plane, and tha t 
the projection of this plane onto the xz plane contains no double points of 
Pj-i*. This plane will then divide the braid <J>y_i into an ' 'upper bra id" ^ i and 
a ' ' lower bra id" ^2 , each of which defines an element in the group B2nj_1, 
with 4>j_i = ^ ! ^ 2 . Then , «^ = ^ / ^ for some SF/ £ B2nj_ly where <J>^j_i_1 = 
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^ / ^ i - 1 is in the subgroup K2nj_l oîB2nj_1 defined in Section 2. This is illustrated 
in Figure 12, for a typical case. Thus ^ / = K^I, for some K £ K2nj_ly and 
$4 = / C $ ; - l . 

* i 6 B6 *i e Be 

o /"̂ . ZÀ 

FIGURE 12 

If, instead, 33 had moved a spike on the lower boundary plane from r# to s#, 
then $j = ^fi^2, with ^ f 1 ^ G ^2ny-i» so t n a t ^r2~1^r2/ = r Ç K2nj_ly and 
<ï>; = $^_ir, r G K2nj_^. Thus, in the general case, $j is in the same double 
coset (mod K2nj_l) as $j-\. The "only if" part of Theorem 1 then follows 
immediately. 

4. Stable equivalence of plat representations of links. Lemmas 6, 7, 
and 8 of Section 3 apply to both knots and links, but Lemmas 9 and 10 apply 
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only to knots . We may, however, easily modify Lemmas 9 and 10 to cover the 
general case of links, and so obtain a generalization of Theorem 1 to links. 
T h e appropria te modification is to apply Lemmas 9 and 10 to the individual 
components of L. T h e analogue of Theorem 1 may then be seen to be as follows: 

T H E O R E M 1'. Let Lt (i = 1, 2) be tame links. Let $t £ B2ni be a plat repre
sentative of Li, i = 1, 2. Then L\ tt L2 if and only if, after adding a suitable 
number of "trivial loops" to each component of L\ and of L2 we obtain new plat 
representatives, $ / £ , <Ê>2' G B2n,for some n ^ max (n\, n2), such that $ / and 
<&2 are in the same double coset of B2n modulo the subgroup K2n. 

5. H o w m u c h s tab i l i z ing is needed? Theorem 1 tells us t ha t the questions 
of whether there is an effective algorithm to decide if an arb i t rary pair of tame 
knots Lx, L2 determine the same knot type is equivalent to two other questions: 

(1) Can a bound be placed on the integer t? 
(2) Is the double coset problem in B2n modulo K2n decideable ? 

We consider here the first question. 
A lower bound on t is easily obtained, because according to [4, Theorem 5.2], 

the minimum string index 2n of a plat representat ive of a link is precisely the 
bridge number of the link, a familiar link invariant . If it happened tha t , for 
knots of bridge number b, there was a 1 — 1 correspondence between double 
cosets mod K2b in B.2b and knot type, it would then be unnecessary to consider 
(1) any further, since by Lemma 10 the operations of al ter ing string index 
(i.e. applying a type S+ move, or (algebraically) of adding a braid generator 
a2n and increasing braid index by 2) is commuta t ive with double coset multi
plication mod K2n; Theorem 1 would thus imply tha t , given any plat repre
sentatives §>i £ B2ni of Lt, i = 1, 2, with say n\ ^ n2, than L\ œ L2 if and 
only if ^io-2w o-2„ +2 • • • cr2«2-2 is in the same double coset mod K2n2 as <£2. This 
naive possibility is now shown to be false, however the part icular manner in 
which it fails suggests interesting possibilities. 

If L is a. knot, and P = A Wpip A'', <ï> G B2n a plat representat ive for L, 
then another plat representat ive for L is obtained by turning the plat "upside 
down" , i.e. looking a t the image of P under a rotat ion h: E's —» Ez of 180° 
about an axis parallel to the x axis through the point (0, 0, 0.75). If $ is 
expressed as a word o"M1

elcrM2
e2 . . . G^r

tr in the generators ai, . . . , a2n-i of B2n, 
then h(P) = A \Jp<p> A' is represented by <£' = Rev $ = o-M/r . . . o-^/V^61. 
In particular, let n = 2, and let L be the 2-bridge knot defined by the 4-plat 
$ = o-2

2o-i3(72~"1 (z Bx, so t ha t Rev $ = <j2~
laiza2

2 (see Figure 13(a) and (b) ) . 
I t follows from [6] tha t the 2-fold covering space of S3 branched over the 
knot L is the lens space L(7, 2) , and from [5] t ha t $ and Rev $ are in dist inct 
double cosets modulo K4. (In [5] a correspondence is s e t u p between equivalence 
classes of Heegard splittings of 3-manifolds and double cosets in the group 
Wig mod Tig, defined in Section 1 of this paper. The lens space L(7, 2) is shown 
in [5] to admi t 4 genus one Heegaard splittings which are equivalent, bu t 
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(b) L = A U ( p ) r „*4 ' 

{c)L$L (d)L#L 
FIGURE 13 

no 2 of which are strongly equivalent. This implies that $ and Rev $ are in 
distinct double cosets mod K4). Thus it appears that if we wish to restrict our 
attention to small values of b, it will be necessary to admit at least two double 
cosets mod K2tJ that of $ and of Rev <ï>. (Of course, the double cosets of <ï> and 
Rev <£ are not necessarily distinct; this will depend on knot type.) 

A more serious difficulty arises when we consider the knot L # L formed by 
taking the connected sum of L with itself (see [9]). since there are several 
' 'natural" 6-plats which represent L # L, one obtained by pasting the projec-
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tion of Figure (13a) to itself, and another by pasting the projection of Figure 
(13a) to that of Figure (13b) (see Figures 13c, 13d respectively). Again, the 
methods of [5] (see in particular Theorem 2) imply that the 6-braids deter
mined by (13a) and (13b) are in distinct double cosets modulo K&. 

More subtle examples have been obtained recently by Montesinos of prime 
knots which admit two plat representations of minimum string index which 
are in distinct double cosets modulo K2n. (Montesinos' examples were obtained 
after this paper was completed [see Montesinos, "Plat representations of prime 
links are not unique"], but before it went to press.) Thus the problem of 
stabilizing appears to be an unavoidable part of the knot problem. 
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