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Abstract

Orthogonality is a fundamental theme in representation theory and Fourier analysis. An orthogonality relation for
characters of finite abelian groups (now recognized as an orthogonality relation on GL(1)) was used by Dirichlet to
prove infinitely many primes in arithmetic progressions. Orthogonality relations for GL(2) and GL(3) have been
worked on by many researchers with a broad range of applications to number theory. We present here, for the first
time, very explicit orthogonality relations for the real group GL(4, R) with a power savings error term. The proof
requires novel techniques in the computation of the geometric side of the Kuznetsov trace formula.

1. Introduction and main theorem

Let ¢ > 1 be an integer, and let y : (Z/qZ)* — C* be a Dirichlet character (mod g). The classical
orthogonality relation for Dirichlet characters states that for integers m, n coprime to ¢,

1
#(q)

This orthogonality relation is the basis for Dirichlet’s proof that there are infinitely many primes p = a
(mod q) if (a,q) = 1. It has played an essential role in the modern development of analytic number
theory.

When they are lifted to the adele ring A over Q, Dirichlet characters can be realized as automorphic
representations of GL(1) (see chapter 2 in [GHI11]). It is then very natural to try to generalize the
above orthogonality relation to representations of higher rank reductive groups. When trying to do this,
however, there is an immediate obstacle. In the case of GL(1), there are only finitely many characters
(mod q) for any fixed ¢ > 1. In higher rank, on the other hand, there will be infinitely many automorphic
representations. It then becomes necessary to introduce a test function with rapid decay and define the
orthogonality relation as an absolutely convergent integral over the automorphic representations.

The first successful attempt at obtaining an orthogonality relation for GL(2) was made by R. Brugge-
man in 1978 (see [Bru78]) who considered the orthonormal basis {¢;} 1,2, .. of Maass cusp forms for
SL(2,7Z), where

$;(z) = Z a;j(n)\2my Kiy; 2n|nly) - eminx, (z = x + iy € upper-half plane),
n#0

Z ) = 1 ifm=n (mod g),

x (mod q) 0 otherwise.
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and Ky, is the modified K-Bessel function of the second kind while a; () € C are the Fourier coefficients
of ¢ ;. The Maass cusp form ¢; has Laplace eigenvalue A; = 1/4 + t? and is a Hecke eigenform. Each
such Maass cusp form is associated with a unique irreducible cuspidal automorphic representation of
GL(2). Then Bruggeman proved the following orthogonality relation for non-zero integers m, n:

lim ——
T—ow T = cosh(rt;) 0 ifm#n.

4n® X aj(m) aj(n) T {1 if m=n,

Other versions of GL(2) type orthogonality relations were later obtained by P. Sarnak [Sar87],
and, for the case of holomorphic Hecke modular forms, by Conrey-Duke-Farmer [CDF97] and J.P.
Serre [Ser97].

An orthogonality relation for Maass cusp forms on GL(3,R) was first proved independently by
Goldfeld—Kontorovich [GK13] and Blomer [Blo13] in 2013. Further results on orthogonality relations
for GL(3,R) were obtained by Blomer-Buttcane-Raulf [BBR14] and Guerreiro [Guel5]. In his 2013
thesis (see [Zho13], [Zho14]) Fan Zhou conjectured a very general orthogonality relation for GL(n) for
n > 2. We now describe Zhou’s conjecture.

Fix n > 2. A Maass cusp form for SL(n, Z) is a smooth function ¢ : GL(n,R) — C that satisfies
¢ (gkr) = ¢(g) for all g € GL(n,R), k € K = O(n,R), and r € R*. In addition, ¢ is square integrable
and is an eigenfunction of the Laplacian. If A denotes the Laplace eigenvalue of ¢, then A can be
expressed in terms of Langlands parameters a = (ay, ..., a,) € C" of ¢, where @) +ap +- - - + @, = 0.
The precise relation is given (see Section 6 in [Mil02]) by

1 n3—n a%+a§+~-+a,2l
24 2
The Maass cusp form ¢ is said to be tempered at o if the Langlands parameters ay, . .., @, are all pure
imaginary.

Let {¢;}j=1,,.. denote an orthogonal basis of Maass cusp forms for SL(n,Z) with associ-
ated Langlands parameters a/) = (al(J —— )) and M'" Fourier coefficient A;(M), where
M = (mi,ma,...,my_1) withmms---m,_; # 0. We assume each Maass cusp form ¢; is normalized
so that its first Fourier coefficient A;(1,1,...,1) = 1. Let

Lj = Rels L(S, ¢j X 51)
5=

be the residue, at the edge of the critical strip, of the Rankin-Selberg L-function attached to ¢; X ¢ ; that
is the value at s = 1 of the adjoint L-function L(s, Ad ¢;).

For T — oo, and Langlands parameters a = (a1, @, . .., @,) € C" of ¢, let hy (@) denote a good test
function with exponential decay as 3 _ ok |> — co. Here ‘good’ means Ay is smooth, holomorphic in
a region —n < Re(a;) < n for some i > 0, invariant under permutation of the Langlands parameters
a = (ay,...,a,), real valued and positive, and is essentially supported on the Laplace eigenvalues of
¢ that are less than T2.

Conjecture 1.0.1 (Orthogonality relation for GL(n,R)). Let {¢;}j=1,2,... denote an orthogonal basis
of Maass cusp forms for SL(n, Z) as above. Set M = (my, ...,mp—1) and M’ = (m{,...,m)_,) € zn1
Let hr denote a good test function as above. Then

& —— 5 hr al)

S A; (A () ) o
= j 1 ifM=M,
lim - =

T —o0 < hr(aW)) 0 otherwise.
%_TT_
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For applications, it is important to determine the rate of convergence as T — oo in the above
asymptotic relation. With this in mind, we reformulate Conjecture 1.0.1 with an error term.! In this
case, the orthogonality relation is expected to take the form

Conjecture 1.0.2. For some constant 6 < 1, we have

) & hr (V) &y (e
ZA (M)A;(M") ——= ( ) = 5M,M’Z% + Om M g
J T J
j=1
Here 6y v is 1 or 0 depending on whether M = M’ or not.

In the above, since 8 < 1, the error term gives a power savings in the main term. In the case n = 3, this
conjecture was proved in [GK13] with Langlands parameters & = (a1, @2, a3) € C> and the following
choice of test function:

2

2+R+aj—ak

I D[P

3 1<j#k<3
hT,R (a) =e T2
l—[ F (1+a’j—(lk)
1<j#k<3 2
J
More precisely, it was shown in [GK13] that Z‘X’ hT'Z—(a) ~ ¢T3R and 9 = 3;3’;;8, for some

constant ¢ > 0, and any fixed € > 0as T — oo. Snmlar results were independently obtained by Blomer
[Blo13] and improved later in [BBR 14] and more recently in [BZ20], where an interesting technique is
developed to remove the arithmetic weight £ ;.

Conjecture 1.0.2 has many important applications to low-lying zeros, Katz—Sarnak conjectures on
symmetry types of families of automorphic L-functions, Sato—Tate conjectures, etc. Such applications,
for the special case of GL(3,R), constitute a major main theme in [Blo13], [BBR14], [BZ20], [GK13],
[Guel5], [Zho13] and [Zhol4]. See also [ST16], where results for these problems are obtained for
general families of cohomological automorphic representations of reductive groups over number fields.
In this paper, we focus only on the orthogonality conjecture, as the techniques to obtain the above type
applications from Conjecture 1.0.2 are very well established.

Shin—-Templier [ST16] obtain their results by an application of the Arthur-Selberg trace formula, with
polynomial dependence on the Hecke eigenvalue and a power saving on the error term. Matz-Templier
[MT15] establish the analogous results for the family {¢;} of Maass cusp forms for SL(n, Z), and this is
strengthened and generalized in Finis-Matz [FM 19]. A variant of Theorem 1.1.1 is obtained in [MT15],
[FM19], without the arithmetic weight £ ;, without the polynomial weight of size 78R and with different

test functions that are indicator functions of /) € TQ, and where the error term would be O (|¢m)| 5 ).
For comparison, note that in Theorem 1.1.1 (if the polynomial weights are removed) we obtain an error

term of the form O (|€m|%+‘s . T6+8). Also note that our main term is of a different form than that of

T 8+8R T 7+8R).

[MT15], [FM19], in that ours entails some high-order asymptotics (the terms ¢, and ¢3

Shortly after our paper first appeared, Subhajit Jana [Jan20] obtained a proof of the conjecture for
compactly supported functions (on the geometric side) for automorphic forms for PGL, (Z) with r > 2.
Although a power savings error term is not given in Jana’s paper, the author has informed us that the
method can give a power savings error term that is very far from optimal (even for GL(2)).

1.1. Main Theorem

Let a = (a1, a2, a3,a4) € C*, and let S4 denote the symmetric group on a set of size four. The main
result of this paper is a proof of Conjecture 1.0.2 for GL(4,R) for the test function A7 g («) given by

1We adopt the standard convention that the constant implied by Oz pss depends at most on M and M.
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1112+a§ +(l§ +(l§

(l_, ( 2+R+aj—ax
e 17

i

i

Po— l_[ (1 +Ao(l) ~ A (2) — Ao (3) +a’o’(4)) ,
1< j#k <4 F(T) Tes,

where T is a large positive number and R (sufficiently large) is a fixed positive integer.

Theorem 1.1.1 (Main Theorem). Let {¢;};-12,... denote an orthogonal basis of even Maass cusp
Jorms for SL(4,7Z) (assumed to be tempered at o) with associated Langlands parameters

o« = (@7, D ) € (R)*

and L' Fourier coefficient A;(L) (as in (2.8.1)), where L = ({1,6,03) € Z3. Let L;=L(1,Ad ¢;).
We assume each Maass cusp form ¢; is normalized so that its first Fourier coefficient A;(1,1,1) = 1.
Let {,m € Z with {m # 0. Then, for T — oo,

& (@)

S S
DANE LD AT L) =2 = S (TR 4 TSR 4 T 5K )
Jj=1 J

2 7 15
+ Og,R(|€m|5+8 . T6+8R+s + |€m|ﬁ+8 . T5+8R+a +|tm|7 - T4+8R+s)’

where O¢ , is the Kronecker symbol and ¢y, ¢2, ¢3 > 0 are absolute constants that depend at most on R.
Note that ht g is of size TSR on the relevant support.
R

Remark 1.1.2. The polynomial [] (1 +Ag() — Ao(2) — Ao (3) + 00(4)) " is a new feature. It has
o€eSy

not appeared in previous versions of this method for GL(2,R) and GL(3,R), but we have included it
because its inclusion improves the error terms.

Remark 1.1.3. For s € C with Re(s) > 5/2, the L-function associated with ¢; is given by

S s A (pl)  Aj(Lpl)  A;j(1LLp) -
Lis,) = Y Agm, 1, m~ = [ ] (1= A0 4 ALl AU, )
m=1 P

This shows that Theorem 1.1.1 gives the orthogonality relation on GL(4, R) for coefficients of cuspidal
L-functions. It is possible, using the Hecke relations, to obtain a more general version of Theorem 1.1.1

3
involving A, Ay for arbitrary L, M, where [] ¢;m; # O, but the formulas get quite complex and messy
i=1
and so are omitted.

Remark 1.1.4. For a tempered Maass cusp form with Langlands parameters a € (iR)*, note that
hT, R (a/) >0

and is essentially supported on Laplace eigenvalues 1 < T2. It is not necessary to assume all Maass
cusp forms for SL(4, Z) are tempered. A weaker version of Theorem 1.1.1 can be proved that assumes
that almost all Maass cusp forms (except for a set of zero density) are tempered.

The proof of Conjecture 1.0.2 for GL(4, R) (with a strong power savings error term) has resisted all
attempts up to now. Theorem 1.1.1 is the first orthogonality relation for GL(4,R) obtained that has a
strong power savings error term. Many of the techniques used in the proof of the GL(3,R) conjecture
do not generalize in an obvious way and new difficulties arise for the first time. We now point out the
obstacles that we faced in the last seven years of work on this paper with some indications of how we
overcame them.
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o [n the methods developed in [GK13], the Whittaker transform of a test function is estimated by first
taking the Mellin transform of the Whittaker function and then taking the inverse Mellin transform to
go back. This leads to multiple integrals involving ratios of Gamma functions that can be estimated
by Stirling’s asymptotic formula. When moving to GL(4,R), however, the Mellin transform of the
Whittaker function is much more complex and does not satisfy a simple recurrence relation as on
GL(3,R). The polynomials that appear in the recurrence formula in [FG93] are of large degree,
and it did not seem possible to get good estimates for Mellin transforms of Whittaker functions via
recurrence relations.

e Recent results (see Section 5.2) give precise control of the polynomials that appear in the recurrence
formulae for Mellin transforms of shifted Whittaker functions, allowing us to overcome the problem
discussed in the previous bullet.

o The classical Perron’s formula allows one to obtain asymptotic formulae for the sum of coefficients
of an L-function by computing a certain integral transform of that L-function and then evaluating the
integral transform by shifting the contour of integration. An important tool in the proof of Theorem
1.1.1 is a novel higher-dimensional version of Perron’s formula that gives asymptotic formulae for
sums of terms arising in the cuspidal contribution to the trace formula. In the case of GL(4,R),
the Perron type formula we develop involves a triple integral that requires shifting contours in
three directions. It was necessary to generalize the method of Goldfeld-Kontorovich for finding the
‘exponential zero set’ that gets repeatedly used for each shifted term. We also introduce a very
precise bound for elementary integrals (see Appendix A) that turns out to be critical for accurately
estimating the integrals over the shifted contours.

o Another difficulty is that the Langlands spectral decomposition is much more complex on GL(4,R)
with many more types of Langlands L-functions involving twists by Maass cusp forms of lower rank
in the Levi components of the relevant parabolic subgroups. In order to obtain precise power savings
error terms in the contribution of the continuous spectrum to the trace formula, it is necessary to
have very explicit forms of the Fourier coefficients of the Eisenstein series. Although the Fourier
coefficients are known in great generality (see, for example, Shahidi’s book [Shal0]), the archimedean
factors do not seem to have been worked out explicitly in the published literature. In Section 3.2,
we review [GMW], where Borel Eisenstein series are used as a template to explicitly determine the
non-constant Fourier coefficients of general Langlands Eisenstein series on GL(4,R).

1.2. Roadmap for the proof of the Main Theorem

The proof of Theorem 1.1.1 is based on the Kuznetsov trace formula for GL(4, R) that is worked out in
Section 3. The trace formula is the identity C = M + K — €, where

il h (0]
€= A;(6. 1 1) A (m. 1, 1) %a)
=1

J

is the cuspidal contribution. The main term M is computed in Proposition 3.5.1 and is given by
M=6L - (c|T9+8R + TR 4 T TR 4 (T6+8R) )

The bound for the Kloosterman contribution X is worked in Proposition 4.0.4 (with r = 4), while the
bound for the continuous spectrum € is given in Theorem 7.0.7. Combining these bounds with the main
term M completes the proof. O

2. Whittaker functions, Maass cusp forms and Poincaré series for SL(4,Z)

We review basic notation and the definitions of Whittaker functions, Maass cusp forms and Poincaré
series following [Gol06].
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2.1. Iwasawa decomposition

Fix n > 2, and let g € GL(n, R). We have the Iwasawa decomposition

g = utkr

2.1.1)

where u € U, (R) and k € K = O(n,R) and r € R* and ¢ € T, the subgroup of diagonal matrices with

positive entries. Then t = £(g) can be uniquely chosen to take the form

VIY2:Yn-l
t= - Y1y 2.1.2)
Y1
1
for some y = (y1,y2,...,¥p-1) Withy; >0(i=1,2,...,n—1).
2.2. Spectral and Langlands parameters
In the context of SL(n,R), we associate with a vector of complex numbers s = (s1,52,...,5,-1) €
C"~!, the spectral parameters
vi=(VL,va, ey V1), vi=si——, j=1...,n-1,
i n
and Langlands parameters
B,-1(v) ifi=1,
@i :=1B,_i(v) = B,_i;1(v) ifl<i<n,
-Bi(v) ifi =n,
where
= ij ifi+j<n
Bj(V)=Zbi,jVi with  b; ;= / . N e J._ ’
P (n=0(n-y) ifi+j=n.
Note that
ay+ay+---+a, =0. (2.2.1)
On the other hand, given @ = (ay, ..., a,) € C" satisfying (2.2.1), it is straightforward to see that
the Langlands parameters associated with
O — Q41 + 1
§i= ——— 2.2.2)

n

are given by «.

To be completely explicit, in the special case of SL(4,Z), the Langlands parameters (a1, a2, @3, @4)

associated with s = % + (v1, v, v3) are given by
) = 3111 +2V2 +Vv3, ap = —Vq +2V2 +Vv3, a3 =—v| — 21/2 +Vv3, a4 = -V — 2V2 - 3V3;

) — @) @y — @3

vl - —’ v2 4 b

a3 — a4
4 .

V3 4
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2.3. The I¢-function

Let g € GL(n, R) (with toric element given by (2.1.2)). We define a power function in terms of either
the spectral or Langlands parameters associated with s = (s, $2,...,8,-1) € ¢! via

n—-1n-1

IS(g) = Is(utkr) = l_[ yfi,ij’

i=1 j=1

or, equivalently,

J(n=j)
. 2

n-1
Is(g) = I (utkr) = l_[yj rarkeajon
j=1

It is easy to see that if s and @ are associated with each other as in Section 2.2, then these two
definitions are equivalent. For example, when n = 4 and s = (1/4+v1, 1/4+v3, 1/4+v3) € C3, we have
S1+2s57+43 2s1+452+2. 3514252+
I;‘(g) — yi'l 52 SSyzsl 52 S3y3SI $2+583

_ 3TVR2vEdvs 040y vy 3H3VIR2VEYs | SHantantas dtartan 3t
1 Y2 Y3 N 2 3

2.4. Additive character of U, (R)
Assume n > 2. Fix

M= (mi,my,...,myu_1) € zn1.
Let g € GL(n,R) with Iwasawa decomposition g = utkr, where

Luipurz - wuin
I w3 U

1 un,'lv,l
Then associated with the vector M, we have an additive character s : U,,(R) — C defined by

Um(g) =vpm(u) = i (i 2 o my it i) 2.4.1)

2.5. Jacquet’s Whittaker function

Assume n > 2. Given Langlands parameters @ = (ay, a2, ..., @), let s = s(a) be defined as in
Section 2.2.

1
ForRe(v;) >0(i=1,...,n—1) and wiong = ( ), we define the completed Whittaker function
1
W : GL(n,R)/ (O(n,R) - RX) — C by the absolutely convergent integral

F(1+(Ij—ak)
Wciy(g) = 1_[ TZ_% / Is(Wlongug)w],...,l,il(u)dlfh

I<j<k<n T 2 Us(R)

where du is the Haar measure on U, (R). The product of Gamma factors is added so that WZ is invariant
under all permutations of the Langlands parameters a, a2, . . ., @;.

Remark 2.5.1. If g is a diagonal matrix in GL(#n,R), then the value of WZ(g) is independent of sign,
so we drop the +. We also drop the =+ if the sign is +1.
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Let D" denote the algebra of GL(n, R)-invariant differential operators on
p" := GL(n,R)/ (O(n,R) - RX).

It is well known that /(g) is an eigenfunction of all 6 € D". In particular, for the case of 6 = A, the
Laplacian, then Aly = Ap (@) - I, where

3 >+ +al
(@) = | - =2 -
24 2
Define As(@) € C by the eigenfunction equation
615(g) = As(@) - I5(g), (6 € D", g € GL(n,R)).

Jacquet’s Whittaker function for GL(n, R) is characterized (up to scalars) by the following properties:

o W5 (g) =As(a) - W.(g), (for all § € D", g € GL(n,R)), (2.5.2)
o Wi(ug) =1, 1.+1(u)-Wi(g), (for all u € U,(R), g € GL(n,R)),
e WZx(diag(y1y2-+*Yn-1, --- »¥1, 1)) has exponential decay as y; — oo,

W2, has holomorphic continuation to all @ € C", for all g € GL(n,R),

e W = W., where @’ is any permutation of & = (1, . .., ay).

2.6. Whittaker transform

Assume n > 2. Let

1
v=—4+W,V2, ... vy ) €CH!
n
with the associated Langlands parameters @ = (a1, a2, ..., a,). Set
Y1Y2:+Yn-1
y = (yl7y2,~--yn—l)’ t(y) = ..ylyz

Y1
1

Let f : R""! — C be an integrable function. Then we define the Whittaker transform f# : R” — C by

(o)

fay= [ o /w FO) Walt ()

y1=0 Yn-1=0

n—1

dyk

Yk

k=1

provided the above integral converges absolutely and uniformly on compact subsets of R?~!. Assume
that « is tempered: that is, vi, v, ..., v,_; are all pure imaginary. The Whittaker transform was studied
in [GK12], and the following explicit inverse Whittaker transform was obtained:

1 dvidvy - -dv,_1
f(Y) = e f#(a)W—d(t(y)) nl l—*((lfk*(ll’)’
Re(v;)=0 Re(vy,-1)=0 1<k#l<n 2

provided the above integral converges absolutely and uniformly on compact subsets of (iR)".
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2.7. The inner product of two Whittaker functions

Assume n > 2. Suppose that @ = (a1,...,a,) and B8 = (B1,...,Bs) are Langlands parameters for
which Re(e;) =Re(Br) =0 (1 < j, k <n). Then

LE s+aj—f
= = T I
e [ We W) [ [y = = : 2.7.1)
. J Y 2 SMF ns
W0 yaT1=0 il / ()

where the left side converges absolutely for Re(s) sufficiently large. This is given in [Sta02].

2.8. Fourier-Whittaker expansion of Maass cusp forms

Assume n > 2. Fix Langlands parameters a = (a1, a3, ...,a,) € C". Let ¢ : h’* — C be a Maass cusp
form for SL(n,Z) that satisfies ¢(g) = 1,(5) - #(g) forall 6 € D" and g € GL(n,R), as in (2.5.2).
Then for g € GL(n, R), we have the following Fourier-Whittaker expansion:

N S A¢(M) sgn(my,_1)
= e 97 n— y0
o= >, R D N Ll (s (39)¢). 8D
y€U,1(Z)\SL,,—1(Z) myi=1  myu_o=1 m,_1#0 I Imel =7
k=1
where M = (my,ma, ..., my—1) and Ay (M) is the M Fourier coefficient of ¢. This is proved in

Section 9.1 of [Gol15].

2.9. First Fourier-Whittaker coefficient of a Maass cusp form

For n > 2, consider a Maass cusp form ¢ for SL(n,Z) with Fourier Whittaker expansion given by
2.8.1. Assume ¢ is a Hecke eigenform. Let A4(1) := Ay4(1,1,..., 1) denote the first Fourier-Whittaker
coefficient of ¢. Then we have

Ag(M) = Ayp(1) - 214(M)

where A4(M) is the Hecke eigenvalue (see Section 9.3 in [Gol15]), and 44(1) = 1.
Recall also the definition of the adjoint L-function:

L(s,¢ X @)

L(s,Ad ¢) := 20)

where L(s, ¢ X ¢) is the Rankin-Selberg convolution L-function as in Section 12.1 of [Gol15].

Proposition 2.9.1. Assume n > 2. Let ¢ be a Maass cusp form for SL(n, Z) with Langlands parameters

a = (ay,...,an). Then the first coefficient A (1) is given by
2 ¢ (9, 8)
|A¢(1)| = I+aj-ar
L(1,Ad ¢) I F(JT)
1<j#k<n

where ¢, # 0 is a constant depending on n only.
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Proof. We follow the Rankin-Selberg computations in Section 12.1 of [Gol15].

(¢, ¢) = / lo(9)I*d"g

SL(n,Z)\b"

:vol(SL(n,Z)\b")dsifls / #(2)p(2)E(g,s)d*g

SL(n,Z)\h"

where E(g,s) is the maximal parabolic Eisenstein series. After unfolding and replacing ¢ with its
Fourier-Whittaker expansion, we obtain

*, _ [Ag(DPL(s.¢x$)
$(Q)P(Q)E (g, s) d"g = “tprre =8 / Wa(1)Wa(y) ﬂ N v><n PR
SL(n,Z)\h" Ry

The proposition follows immediately from the formula (2.7.1), since

L(1,Ad ¢) = Res L(s, ¢ X ).

2.10. Vector or matrix notation depending on context

Given a vector
a=(aj,ayaz) € R,
we shall define the toric element ¢(a) := diag(aazas, aaz,aj, 1).
Given a function f : R3 — C, we define f(a) := f(ay, az, a3). Onthe other hand, if f : GL(4,R) —
C is a function defined on the group, then we let f(a) := f(z(a)), and more generally, for any

g1,82 € GL(4,R), we define f(g1ag>) := f(g1t(a)g2). In other words, we may consider a as a vector
or a diagonal matrix depending on the context.

2.11. Poincaré series for SL(4,7Z)

Let H : h* — C be a smooth test function satisfying H(utkr) = H(t) (see (2.1.1)). We assume
that H has sufficient decay properties so that the series defining the Poincaré series (given below)
converges absolutely. For g € GL(4,R), M = (my,ma,m3) € Z3,and s = (s1, 52, s3) € C>, with Re(s;)
sufficiently large, the SL(4, Z) Poincar€ series is defined by

PM(gs)= ) una(yg) H(Myg) Li(ys). .11.1)
yeUs(2)\SL(4.2)

Remark: Following Section 2.10, for s, we take M = (my, my, m3). On the other hand for H(Mvyg),
we take M to be the diagonal matrix 7(M).

2.12. Inner product of the Poincaré series with a Maass cusp form

Let ¢ be a Maass cusp form for SL(4,Z) with Fourier expansion (2.8.1). Let PM denote the Poincaré
series (2.11.1). The inner product is defined by

(P9 0) = [ P (0900 ds.

SL(4,Z)\b*
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It follows that

dyidyzdy;
(PY(x9). 9) / o VH(MY) ey [ [ deju | =i
U4 (Z)\B* 1<j<k<4 VY33
Ag(M) Frr ———— dy1dy2dy3
Z;—Z;/ / /H(My)ls(y)~Wa(My) s
mymams 2o Lo o 1723

We see that the above inner product picks out the M*" Fourier coefficient of ¢ multiplied by a certain
Whittaker transform of H(My) - I;(y). Letting s — 0, it follows from (2.6.1) that

0O 00 00

. Aqs(M) dydysdys
}13(1) (PM(%,5), ¢) = / / /HMy o(M ) T i54

iy
¥1=0 y2=0 y3=0 17273

3
= mimim?: - Ag(M) - H*(@). (2.12.1)

2.13. Fourier-Whittaker expansion of the Poincaré series

Let Wy = S4 denote the Weyl group of GL(4,R). For w € Wy, we define

r, = (W-l 1UNZ) - w) A UL(Z),

where Uy denotes the transpose of Uy.
We have the Bruhat decomposition

GL4R) = | Gu (G =Ua®) - w - Tu®U(®)),

weW,y

where T4 (R) is the subgroup of diagonal matrices in GL(4, R).
Definition 2.13.1 (Twisted Character). Let

V]
Vy = v:( Y )
vy

Let M = (m;, ms, m3) € Z3, and consider Y p an additive character of Uy. Then for v € V4, we define
the twisted character ), : Us(R) — C by

V1, V2,3, V4 € {1}, vivovzvg = 1}.

Ui (8) = vm (v’]gV) :
Definition 2.13.2 (Kloosterman Sum). Fix
L=(t,0,0), M=(m,my,m3) € 7.

Let 1, ¥p be characters of Us(R). Let w € Wy, where Wy is the Weyl group of GL(4). Let ¢ =

1/c3
( cs/e2 er/er with ¢; € N. Then the Kloosterman sum is defined as
c1
SwWrL.¥m,c) = Z YL(B1) ¥m(B),
yEUy (Z)\FnGw /rw
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with notation as in Definition 11.2.2 of [Gol06]. The Kloosterman sum S, (¢, ¢, ¢) is well defined and
not equal to zero if and only if it satisfies the compatibility condition ¥ (cwuw™") = ¥’ (u).

It follows from Theorem 11.5.4 of [Gol06] that the M*" Fourier coefficient of the Poincaré series
PL (g, s) is given by

P (ug, s) - ¥ (u) d'u
U4 (2)\Us(R)

(o)

=2 2.2 i i (‘”L’W’fl;sﬁ‘j;j )

weWsveVyci=1 ¢ 1 2 3

where

Jw(gis, L.y, c) = / / Wi (wug) H(Lewug) Is(wug) ¢y, (u) d*u,
Uw (D\Uw (R) T,, (R)

U (®) = (w - Us(®) - w) NUsR),  Tpo(R) = (w™ TU(R) - w) 0 Ua(R),

and 'm denotes the transpose of a matrix m.

3. Kuznetsov trace formula for SL(4,7)
3.1. Choice of test function

Let a = (a1, a2, a3, 4) € (iIR)* witha; +as + @3 +a4 =0. Let T > 1 with T — oo and R > 14 with
R fixed. We consider the test function

a%+a§+u/§+a§

pg’R(a') = e 272 Fr(a) 1—1 F(W#), (3.1.1)
1< j#k <4
where
R
24
?R(a) = ( l_[ (1 + Qo (1) — Ao (2) — Ao (3) +a0—(4))) . (3.1.2)
oSy

The function pg g (@) defined in (3.1.1) generalizes the similar function defined in [GK13]. As before,

the choice is motivated by the fact that we need pﬁT g to be invariant under the Weyl group, and have

meromorphic continuation in @ € C*, while also requiring it to have enough exponential decay to kill
the exponential growth of certain Gamma factors appearing in the denominator of the Kuznetsov trace
formula. The new feature is the introduction of the polynomial Fg ().

By the inverse Lebedev-Whittaker transform (see [GK12]), we see that pr g is given by

1 da; day das
pra) =pratsn == [ phe@ W) )
(L=
Re((l_,’):(] lﬁjl;[k <4 ( 2 )
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3.2. Setting up the trace formula

Set L = (€1, 6,03), M = (my,my,m3) € Z3, where we assume H?:l ;m; # 0. Consider the Poincaré
series PL, PM | as defined in (2.11.1) with the test function H = pr g.

Definition 3.2.1 (Normalization factor Cr, ps). Let ¢4 be as Proposition 2.9.1. We define Cy, ps :=
& - (Gim1)3 (Gma)* (Gms)3.

With the normalization factor Cr_ps defined above, the Kuznetsov trace formula is obtained by
evaluating the inner product

CZ]M . }1_r)1(1) <PL(*, s), PM (x, s)) = CZ}M . 311_I)I;1) / PE(g,s) PM(g,s) dg

SL(4,Z)\b*

in two different ways. The first approach is to use spectral theory while the second uses geometry. For
the spectral theory approach, we will need the following definition.

Definition 3.2.2 (Generic and non-generic automorphic forms). Let n > 2. An automorphic form
for SL(n,Z) is said to be generic if there exists some nondegenerate character of U, (R) for which the
form has a nonzero Fourier coefficient. Otherwise, the automorphic form is said to be non-generic. Note
that a character Y, m,.....m,_, of Un(R) is nondegenerate if all m,mo, ..., m,_; are all nonzero.

.....

In order to prove the Kuznetsov trace formula for GL(4,R), we require the spectral expansion of the
Poincaré series PM and PL. It will be shown (see the proof of Theorem 3.7.3) that these Poincaré series
are orthogonal to the non-generic spectrum. Therefore, the following theorem suffices for our needs.

Theorem 3.2.3 (Langlands spectral decomposition for SL(4,7Z)). Assume that ¢, ¢2, 3, ... is an
orthogonal basis of Maass cusp forms for SL(4, Z). Assume that F, G € L*(SL(4,Z)\b*) are orthogonal
to the non-generic spectrum. Then for g € GL(4,R), we have

F@ = SR ¢,:(g). +ZZC?/ /<F,E?,¢(*,s)>Eg>,¢(g,s) dsi - ds,y:
j=1 ().5) P ® Re(s1)=0 Re(s,1)=0

o (F.9,) (4, G)
(F,G) = ; W
+ Zy:;c?/ / <F, E?,¢(*,S)><E'jp7¢.(*,s), G> dsi - -ds,_1:

Re(s1)=0 Re(s,—1)=0

where the sum over P ranges over proper parabolic subgroups associated with partitions 4 = Y}; _, ng
(r > 1), and the sum over @ (see Definition 3.7.1) ranges over an orthonormal basis of Maass cusp
forms associated with P. Here s = (s1,...,Ss), where 25 _, nksk = 0 for the partition 4 = Y _, ng.
Furthermore, ¢ is a fixed non-zero constant for each parabolic subgroup P.

Proof. For proofs of the spectral expansion for arbitrary reductive groups, see [Art79], [Lan76], and
[MWO5].

It has long been known that the residual spectrum of GL(#n,R) is non-generic (see, for example,
[LM18]). According to the results of Kostant, Casselman-Zuckerman and Vogan (mentioned at the
end of Vogan’s paper [Vog78]), generic representations have Gelfand-Kirillov dimension as large as
possible. It follows that Eisenstein series induced from the residual spectrum can never be generic.
Therefore, the spectral expansion here only involves terms coming from cusp forms, as claimed. m}
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In particular since PL, PM € £? (SL(4, Z)\b4), the inner product can be computed with the spectral
expansion of the Poincaré series. The geometric approach utilizes the Fourier Whittaker expansion of
the Poincaré series that involve Kloosterman sums.

The trace formula takes the following form.

C+¢& = M+ X. 3.2.4)
S~—— ——
spectral side geometric side

Here C is the cuspidal contribution, and M is the main term coming from the identity element.
Further, £ = Eisenstein contribution, and X = Kloosterman sum contribution. These will be small with
the special choice of the test function pr g. In the subsections that follow, we explicitly evaluate C, £, M
and X.

3.3. Cuspidal contribution C to the Kuznetsov trace formula

Proposition 3.3.1 (Cuspidal contribution to the trace formula). Suppose that L = ({1, 62, €3) and
M = (my,my,m3), where €1,{>,03,m|,my, ms are fixed non-zero rational integers. Let ¢y, ¢2,. ..
denote an orthogonal basis of Maass cusp forms for SL(4,Z) with spectral parameters ™V, a® ..,
respectively, ordered by Laplace eigenvalue. Let A;(L) and A;(M) denote the L' h and M'™ Fourier
coefficients of ¢ ;, and assume that A;(1,1,1) =1 forall j =1,2,.... Let L; = L(1,Ad ¢;). Then the
cuspidal contribution to the trace formula (3.2.4) is given by

Aj(L)A;(M) - )p*%,R (m)’z

. 1+aj—ark
=t &y I T (T)
1<j#k<4

where p? g I8 given by (3.1.1).

Proof. Tt follows from Theorem 3.2.3 that for g € GL(4,R), the cuspidal contribution to the trace
formula (3.2.4) is given by

C L " N ¢j(g)

Now, since A;(1,1,1) = 1, Proposition 2.9.1 implies that

l+a;—«a
(6.0;) =¢"' - L; 1_[ F(]Tk)

1<j#k<4

The cuspidal contribution to the trace formula is given by

— -1 S <PL(*’0)’ ¢]> : <PM(*’O)’ ¢j>
¢ = Crly ; r _

The proposition immediately follows from the inner product formula (2.12.1). O

3.4. Geometric side of the Kuznetsov trace formula

Next we consider the geometric side of the trace formula (3.2.4). This is computed with the Fourier-
Whittaker expansion of the Poincaré series given in (2.13.3).
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Proposition 3.4.1 (Geometric side of the trace formula). Fix L = (¢, 5, {3) and M = (m, mp, m3)
with Cp_pr # 0. Then

lim (P"(r.s), PM(x.5)) = )" Iy,

weWy

where we have

jw;zz:iii (l/’Ll//M,C)/// / /

veVier=l Y1=0 %220 y3=0 Uy (2)\Uw (R) T, (R)
— ———— . dyidydy;
~yr(wuy) ¥y, (u) pr.r(Lewuy) pr r(MY) d*u W- (34.2)
273

Proof. We compute the inner product

lim (P (x, 5), PM (x, 5) ) = lim / Pt (g.5) - PM (g.5) dg
$— s
SL(4,Z)\p*

= lim P (g,5) - ym(g) pr.r(Mg) I5(g) dg
Us(2)\p*

_11mjojojo / PL (uy,s) - Uar () du |- pr r(My) I;(y) 2udndys

s—0 yl }’2 }’3
y1=0 y2=0 y3=0 \U4(Z)\Us(R)

It follows from (2.13.3) that
lim ( PE M
lim (P* (x, 5), P (%, 5))

. = & Sy [ f
PP |
weWyveVy ci=1 = =0 y3=0 Uy (2)\Uw (R) T, (R)

W wuy) ¥y () pror(Lewuy) pr.r(My) LOwuy) T(3) d'u T2

- > i i isw(wL,wL,c)/ /

veveasl sl o=l M=0 1320 yi=0 U (Z)\Uw (R) T, (R)

WL (wuy) ¥y () pror(Lewuy) pr.r(My) du SLOEE,
which equals  , 7J,,, as claimed. O

weWy

3.5. Main term M in the Kuznetsov trace formula

Let w; denote the 4 X 4 identity matrix. The main term M = /,,, in the trace formula (3.2.4) can now
be easily computed.

Proposition 3.5.1 (Main term in the trace formula). There exist fixed constants ¢, ¢, ¢3 > 0 (de-
pending only on R) such that the main term M in the trace formula (3.2.4) is given by

M =610 - (c1T9+8R + TS8R 4 TR 4 9 (T6+8R) )

Proof. The Kloosterman sum in Definition 2.13.2 for the special case of the trivial Weyl group element
w is identically zero unless ¢ = (1, 1, 1), in which case S, (z,//M, vy, (1,1, 1)) = 1. It follows from
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(3.4.2) and the normalization (by Cr as) of the cuspidal contribution C that
M=Cply I,

=Cily / / / / WL () d*u | pr g(Ly) pr.r(My) Lrd2dys

Y Y2 Y3
¥1=0 =0 y3=0 \Uw (Z)\Uw (R)

Next

dyi dya dy3
M=6r,m - C4/ / /|PT WP == 133 = (pr.r- P1.R)

y1=0 y>=0 y3=0

|PT’R(a)i2 da) day das
-owea [ff
M r(e®)

Re(@p)=0 y_jsk<a

=0Lm 4 (Pr R PTR):

where the second representation of M in terms of the norm of p#  follows from the Plancherel formula
in Corollary 1.9 of [GK12].
It now follows from (3.1.1) that

(12+(12+ar2+a/2 2
1 2 3 .

e 7 TFr@) I T (w) |

1< j#k <4
M= 5L,M < C4 oo da/ldagda'g.
/ nr(e5%)
Re(a;j)=0 1<j#k<4 2
Let a; = ir; with 7; € R, where 74 = —71 — 7 — 73. Hence, from Stirling’s asymptotic formula

IT(o +it)|> ~ 2n|t|27 ' e~ 711 it follows that

712 53— 4 2 2
M~6p.m - ﬂ/ ooz (1+|T1+T2—T3—T4| )(1+|T1—T2+T3—T4|)
R
'(]+|Tl —T2—T3+T4|2))' ((1+|T1 —T2|)(] +|T1 —T3|)(l +|7'2—T3|)
1+R
-(1+|2n+72+T3|)(1+|Tl+2rz+r3|)(1+|71+72+2T3|)) dridrydrs.

Next, make the change of variables
1—->0T, m»n-onl, m3->nT.
It follows that as T — oo, we have M ~ ¢; - §7_p T7*8R, where
22 2 2
17727737 2
C1=C4/]].e 2 (1+|T1+T2—T3—T4| 1+|T1—T2+T3—T4|)
R3
2\ 5
(1 +|‘1'1 —T)— T3 +T4| )) . ((1 + |T1 —Tzl)(l + |T1 —T3|)(1 + |T2 —T3|)
1+R
-(1 + |2T1 +T2+T3|)(1 + |T1 +2T2+T3|)(1 + |T1 + 17 +2T3|)) dridrdrs.

This method of proof can be extended by using additional terms in Stirling’s asymptotic expansion for
the Gamma function to obtain additional terms in the asymptotic expansion of M. O
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3.6. Kloosterman term X in the Kuznetsov trace formula

It immediately follows from Proposition 3.4.1 that

_ 1
K=Crlye Y T
weWy
WEW]|

3.7. Eisenstein contribution & to the Kuznetsov trace formula

This section is based on [GMW]. There are four standard non-associate parabolic subgroups on GL(4)
corresponding to the partitions

4 =3+1=2+2=2+1+1=1+1+1+1.

Consider the minimal parabolic subgroup

% % ok
?Min:z{( "y

associated with the partition 4 = 1+1+1+1. Let s = 4]'1 + (s, 52, 53) with s € C3. The minimal parabolic
Eisenstein series for I' = SL(4,Z) is defined by

* % ¥ %

) c GL(4, R)}

Epy(89)= > I(yg), (g €GL(4R), Re(s)> 1.
v € (PminNDAT

For the other three partitions 4 =3+ 1=2+2 =2+ 1+ 1, consider the parabolic subgroups

* ok ok ok k ok ok ok k ok ok ok
P3 2={(IIZI)}, T2,21={(**II)}, Poi ={(*II)}
* P *

respectively. For each of these parabolic subgroups (denoted P), associated with a partition with
4 = ny+ny+- - -+n,, we may define an infinite family of Eisenstein series Es ¢ (as in [GMW]) given by

Epo(g.s):= ), ®yg)-lyeli,  (2eCGL(4R), Re(s)> 1),
y € (PAD\D
m 0 e 0
0 m - 0
Here ® runs over cusp forms on the Levi components m = : :2 L of g (with m; € GL(n;,R))
00 - m

-
and [g|5, = [] |det(m;)|* is a toric character as in [GMW].
j=1
Definition 3.7.1. The cusp forms ® and complex s values associated with Eisenstein series Ep ¢ (g, §)
for SL(4,7Z) are given as follows.

o Let P = Pz 1; then @ runs over Maass cusp forms for SL(3,Z), and s = (s1, s2) with 351 + 52 = 0.

o LetP =P, ,; then ® runs over pairs ® = (@1, ¢2), where ¢, ¢, are Maass cusp forms for SL(2, Z),
and s = (51, s2) with 2s; + 25, = 0.

o Let P =P, 1 ; then @ runs over Maass cusp forms for SL(2,Z), and s = (s1, 52, 53) with 251 + 52 +
53 = 0.
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The Eisenstein series Ep ¢ has a Fourier-Whittaker expansion similar to (2.8.1). If M = (m, my, m3)
with m, my and ms positive integers, then the M*" Fourier-Whittaker coefficient of Ep o (*, 5) is given by
PR E (M S‘)

Ep(uy, s)ym (1) du = ——"——— W,(My),

3 5 3
mi|2\m ms|2
U4 (Z)\Us(R) | 1| |ma|*|ms]

where o denotes the Langlands parameter of Ep ¢(g, s). Here
App o(M,s) = Ag, o ((1,1,1),5) - A, (M, 5)

and Ag, , (M, s) is the M'" Hecke eigenvalue of Ep o.

Proposition 3.7.2 (Inner product of the Poincaré series P with Ep ¢). Consider an Eisenstein
series Ep ¢ for SL(4,Z). Fix M = (my, my, m3) € Z3. Let PM be the Poincaré series defined in (2.11.1)
with test function pr R : b* — C(asin (3.1.1)). Then

3

.
lim (PY (+, 6), Ep.o(s, 8)) =mmim? - Ap, o (O4,5) - pf o (@.

Proof. The proof is similar to the proof of (2.12.1). One begins by taking Re(s) very large so that there
is no problem with convergence and the result follows by analytic continuations in s. O

Theorem 3.7.3 (Spectral decomposition for the inner product of Poincaré series). Fix L =
(51,52,63), M = (ml,mg,m3) € Z3 .

Let ¢1, ¢2, ¢3, ... denote a basis of Maass cusp forms for SL(4, Z) with spectral parameters oV,
a®, o, .. respectively, ordered by Laplace eigenvalue and normalized so that the first Fourier
coefficient Aj(1,1,1) = 1 forall j =1,2,....Set £L; = L(1,Ad ¢;).

Let P range over parabolics associated with partitions 4 = ny + - -- + n,, and ® range over an
orthonormal basis of Maass cusp forms associated with P. Let Ep ¢ (s) denote the Langlands Eisenstein
series for SL(4,Z) with Langlands parameter a,, ,(s) and L™ M'™ Fourier coefficients AEy o (L, 5),
AEy o (M, s), respectively. Then

B 2

00 Aj(L)Aj(M)'|P§ (a(J))|
CZIM . (13111}) <PL(*,5), PM(*, 5)> = Z l+aj-a
, - —~ (==

i=l / l<]l;lk<4 ( )

+ZZCT / / AET,Q(L,s)AET,Q,(M,w-\p*},R(a(T,q))(s)))zdsl---dsr_l,

Re(sl) 0 RC(S‘r 1) 0
for constants cp > 0.

Proof. This follows immediately from Proposition 3.3.1, Theorem 3.2.3, Proposition 3.7.2, and the rapid
decay of the pr g function. Note that the Poincaré Series PL, PM are orthogonal to the non-generic
spectrum. This can be seen as follows:

/ PM ()6(g) dg = / w(g)H(Mg)1, (8)8() dg

SL(4,2)\b* Us(2)\b*
[rot916) [ v 3Tagyan .
Uy (R)\p* Us(Z)\U4(R)
The last integral is zero if ¢ is non-generic. O
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Proposition 3.7.4 (Eisenstein term & in the Kuznetsov trace formula). With the notation of Theorem
3.7.3, the Eisenstein term & in the Kuznetsov trace formula is given by

- 2
&= Z ZCT / / AEg o (L, 5) Ay o (M, 5) - ‘pi’R(a(Tm(s))) dsy---dsy_1.
® Re(s1)=0 Re(s,-1)=0

Proof. The proof follows from Proposition 3.7.3. O

4. Bounding the geometric side

Recall from (3.2.4) and (3.4.2) that the Kloosterman contribution to the Kuznetsov trace formula is

given by
X = CZ,IM Z Jw
weWy
where Cras = ¢4 - (£ym1)3 (€ama)* (€3m3)3, and
DIPIPIPRH wwio [ [ [ [
veVyci=l =1 c3= y1=0 =0 y3=0 Uw(Z)\Uw(R) T, (R)
— ————— . dyidyxdy;
“Yr(wuy) ¥y, (w) pr r(Lewuy) prr(My) d'u ————, (4.0.1)
17273
1/c3
and ¢ = csfer

ca/cy

c
The main term in the Kuznetsov trace formula is given in Proposition 3.5.1 and consists of the first

term (corresponding to the identity Weyl element w = w1) on the geometric side of the trace formula.
In this section we bound I, in each of the remaining cases.
We remark first, by Friedberg [Fri87], that J,, = O unless w is relevant. That is w must be of the form

I
ny k
w = ( , where I, is the identity matrix of size n; X n; and 4 = > n; with 1 < k < 4 and
I i=1
ng
n; € Zso. The relevant Weyl group elements are therefore,

1 : : 1 1 | 1]
W]= 1 9 W2: 1 b W3: 1] W4: 1 b
1 1 1 1
| 1 1 1l 1l
ws = s owe=| ), wr=| . owg=| .
1 1 1 1

To motivate the strategy for bounding J,,, we consider (4.0.1) (choosing L = M = 1) and then take
absolute values to obtain
Sw(y)

ol < ) / 50)

¢ EZ+ R3 U, (R)

|pr.r(cwyu)| du d*y (4.0.2)

(y = diag(y1y2y3,y1y2,y1, 1)) for each Weyl group element w, where 6(y) = y?y‘z‘yg is the modular

character and &,, (y) is the Jacobian of U,, (R) 3 u + yuy~'. It can be checked that 6(;“((;)) =63 (y) -

61 (wyw™1). Theorem 4.0.3 is required to prove the absolute convergence of (4.0.2). From the trivial
bound of the Kloosterman sum given by S(1,1,¢) <« 5‘%(c) < cjcac3, one obtains the absolute
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convergence of the sum over ¢ provided that pr g (y) < 6'*%(y). Fortunately, then one checks that the
u-integral is also absolutely convergent and

/ |pr R (cwyu)| du < 58 (c) - s (wyw ™).
U\'V (R)

Then the remaining y integral becomes

/ e )] 55 (wyw™) - 574 (y) d%y.

R}

So, to make the y integral convergent, one also needs

! -1 - : -£ | &
PrR(y) <83 () 678 (wyw™) min(y7%, %)

for all Weyl elements w. Note that min(y~¢, y¥) is needed as buffer as in the proof of Theorem 4.0.13
and that for w = wjgp this bound coincides with & 1+£(y). One also notes that & 3 () is the trivial bound
of pr r(Y)-

The main technical tool for bounding the geometric side, the proof of which occupies all of Section 6,
is the following theorem.

Theorem 4.0.3. Let 0 < &€ < 1 and r € Zs¢. There exists R sufficiently large such that the following is
true. Suppose ay, az, as satisfy the conditions

e<|2rj—aj|<1-¢ (1<j<3)

if (r1,ra,r3) € {(O, r,0),(r,r,0),(0,r,r), (r,r, r)}, or

‘s£|2r—a1|§1—s, e<|ap] £ 1-¢, —1+8£a3<—s‘

if (r1,r2,13) = (r,0,0), or

‘—1+s$a1 <-g, &e<|ap £1-¢g, 8S|2r—a3|S1—s‘

if (r1,r2,r3) = (0,0, r). Then we have the bound

3
+ar 2+ar %+a3 a+4R+9+]§1(50,,j -rj)

3
pr.R(Y) <y[ ¥y Y3

Here, 6.y, is equal to 1 if r; = 0 and is zero otherwise. The implicit constant depends on € and R.

Proof. We will show in Section 6 that pr r(y) can be expressed as a sum of a ‘shifted pr g term,
‘single residue terms,” ‘double residue terms’ and ‘triple residue terms’ (see (6.1.8)). A bound for the
shifted pr g term is given in Proposition 6.3.4. Note that in the proof of Proposition 6.3.4 the first set
of inequalities for a; (j = 1, 2, 3) is shown to hold for any (r1, r2, r3) with r; > 0. Bounds for the single
residue terms are given in Proposition 6.4.2 and Proposition 6.4.18. See the proof of Lemma 6.4.13 for
details of why the further inequalities given above are required. Bounds for the double residue terms are
given in Proposition 6.5.4 and Proposition 6.5.25. Finally, bounds for the triple residue terms are given
in Proposition 6.6.2. Combining these bounds gives the desired result. O
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Proposition 4.0.4. Let J,, be as above. Let M = (my,my,m3), L = (£1,63,63) € Z3, where Com#0
is the normalization factor given in Definition 3.2.1. Let r > 1 be an integer. Then for R sufficiently
large and any € > 0, we have

CrlvlTw,| <er (@m) V2 (lma) > (Gms) > 2 B(T),

where
T8+8R+2074r lf] - 2, 3’ 4,
Bj (T) - T5+8R+l9—5r lf] — 6,7,
T£+8R+18—6r lfj =5.8.

Remark 4.0.5. Given Proposition 3.5.1 (the asymptotic formula for the main term with asymptotic
error terms), we need 20 — 4r < 6 in order for the contribution from J,, to be smaller than the main
term M. In other words, we will need to take » > 4. In order to minimize the contribution of L and M
in the Main Theorem 1.1.1, we take r = 4.

Proof. The main idea of the proof of Proposition 4.0.4 is to apply Theorem 4.0.3 to each of the two
instances of pr_g that appear on the right-hand side of (4.0.1). Before doing so, we make the change of
variables u +— yuy~!. Note that, by definition, d(yuy™") = 6, (y) du for any u € U,,

19, < Z Z Z Z|S ('J’L,%DM,CH/ / / / /

veViarsl e=l o= M=0 320 y3=0 Uy, (D\Uw (®) T, (%)
. dyi1dyzdys
0w () - lpr.R(Lewyw)| - |pr.r(My)| d"u T (4.0.6)
273

For the term pr gr(Lcwyu), we need the Iwasawa form: Lewyu =: u’tk so that we can apply The-
orem 4.0.3 for a particular choice of integers ry, 1,73 and parameters 2r; — 1 < a; < 2r; for each
j=123.

For notational purposes, we write

t =t(Lewuy) =Y = (Y1, Y2, 13).

It is easy to see that Y¥; factors as

Yi = Yl(wa C)Yi(wv L)Yl (W’ y)Yl (W7 M)

with each factor being an expression in the entries of ¢, L, y or u, respectively. (Note that we are
following the notation of (2.1.2) for the element Y.) By inspection, we see that

é a ; 125
Yiow, L) =€, Ya(w,L) =, Ys(w,L)=€2"" (4.0.7)

for all w. Moreover,

Véa(w, u)

\/é:l (W,M) ' §3(W,M) V§2(W7u)

Yi(w,u) = m, Y2(w,u) = &) , 3(w,u) = W, (4.0.8)
where each function & (w, u) is strictly positive for any u € U(R).
For example, in the case of w = wg, the long element, we find that if
1 xi2 x13 x14 yiya2y3 000
u= 8 (1) x? ;ij s y=01y2,y3) = 8 y10y2;)] 8 ,
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then 1 ! q
Y3 Y2 Mgl

and
E1(wg,u) =1 +)c%2 +)c%3 +x%4,
2 2 2
Er(wg,u) =1 +x§3 +x§4 + (X12%24 — Xx14) "+ (X12%23 — X13) 7 + (X13%04 — X14x23) ",

2 2
E(ws,u) = 143, + (¥2330 — x24) " + (X12X23X34 — X13X34 — X12X04 +X14) "

Returning now to (4.0.6), we apply Theorem 4.0.3 for (r, r, r) and yet to be determined values ay, az, as
within the permissible bounds (¢ < |2r —aj| < 1 — ¢) to the term pr r(u’tk). To the other term we
apply the theorem for a choice (r{, ré, ré) and values by, by, b3. As we will see, values of (r;, ré, ré)
and b’; will be forced upon us in order to guarantee the convergence of the sum over c, the integral over
(y1,y2,y3) and the integral over u. In fact, it will become evident that these values are determined by
w and ay, as, as.

Independent of the choice of w, we define

lp:==(0,1], L =(1,00),

[ L= 500

y1=0 =0 y3=0
Using the bounds for pr g (once with parameters aj, az, a3 and once with parameters by, by, b3 as
described above), it follows that

hence

i,j,ke{0,1}

&+8R+18-3r—r|-r)-r +Z

9. < T b)) (Gma) (Gma) 6 8 00 m mbm?
Sw W, w0
Z Z Z Z l+2a1 az 1 —a1+2a— a3 1-ax+2a3 (4010)
V€V4 c1=1 =1 c3= 3

//[nwwW%wwM%wwﬂhm“ﬁ“2 16w ()]
k

i,j,ke{0,1}

LAy dyrdys —pmaF oG -ard
454 £ " £,

1,
¥ 2t e |d*ul.
Y1Y2Y3 Uy (2\Uw (R) T, (R)

It is known (see also [Jac67]) that the integral in & will converge, provided that each of the exponents of
&jfor j=1,2,3 is less than —%. Explicitly, we require that

2a3,2ay > ay, and 2a> > ap + as. 4.0.11)

Note that for any r > 2, the first of the conditions in (4.0.11) is ensured for any choice of a, as, a3 such
that

0<2r—aj|l <1 for each j = 1,2, 3. (4.0.12)
In this range, the second condition (that 2a; > a; + a3) imposes an additional constraint, but we will
see that it can be easily satisfied as well.

We next want to determine what additional restrictions on ay, a,, a3 must be satisfied to guarantee
the convergence of the sum over c. We require the following Kloosterman bounds.
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Proposition 4.0.13. Let w # wy. The sum

1Sw (a4, o)l
K(M,L;W,a) = Z Z Z Z 1+261] az 1 a|+2ax— a3 1- a2+2a3
€3

veVy c1=1 =1 c3=

which appears on the right-hand side of (4.0.10), satisfies the following bounds (with all implied
constants independent of M, L, ¢, and a).
For2 < j < 8 and any € > 0, we have

(o) 00

1 1
|U<(M L Wj’a)| < Z 2a1 —ap Z c—a1+2a2—a3 Z c—a2+2a3 :

c1= ] 1 c=1"%2 c3=1"%3

Proof. As noted in Appendix B, we have
[Sw; Wa, ¥y, )l <cicaes (2<j<8). (4.0.14)
Applying this to the definition of KX (M, L, c;w, a) gives the desired result. O

Appendix B gives slightly better bounds for the Kloosterman sums in terms of cy, c2, c3 at the
expense of some powers of M, L. The bounds in Appendix B will likely be relevant in other applications.
However, we thank the referee for pointing out that the proof of Proposition 4.0.13 only requires the
trivial bound for Kloosterman sums proved in [DR98, Theorem 0.3 (i)].

Clearly, the series in the above proposition will converge as long as each ¢, for 1 < j < 3, occurs to
an exponent less than —1. This will be guaranteed by the following additional set of restrictions:

—2(11 +ar < —1, ai —2612 +a3 < —1, an —2(13 < -1. (4015)

Again, this is easy to arrange given that we may take any values of a; satisfying the bounds of (4.0.12).
Note, moreover, that (4.0.11) is a consequence of (4.0.15).

The next step is to show that the integral over y = (yi,y2,y3) also converges. An elementary
calculation shows that

y2+b1y2+h2 3 ngl(W y)2+a]Y2(W y)2+a2Y3(W y)2+a35 ()

—2 5.2 dyidydy;
Y1Y2Y3
:yll;l —e1(w; u)ybz er(w; a)yé?g e3(w;a) dyl dy2 dy3
yioy2 y3

where e (w; a) is given by

wllei(wsa)| ex(w;a) |es(w;a)||(r],r3,73)

Wwa as —ay+as |—ay+asl| (r,0,0)

wi|lai—ax| ap-a;s aj (0,0,r)

wal|l az — a3 a —a; +ay|| (0,r,0) (4.0.16)
ws|| as |ai—ax+az| a (r,r,r) o
we || a2 — a3 as ap (0,r,7)

w7 as aj —aj)t+az (r’ r, 0)

wg| a3 as aj (r,r,7)

The result for wg, for example, is established using (4.0.9) and the fact that &, (y) = y3y3y3.

This means for each j = 1,2,3 and k = 0, 1, we are searching for ap, a;, a3 satisfying (4.0.12) and

(4.0.15). Simultaneously, we search for r{, 7}, € Z5o and by, by, b3 satisfying the necessary bounds
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given in Theorem 4.0.3 such that the integral

bj—ej(w;a)@
i i
k J

converges. Since Ip = (0, 1] and I; = (1, o), we require that b; — e;(w;a) be positive if k = 0 and
negative if k = 1. With this in mind, we let £ > 0 and choose b1, by, b3 such that

+e ifk=0
bj—eilwia)= {—s ifk=1.
Note that having made this choice for b, the value of r’, is forced to be that given in the final column
of the table above. More precisely, given (ri, ré, ré) as indicated in the final column of the table, there
exists some choice ay, az, asz and &€ > 0 for which conditions (4.0.12) and (4.0.15) are satisfied, and for
which the necessary bounds on b; = e;(w; a) + ¢ are also satisfied.
Except in the case that w = wy or w = w3, the conditions on b are that

0 <|[2rj(w) —ej(w;a) el < 1.

It is not hard to see that in these cases there exists an appropriate choice of parameters a1, as, as.
On the other hand, if w = w, for example, we see that (r{, ré, ré) = (r,0,0), and so the restriction
on the quantities by = a3 —a; = € and b3 = a3 — a, = € (which plays the role of a3 in Theorem 4.0.3) are

0<|bs|=lai —az+e| <1, 4.0.17)

—l+e<bs=a3—ar+e < —-¢. (4.0.18)

But we’re assuming that a; — 2a, + a3 < —1 and a; — a3 < 1 — ¢ (by equations (4.0.15) and (4.0.17)),
which together imply that a3 — a, < —¢ in any event. A similar analysis applies to the above restriction
on b; in the case that w = w3 and (ri, ré, ré) = (0,0,r).

The values of r j’ for j = 1,2, 3 determine the exponent of T'in (4.0.10), hence the values of B (T') in the
statement of the proposition. To complete the proof, we note thata; < 2r+landb; < Zr} (w)+1 < 2r+1,
and therefore, the powers of 1, {5, {3, m1, mo, m3 in (4.0.10) are as claimed. O

5. Mellin transform of the GL(4) Whittaker function

Let @ = (@, a2,a3,a4) € (iR)* with @) + as + a3 + 4 = 0. Let y = (y1,y2,y3) € R? and s =
(51,52, 53) € C? with Re(s;) > efor j = 1,2,3 and & > 0. Define the Mellin transform (denoted W (s))
of the GL(4, R) Whittaker function W, defined in Section 2.6 by the absolutely convergent integral

~ F [ ot 3-3 dyidy>dys
Wea(s) 1=///)’i] vy 2)’? *We(y) TS (5.0.1)
0 0 0

5.1. Formula for Mellin transform of the Whittaker function

Here we present an expression for VT/(,(S) as an integral, over an additional variable ¢ € C, of a ratio
of Gamma functions involving s and «. For the purposes of this section, we will assume that @ is in
general position, meaning that ;; # i for all j # k. As explained in Remark 6.1.9, for our purposes
this assumption is not prohibitive.

In the context of GL(4), this expression was first given in [Sta95]; that result was later generalized to
GL(n), in Theorem 3.1 of [Sta01]. The formula for n = 4 takes the form W, (s) = 273751752753 VT/% (5),
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where, assuming that Re(s;) > & > 0 foreach j = 1,2, 3,

Wa(s) = T(s1 +a1)D(s1 +a2)T(s2 — @1 — a2)T (52 + @) + @2)[(s3 — @) (53 — a2)

27i T (t+s1+s2+a+az) U (t+s2+s3)

Re(t)=—¢&’

1 / I(—t+a3)T(—t+ag) T (t+s)) T (t+sr+a)) U (t+s2+ @) U (t+s3+a1+az) dt (5] ])

assuming that 0 < &’ < ¢.

5.2. Poles and residues of W,,

Following [Sta0O1], we introduce the sets

Pl = {_al, —Q2, —@3, _04},
Py = {t(a1 + a2), (a1 + @3), (a2 + a3)}, (2.
P3 i={a1, m, a2, as}.

Note that if p € Py, then —p € P4_.
_ It is shown in [ST21, Propositions 12 and 14] that the sets P;, P, and P3 determine the poles of
W (s), in the following sense.

Proposition 5.2.2. The Mellin transform Wa(s) extends to a meromorphic function of the variable
s = (51, 52, 53) € C3 with the following properties.

(@) Wql(s) has a pole at sj=p—26foreachp € Pjand$ € Zzo. Moreover, W (s) has no other poles
or polar divisors in C3.

(b) The residue of VT/Q(S) at any of the above poles is a polynomial times a ratio of Gamma functions.
More specifically, for each § € Zs, there exists a polynomial Q 5(b, c,d; e, f, g), of degree at most
36, such that the following are true.

4
‘X7 _ 1 ap—a S +a+a S3— Q.
i T8 = g | [ oreness
k=2
. Q5 (S}—Z(IQ’ 5‘3—2(1/3 , S3—2(l4; 1+(1’1;S2+S3 , S3—2(Yl _ 6, S2+SS+‘11 ) , (523)

3

Res  Was)=| [] resm)|[Tres™) [ res-o)

So=—a@—@4—20

je{1,4} k=2 je{l.4}
0 (sl-;m B 5 s, 1+a|2ﬂrz, Sten 5 noo 5) , (5.2.4)
and
—~ 1 2 a)—ag S1+ag S-a) —ag
g:%?fw Wel(s) = —F(S‘”+"‘ ) QF(T - )L (55 IN(=——4)
0s (sr;az i s1;(13 , SH;M; 1—015S2+S1 , SH;YI -6, Sl”%_“" ) . (5.2.5)

The formulas for the remaining residues are found from each of the above by permuting « (i.e.,
applying Weyl group transformations).
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It may be seen from [ST21, Equation (43)] that Qy is the constant polynomial Q¢ = 1. Thus the case
6 = 0 of the above proposition yields the following special cases, also deduced in [StaOl, Theorem 3.2]:

ﬁz F( (Ik;ﬂ/[ )I—\( Sz+(1/21+(1/k )F( ‘\‘3—2(2/1( )

slligil Wa/(s) = r(s2+s;+m ) s (5.2.6)
4
—_~ _ S]+G/j $3— aj - Qj
32=B§18—a4 Wals) = D =) 1_[ (=) l_[ L=+ |, (5.2.7)
and
N klilzl—\( al;ak)l—*(ﬂ;(lk )F( starzlfak)
SB:CSI Wa(s) = F(s1+S§70/1 ) (528)

In Section 6.5 below, we will also need to consider double residues of W(,(s) — that is, residues in
any one of the three s s of residues in either of the others. To this end we have the following, which is
proved in [ST21, Proposition 15].

Proposition 5.2.9.

(a) Foreach 61,02 € Zx, there exists fs,.s,(53, @), a polynomial of degree at most 201 + 02, such that

R R W, 5.2.10
624—2(52 (Sl— (Yels—Z(S] Y(S)) ( )

SH=—a)—

3
= D550 - 5y) ( [Treesse - sprease - o)rEsm )) Fon:(s3. ).

k=2

(b) Foreach 61,03 € Zx, there is a polynomial g5, s,(s2, @), of degree at most 281 + 83, such that

R R W 5.2.11
S3=aze—5263 (S1=—O!els—2(5] (S)) ( )
4
=T(5= -61) ( ]_[ (55— 6)D(F5% — 63)F(W)) 851,65, (52, ).
k=3

5.3. Shift equations

We would like to have an expression similar to (5.1.1) for Wa(s) in the region where Re(s) < 0.
Although we cannot use the right-hand side of (5.1.1) directly when Re(s) < 0, we can use the fact that
Wa(s) satisfies the following shift equation that (as will be shown) is a direct corollary of Propositions 7
and 9 from [ST21].

Proposition 5.3.1. Let s = (51, 52,53) € C3. Let a = (a1, a2, a3, a4) € Cr with ay + @y + a3 + a4 = 0.
Suppose that r1,r2,r3 > 0 are integers. Then

Il rn rl ry.r3
‘W (9)| < ZZZ ’Ijg”égﬁ (sl +2(r1 +j+k),s2+2rp, 53 +2(r3 +{’)) ,

=0 k=0 j=0
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where

B = Bi(a,s) = (s1 +a1)(s1 + @) (s1 +a3) (51 + aa),
By :=Ba(a,s) := (s2+ a1 + @) (52 + @1 +a3) (52 + @1 + )
. (Sz +a) + 0'3)(82 + @) +a4) (Sz + a3 +a4),

B3 1= By(a, s) = (53— @) (s3 — @2) (53 — a3) (53 — 4),

and Q;]’;:i:r} is a polynomial in « and s with combined degree 2(r1 + 2ry +r3 — j — k — ).

Proof. We begin with Proposition 7(a) of [ST21] that states that

qO(“? S) s ‘h(a, S) s

W, , 82, =—7W +2,5, +—=-W +2,85,853+2),
a (51, 52,53) B (@5 a(s1 52, 53) Br(@.s) a(s1 $2,53 +2)

where deg(g;) = 2 — 2i. Iterating this formula r; times gives

r Q(Z)

_ © (avs) _
W(y(sl’ 52, S3)| < Z
=0

—W, 2r1, 82, 20)]. 5.3.2
By (@) (s1+2r1, 52,53 +20) (5.3.2)

In order to have an equality here, we would need to keep track of various shifts of the polynomial
B (a, sy), but since we are only interested in bounds, the version presented here suffices. It is easy to
show that

deg(Q}") ) = (r1 - €) deg(qo) + £ deg(q1) = 2(r1 - ).
Similarly, Proposition 9 of [ST21] states that

MWQ(SI, s +2,83) + MVT@(M +2,50+2,53),

W 9 9 =
a(s1:52:53) = 0o B, )

where deg(py) = 4 — 2k. Iterating this formula r, times gives

r Q(k) (a,5) _

it 2,1
Wqo(sq1, 82, |<< —= W, (s1 +2k, 52 +2rs, 53)|, (5.3.3)
a(s1,52,53) 1;:0 Ba(a.52)" al(s1 2+2r2, 53)

and

deg(Q) ) = (ry — k) deg(po) + k deg(p1) = 4(ra — k) + 2k = 4ry — 2k.

2,}’2
Via the change of variables (s, s3, @) +— (s3, 51, —@) that preserves Wa applied to (5.3.2), we have

3 Q(j) (—a,E) _

‘37 l,r"; .
W (Sl,Sz,S3)| < —————— Wy (s1 +2/, 52,53 +2r3)|. (5.3.4)
¢ ; Bi(a,s3) ¢

Applying equations (5.3.2), (5.3.3) and (5.3.4) in succession gives the desired result with

deg(Q77%") = deg(Q[) ) +deg(0)) + deg(Q}) ) = 2(r1 +2r2 + 75 = O = k = ),

as claimed. ]
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5.4. Expressing W, as the inverse Mellin transform of We

Given the equation (5.0.1) for the Mellin transform of W, we find by Mellin inversion that

Wa(y) = (2 TP /// y R Was) ds, (5:4.1)

Re(s)=u

provided that u = (u1, up, u3) satisfies u; > 0 for j = 1,2,3.
As a matter of notation, for u = (u1, ua, u3) € R define

1 s
Wa(y;u) ::(277—1')3 /// Y12 Ry 2 T Wals) ds,

RC(S_,')=M_,'

and if I is a nonempty subset of {1, 2, 3} of cardinality r and p; = (p;);e; € C" define

1 s
Ra' (viu) = G / Res (y1 Ty 2 Wa (s))]_[dsJ,

Re(s;)=u; Jél

Jel
where Resy, -, is the operator that evaluates the iterated residue at each of the points s; = p; withi € I:
that is,
Res := Res o---o Res , I = (i1,...,ig)).

S1=p1 Siy =Piy Sig=Pig

We call RE! a single residue term if g = 1, a double residue term if g = 2, and a triple residue term if
q =3.For a = (a1, as,a3) with a; > 0, we call W, (y; —a) the shifted main term.

Note that if uy,us, uz > 0, then Wy (y) = Wy (y;u). We now shift the lines of integration in the
s-variable to the left passing poles at Re(s;) = 0,-2,—4,.... By the Cauchy Residue Theorem, this
allows us to write W, (y) in terms of Rj,. For example, if a = (a1, az,a3) with 0 < a; < 2 for each

j=1,2,3, then
Wa(y) =Walyi=a)+ D R (i=a) + 3 REV(yi=a)+ Y RPT" (v;-a).
pEPj pEPj pPEP;
1<j<3 qePx qeP,
1<j<k<3 repPs
Letting p := —ay =201, p2 == —a1 —a2 — 20 and p3 = —a1 —ay — a3 — 283 for some 81, 62, 03 € Zxo,
as given in Section 5.2, there are polynomials f g (s, @) such that
+ 5, ]_[ r zar] r S2+1121+(lj I S3—2a/j
:R(apo(yv [/ " 2 82 2 = ( I,)(~?(z+s§+a1) ) ( ) f&ll,] (s, @) dsydss, (542)
Re(sj)=-aj
j=2.3
2 4
—-s1 2 -5
fRE,m)(y;—a) _ ﬂ y12 1 2+pz 3-s3 (l_[l_lr (Yk m )fé)zz(&a’)
Re(s_f):—a_f ]:l k=3
j=1.3
T (SL590) [ (81592 ) T (2598 [ (£5%) s, d. (543)

All other single residue terms can be obtained from these by observing that, first, the action of the Weyl
group, which acts by permuting the set (@, a2, @3, a4), acts transitively on each of the sets Py, P, Pz and
permutes the residue terms accordingly. Explicitly, if o = (12) represents the permutation interchanging
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1 and 2, then R\ PV (y: _g) = fREf(‘Q)‘S‘) (v; —a) has the same expression as R'”1 %V (y; —a) except
that the instances of @ and a; are interchanged.

Moreover, the involution (a, 51, 52, 53) — (—a, §3, 52, 51) interchanges the set of single residues at,
say, s = —a) — 20 with those at s3 = @] — 29 respecting the formulas of Proposition 5.2.9. So, in
. (a1-206) _ _ ( ‘Yl 20) .
particular, we have R, (y1,y2,y3;—a) = (y3, y2, ¥1;—a).

It can be similarly shown that for appropriate polynomials f*(’i’*) and f ép 1-P2:P3)

term is equivalent to either

, every double residue

’ 3+ 32 3= ,
RSIPI ) (yi—a) = yl Pl +p2 2 Szféfaldfz)(SS’a)
Re(&‘3)=—112
(n 1_[ fll» "1 ) (5'3—2‘14) r (‘3 ‘”) dss, (5.44)
Jj=1 k=j+1

or

:RSIPI,P})(y; —a) = / ylz Ply% 5 2+P3 féfjl(s’f3)(52’a) r (sz+oz,21+az) r (sz+<121+as)

Re(sz):—a3

T (S5 T (25 P (255 P (250 P (25) g, (545

and every triple residue term is equivalent to

Rslpl,pz,pa)(y) =y?/2+P1y§+P2y§/2+P3 fogpl,pz,pz)(a) l_[ F(ak;%‘)_ (5.4.6)

1<j<k<4

It turns out that the bounds obtained from applying our methods only to the shifted integral W, (y; —a)
when 0 < a; < 2 are not sufficient for our needs. Instead, we will need to obtain bounds for various
shifts of the form 2r; — 1 < a; < 2r; for r1,r2,r3 € Zxo. For a given choice of (r1,r,73) € Z3 . we
extrapolate the procedure outlined above obtaining poles corresponding to each case of

>0’

sj=pj—26;, foreach 6;=0,...,r;—-1

Doing so, we arrive at the following result.

Proposition 5.4.7. Let (ry,ry,r3) € Z be fixed. Let a = (ay,az,a3) satisfy 2r; —2 < a; < 2r;
be fixed (aj # ay if j * k). LetPl—{ a;j | j=1,...,4, Pa={-aj—ar | 1 < j# k <4},
Py={a;|j=1,...,4}, asin(5.2.1). Then, after shlftmg contours of integration, the GL(4)-Whittaker
function is given by Wa (y) =

Wolyi—a)+ > R =) + Y. R (ma) + Y REPP(y),

PjEP;j-26; 1<j#k<4 p1EP1-26
j=1,2,3 pjEP;=26; P2€P2-26,
6;€{0,1,...,rj—1} pkEPk 26k p3€P3-203
5;€{0,1,...,r;—1} 6¢€{0,1,...,re—1}
51 €{0,1,...,rk—1} £=1,2,3

6. Bounds for the test function py

Recall (see (3.1.3)) that pr g is given by

1 day das d
PT,R()’)sz,R()’la)’Z’)’B)=F /// P r(@) Wa(y) F}Il iz(af?ak)- (6.0.1)
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Note that in [GK12], instead of W, (), one actually has its complex conjugate W o (y). However, one
arrives at the formula here by noting that « is purely imaginary and, therefore, W, (y) = W_,(y). Hence,

the change of variables @ — —a that leaves pﬂT g (@) and the measure da da; das I F(#)
’ 1< j#k <4

invariant leads to the given formula.

6.1. Decomposition of pr  in terms of poles and residues of Wea

Define
F( 2+R+ap—am,

4 ) 6.1.1)

(#5)

I'r(a@) = 1—[

1<t+m<4

We now replace W, (y), on the right side of (6.0.1), by the expression given in Proposition 5.4.7. It
follows from the definition of the test function p; g givenin (3.1.1), that in doing so, we obtain a shifted
pr,R term

pr.r(y;—a) = /// L W (55 —a) (@) T(a) dor 6.12)

Re(a;)=0

single residue terms of the type

2 2
. (xl+ +a 25
pie = [ T TR et e
Re(a_,-)=0
double residue terms of the type
PrRO) = //f L QU220 (1) G (o) Ti() dr

Re(a;)=0

and triple residue terms of the type

p;zieé(y) M 2T2 :R(Pl =261,p2-262,p3~ 263)()7 —a) Fr(@) Tr(@) da,

Re(aj)=0

where p1 = —ay, po = —a1 — a2, p3 = —a1—ay —azand 6; € {0,1,...,r — 1}. Also, note that we use
the notation da := da da; das. In particular, by equations (5.4.2)—(5.4.6), we see that

o= [[f e o I st s

Re(a;)=0 Re(sj)=-a;
Jj=2,3

4 aj—a s2tajt+a; S3—Q;
I:IZF( ) )T( 5 )T( 5 )
d dsydss da, (6.1.3)

F( 52+S2§+a/| )

(! + +(Z 3 2 4
pT R(y) — w 2T2 ﬂ yl S1 2+p2 2 —83 (1_[ l_[ F Qp— a, :TR (a/) FR(a)
Re(a;)=0 Re(s;)=—a; J=1 k=3
j=13
- (S‘;"‘ ) r (S‘E‘m) r (S3_2"3)F (33 ““) dsidss da, (6.1.4)
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PrR() = /// e / PP g (0) Tr(a)

Re(a;)=0 Re(s3)=—a3
(]_[ []rE) ) (85%) T (25%) ds; da, (6.1.5)
j=1 k=j+1
p;}g(y) — w i ;—T;—(l / yl +P1y2 Szy;"’l’? r (s2+(l21+(tz) r (sz+a;+a/3)
Re(a;)=0 Re(sy)=—a3

T (H5%) T (552) T (959 T (S52) T (925%) ds; Fr(a) Tr(a) da,  (6.1.6)

Fr(@)Tr(a@) da. (6.1.7)

2
123,0 R SR
pT B (y) = /ﬂ 2T2 1/ +P1y2+P2y3/ +p3 ( l_[ l—‘(“’k “’7)

Re(ar})=0 1<j<k<4

Since we are integrating over @ on the right-hand side of (3.1.3) and the integrand (and measure) is
invariant under the action of the Weyl group, there are explicitly computable constants c1, c12, 123 such
that

i, 0 ik,o
pr.r(Y) =prr(y;—a) + ¢ Z PrR(;—a) + cn Z prx (v:—a)

1<j<3 1<j<k<3
6€{0,1,...,r=1} 5€{0,1,....,r—1}?
123,86 (.
vems ) prR (ima). (6.1.8)

5€{0,1,...,r—1}3

Remark 6.1.9. There are no poles in the expressions of the residues given in (6.1.1) to (6.1.6) because
the products of I'(“*5%) are cancelled by the Gamma functions in the denominator of T'g (a).

6.2. Philosophy of the proof of Theorem 4.0.3

Recall that Theorem 4.0.3 gives sharp bounds for the pr g function. Given (6.1.8), this can be
achieved by bounding each of the terms on the right-hand side: pr r(y; —a), plT";(y;—a) pi";(y;— ),

p]Tzlf(y, -a), p23 ° (y;—a) andpm ° (y; —a) and each possible choice of §. We obtain bounds for each of
these terms in Sectlons 6.3-6.6, respectively. Theorem 4.0.3 then follows as an immediate consequence.

Before proceeding to those sections, we describe the idea in the special case that a = (ay, as,as)
with a; < 0 for each i = 1,2, 3. In this case there are no residue terms at all: that is, we need only
bound pr r(y) = pr.r(y;—a). Then the basic idea is to insert the formula (5.1.1) into (5.4.1) to get
an expression for W, (y) as an integral of the ratio of many Gamma functions. We then insert this
into (3.1.3) and estimate each Gamma function using Stirling’s approximation, which for fixed o and
|| — oo says that

C(o +it) ~ V2r|t|72 e 31, 6.2.1)

We call |t|‘T‘% the polynomial factor of T'(o- + it), and e~ % "l is called the exponential factor. Through
this process, we can replace the ratio of all of the Gamma factors by a rational function P(s, a) obtained
as the product of the polynomial factors of the individual Gamma functions times e~¢ (> that is the
product of the exponential factors.
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To be completely explicit, after making a simple change of variables in (5.1.1), it is easy to see that
(up to a constant) for &’ > 0 sufficiently small

To(t, )T (2, 51, )Ta(2, 52, )T3(2, 53,0/)

W (s) = 622
(S) I—‘den(l‘ S, (I) ( )
Re(t)=—¢&’
where
F()(t a) —F( t+w3) ( l+(Y4)’
Ti(t, s, @) =T (35%) T (352) T (357),
Fz(t, $2, Q’) = (s2+(11+a2) (&2+gl+l) F (S2+gz+l) F (82+(123+(I4 ),
F3([ $3, (Y) = (33+(l1+(l2+l) (S3+(l1-;a/3+(1/4) F (S3+(22-§(X3+(t4),
Fden(t s, (Y) _ r- (Sl+S2+(ll+a/2+t) F (S2+;3+t)-
Thus by combining (5.4.1) and (6.2.2) into (3.1.3) as described above, we find that
pra(y) = /// /// [ s
Re(a;)=0 Re(s)=eRe(t)=—¢&’
To(t, )1 (2, s1, @) (2, 52, @)3(2, 53,
Lo (51, )@ 52, L5053, 0) 0 6.2.3)

LCen(t, 51, 52, 53, @)

Applying Stirling’s bound to each of the Gamma functions in (6.2.3) we see that (up to a constant factor
depending at most on R, &)

pr.R(Y) < }’1 1y§+a2 1 /[/ /// / P(s, @) - Fr(a) exp (—%8(5,01)) dt ds da,

Rr (0) Re(s)=—a Re(t)=¢&’
where, for a; = k; +it; (j = 1,2,3,4),
:RT(K) = {(i‘l’] +K1,IiT) +K2,iT3) | M-I T7 < T1+€}'

The Weyl group is isomorphic to S4 and acts by permutations on the set {a; }‘}:l leaving the integrand
for pr_gr(y) invariant. Hence it suffices to restrict the integration over « to the set Ry (0).

We will prove below (see Lemma 6.2.5) that the integration in s and ¢ can also be restricted to a
finite volume set R that we call the exponential zero set. As s and t vary within this set, most of the
polynomial terms can be uniformly bounded by a power of something of the form (1 + 74 — 7;), where
Jj < k. We prove a very strong bound on the remaining terms (see Lemma A.3) that shows that it too is
bounded by a product of similar factors. This implies that

/// P(s,a) drds < 1_[ (1+Tj—Tk)b-f’k

(5.1)€R 1<j<k<4

where each b, > 0. Then the integration in @ over the set Rz (0) can be estimated trivially. The main
difference between this outline and the actual proof is that instead of using (6.2.2) directly as above, we
replace it by the expression on the right-hand side of the result of Proposition 5.3.1. Also, instead of
dealing with pr g itself as given in (6.0.1), we individually bound each term on the right-hand side of
(6.1.8).
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In order to describe the exponential zero set, note that since 71 > 7 > 73 > 74, if we let Im(s;) =: &;
and Im(¢)) =: p, the exponential term takes the simplified form

E(s,a) = =611 =41y =213+ |p — 14| + |p — 3| + [€1 + 71| + |€1 + 12| + €1 + o]

+téE+n+n)|+|+T+ )|+ 62+ 12+ p)| + €2+ 13 + 1)
+HE+FTI A+l +HE+TI A+ + B+ T+ T3+ Ty

-1 +E+Ti+m+p| - o+ &+ &)

An important observation is the fact that pr r(y) has been defined in such a way that there is at
worst polynomial growth in the integrand. This means the exponential factor is never negative: that is,
E(s,a) = 0 for all s. Since there will be exponential decay for any choice of s such that £(s,a) > 0,
for the purposes of bounding pr r(y), we need only determine when € = 0. Note that this set depends
only on the imaginary parts of s and a.

The expression for € above involves 14 absolute value terms. We can remove each of the 14 absolute
values by replacing |x| with +x depending on whether x is positive or negative. This leads to an
expression of the form

0=-671 —41 =213 +&1,1(p — 1) + & 2(p — 73) + £1,0(€1 + 11) +&1,1(€1 +72)
+ep(é1+p)+ealr+ni+n)+eri(Ea+ 1 +p) 2252+ 12+ p)
tes(Er+m+my) +e3o(&3+T1+na+p) +31(6+ 711 +73+74)
e+t ntn) — (Gt L+ Ti+ o) — 5 (p+6H+E), (6.2.4)

where each of the 14 &s is equal to 1. For a particular choice of ¢s either the sum on the right-hand side
of (6.2.4) vanishes identically or not. If it does vanish, each ¢, determines an inequality, and the set of
T, T2, T3, P, €1, &2, €3 that satisfy all of these inequalities simultaneously is contained in the exponential
zero set. The following lemma shows that there are three such choices of signs and each choice explicitly
determines an exponential zero set.

Lemma 6.2.5. Every solution € = (¢;,1,&: 2, - - -, &1, 82_'_%) € (1) 10 (6.2.4) is of the form
g1=+1, &2=+1, (6.2.6)
ero=+l, en1=g.1, e2=-1 6.2.7)
g0=+l e1=8 1, &2=8,1, &3=+], (6.2.8)
e30=+l, e31=8y1, &2=-1 (6.2.9)

andsz_% > €41
In particular, there are three possible exponential zero sets, which we denote as Ry, R, Rs. The first
corresponds to the case of (82_% , 82+%) = (+1,+1):
Ry 3w < p <13

& < -p,
T +1T

IA

-1,
—n2=p
™

IA

IA
P

2

IA

IA
e

3 1,

the second corresponds to (82_%, 82+%) = (+1,-1):

Ry < p < T3
-7, < & < -p,

-T1—-p =& X m-p
—-(m+n)-p <& < 1,
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and the third corresponds to (82_% , 82+%) =(-1,-1):

R3: ™ < p XT3
-1 £ & £ -1,
—(n+n) <& < -1i-p
—(m+n)-p £ & < 1.
Proof. Suppose that € = (&.1,&:.2, ... ,82+%) € (£1)™ is a solution to (6.2.4). If we replace every

instance of 74 in (6.2.4) with —7; — T2 — 73, notice that the coefficient of 73 is (&;,1 — &2 — 2). This
immediately implies (6.2.6), or equivalently, 74 < p < 3.
Recall that we are assuming that 71 > 7 > 13 > 74. This, together with the fact that 74 < p < 713,
implies that
S+ 2&+m 28 +p.

Since 1,0 = —1 implies that (& + 71) < 0, it follows that this would also imply that ;1 = g12 = 1.
But it can’t be the case that all three £ ; are —1 because if so, the coefficient of & in (6.2.4) will not
be zero. The same argument implies that &1 3 = —1, and that the same relations hold for &3 ;. Similarly,

+tl=802621 282 283=-1
Using this information, we now rewrite (6.2.4) as
0=-57 =3+ (11 — p) +&1,1(£1 + 1)
+2(r+m)+er1(+ T+ p)+E22(E2+ T2+ p)
+ Q2T+ +p) +83’1(§3 + T+ T3+ T4)
e 11+ H+ni+ntp) e (p+H+E)
=e11+ ) +eri(f2+T1+p)+E22(E2+ T2+ p) +631(653 - T2)
e 11+ LT+ T+ p) — 81 (H2+ 8+ ). (6.2.10)

Since the coefficient of & is (e1,1 — 827%), we see that (6.2.7) is satisfied. By similarly looking at the
coeflicient of &3, we see that (6.2.9) holds. Using this, (6.2.10) simplifies further to

0= (&22~ 82_%)(52 +71+p) + (823 — 82+%)(§2 +T+p),

which is obviously true if and only if &2, = &,_ 1 and &23 = &,, 1 This proves (6.2.8). Since it must be
the case that £7)) > &2, it follows that &,_ 1 > &,,1, as claimed.

Suppose that & corresponds to one of the three admissible solutions to (6.2.10). Considering only the
inequalities that are determined by the &; i, the stated inequalities of the three solutions are immediate.
So, in order to complete the proof, we must show that the inequalities imposed by &,_ 1 and &, 1 are

superfluous: that is, they do not impose any further restriction on &1, & or &3.
‘We check this first in the case that (sz_%, 32+%) = (+1,+1), for which

IA

-7 < & £ -p,
—m-p< & ST+,

—T1—Tp—p < {.),:3 < n.
Combining the first and second sets of inequalities, we see that
0<1—-1m= (—T2)+(—7'2—p)+T1 +T+p Sf] +§2+T1 + 12 +p.

That is to say that&,_ 1 must be +1. In other words, the condition cut out by &,_ 1 is already a consequence
of the fact that £ = 2,1 = &2 = +1. In like manner, we see that the inequality required by &,, 1= +1
is already true by combining the second and third inequalities above.
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In each of the other two cases (32_%, .92%) = (+1,-1) or (-1,-1), one similarly shows that the
inequalities imposed by &, 1 are already satisfied given those imposed by & . )

Lemma 6.2.5 allows us to restrict the integration in (6.2.3) to the three possible bounded subsets in
the s-variables, and then the integral can be bounded. However, the resulting bound is not strong enough
for our application, thus requiring that we consider a = (ay, az, a3) for which there exists at least one
i € {1,2,3} witha; > 0. In this case, (6.2.2) is no longer valid. Instead, we need to use Proposition 5.3.1.
Although this introduces some technical difficulties, the Gamma-functions that occur are the same as in
(6.2.2), and so Lemma 6.2.5 equally applies. This is carried out in detail in Section 6.3.

6.3. Bounds for the shifted py p term

Recall that 2 2 2 o
(l’1+(¥2+(l3+114 o
Phopla) == ¢ gr@ [] r(”ﬂ#) 6.3.1)

1< j#k <n

By the inverse Lebedev-Whittaker transform (see [GK12]), we see that pr g is given by

1 day das das
pra0) =pratisn == I phe@ Wa—E2E 0 632)
Re(a;j)=0 lﬁjgk s4r ( 2 )

To obtain a sharp bound for pr g(y), we replace the Whittaker function W, (y) on the right-hand side
of (6.3.2) by its inverse Mellin transform

Wal(y) = o l)3 /// yf ity 2 T W (s) ds.

Re(s;)=

Following (6.1.8), we can then shift the lines of integration Re(s) = & to the left to Re(s) = —a =
(—ai,—az, —asz) (with ai,as,az > 0) and express pr_g(y) as a sum of residues plus a shifted pr r
integral given by pr r(y,-1) :=

1 3-s1 2- 52y, 2 -s3 da day das
(2n20)3 /// iy /// Py r(@) Wals) TN ds. (6.3.3)

Re(s)=-a Re(a;)=0 1< j#k <4

Proposition 6.3.4. Let £ > 0 and R sufficiently large be fixed. Let r1, 1), r3 be integers. Given any choice
of parameters ay, ay, a3 for which e < |2r; — aj| < 1 — & for each j = 1,2,3, we have the bound

3
I 2+a2 %+a3 £+4R+9+ Z ((5[)’,,]. 7rj)

3+a 2
lpr ROy, —a)| <y 'y ey T : ,
where 6o, = 1 if r; = 0 and zero otherwise. The implicit constant depends on r, & and R.

Proof. In order to obtain good bounds for pr r(y, —a) when
€ 2ri—1+¢&2ri—e]U2ri+¢&,2r;+1-¢], (6.3.5)

it is necessary to have sharp bounds for the growth of W, () on the lines Re(s;) = —a;. Such bounds are
known when Re(s;) > 0, and we can backtrack to this situation by use of the shift equation for W (s)
given in Proposition 5.3.1, which for any 71, 2,13 > 0 and any s1, 52, 53 € C states that

1 L 13

ol <335

£=0 k=0 j=0

f1T2f3
]kl’

,I 3,23,3 (S1 + 2([1 +j+ k) S2 + 215, 53 + 2(l3 + f)) (6.3.6)

where deg(Qzl 122;*) =2(t1 42t +13—j—k = 0).
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Recall that
'Bl = 'Bl((l, S) = (S] + afl)(sl + az)(s1 + 03)(5‘1 + 04), (6.3.7)
By = Bo(a,s) := (s2+ a1 +a2) (s2 + @1 +@3) (52 + @1 + a) (6.3.8)
. (Sz + s +(l3)(S2 + @) +(Y4) (Sz + a3 + (1/4),
'B3 = '33(&’, S) = (S3 - (Z])(S3 - afz)(S3 - 61/3) (53 - a4). (6.3.9)
Foreachi=1,2,3, let
£ = {r[ if(l[ < 2}"[,

Vi+1 ifai>2ri.

We see that for a = (ay, az, as),

13 1) 1
kO
prr(n-a)= > > pie (v -a),
7=0 k=0 £=0
where p(TJI]; 0 (y,—a)|
+ 2 + (l +(l +a +a/ t] 1,13
a a
<y e /// 7 |Fr(@)] - [Tr(a) /// BTagD
Re(a;)=0 Re(s)=—a
To(z,a)T) (t,51+2(t1+j+k), @) (t,5+2t, )3 (t,53+2(13+L) , @) dt ds da
Fden(t,(sl+2(z1+j+k),s2+2t2,S3+2(t3+€)),a) ’
Re(t)=—¢&’
It follows that
R B A /// e ///

Re(aj)=0 Re(s)=—a

—t+ag —t+ay S1H2t+2j+2k+a S H2(t+j+k)+ap S1+2(t +Hj+k)+t
1 L G ) L s s B )

—thp-trm—t
’ |Bl IB2 ZB3 3|
Re(t)=—¢'

. s2+H2h+a+an So+2h+a+t sH+2h+an+t S H2h+az+ay
[ (stugenen) r (ssdgpoe ) (sdgos ) (o)

r s3+2(13+0)+ a1+ ar+t r s3+2(B3+0)+ a1+ az+ay r s3+2(13+0)+an+az+ay
’ 2 2 2

R 2
+R+aj—ap
o ‘F (2 R Qj— Qg )

[

I<j<k <4 ‘F(%)F

F( s +52+2(11+t2-;/'+k)+al +an+t )F( s2+s3+2(t22+t3+[)+1 )

1—[ (1 +Ag(1) T Ao (2) — Ao (3) — (10-(4)) dtdsda, (6.3.10)

oeSy

where —¢’ = Re() is such that the real part of the arguments of all of the Gamma functions appearing
here are positive. Hence 0 < &’ < &.

Note that besides the presence of the additional polynomials B;", the Gamma factors occurring in
(6.3.10) are the same as that of (6.2.3). In any event, the exponential zero set is precisely the same as
that determined in Lemma 6.2.5 and can be any one of the three exponential zero sets R, Ry, R3 as
given in Lemma 6.2.5.

Note that we can get from R, to R; by making the change of variables

(£2,8) B (=& - p, & —11).
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Similarly, to go from R, to R3, one makes the change of variables

(¢1,6) = (&2 — 11, =1+ ).

Either of these transformations result in no change in (5.4.1) because it leaves both the measure ds and
the region over which we are integrating Re(s) = —a invariant. This implies any bound obtained for a
given R; holds for each of the other choices as well.

Recall the exponential zero set R, given by

T3 < p <13, -1 L é L -p,

—-T1=p <& L m-p, —(n+m)-p £ & < .

Recall, also, that Im(e;) = 7; (for j = 1,2,3,4 with 74 = —71 — 7» — 13), Im(¢) = p, and Im(s;) = &;,
(fori = 1,2, 3). Accordingly, we write s = —a + i&, @ =it with & = (£1,&3,&3) and 7 = (11, T2, T3).
We now replace each Gamma factor in the integral (6.3.10) using the Stirling bound (6.2.1). A bound
for the integral is given by integrating over R, (the exponential zero set) and just using the polynomial
bound coming from the Stirling bound (6.2.1). It follows (up to a constant dependant on aj, R and

& > 0) that p(Tj’;f’f) (y, —a) is bounded by

3 3
star 2+a, 5+as _Tg+2(t]+2t2+t3—j—k—€)

Yio Y Y3
73 P —T2=p 2
“hhp-hp—1
I [ ] ] ] e
TIZT)2T32T4 pP=T4 &1=—T2 EH=-T1-p H=—T1-T2—p

|11|v|12|s|73|,|14|<<T1 &
1
1
+|lTi—0) "2 2
(1+]m3-p|) (1+\T4 p|)

—l+j+k+t ~ -2 LBy, -2
(I+[ &1+ &+ T1+724p]) 2 17277277 (14| S+ &Hp) 2778727272

1
o agel o ap+l oy -
(14 &4 )T (1| E 4 )T (1416401 ’
an+l1
tz_u22+l t2_1122+1 IZ,ZT
‘(I+|&+71+72]) (1+[&+714p]) 1+ &+72+p]
127“27“ f+r37“37“ f+r37%
~(1+|§2+T3+-r4|) (l+|§3+71+72+p|) (l+|§3+71+73+~r4|)

az+l

13- 3
(1+1&trrnenl) T Kr(T) dés dér déy dp drs dv dry,

where

R
KR(T) = (1+|T1 +‘l'2—‘l'3—7'4|)3 (1+|T1 +‘l'3—‘l'2—7'4|)3

=

'(1+|TI+T4—72—73|)§- ]—[ (1+r,»—7k)“§. (6.3.11)
1<j<k<4

Remark 6.3.12. The exponents of (1 + |7; — p|) etc. should be modified by +& as Re(t) = —¢, but we
have absorbed these into the term 7%. To simplify the exposition, we drop these s in what follows since
they do not affect the conclusion.

Lemma 6.3.13. Suppose that a; = 2r; + y;a;, where

_ -1 ifal-<2r,~,
EN e s 2o,
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and 0 < a; < 1 for each i = 1,2,3. Throughout the domain of integration, in the integrand for

p(Tf ’I';’f) (y, —a) above, the expression

as+l az+l ar+l ar+l
- —5— ty——5— - —5— thy——5—
2773 2773 2773 2772
(1+|§2+T1+T2|) (1+|§2+71+P|) (1+|§z+rz+p\) (1+\§2+73+T4|)
ar+l ar+l
-5

(1+|§1+§2+71+Tz+p|) (1+|-§2+~f53+/3\)t27T

1+
is bounded by a constant multiple of To+ 2, Similarly,

. ap+l . ap+l . ap+l
(]+|.f +7 |)MﬁtrT (1+\f +7 |)J+k+trT (1+|.§ +p\)J+kHFT 1+
S1+7] S1+72 &1 i faral
: S < T5+2(]+k)+ el
j+k+r1—T
(1+\§1+§z+71+T2+P|)
and
a3+l [+t3_a32+l €+r3_a32+]

(l+|§3+~r| +-r2+,o|)[+t3_T (1+\§3+71+73+-r4 |) (1+|§3+~rz+-r3+-r4 |)

< T.9+2€+—1+2y3 )

f+t3—a—3
(1+1&+&54p0l) 7

Proof. Note thatt; =r; + “% This allows us to simplify many of the exponents. For example,

aj+l l—al. I+y;

(141847 o)) 7 = (1e1&+f o)l) 7 < (14l&+f (r)]) (6.3.14)

for each of the cases i = 1,2, 3 and f (7, p) appearing above.
In a similar manner, one sees that

l—j—k—t1+ﬁ l_j_k_m
(1+1&6+&+T11+12)2 T< 1+ +E+T+)? g
e+l

< 2 — (6.3.15)

+hk+—f—

(1+|§1+§2+T1+72\)j !

l_[_ a3 1, I+y3 e+ d
(1+l&+&+p)77 "7 < (1tlaran))’ < — L2 (6.3.16)

(1+1&+ o)) 7

Successively making the change of variables

&1 éi—n, O bh-1-p, HEPEGE-TI-T2-p, PP+,
and the substitutions

h=11—-7, h=n-7, B3=73—-Ta=171+72+21;,
the bounds of integration in p(Tj’II;’[) (v,—a) become 0 < 71,15, T3 < T8, 0 < p <T3,0 <& <
Th+T3—p,0< & <Tyand 0 < & < T + p, and the terms involving &, are

I+y1 I+yy
3

(1 +T2+T3 —p—fl)j+k+ 4

. 1+ .
+T+ & Eay +&1
1 JHk+ J+k+

I+y 4

(1+& +&)™

. 1+
which, since 0 < j, k and 0 < T; < T'*#, is bounded by T&+3+420+k)+31 4q claimed. The bound for &
follows in precisely the same fashion, and that for &; is similar. O
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Putting this together, we obtain the bound

+71
ar_ d+ay Zﬂh Ts+2(t1+2tz+t3)+ 2

Lkt
|p(’ )(y,—a)| < yl ¥, y3

73 -0 Y 7
_1 -1
Ji [ [ [ [ asm-ebtasm-p
TI2T22T3274 P=T4 §1=—Ty &=-T1—p &H=—T1—-T2—p

I71ls 172l |73, [ 7a | <T 1+

Ja+la+nh(i+la +nh +la +nl) (1+ e +al)|

' :(1 +lh+n+n)A+E+n+n)(L+ |G+ +Ta)(1+ |‘§’2+Tz+T3|)]_t2

- 1
. (1+|§2+T2+T4|)(1+|§2+T3 +T4|)]

(1415 = nil) (14185 = o)) (1415 = 1)) (1416 - ) |
: KR(T) d§3 dfz d§1 dp dT3 dT2 dTl.

Next, we successively make the change of variables

& -1, &S b-1-p, HP&E-TI-T-p, pp+1y,

and the substitutions
T1=T1—T2, T2=T2—T3, T3=T3—T4=T1+T2+2T3.

Then by abuse of notation we may replace Kg(7) by Kg(T,T>,T3), where

R
3

R
KMHJLEM:O+H+ZB+E)@+H+R)(Lﬂﬂ no

1+8 1+2 1+8 1+8
-(1+T1) (1+T2) (1+T3) (1+T1+T2)

R
2 l+7

1+
~@+B+E) @+n+n+n)

R 148 1+8 1+%
< T+ (1 +|Th —T3|) ’ (1 +T1) ’ (1 +T2) ’ (1 +T3) " (6.3.17)

It follows that
+7vi

p;‘jllgt’)(y’_a)| < y12+dly§+a2 2+a; Tg+7+3+2(t1+2t2+[’;)+z

i=1

s Lh+lzp T Th+p

Zﬂ' «/ ./ ./ /Rl+ﬁ—pr%u+py%

0<T, b, T3<T!*e  p=0 &=0 &=0 &=0

: [(1 +&+T)(1+E)A+ & —T|)(1+ T2 + T3 —fl)]

-1

J+e+ma-p)(1+ &4 - p) 1+ 12— pD)]
[(1 +H-T+T-pl)(1+T1+p-&)(1+T —§2+T2+P)]_t2

-[U+H+B+p—§ﬁﬁ+5+p—&ﬂlﬁﬁ—pUU+&+B—p”
1+ =T5) S (1+70) "2 (1 + 1) "2 (1+73) 2 ags dé, dé) dp dTs dTs dT,.
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Nowfor0<é <h+T3—p,0<é6 <T,0<&E <Th+pand0 < p < T3,
1+§1+T1 > 1+T1

\4

1+Th+T:-p+& 2 1+THh+T—p 2 1415
1+T1+Th+p—-& 2 1+ +p =2 1+T5
1+T1+Th+p—-& > 1+T.

Hence, we have the bounds

(1+&+7)™" < (1+1)™
(1+T+Ts—p+&E)7 < (1+1) "7
(14T +T+p-&)"7 < (1+1) ™"
(I+T1+T+p-&)" < (1+14)"°

Inserting these bounds, we see that

3 1+y;
k.l 3rar o 3iay | e+ BRE3R2(042041)+ Y 1
Pz )(y,—a)( <y oneyyT 2
T3
~t1—t3 -2t -1 -1
. /// (1+7) " (1+ 1) /(1+T3—p) H14p)
0§T|,T2,T35T1+5 =0

T2+T3*p
(1+&) " (1+1& -T)) " (1+ T+ T3 - &) 7" dé

&=0
T
/ (1+&+Ts—p) *(1+1&-pl) *(1+|&-T1 + T3 — p|) "
&=0
(1+Ti+p-&)" d&
T+p
-/(1+Tz+p—§3)"3(1+|§3—pl)"3(1+§3+T3—p)"3 dés dp
&=0
S -1 T (1+T) 1+ 1) (14 1) anydnar. (63.18)

Let us denote the integral in &; (1 < i < 3), in (6.3.18), by J;(r;). We have
Lemma 6.3.19. For eachi=1,2,3, J;(0) < Te*1, Otherwise, if r > 1, we have the following bounds:
(), J3(r) < (1+T) " (1+T3) ",
H) < ((1473) >+ (1+7) ) (11 - T3) ™

Proof. The case of r = 0 is clear given that 0 < T; < T'*®. Thus, we may assume now that r > 1. By
expanding the region of integration, since the integrand is positive, we have that

Tr+T3 _ _ _
N <</ (1+&) 7 (U+1E-D) " (1+ T+ T3 - &) dé
&=0

B3
=/§ (L+1& = Bil) " (1+1& - Bal) " (1 + &1 — Bs|) ™" déu,

1=B)
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where
BIZO, B, =15, B; =T, +T5.
Applying Lemma A.3, it follows that
h<(1+T) " (1+1) " (1+73) .

Replacing p by 73 — p in J;, one finds that J3 = J;, and hence the same bound holds for i = 3.
To bound J,, we also expand the region of integration, whence

Ti+p
Jo(rp) < / (I+&+T3-p) (L+1&-pl)
&=p-Ts
I+ -Ti+Ts—pl) " (1+Ti+p = &) dé
= / l_[ (1+1&2 - Bel) ™" déa,
azo =)
where
By =p-T;, B, =p, B3 =p+T —1T;5, By =p+T.
Note that
B, <B; < T3<T.
In either event, using Lemma A.3 gives the claimed bound. O

Inserting these bounds into (6.3.18), the integral in the p-variable is

T3

/ (1+p) (14T - p)

p=0

(ST

dp <« 1,

where this bound is obtained via a direct application of Lemma A.1.
Plugging these bounds into (6.3.18), it follows that

13R

3
3 &+ 5 +342(r14+2r2473)+ 60,1, + 00,1, + 60,05+ 2
=

(k) 3Har dtay 3+as

PR o=a)] < vy y;

) /[/ (1+T1)1+§—t1—t3((1+T3)—2z2+(1+Tl)_2t2)

0<T,T», T <T 1+&

7)) T (e T = 1)) SR (14 ) R g ATy aTy. (63.20)

I+yi
2

Remark 6.3.21. As long as

> 1,

w| X

R
1+§2t1+2t2+t3 and

each of the terms in the integrand, in (6.3.20), is of the form (1 + ;) for j = 1,2, 3 and some e; > 0.
Since the integral is over the domain 0 < 71,75, T3 < T'*¢ it follows that each of these terms is
bounded by 7.
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In light of the above remark, we obtain the bound

ijlle( ,0) (y, ) < yl ly§+a2y§+l13 T8+4R+9+60vt1 +60J2+50J3 —(ri+m+r3) . (6322)

Since 0 < r; < t;, it follows that 6o ;; < 69 ,,, and thus (6.3.22) implies the desired result. ]

6.4. Bounds for the single residue terms

We need to deal with two types of single residue terms. These are defined in equations (6.4.1) and
(6.4.17). We show in Propositions 6.4.2 and 6.4.18, respectively, that the bounds from each of these are
small.

The first single residue term that we need to consider is

Py (i (—az, —a3)) = /// — // Vi 0 4(s,0)

Re(a;)=0 Re(sj)=-a;
Jj=2,3

4 i—ai sytag+aj S3—a;j
jI_T D(F= = N () (Z72)
- Fr(@) () -

o ) dsydsy da,  (6.4.1)
2

where Q s is a polynomial (see Section 5.2) of degree < 36, Fr(a) isasin (3.1.2),'g(a) isasin (6.1.1),
and p; = —a; —26for6=0,1,...,r1 — L.

Proposition 6.4.2. Let r| > 1, ry,r3 > 0 be integers, and 0 < & < 1. Suppose ay, ay, a3 satisfy the
hypotheses of Theorem 4.0.3. If 0 < 6 < ry — 1, then

pT r(y (—a», —a3))| < yl 1y§+“2y§+a3T8+4R+9+50,r2+50,r3*(V1+"2+r3). (6.4.3)

Proof. In order to bound plT";(y; (—az, —as)), we will need to shift the lines of integration in the
variable. In doing so, we will pick up residues. In other words, we may write

plT”éR(y; (—ap,—a3)) = p]T’fR (v; (=az,—as), k) + Z Residues,

where

a+ +a 3ra426 g 3-
P (y: (=an, —a3), ) = /// // yhratds pny dos

Re(a)=« Re(sj)=-a;
j=2,3
. r (CYZEIYI B 6) | r (2+R+Zzlfaz) r (2+R+:‘1’27(11 ) . (2+R+a2 (l}) r (2+R+a/3 (12)
I—‘((n;m) F(m;(m) ((12 a3)r(a3 )
F ((13;&1 _ 6) F (2+R+Zl|—(l3) F (2+R+‘(‘13—(11 ) (2+R+(lz (14) F (2+R+(l4 az)
Cor(em) T (#5%) T () ()
r (mgm _ 5) r (2+R+le—m) r (2+R+Z4—a| ) (2+R+a4 @) (2+R+a3 (24)
I I T T T ()
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T (e (st p(aige) () p(950) [ (25%)
1—\( S2+S§+a’1 + (5)

-Fr(@) Qs(s, @) dsy dss da. (6.4.4)

and the residues that appear depend on the particular choice of k = (ki, k2, k3). For example, if k; =0
for j = 1,2, 3, then equations (6.4.1) and (6.4.4) are the same, meaning there are no residues.

Our goal will be for the given value of 2r; — 1+ & < a; < 2r; — ¢ to shift the lines of integration of
the a variables from Re(a@) = 0 to Re(a@) = k = (1, k2, k3) with

Re(ay +26) = k1 +26 = ay, Kk =0 = k3.

To help clarify the structure of the proof, we now give a brief outline of what is to follow. As described
above, in order for the exponent of y; to be correct, we need to shift the line of integration in the variable
a; from Re(ay) = 0to Re(a)) = k| = a; — 26. In Lemma 6.4.5, we identify the poles that are passed
in making this shift, of which there are three types.

After establishing this lemma, we bound the shifted integral (6.4.4). The residue at any one of the
three types of poles is essentially the same as that at any of the other two up to a simple transformation
that doesn’t effect the rest of the argument. Hence, it suffices to pick any one of the types of poles from
Lemma 6.4.5. Having made a choice, we then show that it is, similar to before, necessary to shift in the
variable a, in order for the exponent of y; to be correct. Unlike before, however, we are able to show
in Lemma 6.4.13 that in shifting a», no further poles are encountered. Hence, it suffices to bound the
shifted terms, which we then do. Since both (6.4.4) and the shifted residue term satisfy (6.4.3), taken
together, this proves the proposition.

Lemma 6.4.5. In shifting the line of integration in « from Re(a) = 0 to Re(ay) = a; — 26, poles are
crossed only at the points a) = q for

—-s52 = a2 —2(r2 = 62),

<§: <7
ged —si—a3—2(r—6), (()Sf<‘5fr —_ré (6.4.6)
—s3—m—a3—2(r3—63)| =
Proof. We first consider the ratio
F( a/j;a'] _ 6)
F( (Yj;(l/] )F( (I];aj ) s
for j = 2,3, or 4. The numerator has a simple pole when ;m — ¢ is a nonpositive integer, but then

& ;m is also an integer, so that there is a pole in the denominator as well. In other words, this ratio is

holomorphic in «;.
For each of the terms

2+R+aj—ag
4

), I<j#k<4

if R is sufficiently large, again no poles are crossed.

Examining the term F(%) with j = 2 or j = 3, assuming that Re(a ;) = 0 and Re(s) = —a»,
we see that poles occur at Re(a) = «j, where k| = ap — 2(r, — §) for nonnegative integers rp — 5.
(Note that we have chosen this notation because it enumerates the d,-th pole that is crossed as one starts
at Re(a;) = 0 and moves to Re(a@;) = a; — 26.) Hence

O<Re(a))=ar—2(rp—62) <2ry+1=2(rp —63) = 1 +26,,

which implies that 6; > —1/2, hence 8, > 0 (since §; is an integer). And of course d, < rj, since we
are assuming that r, — ¢, is nonnegative.
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However, since the shift in @ is going from x; = 0 to k1 = a; — 24, the largest value of §; that can
in fact yield a pole is the one for which

ar)—2(rp—62) <ay—26 <apy—2(rp — (62 +1)).

It’s readily checked that these inequalities imply §, < r; — 4.
The details for evaluating the poles of I'( %) are similar. We leave the details to the reader. O

Step 1: Bounding the shifted integral plT";,

Before dealing with the residues, we first bound plT";(y; (=az, —as), (x1,0,0)).
Notice that we may interchange 71, 7o and 73 without affecting the integrand in (6.4.4). Therefore,
we may assume

—TI—-Th—T=T4 <173 <7.
It follows that the exponential factor is

E=21—-dn 23—+ &+Ti|+ |+ T+l + 16+ 11+ 13

+|E + T+ 1yl + €3 — T2 + €3 — T3]+ |E3 — 14,

and using the method of Lemma 6.2.5, it is easy to show that there are two possible exponential zero sets:

) (e . 2
R, = {( ay +i&, —as +i&3) € C nLb

—Tl—T3S§QSTz+T3}
9’

R_ = {(—az +i&y, —az +ié3) € C?

M- <6HS-T1—T3
3 <&6<T3 '

The change of variables (&3, &3, T2, 74) — (&3, &2, T4, T2) relates Ry and R_, so it suffices to consider
just the case of R,.

We replace the Gamma factors with their corresponding polynomial terms to obtain

3 3 R+l _4
tay 2+a +as £+R+36 2 T2
<y; oy, %y T /// (1+l71-m2l) 2 2

711, 172], |73 <T 1+#
0<T 1+ +2 T3 <T1+2 72+ T3

1,6 .
[Py 5 (33 (=2, =a3), )

R+l R+l

1+ R

R+l _41 R+l _ R
‘(l+|T1—T3|) 2 2 (l+|T1—T4|) 2 u1+6(1+‘r2—‘1‘3)1+2 (1+T2—T4) T2
_l+ay ay _l+uz ap _
1+8 (l+|§2+-rl+-rz|) 72 6(1+\§2+71+T3|) 77l
.(1+T3_T4) ~ Itaptaz-aj
—TI-T3<5HST+7T3 (1+|§2+§3+Tl|) :
3BT
_ltay _ltay _ltay _ltay ay o
(1+1&-m-ml) 7 (1+le-nl) 2 (&-n1) 2 (1+l&-nl) 7 2
. d§2d§3 dr. (6.4.7)

We make the change of variables

Er = =T T3, &3 &3+ T3,
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andT; =1; — 7j41 (1 < j < 3),to get

1,6 (. 3Ha1 2+ay A3 etR43S Ry
prR(vi(—az —a3), k)| <yi vy Cy; T (1+1711)

0<|Th |, 15, T3<T 1+
1+R-ay

'(HTZ)H%(]+T3)]+§(1+|T1+T2|) ’ (1+\T1+T2+T3|)%7“”6(1+T2+T3)H%

e T3 I+ay a l+ay a 1+ay

/ (l+‘~’52+T2)7 ’ +Tié(l+§2)7 ’ +T76(1+T3ﬂ,‘f2)7 i (1+T §)_1+2a3
’ l+asr+az—a 2—&3
£=0 £=0 (1+§2+§3)_%
I+a I+ay a
(1ee) 7 (1eewm)” 7 7T déy dés dTy dT dTs. (6.4.8)

We first examine (6.4.8) in the case r, = r3 = 0. In this case, we have
I1<l+e<2(6+1)-1+e<2ri—-1+e<a; <2ri+1-g,

and-1<-l1+e<a; <l-g<1 (2<j<3).If wenow denote the integral in & and &3, in (6.4.8),
by J(7,a,d) (where 7 = (11,2, 13) and a = (ay, az, a3)), then the above estimates on ay, a;, a3 imply
that

aj l-a; aj

j(T a, 6) < T / 1+f2+T2 - (1+§2)775(1+§2+§3) 7 (1+§3+T3) d§3 dfz
&H=0 J &=

We note that a; /2 — 6 > O and 1 — a; < 0. Two applications of Lemma A.3 (to the integrals in &3 and
&>, respectively) then yield

I(1,a,8) < T (1+To) " (1+ T, +T5)“ 2% (1+ T3)'9+%_6

Putting this back into (6.4.8) yields
1+R-a
PlT”ig(% (—ay, —a3), K)| < ylz u1y§+a2y32+az TE+I+R+36 M (1 + |T1|)72
0<m\ Ty, T3 <T+2

—aj+o

(1+713)°"2 +"6(1 +|T +T2|) 3 (1 +|T +T2+T3|)
1+ T2)8+2+7 (1+T5+T3) " 2720 41, ay aTs,. (6.4.9)

Assuming that R is large enough to ensure that the exponents in the above integrand are positive, we
find that

+a
aj 2+a2yz %Ts+1+R+35 T3 Te+3R+7 a;-26

Py R(y (=az,—a3), k)| < y1 Y5

2+al 2+ay 2+a% Te+4R+11+6 a)

= yl Y2
ar 2+ap 2 +a3 pe+4R+11-r
< yl Y5 3 T L

where in the last step we have used that § < r; —1 and 2r; — 1 +& < a; imply that 6 —a; < —r;. Again,
we’re presently in the case r, = r3 = 0, whence

11—7’1 =9+60,r2+60,r3—r1 —ry —r3.

So in this case, pIT";,(y; (—ap, —asz), k) satisfies the bound on p;‘i (y; (—az, —a3)) given by (6.4.3).

https://doi.org/10.1017/fms.2021.39 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2021.39

46 Dorian Goldfeld et al.

We now demonstrate that this is true for r, + r3 > rq as well. Because

2)‘] -

1
s— = (n-1D=1/2>0,

l+a; >2ri 20 (1 <i<3) and a—2]—6>

we have the bounds

(1+§,~)*% <(1+¢&)"7 (2<j<3),

1+aj "l (5

(l+&+T,) 7 30 < (14+T) 7 (1+T+T3) 770 (2<j<3).

Further,

(1+&)27° _( 146 |\
1+&+&3

l+a2+a3 5 1'*"12""7% _s

u_s
) (I+&+8&) 7 " <T* ,

a; l+ap+tay

(I+&+&)7 2

the last step because r, +r3 > r| implies that H“ﬂ 6 > 0. So (6.4.8) yields

3 l+ay+a 1+R-ay
1,6 +a; 2. +a 2 3 HR-ay
|pT’R(y, (—612, _a3), K)‘ < y12 1y2+a2y2 3 Tg+R+26+ (1 + |T1|)

0<|T1 |, T, T5<T 1+
1+R -a)

(A+T) () (L T4 T) T (L4 T+ T +T3)) 2 0+
T
.(1+T2+T3)“§+‘“‘25/ (1+&) P (1+Th - &) dés
&=0
T3
. / (1 +§2)—r2(1 + T3 - 52)_r2d§2 dT1 dT2 dT3
&=0

or, by Lemma A.1 applied to the above integrals in &> and &3,

l+as+a
ar_2+a, 2+“3 TEtRY26+ 52 S

3
Py (—az, —as),K)| <yltoy

1+R aj

(1+|T1|) (1+T)1+6r20+2 —ry— r3(1+T)l+6r%0+ R _ry—r3

0<|T1 1,15, T3 <T 1+

(1+|T1+T2|) (1+|T1+T2+T3|)7_a]+(S

(14T +T3) 9720 g1y 4T dTs, (6.4.10)

Assuming again that R is sufficiently large that the exponents in the above integrals in 77, 7>, and T3 are

positive, we find that ‘p;"; (y, (—az,-a3), K)’

1+ay+
z+“1y2+az 2+“3Ts+4R+6+ s

+3+8+3R+2fa1+§() +080,p, —2r2—2r3
y 2 >7 AT

Sincea; <2rj+1for2<j<3andd—-a; <r;—1-(2r; — 1) = —ry, we then conclude that

+a +aj — —py—
Plr’f;g(y,(—az,—%)m) < yl2 lyimzy; TEHARII=I1+60,y+ 80,7y 12773
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So, in the case rp + r3 > r, we again have a bound on plT"jQ (y, (—ap, —a3), k) that is consistent with the
statement of Proposition 6.4.2.

Step 2: Bounding the residue term at o = —s, — ay — 2(r2 — 62)

The next step of the proof is to show that all of the residues at the poles a; = —sy — ap — 2(rp — 82)
contribute smaller bounds. The residue we must bound is:

) o222 s 2
(s9+an+2(rp=67)) +(z§7+-(213+(52 a3+2(rp—6,)) %—s2—02—2(r2—52—6) s %_53
¢ Y1 Y2 Y3

Re(ay)=0 Re(s3)=-as3
Re(a3)=0
Re(sz)=—az
1_,( 2+R+r:27a3 )F( 2+R+(:3—a2 ) F( 2+R+s2—2(13+2(r2—62) ) (2+R7.92+2(z4372(r2762) ) r( 52+22a2 +r2—6276)
F( a2;a3 ) : F( —€2+2ag—2(r2 57) ) ( v2—2a3+2(r2 57) ) ’ F( s2+22(12 +r2—62)

1_,(Z+R—sz+a2+a3—2(r2—§2) )_r(2+R+32 a)— a3+2(r2 62)) 1_,(2+R Sp—a@p— 0/3 —2(rp— 02)) (2+R+,92+a2+1y3+2(r2—62)))
7

—so+ap+a3-2(r-357) —sp—ap-a3-2(r-67)
F( 2 r 2

1_,( 232+a2—a32+4(r2—62) —6) F( 2+R—s2—2a42—2(r2—62) )F( 2+R+s2+203+2(r2—62) ) 1_,( sz+(x22+a3 +r2—62—6)

r(252+(127<vg+4(r2762)) ’ r(fs272(t2722(r27§2)) : r(52+(1r22+<y3 +r2752)

2+R-2sy-ap+az—4(ry-57) 2+R+2s9+ap—a3+4(rp—67) - SH—an—a
| ; r ; M(S5%ores) _ T(2E)

r(w) r(352) (=22 4n-6)

1_,( S3—2a2 )1_,( S3—2a3 )1_,( S3—s22+a3 —7'2+62)
: ST ) (Tr(@) Q5(5: )| 4y _ar(rr—s,) 452 ds3 dav. (6.4.11)

We need to shift the line of integration in @, so that the real part of the exponent of y; is a;. That is, we
require that

2r1 —aj =ay = ay —Re(az) — 2(rp — 6 — 6) = a) — Re(az) +2(52 + 6),
where 0 < a{, a), < 1. In other words, given the bounds from Lemma 6.4.5, we shift the line in a; to
Re(az) = k2 :=ay—a); —2(r1 — 6 - 62). (6.4.12)
Lemma 6.4.13. In shifting the line of integration in (6.4.11) in the variable ay from Re(az) = 0 to

Re(ay) = k7 as in (6.4.12), no poles are crossed.

Proof. As in the proof of Lemma 6.4.5, we assume that R is sufficiently large. Then for each of the
Gamma factors involving R, no poles are crossed. Further, for reasons also described in that proof, each
of the factors of the form

I (-%+z-90)

F(=5+9)T(F-2)

is holomorphic in @;. Thus, in moving the line of integration in a5, only the term I' (M) might
contribute poles.

Regarding this term, we consider two cases. The first is when 7, > ry. In this case, since 6, < r; — ¢
by Lemma 6.4.5, we have 6, < rp — ¢, so the pole in the denominator factor F(S‘ By + 5+ 87)
cancels the pole in I" (35%2).

Finally, then, we need to consider the case r, < r;. Of the triples (1, 3, r3) under consideration,
the only one satisfying this criterion is the triple (r, 0, 0). Recall that, in the case of this triple, we are
assuming that Re(a3) < 0. Also, note that our integral in s3, in (6.4.11), is over the line Re(s3) = —as.
So on our original line of integration in @;, namely Re(a;) = 0, we have that Re(s3 — az) > 0. But note
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that we are moving this line to the left, since (6.4.12) and the fact that §; = 0 (since r, = 0) together
imply that the new line of integration is

Re(az) =a)y—a; —2(r1 —6) <a)—a; -2 <0.

Therefore, in moving this line we are only increasing the real part of s3 — @ and consequently are not
passing any poles of I'(2572). o

In order to bound (6.4.11), we first remark that the exponential factor is
E=—1& - 23|+ |G -l + &3 - S+ 13l
and it follows that the exponential zero set is
Er—13<E <13 or 3 < &3 <6 —T13.

Using the first of these,? and assuming as before that 7, > 73, it is not hard to see that the shifted version
of (6.4.11), to Re(az) = k3 :=ap —ay —2(rp — 6 — 87), is bounded by

27

3 2,.2,.2 2
3 3 1+R+a|-ay (&2+7) 475y +73+(£H-73)
3+a1_2+ay  5*43 e+R+36 — 9 - -
yiooy, tyy T® l/ (14r2-73) 2 / e 212
—00< T3 <Tp <00 &H=—00
1+R 1+R-2ay+ay +5-+6 M+ _5-6
(142m3-8) 2 (1+1&02m)) T 2 P (18 2 e
1+R-a|-ay -6 1+R-a
gt
'(]+|2§2+T2*T3|) 2 (1+‘fz+T2+T3|) 2
73
N 1+az apy-az-l
ry—67-6 - —S—5—-r+6)
/ (1+-rz—§3) (1+T3—§3) 2 (1+§3—(§2—T3)) 2 d§3 d§2 drm drs. (6.4.14)
§H=6-13
Since
i -5 52+1/2 Sr+1/2
(1+T2—§3) S(1+T2—T3) and (1+§3—(§2—T3)) < (1+2T3—§2) s
we find that (6.4.14) is
27’3
3 3 1+R+a —ay (§2+Tz)2+T%+T%+(§2*T3)2
5+ai_2+ay 5+A3 5 g+R+36 — 2 2 - 3
<y ¥y vy T (1+12—13 e 2r?
—00<T3<Tp <00 &H=—00
1+R-2a+ay 1+R+a21 -2ay try-6-0,

—ry+dr+8 (

MR,
-(l+2‘r3*§2) . 2(1+|~fz+27'2|) : 1+T2+T3’§2)

1+R-a|-ay 14R-a,

'(1+|2§2+T2—T3|) +r2762(1+|§2+7‘2+7‘3‘) 2
7 1 1
— _ +(13 u2—6l3— o
/ (1+‘I'2—§3) 2 62(1+T3—§3) (1+§3—(§2—T3)) 2 2d§3 d§2 dT2 dT}. (6415)
§=86-13

Since r, — 5, > 0, 1+2“3 > 0, and "Z_T‘”_z —ry < 0 we find, using Lemma A.0.3, that the integral in &3,

in (6.4.15), is

I+a

< (1 + 2‘1’3 — 62)5()13773 . (1 + 1T+ 713 —62)’?762.

2For the other exponential zero set, the answer is virtually identical.
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But then (6.4.15) is

+a1 2tay 3+43 etR436 WRtaj—ay ), i _termlerderlagyory)?
< y12 ¥, “2y32 Te+er / (14m2-73) 2 / e 272
—00< T3 <Tp <0 &r=—00
2+R-a3 1+R-2a+ay 1+R+a|-2ay
+62+6,, 0 ———5 £ -1+dp+d ———5 —=+2ry—6-26;
(12m3-8) 7 (14 &42ml) 2 (4mtmi-g) 7
1+R—<211 —ap +ry-5, I+R2—al
‘(1+|2§2+T2—T3|) (1+‘§2+T2+T3|) dfz de dT3. (6416)

Substituting 7; — 7;7 (1 < j < 2) and &3 — &7, we find that (6.4.16) is

2aj+3ay+az
1y2+a2 2+“3 T5+R+36+3+ +3R-——F—=

+2r2—25—52+5r3 0
2 3 ’

< yl
which, because —a; < 1—-2r; for1 < j < 3,is
< yz a1y2+a2yz+“3 Ts+4R+6+ —2r1=r=r3=82+6r3.0
1 2 3
z+’11 2+ap 2+a3 TE+4R+%_rl_r2_r3+6r3’0,

<Y Y2 V3

where in the final step we have used the facts thatr; —6 > 1 and 6, > 0. So the residue term (6.4.11) also
satisfies the bound given in Proposition 6.4.2. The proof of that proposition is therefore complete. O

The other type of single residue term that we have to consider is

P can-an =[] i I s s @ st

Re(a;)=0 Re(sj)=-a;
j=13

2 4
ATTTTT (5% - 6) |1 (252 T (35%) 1 (35%) 1 (35%) dsdsy da (64.17)
j=1 k=3

where Qs is a polynomial (see Section 5.2) of degree < 36 and py = —a; — a2 — 20.

Proposition 6.4.18. Let ro > 1, r1,r3 > 0 be integers, and 0 < € < 1. Suppose ai, az, as satisfy the
hypotheses of Theorem 4.0.3. If 0 < 6 < ry — 1, then

+a +a -
P%f;e(y; (—al,—a3))| < yf 1y§+a2y32 TR0 H 00y m(ratrs) (6.4.19)

Proof. We first rearrange the terms on the right-hand side of (6.4.17) as follows.

P8 (y: (=ar, —a3)) = /// // R N

Re(a;)=0 Re(sj)=-a;
j=13
F( ay— aj 6) F( 2+R+(tj—ak)l_,(2+R+ak—a/j)
Qs(s, ) l_[n r afk a; 41_, a;—ax :
itk (=) (=5—)
F(2+R+ZX|—02)I~(2+R+32—Q‘]) . F( 2+R+Z3—(l4)r(2+R+Z4—(l3)
IS5 T(5%) P(555) T (55%)
(S T (S52) T (S52) T (£52) d dos do.
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The proof follows the very same outline as that of Proposition 6.4.2. First, in order for the exponent of
y» to match that in the statement of the proposition, we will shift the integration in the  variables from
real part zero to Re(a;) = «;, such that

ay =Re(a) +ap +268) = k| + Kk +26
lies in the interval (2r; — 1,2r, + 1). We do this by defining
K| :=ap —26 and ky =0 =: k3.
Let 7; = Im(e;). Note that since the above integral is invariant under each of the change of coordinates
(@1,@2) = (@2,21), and (a3, @4) > (as,a3),

we may assume that 71 > 7 and 13 > 74.
As before, we now use Stirling’s formula to write the Gamma factors in the above integrand as a
product of linear and exponential terms. The exponential factor is e 7€ (£-7) where

E=2n+2n—|&i+nl -G+l -G+ + 2+ 13— 6 - 13,
and from this we readily deduce that the exponential zero set is
R={(£.&) |11 <& <1, u<EH <)
The polynomial factor is

Kk

+R +R KK
P&, 1) :(1+|TI‘T2‘)I : (1+\73—T4| 2(1_11_[ 14| 7~ TJ o 6)

4
j=1 k=3
l+a|-K| _l+aj-x _l+az+ky _ l+az+ky

(anl) 7 (marnl) 7 (Haenl) 2 (s-wl) 2

Plugging in the values of «; given above, and bounding the resulting terms as before, we find that

3 1+R
2,0 . +ap 2 +a R 5=
|pT’R(y,(—a1,—a3),K)| < ylz 1y2+a2y§ 3petR+36 // (1 +|T2—T3|) 2

~TYe<r,<13<T**
_T1+s <T2<T1 <T1+g

2R,

(1 - )

'(1+T1—T2)1+§(1+T3—T4) (1+|T1—T4|)
-1
2+
. (1 + |T2 — 7'4|)TR_r2 / (1 + |{:1 + 7 |)%—r1+r2—6(1 + |§] + Tzl)_rl d(‘f]
&1=-7

73

. / (1+1&-730) (1 +1& - r4|)%*’3”2’5 dés dm drs. (6.4.20)

&=14

-r3

Note that the integral in &3 is bounded by T‘9+%+r2‘5(1 +13 - 1) 80,14 , and the integral in &; is

bounded by Te+3+r2=6 (1+71-m) Sory =1 Plugging in these bounds and simplifying, we find that this
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shifted term is bounded as follows:

3 3
2,6 (.. 5+a1 2+ay  5+93 g+R+142r+6
pr Ry (=au, —as),K)‘ < y; oy, Pyy T* "2

1+R R R
T—E l+7+60‘r1 -r] 1+7+60,r3 -r3
l+|‘r277'3\ l+71—-1 1+713—74

T <<y <T e
T8 <<t <T*®

'(]+|T17‘I'4|) ¥72r2+6(1+‘71*73|)¥7'42 (1+|T2*T4|) ¥7r2 dT2 dT3

3 El
<y 5tai y§+a2 y§ +as Tg+4R+10+60,r1 +(50y,-3 —ri—r—r3—(r;—98)

3 3
Ftar y2+a2 Ztas T£+4R+9+60’rl +§0vr3 —r|—r-r3
b

<Y 2 V3

since rp, — 6 > 1.
In analogy to Lemma 6.4.5, it is easy to show that in shifting Re(a) from zero to «j, poles are
crossed at a; = g for

g€ —s1—2(r1 = 61) 0<0;<r; .
—s3—ap — a3z —2(r3 — 03) 6j§r2—6
In what follows, the method holds equally well for either of these two types of residues. For concreteness,
we consider the residue at @) = —sy — 2(r; — d1). This gives
_ 2, 2. 2 _ 2
(s1+2(r1=61)) +(12+03+(2s|+<y2+a3+2(r1 1)) %—Sl 2—s1+(t2—2(r1—61—6) %—53
¢ - Yro Y3
Re((Y_,')=Kj Re(s_,-):—u_,—
j=2.3 j=13
_ 2+R+anr—a 2+R+a3—a;
(fr" (@) Qs(s a)) NGt D G el e )
. R AT a3-a) a)—aj3
’ a1:7s1—2(r1761) l—‘( 2 ) F( 2 )
F( "32+S1 +r1—61—6) F(2+R—s1—0272(r1—61) )F( 2+R+a3+si+2(;‘1—61) ) F(%I*';z*% +2(rl —51)—5)
F( LTI 51) (25 +4)) r(i”"‘;z‘”“ +2(rl—61))
F( 2+R—2514+az+a3 7r1+61)r<2+R+2s14702703 +r1761) F(2+R—5172(r1;61)+202+a3 )F( 2+R+s1+2(r|;(51)72a27(l3 )
=2 —-s14+2
(22 o -4))) (2L g )

sp=2ap-a3 ) 24R-51-2(r1-81) -« 2+R+s51+2(r1 -1 )+ 24R-51-2(r1 -8 )+ap+2
—_— —-01— 1 1 1 2 51 1 1 2 1 1 1 ptea3
PP n-0i-0) T )T( T )T( 7 )

F(sl—Zr;z—a:; +r1761) F( —x1—2(r12—61 )-ap )F( sl+2(r1;51)+112 )F( —sl+(122+2a3 —r1+61)

2+R+Sl+2(r1—51)—(12—2a/3
I'( 7 )

I (Slzaz) r (s3—2a3) r (S3_S1+2(YZ+(Y3 —-ri+ 51) ds\dsz da.

F(sl—a%—an 7 —51)

Strictly speaking, this is what we want to bound in the case that x, = x3 = 0, but as before we need to
shift the line of integration in the @, variable to Re(a;) = «; such that the real part of the exponent of
v is 2+ ay. This means a; = Re(—s;+ay —2(r1 =81 —98)) = a; +k» —2(r1 — 81 — 6), or in other words,

ky=2(rp =6 —61) +a)—aj (6.4.21)

where —1 < a} =a;-2r; <1(j=12).

This implies that Re(a;) gets shifted to the right. Just as in the case of Lemma 6.4.13, one can show
in this case that no poles are crossed in moving Re(a»). So it suffices to bound the above for these values
of k; and k3.

The exponential factor is e

E=&1—m-213| - |& -3 = |3 - &1+ + 73],

n
~7¢€ where
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which leads to two exponential zero sets: the first is

R: 3<E&<E -1 — 13,

and the second is similar but the inequalities are reversed.
The polynomial factor (coming from the Gamma factors specifically) is

1+R+2a'1 -al, 1+R—a’1 +al

T:(1+|§1+Tz|) 2 2—r1+r2—6—61(1+|7_2_7_3|)
1+R+a —o-s 1+R+a’l +aé
-(1+|§1+T3|) l(]+|—2§1+‘(’2+‘(’3|) 2

1+R~ al +2u

—-r+3d
—r-9)

_ R
(1 +|=é1 + 212 + 13]) 2246461 (1+|=&1 + 12 +273]) 1+3
—1+d/, —1—u'2+a’

(I+16 - T3|)T3_r3(1 +-E1+E+ T+ 7)) o,

Note that the presence of the exponential term means we can restrict the integral to the set of
|T2], |13, [€1] < T'*2. Then the integral that we seek to bound is

3tar Dtay 3+a3 perR+36+1 %-rﬁw-ﬁ-dl
<y oy, %y T 2 (141&1+721)

I72l,l73],1 & | <T 1+

T+273< &)
]+R—a’] +al, ]+R+a’I ]+R+a’l +a£
—— 12+ —— —6-9) — -9
. 1+|T2*T3‘ 1+‘fl+T3| 1+‘*2§1+T2+T3‘

1+R-a’| +2a2
f 2ry+6+0] 1+5
(l+|—.f|+‘1'2+2‘1'3|)

: (1+|—§| +272+73 |)
&1-12-T3
(1+1&s-m31) 7 (1el- e yemensl) > dés dé day ders
&3=13

3+a +a
< y12 1y§+a2y§ %Tg+4R+3+ +a+3 dy+ 80,y —11—12—13— (12= )= 61

3
ap 2 +a3 -
< yl y2+d2 2 T8+4R+ +50r} ri—r2— rq

sincer, —6 >1,6; > 0. O

6.5. Bounds for the double residue terms

12,(61,06 13,(61, 03
(1 2)(y (1 3)()’;

We need to consider two types of double residue terms: p —a3) and py —ay).
They are obtained by taking residues at s, = —a| — @4 — 262 and $3 = ay — 203, respectively, of the

single residue term p1 (o) (y) defined by (6.4.1).
Specifically, write

p1=-a1—201, pr=-ai—a4—202, p3=a—203, (6.5.1)
where 0 < 6; <r; —1for1 < j < 3. Then we find from Proposition 5.2.9 that

12 6 6 (l +-- +(l 2
pTlg 1 2)()1;— w 2T2 / y12 P1y2 Pz 2 =53 Fr(a)Tr(@)

Re(a)=0 Re(s3)=—a3
“fo1,6, (83, )T (F5= — 6T (Z5H - 6)I(H57 - 61)
T(25% - 6)D(25% — 6)M(S52)M(55%) dsy da,  (65.2)

https://doi.org/10.1017/fms.2021.39 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2021.39

Forum of Mathematics, Sigma 53

and
aj 24 +w2
p;‘31§61 63)()’, —ay) = /[/ 7272 / y12 Ply% 52 2 —p3 Fr(@) Tr(a)
Re(a)=0 Re(s2)=—a»
- 861,53 (82, )T (F5 — 6 (57 - 6T (52 - 61)
~F(% - 63)1"("2;”4 - 63)F(52+“2‘+a3)l"(“2+a2'+”4) ds; da, (6.5.3)

where deg f5,,5, < 201 + 62 and deg g5,,5, < 201 + 03. (See Section 5.2.)
In what follows, we show that the bounds on (6.5.2) and (6.5.3) are ‘small.’
We begin with (6.5.2). We have:

Proposition 6.5.4. Let r1,r» > 1, r3 > 0 be integers, and 0 < & < 1. Suppose a1, a, a3 satisfy the
hypotheses of Theorem 4.0.3. If 0 < 6; < rj—1for1 < j <2, then

12,(61,62) (. A 2tar 3403 g s4AR+ 346, g—r1—ry—
pTR (y,—a3) < yl Yy 2)’32 T® 2T Or3, 07T (6.5.5)

Proof. The proof is similar, in spirit and in many of the details, to that of Proposition 6.4.2.
More specifically: to obtain the desired bound on p: 12, (6‘ %) (y; —a3), we will need to shift the lines

of integration in both the @ and a; variables, so that the resulting exponents of y; and y, have real
parts as stated in the proposition. In doing so, we will pick up residues. That is, we will have

12 12, .
ij,i‘s"‘”) (yi—a3) = pr. Igdl -02) (y;—asz, k) + Z Residues, (6.5.6)
where
12 (61 62) (y;—as, k) = [[/ ;T;H / y1%+0‘1+25'y§+dl+a4+252y§_s3
Re(a)=« Re(s3)=—a3

T( 2+R+2x|—az )( 2+R+sz—m )( az;m —5)I( 2+R+‘(‘¥2*03 )( 2+R+Zt3*(lz )( Ss;(lz )I( S3*2013 )
F( m;az )F( az;m )r( (1250’3 )r( 03502)
1—1(2+R+Zl’1—(l3 )F( 2+R+Zt3—(t] )F( (23;(!1 _51) F(2+R+22_04)F(2+R+Z4_02)F( (1/2;(1/4 _ 62)

M55 M)
F(2+R+Zx1—a4)r(2+R+$4—a| JI(259 _5)) F(2+R+Z3fa4)l—~(2+R+z4faq)F((13;(14 P
(P55 I (%5 (55T (2552
-Tr(@) fs,.5,(83, @) ds3 da, (6.5.7)

and the residues that appear depend on the particular choice of k = (ki, k2, k3). We’ve grouped the
Gamma factors, above, in a manner that will be convenient for what follows.

Because we want the exponents of y; and y», in (6.5.7), to have real parts 3/2 + a; and 2 + ay,
respectively, we will choose « = (k1, k2, k3) € R3 such that

Re(aq + 251) =K1 +201=ay, Re(aq + a4 + 2(52) =—Ky — K3 +282 = as.
Specifically, we will define

K= (Kl,Kz, K3) = (a1 —-261,—ay + 252,0) (and K4 = —K| — K — K3). (6.5.8)

12 (51 (52)(y.

For this value of «, we will obtain an estimate of the desired magnitude for p,. ;—as, k).

https://doi.org/10.1017/fms.2021.39 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2021.39

54 Dorian Goldfeld et al.

It will remain to estimate the residues that appear in (6.5.6). To do so we first identify the poles;
see also Lemma 6.5.15 below. We then show that, for these residue terms, the desired exponents on the
v;s can be obtained by shifting lines of integration, without passing additional poles. Finally, using this
information, we show that the residue terms are small.

Step 1: Bounding the shifted integral psz’Ig‘s"‘SZ)

Before estimating the residue terms in (6.5.6), we obtain a bound of the desired magnitude on the

shifted integral plrz}gé"(m (y; —as, k), with k = (k1, k2, k3) as in (6.5.8).

Note that, from any of the grouped combinations of Gamma functions in (6.5.7) except for the
second one, the contribution to the exponential factor in Stirling’s formula is zero. This is because
absolute values of imaginary parts from the numerator of any such combination cancel those from the
denominator. So, again, the only one of these terms that contributes to the exponential factor is the
second one, which contributes a factor of

e~ 2 Un=T|/4+In -2 /4+|&-T2 | /24| -131 2= |2 -131 /2= |T3-721/2) _ ,—F (G- H&-T3]=[m2-T3])

But the integrand in (6.5.7) is invariant under a; < @3, so we may assume that 7> > 73, whence the
exponential factor in question is simply

e~ F &6l &-T3|-T2473)

It is then easily seen that there is just one exponential zero set, namely
R:={(-a3 +i&3) € Clrs < & < 1o}
Replacing the Gamma factors with their corresponding polynomial terms, in (6.5.7), then gives

3 3
12,(61,62 . s+ar_2+a, 5+as +R+251+6,
) (61 )(y,—cl3,K)| < y12 : 2 32 T 1+62

T.R
R+1+K9-K] 6 R+1+K3-Kq 6 R+1+K4-K] 5
(t+lri-mal) 2 (t+17i-m1) 2 (1+lmi-mal) 2

|71l |72l 73| <T 1+

0<1—-713
2+R R+1+xp—Ky _s R+1+K3—Ky4 _s
'(1+T2—T3) : (1+\72—74|) z ? (1417374l 2 2
T —l-az-ky —l-az-«3
/ (1+T2—§3) 2 (1+§3—T3) 2 d§3 dT. (659)
&=13
The change of variables
&3 &3+ 13, Ti=1i—71s1 (1<j<3)
applied to (6.5.9) then gives
12,(61.82) (. 34a1_24ar 3HA3 e+RA28+5
Pr.r (y,—a3,/<) <y Yo Y3 T e
0<ITi |, T2, IT5 | <T 1€

R+1+K9-K] R+1+x3-K1 R+1+K4-K] 24R
— 9 — 9 —7 9 =5

(14my) 2 (1+174121) 2 (1417 +T413]) 2 (1473) 2

R+l+x0—Ky _s R+1+Kk3-Ky _s
() 2 P(em) 27
T —l-az-ky —l-az3-«k3
: (4m-&) 7 (1+&) 7 dé& dTy dT, dTx. (6.5.10)
&=0
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Now Lemma A.1 and the fact that k3 = 0 (see also (6.5.8)) tell us that

T2 —l-az-ky —l-az—«3
[tem-a) T 1ee) T as
¢

3=0
—min { estke  Irazteg Kty
< (1+T2) mm{ 5 5 > , a3+ 5 }+8
1
= (1+ Tz)—7+zl%+’<2+% max {0, k3, 1-as }+e& 6.5.11)

But
Kn=—dy+200 <1-2rm—e+2(rp-1)=-1-g<0,

and
2r3+e<1l—-a3<2-2r3—¢;

from this information, it follows that
max{0, k2, 1 —az} <26,,0.

So by (6.5.11),

T —l-az—« —1-az-«k3
/ (14T —&) 2 (14&) 2 des < (14Tp) 3 +onate, (6.5.12)
p

3=0

Then (6.5.10) gives

3
12,(81,62) /... air_ 2+a, 5+as +R+251+6 Rtltiy—ky o
|p (o 2(y,—as,/<)| < y1 v, tyy T e /// (+mp =z o

0<|T; |15, |T3 | <T *2

R+l—a3—k2+§ N R+1+k3 +1+ 4 K1
(1m) T T I ) T O (T T ) o
R+1+K9—Ky _s R+1+Kk3-K4 _s
'(l+|T2+T3|) 2 2(l+|T3|) 2 > dT, dT, dTs. (6.5.13)

It’s straightforward to estimate the above integral, using the facts that, on the indicated domains of
integration,

T1, Ty, T; < T,
and the length of each domain of integration is also << 7'*¢. We thereby find that

3
12,(681,6: +a _i
pT]g 1» 2)(y;—a3,/<) < yl 1y§+az 343 P e HARYO+S1+62+ 85 0—a1—a2 )

But we’re assuming that —a3 < 1 — 2r3, and
5J-—ajS6j+1—2rj=(5j+1—rj)—rj<—rj for j=1,2.

So our above estimate reads

P;Zlgél 62)(y;—a3,/<) <<y1 1y§+a2y2+a3 Ts+4R+ 248, 0-r1-12— 3, (6.5.14)

which gives us a bound of the desired magnitude of p]TZ’,(;S' +02) (y; —as, k) in (6.5.6).

Step 2: Bounding the residue terms

Our next step is to estimate the residues in (6.5.6). Recall: these are the residues at the poles that one
crosses in moving the lines of integration in (6.5.2), to transform it into (6.5.7).
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We first locate these poles.

Lemma 6.5.15. Suppose the lines of integration, in (6.5.2), are shifted from Re(a, az, @3) = (0,0,0)
to Re(ay, as, @3) = (a; — 261, —as +26,,0). Then:

(a) No poles are crossed in the a variable.
(b) For a fixed s3, any pole crossed in the a; variable belongs to the set

{s3+263|63 € Z>p, max{0,r; — (r, — 62)} < 3 <r3}. (6.5.16)
Proof. First we consider the factors
r(ERRC) (< jrk <4,
in the integrand of (6.5.7). If R is sufficiently large, then no poles of these factors will be crossed in
moving our lines of integration in a; and «;.

Nor do any of the terms of the form

[(F5 = 6n)

r( (lj;a’k )F( ak;aj)

a—a;

give rise to any poles. Indeed, if the numerator of this term has a pole, then — &, is a nonpositive
integer, whence m‘;a" € Z, so this numerator pole will be cancelled by a pole from either I'( % ;ak ) or
r (%) in the denominator.

The only factors remaining to consider are the factors

F(352) and T(352),

and since we are not shifting the line of integration in a3, we need only examine the former of these
factors.

In particular, part (a) of our lemma is proved.

Regarding F(%): for fixed s3, this factor has poles, as a function of a,, whenever

@ =53+2035 (63 € Zsp). (6.5.17)

But for such an @; to lie between the initial line of integration Rea; = 0 and the terminal line
Re ay = —a, + 26, we must have

—a» +28> < Reas = Re (53 +263) = —a3 + 203 < 0. (6.5.18)

But

asz —daz
—a3+203 =2 —a;+20, = 63 >

+0r2r3—r+dr—1+e,
the last inequality because 2r; — 1 + & < a; < 2r; + 1 — &. Since ¢3 is an integer, this implies
03 > r3 — rp + 6. On the other hand,

1
—a3+26350=>633%33r3+5—s, (6.5.19)

so that 03 < r3. So part (b) of our lemma is proved. O

To complete our proof of Proposition 6.5.4, then, we need only show that the residue at each of the
above poles in the variable «; is sufficiently small.
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For ease of notation, let us denote such a pole by @, for some fixed 3 as described in the above
lemma. We also write @4 := —a; — @ — a3, and @ := (a1, @, @3, @4). Then by (6.5.2) and (6.5.7), the
residue at @, has the following form:

Res (psz PR (y,—aa,K))

an= Clz
aj +a +a +a2
_( 1)5? //’ 212 apraprazray / yl%+al+261yg_az_a3+252y§—s3
Re(m) =a;-26; Re(s3)=—a3
Re a/';)—O
. 1—\(2+R+Zl| Qz)r( 2+R+:{2 Q])F( 0/22(11 _ 61) F(2+R+f2*af3 )F(2+R+‘c‘l37(’fz)l—\( S3;a3)
F( (1/1;(!2)1—\( 02;(11) F( (yz;(tg )F( ag;wz)
. F(2+R+Zlfa3 )1—\(2+R+21/37(11)1—~( 61/35(1/1 _ 61) F(2+R+ii2—(’f4)l—~(2+R+f4—(’fz)l—\( &2;&4 _ (52)
P(3%)r(#5%) P(252)r(552)
. F(2+R+2¥1—&4)1—~( 2+R+f4—(ll)l—~( (?4;(!1 _ (51) F(2+R+Z¥3—@4)F(2+R+f4—a3 )F( 0/3554 _ 62)
P25 (250, P55 (252
-TR(@) f5,,5,(53, @) ds3 da3 day. (6.5.20)

‘We want our bound on (6.5.20) to contain the factor y3/ Za y?"” y3/ 2+as , as usual. To effect this, we will

move the line of integration in @3, in (6.5.20), from Re a3 = 0 to Re(2 @ — a3 +20,2) = 2+ a», which
is to say, to the line

Re(a/3) = —daj — 52 + 252 =—-ajy+az+ 252 - 263. (6.5.21)

The crucial observation here is that, in moving this line, we do not cross any poles. This is by arguments
very similar to those employed in the proof of the above lemma. The only additional argument we need to
make here regards the term I'(25%), in (6.5.20). But if this factor contributes a pole, then s3 — a3 € 2Z;
since §3 — @2 = —283 is also in ZZ we conclude that @3 — @, € 2Z, whence the pole from either the
term I'( 22 5% or the term I'(5 “2) in the denominator of (6.5.20) cancels the pole from I'(#5%).

So in estlmatmg (6.5.20), we may replace the line of integration Re(a3) = 0 with the line given by
(6.5.21). The estimation is then similar to that of (6.5.7).

Specifically: as was the case with (6.5.7), the only grouped combination of Gamma functions in
(6.5.20) that contributes to the exponential factor in Stirling’s formula is the second one. In the present
case, since Im @, = Im s3 = &3, these Gamma functions contribute a factor of

e~ 2 U&-131/12-16-131/2) _ 0

In other words, our exponential zero set entails no restrictions on our integration in &3 = Im(s3).
We now write

(1,42,43,44) := (Re@j,Re @z, Re a3, Re @4)
= (a1 - 251, —as + 253, —ajy +asz+ 2(52 - 253, —a|+ap+ 261 - 252). (6.5.22)

https://doi.org/10.1017/fms.2021.39 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2021.39

58 Dorian Goldfeld et al.

Then (6.5.20) yields

3+a 3ta
Res ( 12,(61,62) (y; —a;, K)) < ylz 1y2+a2yz 3 TE+R+261+8
a

Pr R 2 V3
a?+a3+al+al R+l+2y-1 R+1+23-1
Y 2= 377
/f/ e (1+ln-&)" = (+ln-n) =~
71,73, f3ER
Relly-dy _ 1+R-a3 -3 Riltly-dy o
‘(1+|2T|+T3+§3|) 2 1(1+|f3—‘[‘3|) 2 (1+|2§3+T1+T3|) 2 2
Reltly-ly
(T4 23+ 11 + &) * dés drs dy. (6.5.23)
The factor
a%+§%+a§+a§
e 2r2

in (6.5.23) is of exponential decay in 7y if |7;| > T'*#, and similarly for the variables 73 and &3. So for
our estimate, we may restrict attention to the domain where |7|, |73, |£3] < T'*%. On such a domain,
each of the other factors in our integrand is < 7°*#, where c is the exponent on that factor. So (6.5.23)
implies

3
12,(61,06 . +ar_ 2+a +as +R+2651+6;
Res (pTR 1 2)(y,—a3,/<)) < y12 v 2y32 T 1+82
2= ’

[/ T£+4R+3+w_361_252 dé&s dry dr
I71],173],1& | <T 1+
< y12+a1y§+azy32+az Te+4R+6—a1—az—a3+51+§2+63_ (6.5.24)
By (6.5.19), we have 63 —a3 < %—rg; also,6;—aj <rj—1+1-2r; =—rjfor j =1,2. Then (6.5.24)
yields

12,(61,62) (. 3Ha1_24ay 3+a3 pe+dR+ B —p—ry—r
Res (Prig "™ (imas | <cyp Ty Sy TR

In other words, the sum of the residue terms in (6.5.6) also has a bound of the magnitude stipulated in
Proposition 6.5.4. This completes the proof of that proposition. O

We now turn to our estimate of the term (6.5.3). The analysis here is similar to that of (6.5.2), but
different enough that some detail is merited.
We have:

Proposition 6.5.25. Let r1,r3 > 1, ry > 0 be integers, and 0 < € < 1. Suppose ay,az, az satisfy the
hypotheses of Theorem 4.0.3. If 0 < 6; < rj— 1 for j = 1,3, then

p;}lgé] 53)()}’ _a2) < y1 ly§+a2y§+a3 T8+4R+%+6r2’07r17r27r3~ (6526)

Proof. To obtain the desired bound on p13 (81,63) (y; —a3), we will need to shift the lines of integration
in both the @ and a; variables, so that the exponents of y; and y3 become 3/2 + a; and 3/2 + as,

respectively. In doing so, we will pick up residues, whence

p1T3I§5' %) (y;—ay) = plT?’Ig&l %) (ys—ay, k) + Z Residues, (6.5.27)
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where

2

a?itar 3 3
13,(61,03) . o 14 §+d1+251 255 ‘7—(12+253
Pr.r (y;—az, k) := e N1 Yy 73

Re(a)=k Re(s2)=-a
F(2+R+;n—a2 )F( 2+R+£zz—a1 )F( ngm _ 6])
NEEOINCE
F(2+R+Z2—a3 )F( 2+R+:3_QZ)F( a/z;a; _ 53) F(2+R+Zl—ag )F(2+R+Z3‘“')F( (13;(11 _ 51)
M(55)0(552) M(Z55)r(25)
F(2+R+iiz—a4)r( 2+R+Zt4—{iz)l—~( &zgm _ (53) F(2+R+:1—w4)1—~(2+R+:4—(y1)F( mgal _ 51)

[(S32)T (252 P(Rg™)T (™)

'H:R(a) g61,63(52, CZ) :

F( 24+R+ay— a3 )F( 2+R+4(tl3—(l4 )F( S2+(§1+(I3 )F( S2+(tz]+a/4)

1
M55

ds, da, (6.5.28)

and the residues that appear depend on the particular choice of k = (k1, k7, k3). As before, we’ve grouped
the Gamma factors in an auspicious manner.

To obtain the desired exponents on y; and ys3, in (6.5.28), we will choose k = (k1, k2, k3) € R3 such
that

Re(aq + 251) =k +201 =ay, Re(—az + 253) = —kKky +283 = as,

by putting
K= (Kl, K2, K3) = (a1 —-2681,—az + 253,0) (and K4 = —K| — K — K3). (6.5.29)

For this value of «x, we will obtain an estimate of the desired magnitude for plTS’Igé"&)(y; —ay, k).

Subsequently we will, as before, show that the residues in (6.5.27) are small.

Step 1: Bounding the shifted integral p?’}f‘ :02)

Here we estimate the term p?’lg‘s"d*‘)(y; —as, k), with k = (k1, k2, k3) as in (6.5.29).

Only the last grouped combination of Gamma functions, in (6.5.28), contributes to the exponential
factor in Stirling’s formula, for the same reasons as we discussed in the proof of Proposition 6.5.4. In
the present case, this last term contributes a factor of

e~ 2 Una=Ts /4T3 =T[4+ | Sa4T1473 | [ 24| 4147 2 |7a=731 2= 13-l [2) — -5 (1t l+atminal=|T3—Tal)

As the integrand in (6.5.28) is invariant under a3 <> @4, we may assume that 73 > 74, so that the
exponential factor in question equals

e~ T UE+ni+T3 [+ | S+ 71474 |- T3+74)

Then the corresponding exponential zero set is seen to be

R = {(—a2+i§2) eCl-11—-m13 <& < -1 —T4}.
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We replace the Gamma factors in (6.5.28) with their corresponding polynomial terms; we get

3 3
13,(61,63) (.. 5+a1_2+ay 5+43 4 g+R+261+6
(yi—a2, 6)| <y y, Cy; T 1463

Pr R
I7i], |72l 73| <T 12
0<7114+124273
R+1+K-K] 5 R+1+x3-K1 R+1+K4—Kq
-5, ST s, Pkt B
A (1+l71-731) 2 (1lmi-mal) 2
R+l+kp—K3 5 R+l+xp—Ky 5 24R
— -8 ——8
'(1+|T2—T3|) 2 (1+‘T2—T4|) 2 (1+T3—T4) 2
—T1—T4 —l-ay+x+x3 —l-ay+k)+Ky4
. / (l+§2+71+73) 2 (1—(§2+Tl+'r4)) 2 dfz dr. (6.5.30)
&H=-11-73
The change of variables
S &H-11 -1, Ti=ti—-7jy1 (1<j<3)

applied to (6.5.30) then gives

13,(61,63) /. 3+a1 2tay 3+A3 e tR426,+6
|P 1 *(y,—az,K)| <<y12 Y5 2y§ T¢ 1+63

T,.R
0<|Ti |, ||, T3<T 1+

R+l+x4-k] R+l+ky—k3 5
i Sl E —2 35

Rel4xy -k R+l4K3-K
(1+1m1) 7= (14173+731) 7 (1ememams) 2 (1em) 2
R+l+ky—Ky _s 2+R
'(1+|T2+T3‘) 2 3 (1+T3)
T3 —l—ay+K)+K3 —l—ay+K)+Ky
. ,/,;: o (l +f2) 2 (1+T3—§2) 2 dfz dTl dT2 dT3. (6.5.31)
&=

Now by Lemma A.1, we find that

—l-ay+ry+Ky

T% —l-apy+k|+K3
/ (1+§2) 2 (1+T3—§2) 2 d.fz
&

=0

. l+ay—-kj—k3 l+ar—K|—Ky _2K1+K3+K4
< (1+T3) mln{ 5 N 5 ,ap > }+£
—l-ay+2K +Kk3+Ky 1 o o _
— (1 +T3)72 +5 max{ K1 —K4, —K]—K3, | a2}+£. (6532)

Further, it follows from (6.5.29) that

—K| — K4, —K1 — k3 <0,

and that 1 — a < O unless r, = 0, in which case 1 — a; < 2. In either case, 1 — az < 26,,,0. So (6.5.31)

and (6.5.32) give

13,(61,63) (. 3+a1_2+ay 3+A3 1 stRI26146
|p (yi—az, )| <y; ¥y Py T e

T.R
0<|Ti ||| T3 <T 1+#

R+1+xp—K3 5
[

R+1+k4-k
-2 2

R+1+kp—kq R+1+k3-K]

CRE (1+174121) 2 ° (1+17474131) 2 ° (1+1721)

(1+1m1)
O AT dTy dTs. (6.5.33)

R+l+xp—Ky R+l-ay+2k +k3+Ky
iy i’ B e

(ememl) 2 7 (14m)

Then, because
7.1, T3 < T'*
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on the indicated domains of integration, and because the length of each domain of integration is also
< T'*¢ we see that

3 3 a
5+a 5+a —a -2
p13’(61’63)(y;—az,K) <y’ 1y2+az 343 P e+4R46+81+ 53+ 5y 0—a1 - F —a3
T.R 1 Y2 )3
But our assumptions on the a;s and 6 ;s imply that 6, — a; < —r; for j = 1,3 and =% < § — 2, 50 we
conclude that
3 3
1 s+a 5+a: 13 o — e —
|PT3,}§61’63)(y;—a2,K)‘ < 2 yIrary S pettRE T4 G 0mrmrs (6.5.34)

which gives us a bound of the desired magnitude in (6.5.27).

Step 2: Bounding the residue terms

Next, we estimate the residues in (6.5.27), which arise from moving the lines of integration in (6.5.3),
to get (6.5.28).
The locations of the poles in question are as follows.

Lemma 6.5.35. Suppose the lines of integration, in (6.5.3), are shifted from Re(ay, az, @3) = (0,0,0)
to Re(ay, an, @3) = (a; — 261, —asz +263,0). Then:

(a) For a fixed s, and a3, any pole crossed in the a variable belongs to the set
{—=s2 —a3 =262 |62 € Z5p, max{0,ro — (r1 —61)} <62 < ra2}. (6.5.36)
(b) For a fixed s, and a3, any pole crossed in the a, variable belongs to the set
{s2 —a3+265 |62 € Zso, max{0,ry — (r3 —63)} < 62 < ra}. (6.5.37)
Proof. As before, no poles will arise from the factors
P(2E) (sjek<d

in (6.5.28), if R is sufficiently large.
Nor will any of the terms of the form

F(@ - 6n)

F( cxj;ak )F( ak;(l]‘ )

give rise to any poles, for the same reasons as before. The only terms remaining to consider are the factors

F(S2+a(21+013) and F(S2+azl+a4) - F(Sz—(lzz—(m).

The former of these factors will give rise to poles when we shift the line of integration in ay; the latter
will do so when we shift the line in a».

Consider the first of these factors, I'( W). For fixed s, and a3, this factor has poles, as a function
of a;, whenever

a1 =—5) —a3— 207 (52 S ZZQ). (6.5.38)

But for such an @) to lie between the initial line of integration Re@; = 0 and the terminal line
Re a; = a; — 261, we must have

0 <Rea; =Re(—sy —a3 —202) =ap — 26, < aj —26;. (6.5.39)
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But
ay — ag

a, — 26 <ay1—-200 = 6, > +01=>2rm—-ri+6;,—1+e.

As 6, is a nonnegative integer, we therefore have 6, > max{0, r, — r; + §1}. On the other hand,

1
a2—25220=>525“2—25r2+§—s, (6.5.40)

so that 6, < r,. So part (a) of our lemma is proved.
Part (b) is similar: as a function of @, I'(2=5==) has poles, for fixed s, and a3, whenever

ar=sp—az+20 (62 € Zsp)- (6.5.41)
But for such an a; to lie between Re a» = 0 and Re @y = —a3 + 263, we must have
—a3+283 <Reay =Re (53 — a3 +28,) = —ar +26, < 0. (6.5.42)
We conclude from (6.5.42) and the fact that d3 is a nonnegative integer that
max{0,r, — (r3 —63)} < 62 < 1o,

so part (b) of our lemma is proved. O

Therefore, to complete our proof of Proposition 6.5.25, it will suffice to show that the residue at each
of the above poles in @] or «; is sufficiently small.

We will consider the poles in @ only; those in @, may be treated in a very similar fashion. Let us,
then, denote such a pole in @ by @, for some fixed J, and a3 as described in part (a) of the above
lemma. We also write a4 := —a] — ap — a3, and @ := (a1, a2, @3, @4). Then by (6.5.3) and (6.5.28), the
residue at @) has the following form:

Rfi (p;ﬁ’,?“‘” (y; —ao, K))
~2

aj
( 1)62 i +a +2 +a4 %—Sz—a3—262+261 2—-53 §—a2+263
= 2T MA Y5 Y3

Re(az)=—a;+263 Re(sy)=—ay
Re(a3)=0
F(2+R+fl—az)l—~(2+R+Zz—Zil)F((n;&l —61) F(2+R+:2—a3)F(2+R+23—az)r( az;ag ~53)
F(259)T(25%) PE7=IT(E7%)
F(2+R+fl—a3)r(2+R+Zx3—al)F(%;z —61) F(2+R+fg—54)r(2+R+f4—62)1—~(&2;&'4 —53)
D(258)r (2% (25%)r(H5%)
F(2+R+fl—&4)r(2+R+f4—6] )F( &4551 _ 61) F(2+R+f4—a3)r( 2+R+Z3—&4)1—‘(sz—a22—a3)
M(E5)r(%50) P(E55)(25%)
- Tr(@) g6,,65(52, @) dsy da das. (6.5.43)

In order that our bound on (6.5.43) contain the factor y; , we now move the line of
integration in a3, in (6.5.43), from Re @3 = 0to Re(3/2 — 52 — a3 — 26> +261) =3/2+ay, or equivalently

3/2+a;  2+a, 3/2+a;
Yo )3

Re(a'3) =—-a)+ay+ 25] - 252. (6.5.44)

In moving this line, we do not cross any poles. This is by the same kinds of arguments as were used
above. In particular we note that, if the factor I'(®~5—=) has a pole, then s, — @, — a3 € 2Z; since
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S+ ap+ a3 =85 —ap —ayg = —26, is also in 2Z (by assumption), we conclude that a3 — a4 € 2Z,
whence the pole from either the term I'( ‘;4;“3) or the term I'( "3;5“) in the denominator of (6.5.43)
cancels the pole from I'(2=2=%),

So in estimating (6.5.43), we may replace the line of integration Re(a3) = 0 with the line given
by (6.5.44). The estimation then proceeds as follows. First, the only grouped combination of Gamma

functions in (6.5.43) that contributes to the exponential factor in Stirling’s formula is the last one. Since

Imay =Im(-a; -2 - a3) =Im (52 —a2) =& - 1,
these Gamma functions contribute a factor of

e~ 2 U&—n-13l/2-1&-1-731/2) _ 0

So our exponential zero set here places no restrictions on our domain of integration in & = Im(s»).
Next, we write

(A1, 42,13, 44) = (Rea;,Re 2, Re a3, Re ay)
= (a; — 261, —a3 +203,—a; +ap + 201 — 262, —ap + az + 26, — 263). (6.5.45)

Then (6.5.43) yields

3 3
13,(61,63) ¢ . 5+a1_2+ar 53143 g+ R42651+6
Res (pT,R (y;—az, k)| < Yi Yo V3 T e
aj=a

2

@+ad+alds R+1+,2127,11 Yy R+1+,213—/11 Y
. e 212 (1+|72+T3+§2|) (1+|2‘r3+§2|)

72,73,62€R
Rtl+y-4y R+1+Ap-23 R+l+ap-A4

'(1+|2§z—Tz+T3|) : o (1+|T3—Tz\) : o (1+\272—§2|) : o

R+l-ap-Ay-13

(Hla-n-nl) 2 dé; dry dry.  (6.5.46)

The factor

G2+ al+al+a2
ajtaytaz+ay

e or2

in (6.5.46) is of exponential decay in 7, if |1p| > T'*¢, and similarly for the variables 73 and &;. So
for our estimate, we need only consider the domain where | 72|, |73, |£2| < T'*2. On this domain, each
of the other factors in the integrand of (6.5.46) is < T“*#, where c is the exponent on that factor. So
(6.5.46) implies

3 3
13,(61,03) (. 3t+a1 24a; 3143 1e428,+6
Res (pTR 1,63 (y,—az,K)) < ylz v zy32 TE+261+63
a|=q 4

—ay-311 422y
2

A e
T8+3R+3+ 361-263 déjz dTS de

[Tal,|73], | & | <T e
3 3
3tar 2+a; 5+43 ge+dR+6-a—ar—az+S1+62+6
< )’1 y2 y3 T 1 2 3 1 2 3.
So, by (6.5.40) and the assumptions 6; —a; <rj —1+1-2r; < —r; for j = 1,3, we have

3 3
13,(61,63) (. 3+a1_2tay 3+43 ge+dR+ B —ri—ry—r3
a$f§1(pT,R (a0 | <yp vy vy T ’ B

So the sum of the residue terms in (6.5.27) also has a bound of the magnitude described in Proposition
6.5.25, and the proposition is proved. m}

https://doi.org/10.1017/fms.2021.39 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2021.39

64 Dorian Goldfeld et al.

6.6. Bounds for the triple residue terms

123, (51 5,

There is only one type of triple residue term to consider, namely py. %) (y). This term may be

obtained by taking the residue, at s3 = @, — 203, of the double re51due term p12 (01:82) (y; —a3) defined
by (6.5.2). Thus

123 (61,62, 63)(y) ‘/// @ ;T;ﬂu 2+a1+251y2+al+a4+262y%—a/2+263 S:R(a') FR(Q/)
2 3
Re(a)=0
Ry, 60,0, (T (B35 = 6T (H5% — 50 (H7% — 6y)
(5% = )0(27% = )0 (45 = 63) da, 6.6.1)

where s, 5,,5, is a polynomial of degree at most 267 + 95.
Proposition 6.6.2. Let r,rp,r3 be positive integers, and 0 < & < 1. Suppose ay, az,as satisfy the
hypotheses of Theorem 4.0.3. If 0 < 6; <rj—1for1 < j <3, then

123,(61,62,6 2 + 1 —1—
pT,R( 1,62 3)(}1) < y] 1y2+a2y32 93 petAR+6-r -1y 13 (6.6.3)

Proof. To obtain the desired bound on p123 (81:82.83) ( y), we shift the lines of integration in the s to

Re (@) = «, where k = (k1, k2, k3) is such that the resulting exponents of y;, y,, and y3 have real parts
as indicated in the proposition. We do so by choosing

K = ((11 —261,—az + 2083, —ax +az +26, — 253) (and k4 = —k1] — K2 — K3). (6.6.4)

Then

123 (61,02,03) a i ;a 2+“’1+251 2+a)+ag+26; 2 “’2+26331~ h
( ) r y2 y3 R(CZ) 51 (52,63(a)

Re(a@)=«
F(2+R+ZI_QZ)F(Q+R+ZZ_QI )F( afz;(ll _ 6]) F( 2+R+Zt2_a3)F(2+R+ZS_02)F( (225(13 _ 63)
' I(252)0(95) M(255)0(55%2)
. F(2+R+21703)F(2+R+2/3701)F(QSEQI _ (51) F(2+R+22—(l4)1—~(2+R+Z4—(12)F( (125014 _ 62)
F( 015(13)1—( 03;01) I—v( (72504 )F( (1’4;(22)
. F(2+R+Zl—a4)r(2+R+Z4—Ql)F( rl4;(1/1 _ 6]) F(2+R+Zt3_04)F(2+R+Zm_a3)F( (235(1(4 _ 62)
[(25%)r (252 M(S5%)r (555

(6.6.5)

Notice that, in this case, there are no poles crossed in moving the lines of integration, and therefore no
residue terms to consider. This is for reasons encountered in prior situations: if R is large enough, then
none of the terms

2+R+ai—a;j 2+R+aj—ag
D(———)r(———)

in (6.6.5) will give rise to any poles; moreover, any pole in the numerator of a factor

D(F5 = 6n)
F( (tj;(lk )F( (lk;(lj)

will be canceled by a pole in the denominator.

https://doi.org/10.1017/fms.2021.39 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2021.39

Forum of Mathematics, Sigma 65

So we need only bound the right-hand side of (6.6.5), and we do so in the usual way. We get

123,(81,62,63) a1 2+ay 3+A3 e tR+251+6
Prr () <<y1 v, tyy T 1o

R+1+K2—K| R+1+x3-Kq R+1+K4—-Kq
P 7 9 —z 9
(1+171-721) L+|71-73]) (1+r1-741)

I7il |72l | 73| <T 1*

R+1+;<2—K3 63 R+l+;<2—k4 6, R+l+;(3—r<4 6y
'(]+T2—T3) (]+|T2—T4|) (1+|T3—T4|) dr

3 =3k +3K) +K3 K,
+a +a RPITRITR 35, — —
< ylz 1y§+azy32 T /// T3R+3+ 3 36126263 ;o

|71l |72l |73 <T 1+

2+ 1 _2+ap 2+“3 T8+4R+6—u1—ag—a3+(31+52+53

<Y, Yy
But we're assuming 1 < ¢6; <rj—1land —a; < 1-2r;, whence §; —a; < rj,for 1 < j < 3.1t follows
that
3
plTZjé((sl,(szsﬁ)(y) <<y12 aly?azyz““ Ta+4R+6—r1—r2—r3’
which proves our proposition. O

7. Bounding the contribution from the continuous spectrum

Let 2 < n < 4. Assuming that a = (1, ..., @,) € C", we define
(t%+~-+a,21
em [ (e itn=2,3,
#,(n) — 1< j#k <n {
pTR (a) : (I%Jr +ad SeRea . (7.0.1)
TE Tp(e) [ T(EREE) ita=4,
1< j#k <n

where Fg (@) is as in (3.1.2). In the case of n = 4, we will sometimes drop n from the notation.
Suppose that ¢ is a Maass cusp form for GL(n) with Langlands parameter @ (¢) := @ = (ay, ..., @) €
C". Then we define

Py (@)
I r(ee)

1<j#k<n

h(TVi)R(@ = (7.0.2)

Theorem 7.0.3 (Weyl Law for GL(2) and GL(3)). Suppose that n = 2 or n = 3. Let {¢1, ¢2, ...} be
an orthogonal basis of Maass cusp forms for GL(n) ordered by eigenvalue. Then there exists a constant
¢y such that

(n) )
Z hT,R(¢/) e Tn(n;])R+(n+2)2(n—l) . (7.0.4)
L(1,Ad¢;)

Remark 7.0.5. In the case of n = 3 this is Theorem 1.3 of [GK 13]. The case of n = 2 is well known, but
we remark that it can be proved by the same method as for GL(3) (see [Gol]). The point is that the main

term for the left-hand side of (7.0.4) is | PT R 2
for the Gamma function.

, which can be easily estimated using Stirling’s estimate
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Suppose that 4 = ny + - - - + n, is a partition of 4 and ® = (¢1,...,¢,), where, for 1 < j <r, ¢; is
a Maass cusp form for SL(n;,Z) if n; > 1, while ¢; is the constant function (properly normalized) if
nj=1Let? =P, . Then we define

.....

-_—— 2
Ep0 = / T / AEyo(L.s) - Apy (M, 5) - |p§,R (aﬂ’.m(s)“ dsy---dsp-1,
Re(sl):O Re(s,_l):O

and

- 2
EPpypn = / / / Agy, (L,s) A, (M,s) - )pi,R(a,me (s))‘ dsy dsy dss.
Re(s1)=0Re(s2)=0Re(s3)=0

Remark 7.0.6. In the above integrals, a, ,(s), @, (s) denote the Langlands parameters of the
Eisenstein series Ep ¢(g, ), Epy;, (g, 5), respectively. Also, A, (L, s), Ag, (M, s) denote the Lh
and M'" Fourier coefficient of Ep ¢ (g, 5), and similarly for Ex,, (g, s).

Thus, if we define

Ep = Z cLm,P P,
>

then the contribution to the Kuznetsov trace formula coming from the Eisenstein series (defined in
Section 3.7) is given by

€ = C18(]>Min + ngj?z’lyl + C3€g>2y2 + C483>3’] ,
for constants ¢y, ¢a, c3,c4 > 0.
Theorem 7.0.7. Suppose the Ramanujan Conjecture (at co) for GL(n) withn < 3: that is, the Langlands
parameters are all purely imaginary. Let L = (£,1,1) and M = (m, 1,1). Then
|83>M,',,| < (gm)s . T3+8R+g, |8‘:P2,1’1 | <. (fm)677+8 . T2+8R+g’

7 2
|8‘:P2,2| < (gm)§+g . T5+8R+s’ |83>3’1| < (gm)§+8 . T6+8R+8,

as T — oo for any fixed € > 0.
Proof. We require the following standard notation for completed L-functions. Let
w

£ =7t (S)em = -w). (weo).

For a Maass cusp form ¢ on GL(2) with spectral parameter % + v, define the completed L-function
L* (s, ¢) associated with ¢ by

L(w,¢) = 1T (W;’V) r (g) Liw,¢)=L*(1-w,8), (weC).

If ¢1, ¢, are Maass cusp forms on GL(2) with spectral parameters % + v and % + v/, respectively, then
the completed L-function for the Rankin-Selberg convolution L(w, ¢1 X ¢>) is given by

L*(w, ¢1 X $2) =7T_2WF(W+V+V') (W—v+v’)

2

.F(W+v_v/)l“(w_;_V/)L(w,qﬁl X 7). (7.0.8)
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Table 1. Fourier coefficients of SL(4,Z) Langlands Eisenstein series.

Partition s variables of Ep ¢ First coefficient Ag, ,,((1,1,1),5) (up | m'" Hecke eigenvalue

Maass form @
spectral pars. @ = Langlands pars. to a constant factor) AEp o ((m,1,1),5)

s =1+ (51,52, 53, 54)

a) =351 +2s2 + 53 . @ @ s
- clerei’c
4= 1+1+1+1 @y = =51+ 252+ 53 ( Il (*(1+ozj—ak)) C]C‘2§C4:m 2 %3 %4
a3 =-51—25+53 l<j<ks<4’
g =—51 — 2850 — 353
s = (1 + 51, —% +S2,S3)
4=2+1+1 ay =81 +Vv (L(l Ad(ﬁ)% F(l+v)} s
¢ on GL(Z) @ =851-V * ’ c]cv%ﬁmﬁtp(q)cll
%+ Vv a3 =85 { (1*+ 251 +252) o . 0326;23‘17.3‘2
a4 =-251 -5 LT +s1452,9) 1 \
'L*(l + 351 +52,¢))
4=2+2 s=(1+s1, -1-1579)
® =06 =Sy L(1,Ad ¢} L(1,Ad ¢} % Ao e
on @2 =81 -V cico=m
GL(2) x GL(2) ay=—s;+v' .\r(% +v) r(% w)) gy (c2) (c;_l)s'
T4v, L4 g =—s;—v' -1 - ‘2

-L*(] +2S1,¢1 X ¢2))

1 3
s = (5 +s1,—7—3s1)

4=3+1 a1=S1+2V+v' (L(I,Ad ¢)%‘F(%) _3
[-6pt] ¢ on GL(3) ay=s51-v+v ) i Y agler, el ;™
%+ (V,V’) @3 =51 —V — 2y . |l"(1+;v )l—*(]+3v2+3v ) cico=m
a4=—3s1

-L*(1 +4s1,¢))_

Finally, for a Maass cusp form ¢ on GL(3) with spectral parameter % + (v,v") define the completed
L-function L*(w, ¢) associated with ¢ by

L*(w,¢) =~ 3T (W+V2+ZV’) r (W+;*V’) r (W’ZZV"”)L(W, #) = L*(1 - w, ).

Recall the adjoint L-function of a Maass cusp form ¢ is defined by L(w, Ad ¢) := L(?(—W
Table 1 (see [GMW]) lists, for each partition, the Maass form ® (with its associated spectral
parameters), the values of s-variables, Langlands parameters, and the Fourier-Whittaker coefficients of

the SL(4, Z) Eisenstein series Ep ¢.Note that Ep, | | | o = Epy, .
Remark 7.0.9. The formulas given here for the first coeflicient are valid when the form ¢ or ¢; is a
Maass cusp form.

Following Table 1 of Fourier coefficients of SL(4,7Z) Langlands Eisenstein series, we now list the
integrals arising in the contribution of the continuous spectrum decomposition of the inner product of
two Poincaré series given in Proposition 3.7.4. For the rest of the proof, and for each partition of 4, we
will give the Langlands parameter a9 ¢ (s) = (@1, @2, @3, @4) for (P, ®) and then use Theorem 7.0.3
to obtain the result.
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In each case below we will use the fact that for any 1 < j, k < 4 and Re(er;) = Re(ax) =0,

r 2+R+a;—ax 4
7

(B2

for some constant c. This follows trivially from Stirling’s estimate.
We also will use the bound of Luo-Rudnick-Sarnak (see [LRS99)) for the m’"-Fourier coefficient of
a GL(n) (n = 2) Maass cusp form ¢:

~ ¢ (1+]aj —ax))® (7.0.10)

Ap(m,1,... 1) < mi@ate, (7.0.11)

Note that this is proved in [Gol15] as well. In the special case of GL(2), Kim and Sarnak prove in the
appendix of [Kim96] that

Ap(m) < mo*e. (7.0.12)

The integral Ep,,, :

The Langlands parameters for Exp,,, (s) with s = (s1, 52, 53) these are given by
@py, (5) = (a1, @2, @3, a4),

) = 3S1 +252 + 853, ap = =5 +2S2 + 83, @3 = —851 — 252 + 853, @4 = —851 — 2S2 - 3S3.
Therefore, using Table 1 and the fact that for any £ > 0

AEy, ((m,1,1),s) = Z cy’ c%’%?”cf“ < m?® (7.0.13)

Cc1CC3C4=m

whenever Re(a;) =0 (j = 1,2, 3,4), we see that

_ 2
ETMm=/ / /AETMin(L,s)AETMm(M,s)~’p§’R(a/g>Mm(s))‘ dsyds,ds3
Re(sl):ORe(sz):ORe(S3):0
dudeied INELEy
T .
< / / / ¢ (&m) ) l—[ .

2
A L l+ai—«a
Re(o1)=0 Re(og)=0 Re(ea)=0 lsjgk§4 |01+ @ — )| 1<jcres ‘r (ka)

2R
-((1+|a/1+a/2—a/3—a/4|)(1+|a/1+a3—a/z—a/4|)(l+|a/1+a/4—a/2—a/3|)) ’

|dS1 dS2 dS3|.
If we make the change of variables
aq =3S1+2S2+S3, (LL’2=—S1+2S2+S3, a3 = —S1 —2S2+S3,

(which implies that a4 = —s1—2s,—3s3) in the above integral, it follows from the Jacobian transformation
that ds; dsy ds3 maps to %‘?d%

Now, we have the Vinogradov (see [Vin58]) bound

1 s
m < (1 + |t|) s (t <€ R), (7.0.14)
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which together with the above coordinate change imply that

Ep,,, <(tm)® 1_[ (]+|aj—ak|)R+g((1+|(I1+(I2—(I3—(I4|)
Relay— 1<i<k<4
|la|<T
2R

. (1 + |(Il +a3—ap —(I4|)(1 + |a’1 + a4 — @2 —Ct’j,l))T |da/1 dazda/3|.

Next, make the change of variables @] — o7, @y — axT, a3 — a3T. Iteasily follows that
E?Min < (fm) & T8R+3+s.

The integral €5, | | o:

We take ¢ to be a GL(2) Maass cusp form with spectral parameter % + v, where v € C is pure
imaginary. The Langlands parameters a,, ]yq)(s) for Ep,,, o(s) with s = (sy, 2, 53) are given by
a = (ay, @z, @3, @4) Where

ay=s1+v, a@=S1—-V, @3=S8, Q4=-251—2S5.
It follows that

- 2
Epy 11,0 = / / AETZ,H@(L, DE AEJ’ZJ,I@(M’S) . |p¢}’R(a)\ dsds»
Re(sl):O Re(sz):O

(_\'1+v)2+(sl 7v)2+s§+(2s1+s2)2

- e " ey, o (L) ey, oM, 5)

Re(s1)=0 Re(s2)=0

2R

3

(U i) (1 + 1251 + 252+ 201) (1 + 1251 + 25 = 201

|F (2+R+sl—sz—v ) r (2+R+s1—s2+v ) r (2+R+3s|+s2—v ) r (2+R+3.\‘1+.\‘2+v ) ‘4

4 4 4 7

L*(1+s; —s2,0)L*(1 + 351 + 52, ¢)’2

‘F (2+R4+2v ) r (2+R+2s1+2s2) 4

7

dsy dsy,

L(1,Ad ¢)|r (22) e (14251 4 250))

from which we obtain the bound

2 4
e - T2R

2
2+R+2
r(2)

2s12+s%+(2s1+s2)2
89)2,1,1,4’ < > e T2
1+2
L(1,Ad¢) (r( ZV)

Re(s1 ):0 RC(S2):0

4
|F (2+R+s‘11—sz—v) r (2+R+s‘1‘—sz+v) r (2+R+3;v‘1+sz—v) T (2+R+3s1+sz+v)

4
l+s1—s2—V 1+s;—s2+Vv 1+3s1+52—Vv 1+3s1+5+v | |2
L Ll e Ll G e |

[ 4
2+R+2s1+2
gy, o(Lo5) A5, (M) |r (%)

. 5 |dsidss|.
|r (%) £(1+ 251 +252)L(1 + 51— 52, $)L(1 + 35, + 82, ¢))

https://doi.org/10.1017/fms.2021.39 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2021.39

70 Dorian Goldfeld et al.

Here 5 ,
— S1 82 —2851—82 —=+&
/lETquyl’q,((m, 1,1), s) = E Ag(cr) - ¢l cyiey < m&u*e,

cicacz=m

by the bound for A4(c) given in (7.0.12). It follows from [HL94], [HR95], [GLS04] that
L(1+it,¢) > (1+|v|+|t])”%.

It then follows from the above bound, Stirling’s estimate for the Gamma function and (7.0.14), that

4
2+R+2
F<+4+v)

22
er?

7
83321 o < (€m) ate . T2+7R+.9 A

LU,Ad¢j”F(L?V)2

@ (4
= (€m)§+8 . T2+8R+e M
L(1,Ad¢;)

To bound €, |, we simply sum Ep, , | ¢ over all Maass cusp forms ® for SL(2, Z) using the Weyl law
for GL(2) given in Theorem 7.0.3. The stated result follows.

The integral £, , o: Here, we take @ = (¢1, ¢2) to be Maass cusp forms for GL(2) with spectral

parameters % +v, % +v’, respectively. The Langlands parameters Xy, o for Ep, , o (s) with s = (s1, 52)

are given b,
g y , ,
ay=s1+v, ar=851—-vV, a@3=-851+v, a4=-5S1—-V.

It follows that

24024072

#.(4) el i 24R+251+5v+5v" \ [P
> — 7 . 2+R+2v 24+R+2v’ +R+251+6v+0’v
prrl@)=e 7T F( 7 )F( 2 1_[ r 7 )’

5,0’ e{£l}

WX

.«1+4n00+2w+w00+2w—VW)-

Using this and the fact that

s

1+2s4 +6v+6’v’)

T

L*(1+251,¢1 x ¢2) = x>V L(1+ 251,61 x92) | ]

§,6’e{£l} 2
we see that
2 2
& « T2R+te h(T,)R(¢l) h(T,)R(¢2) / ’/lE'yz,zy‘P(L’ s) /IE'PM*“’(M’ S)|
P22, L(1,Ad ¢1) L(1,Ad ¢>) [L(1+ 251, 1 X ¢2)[?
Re(s1)=0
4
24+R+2s 'y
w ’F( +R+251+5v+6'v )‘
. €T2 |ds1|9

2
5,67e{=1} ’F (—“zsﬁgw‘s'vl)‘

and by the bounds for A4, (¢), A4, (c) given in (7.0.12),
81

(& Z
/lEsz’z,d)((m’ 1, 1)’5) = Z Ag, (c1) /l¢2(C2) : (5) <mu*E
cijc=m
It follows from [HRO95], [Mor85] that
1
L(1+2s1,¢1 X ¢2)
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Note that the bound for the case that [Im(s;)| is small involves the non-existence of Siegel zeros that is
proved in [HR95] while the case when |Im(s)]| is large was first proved in [Mor85]. See also [GL18],
[HB19].

Applying these bounds, the Theorem 7.0.3 bound, together with Stirling’s bound to estimate the
integral in 51, we find, as claimed, that

W (@) by p(42)

7
< (¢ BHE | T£+8R+3'
L(1,Ad¢;) L(1,Ad ¢») < (fm)

|8sz,2| < (fm)377+8 . Tg+6R+l
(¢1,62)

The integral Ep, | o:

Let 8 = (81, B2, B3) and %+(v, v’) denote the Langlands and spectral parameters, respectively, associated
with a Maass cusp form ¢ on GL(3). Here

Br=2v+v, Br=-v+v, Bz=-v-2.

The Langlands parameters (N (s) for Ep, | o(s) withs = (s1,—3s1) are givenby a = (a1, a2, @3, @4)
where h

ap=s1+p1, ar=s1+P, az=s1+p03 as=-3s1.

Note that in this case, since

Za?:% + (s1+,8]) —1251+Z

4 3
Jj=1 Jj=1 Jj=1

and s1, 81, B2, B3 are purely imaginary, we have

652 3 2
3 e 2+R+4s1—Pi
Ph (@) = ph D (g e [ |1 (2Rt
=1

((1 +1B1 = B2 — B3 — 4s1)

R
. (1 + |,31 + 5 —- B3 +4S1|)(1 + |ﬁ1 - B2+ B3 +4S1|)) ’
where pﬁ .3 )(ﬁ) is defined by (7.0.1).
This allows us to write
- 2
Epyrm = / Abp, o(Li8)  Apy o(M,5) - |pT p(@)| dsi
RC(S1)=O
-/ o) Aone B0 i () B
L(1,Ad¢) - |L*(1 +4s1,¢)|?
Re(s1)=0
: 24R+4 4
I—HF (%mﬁk) : ((1 +[B1 = B2 — B3 — 4s1l)
k=1
ZTR
(L4181 + B2 = B+ 4sil) (1 +181 = Ba+ By +4sil))  dsy
where, using (7.0.11),
DU dslen D) el < m3te, (7.0.15)

cicp=m
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In the above

L*(1+4s),¢) =n" = L(1+4sl,¢)l_[ (1+4s1+ﬁj)

It follows from [Mor85] and [HR95] that for every £ > 0

1
L(1+4s1,¢) >, =, (7.0.16)
(L+]si]+ v+ ]v])

where the implied constant in the > . symbol is effective unless ¢ is a self-dual Maass cusp form that is
not a symmetric square lift from GL(2). Note that the bound for the case that [Im(s1)| is small involves
the non-existence of Siegel zeros that is proved in [HR95] while the case when [Im(s)| is large was
first proved in [Mor85]. See also [Sar04].

Let{¢1, ¢2, . . .} be the Maass cusp forms for GL(3) ordered by eigenvalue, andset £; := L(1,Ad ¢;).
It follows from (7.0.15) and (7.0.16) that

Z € Z hﬁ " (B(J)) / /IE'J’3,|v¢j (L,s)- /lE'J’3,1v¢j (M, 5) 12212
-
ot L Ey L +as, )P ¢

Re(s1)=0

Ny

(2+R+4sl+ﬁ(’) ) 4

A+ 181 - B2 - B3 - 451))
r( 1+4s1+p’”> )
2

2R

(14 1B+ Ba = B+ 4sil) (14181 = Bo v B +451])) dsy

4
( 2+R+4s) +/3(J )
1

1252

h(3R(ﬁ(j)) / e T21 3

< (tm)s*e . T2R > |ds1].

L L(l1+s1,0;) W |?
J J Re(s1)=0 17 k=1 F(%)
Using Stirling’s estimate for the Gamma functions here, it easy to see that
N4
2+R+4 +ﬁ(’)
3 F(;) 3 _
[[———5 <[ ]+1si+28)".
W |? k
k=1 (1+4s1+B )' k=1
2
Combining this with the previous bounds and Theorem 7.0.3, we find, as claimed, that
Epy, < D [€pyya)| < (Em)T+e 705K, O

J

Remark 7.0.17. As outlined in [Blo13], it should be possible to obtain bounds for the more general
case of L = ({1, 2, ¢3) and M = (my, my, m3) using the relations for the GL.(4) Hecke operators.
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Appendix A. Integral bounds

Lemma A.1. Suppose that e, [ are real numbers. Then

T

/ < (1+T)—min{e,f,e+f—1}+£
0 1+T x 1+x)f

x=l

forany T > 0 and € > 0, and the implied constant does not depend on T.

Proof. We consider the integrals

T/2

/(1+T x) (1 +x) dx and /(1+T 01 +x)7 dx

x=T/2

individually. Since

T+ 41 if
/x_fdx<< N ity#1
logT + 1 if f=1,

x=1
it follows in the case of f # 1 that

T/2
/(1 +T-x)(1+x)7 de < (1+T)“(1+(1+T) ).
x=0

In like fashion, we find thatif e # 1,

T
/ (1+T -0 (1+x) T dx < (1+T) 1+ 1+17)7.

x=T/2

Putting this together proves the result. In the case that e = 1 or f = 1, the logarithm contributes 7¢ as
claimed. O

Lemma A.2. Assume By < By < --+ < By. Then for any € > 0

B
l_[ I+[x=B;])“dc < (1+Bx-B))°
x:1 =1
k-1

Z 1+Bj, - Bj) min {escpesvesn-1} l_[ (1+B3() - Bil) ™,

Jj=1 i#j,j+1

where

B; ifi < jande; >0,
By ifi<jande; <0,
By ifi>j+1lande; >0,
B; ifi>j+1lande; <O.

Bj.(i) =
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Proof. First,

Forevery j =1,2,...,k — 1, we have

By k B+
/ (1+|X—Bi|)—e"dx < / (1+x_Bj)_€j(1+Bj+] _x)—ej+1
B, =l S
J-1 k
T0ex =B T (10 Bim) ™ ax
=1 =j+2

For each of the terms withi < j and any B; < x < Bjyy,

e 1+B;-B;) "  ife;>0,
(1+x-B;)“ < (1+8; = B) Loa
(1+Bjs —B;) " otherwise.
A similar bound holds for the terms with £ > j + 1. So in order to complete the proof, we need the bound

Bj
(1 + X — Bj)_ej (1 + Bj+1 - )C)_ejJrl dx
Bj
< (1+Br-B)°(1+Bj - B;) ™ {e""e”"ejw”“fl},
which follows from Lemma A.1 by a simple change of variables. O

Lemma A.3. Assume By < By < --+ < By. Suppose that 1 < jmin < jmax < k. Then for any € > 0,

Bjmax
l—[ (1+]x=B;|)™ dx < (1+Bj,, — Bmn)

i=1

&

x:Bfmin
Jmax—1
ax o '—min{ej,ejn,ej"'ejﬂ—]} (i) — B;|) ¢
(1+Bjs1 - Bj) (#1850 = Bil) ™,
J=Jmin It

where
B; ifi < jande; >0,
B'(i) = B l:fl:<]:ande,-<0,
J B ifi> j+1ande; >0,
B; ifi>j+1ande; <O.

Proof. First,

Bjmax jmax - 1 BJ+1

X=Bjin j:jminszj
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For every j =1,2,...,k — 1, we have

Bt g B
1_[ (1 + |.x - Bi|)’e"dx < / (l +Xx— Bj)*ej(l +Bj+1 _x)*ejH
B, =l S
Jj-1 k
nl+x B;) 1_[(1+Bi_x)*e[dx'
= t=j+2

For each of the terms withi < jand any B; < x < Bjyy,

(1 + Bj - Bi)_ei if e; > 0,
(1+Bjs1 —Bi)™“  otherwise.

(l+x-B;) " < {

A similar bound holds for the terms with £ > j+ 1. So in order to complete the proof, we need the bound
Bj+l
(I+x-B;) “(1+Bj —x) 7" dx
B
< (1+By —B))®-(1+Bjs - B;)" ™" {ef’€’+"ej+e"+l_1},

which follows from Lemma A.1 by a simple change of variables. m

Appendix B. Kloosterman sums on GL(4) by Bingrong Huang
B.1. Introduction

The classical Kloosterman sum is given by
. d+nd
S(m,n;c) = Z e u),

C
d (mod c¢)

where dd = 1 (mod c) and e(x) = ¢>™*, which arises when one computes the Fourier expansion of
the GL(2) Poincaré series. Weil [Wei48] obtained the algebreo-geometric estimate

|S(m,n;c)| < ged(m,n, c)1/2c1/2‘r(c),

where 7(+) is the divisor function. Bump, Friedberg and Goldfeld [BFG88] introduced Poincaré series
for GL(n), n > 2, and showed in the case n = 3 that certain ‘GL(3) Kloosterman sums’ arise in the
Fourier expansion. Friedberg [Fri87] and Stevens [Ste87] extended this result to all n, studying GL(n)
Poincaré series and their related GL(n) Kloosterman sums, from the classical and adelic points of
view, respectively. Friedberg, following the work of Larsen (n = 3) [BFG88], obtained upper bounds
for GL(n) in certain cases. Stevens [Ste87] gave a nontrivial estimate for the GL(3) Kloosterman sum
corresponding to the long element of the Weyl group. By their results, we get nontrivial upper bounds
for all GL(3) Kloosterman sums.

In this appendix, we consider all GL(4) Kloosterman sums. We will write Q,, for the completion of
Q at a place p and write A for the adeles of Q. Let G = GL(4). Let W be the Weyl group of G. Let

1% % %
U= {(8 (1) s )} be the standard unipotent group, and let
0001

U,=w ! U-wnU, U,=Ww"'-"U-wynU, weW.
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Table B.1. Main results for GL(4) Kloosterman sums.

IWeyl element Compatibility conditions Upper bounds of the Kloosterman sum
Y mp =ni, my = ny,
wi = 1 60],1662,1663,]5;11[,}1]6m2,n26m3,n3
1 m3 = nz;

C1262=C3=1

c

s o (1 71) = chzmz, ny = €M, e Friedberg [FFri87, Theorem CJ;
1 ) 2 1

e o 7(c1c2¢3) 2 (my, c3/c2) V4 (ma, ca/c1)'/?
cileales
“(m3,n3, ¢1)¥*(crea03)3/

( 1 . ) ny = GGy, cm. o Similar to Friedberg [Fri87, Theorem CJ;

w3 = 1 h cg ’ cg ’

-1 o 7(c1c2¢3) (m3, c1/2) V4 (mo, ca/c3)'?
c3lealer

“(my,n1,¢3)3*(creac3)3

m3cy mca.

ny = o >3 = =77 c1C2C3

cilea, c3ler

)

-1
ws = ( b ) ny = €162€3
1

1 _ .
e = ( P BETg c162€3
-1
c3|C2
-1 camg
wy = (1 1 = 2’ ci1cac3
1
cijc2
o 7(c1c2¢3) ¢ (myn3, [c1, c2, c3])?
1
wg = ( | 1 ) “(many, [c1, 2, ¢31) 2 (m3ny, [c1, €2, ¢3])2
1

. 12
'mln{[61,63]1/2(61,C3)027 6103(01,63)02/ }

e 7(c1c203)* (min3, [c1, ¢2, c3])1/?

-(mana, [c1, c2, ¢3])'/?

“(m3ny, [c1, ¢2, ¢30) V2 (c10263) /10

Let ¢y, ..., c3 be non-zero integers, and set
c =diag(1/c3,c3/c2,c2/c,c1).
Following Stevens [Ste87, §2], we define
C(ew) :=U(Qp)ewlU(Qp) NG(Zp), X(cw) := U(Zp)\C(cw) /Uy (Z)).
By the Bruhat decomposition we have natural maps
u: X(ew) > U(Z,)\U(Qp), u':X(cw) = Uyw(Qp)/Uw(Z)).

defined by the relation x = u(x)cwu’(x) for x € X(cw). Lety : U(A)/U(Q) — C* be a character of
U(A) that is trivial on U(Q). Every such character has the form ¢ = ¢y for some N = (ny,ns,n3) € Q,
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where iy is given by

) = &(nx1 + noxy + n3x3)

and & : A — C* is the standard additive character. We can write ¢ = [], ¥/, where ¢, is a character
of U(Qp) that is trivial on U(Z,). The local Kloosterman sum is defined by

KlyWpowpicow) = D wp((x)) -y, (' (x)).

xeX(cw)

The global Kloosterman sum is defined by KI(y,y";c,w) = [1, KI,,(¥p,¥},, ¢, w). Our main results
for KI(¥p, ¥ ; c,w) are in Table B.1.

It was shown in Friedl}erg [Fri87, §1] that the Kloosterman sums are non-zero only if w € W is of

K
I
the form w = ) “ , where the I} are k X k identity matrices and k| + - - - + k, = n (may have
Ik,

some minus sign to make its determinant 1).

For the case w = wy, we have KI(Yar, Wn; ¢, W1) = 0¢,.10¢5.10¢5.10m, .m1 Omy,ny Oms nz » Where 8y, =
1 if m = n, and 6,, , = 0 otherwise.

For the case w = w, or W3, Friedberg [Fri87] gave some very nice bounds for GL(n) Kloosterman
sums attachedtow = (; ) For n = 3, this is due to Larsen, see [BFG88, Appendix]. Then Friedberg
[Fri87, §4] generalized it to all n. In some applications, we may need to give a bound with power saving
in terms of all ¢y, ¢2, c3. One can modify Friedberg’s proof to give such a bound in the case n = 4. Note
that the main situation is when ¢; = p/%, a > 1, 1 < j < 3, in which case (c1c2c3)3* agrees with

c?./ *'in [Fri87]. In the proof, we need Deligne’s deep theorems from algebraic geometry [Del77]. For

the case w = w3, one can use the involution operator ¢ : g — wg’g~'wyg to get the result.
By [DR98, Theorem 0.3 (i)], we have the ‘trivial’ bound

KIl(y, ' c,w) < #X(cw) < creacs. (B.1)

We use this forw = w;, with4 < j < 7. In fact, this kind of bound holds for a general Kloosterman sum.

B.2. Stevens’ approach

In this section, we follow Stevens’ approach [Ste87] to bound the GL(4) long element Kloosterman
sums. For w € W, we define w(j), j € {1,2, 3,4} by the formula

weej=Eew(),

where eq, e3, e3, e4 is the standard basis of column vectors. Let vy, v2, v3, v{ s vé, vé € Z, and define the
characters y, ¢’ of U(Q,)/U(Z,) by

1w * * 1w = =
¢( b s = E(viun + vaus + vauz), lﬂ'( b ;3) = EVuy + Viua +vius). (B.2)
1 1
Fix
c=diag(p™,p" ™", p" %, p*). (B.3)

We will use the same notation as in Stevens [Ste87, §4]. And we need Definition 4.9 and Theorem 4.10
in [Ste87]. Note that n in [Ste87] will be our cw.
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Our main result in this appendix is the following theorem.

Theorem B.4. Let Ki,,(y,y"; c, wg) be the local Kloosterman sum attached to the long element ws.
Let yr, ' be as in (B.2), £ = max(r, s, t), o = max(t, s), o = min(t, s), and

Cs = 64(Iv1v3l, ', pO) 2 (vavs ' PO P (vavily ' p9) P e+ D (r + 1) (0 + )%

Then

|Klp('ﬁ, l//,; c, w8)| < Cy min(pr+0'+g/2’ p9+2‘”’/2)'

In particular, we have |Kl,(,¢";c,wg)| < Cgp

Suppose we are given «, 8,y € Z%, and nonnegative integers a, b, ¢, d, e, f 3 satisfying

a<s, d<s, e=s, f<r,

x= —ypr_f €Zp,

9(t+r+5)/10_

y=p (Bp —yp ) ez,
2=p'yp -p ") €2y
A=p (Bp" —ayp ) ey,
{ﬂ =p'(yp™ T +ap = pTP —BpTF) € ZX.

Hence, by A € Z%, we have

b<r, a+f <max(r,s).

Then there is an element xZ’g LQ'B 'Y € X(cwg) for which

1p™ ap™ Bp~*
d,f,a.B, -
' (x f.a.p 7) — 1 ],1

a,b,c

Indeed, we have the matrix identity

-1

1

'“_1 . 1 uy Ug us
zA7 pd _ 1 u ug

xpt gt apT!
px ps—a (lps_d B

where

w=pp" T (pm P —ap™), Uy =—p7'p

Uy = /l—lpt—r (aps—c—d _ﬁ)’
uz =—plyp" 7,

Write (B.11) as g = ucwgu’. Then we have

t -1
g =ws'g wsg =

b

us

1

yr7
—C

1

1p™@ ap™ Bp~s
cws ! P e
1

S—=r—a

-1,-s

Us=u 'p -,

b

)

b + ¢ < max(t, f);

) (mod U(Zp)).

P~

ug =A"'p" = (yp~ -

-1

pt

—a/lilp‘sfd B/l—l
(ap™-p )™t —yut A
t-c

-p

—Z

u

p~7e).

(B.5)

(B.6)

(B.7)

(B.8)

(B.9)

(B.10)

(B.11)

(B.12)

3Note that here we use ¢ in two meanings, one for a matrix, and another for a nonnegative integers. However, one can easily

determine what it means in the context.
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and its Bruhat decomposition is

1 —up = * p* o 1-p=© * *
1 —up = i 1 -p? o«

I —u P! w8 1 -pe]
1 p' 1

Since g € X(cwg), we have g* € X((cws)*) € G(Z,), hence
c<t, a+b<max(r,d), ap“-p €Zp. (B.13)

Let ¢,y be characters of U(Q,)/U(Zp). For a,b,c, and d, f, a, 8,y satisfying (B.6)—(B.9) and
(B.13), let Xj’i)f ’C”’B’y(cw8) =T(Z) * xZ"IZ ,Cw,ﬁ,y be the orbit through xj"g ’c”’ﬁ’y, and let

SELTPY gew) = D) ww) (W ()

X&_Xdyf,a.ﬂ.y

a,b,c (CWS)

be the Kloosterman sum restricted to this orbit. For a, b, ¢ satisfying (B.6), (B.9) and (B.13), let

Xap.c(ewg) = U Xa’g,caﬁ Y(cwg), where d, f run over nonnegative integers, and a, 8,y run

d.f,a.By
over the elements of Z; satisfying (B.6)—(B.8). Let

SapeW.vsewg) = > Y)W W ().

xexa,b,c (CWS)

Lemma B.14. We have X (cwg) = [1,.p.c Xa,p,c(cws), where a, b, c > 0 run over integers satisfying
(B.6), (B.9), and (B.13).

Proof. See Stevens [Ste87, Lemmas 5.2 and 5.7]. ]
Lemma B.15. Let { = max(s,r,t), and a < s, b <r, ¢ <t be nonnegative integers. Then

|Sa,b,c(';b> ‘//,; c, W8)|
— _ _ _ atb+c
< 64(vivl s PO 2 (v L pOY 2 (vav 5L PO 2o S (X e (cwg).

Proof. The involution ¢ sends X, p (cws) to Xc p.4((cws)*). Composing ¢ and ¢’ with ¢ has the
effect of replacing (vy, v2, v3) by (—v3, —v2, —v1) and (v; s vé, vé) by (—vg, —vé, —v{). Applying ¢ to cwg
reverses the roles of t and s. Thus we may assume ¢ > s without loss of generality.

Let £ = max(r, ). The conditions (B.6)—(B.9) and (B.13) imply that the matrix entries of u(x) and
u’(x) lie in p-fz,, /Z,, for every x € X(cwsg). Indeed, by Lemma B.14, it is enough to verify this for
x=x87 P Note that yt = p= p(ap*~4=¢ = B) + p=ap' (yp~ = p™0) = p~SAupp” + p~9z € Z}.
We have u; € p~"Zp,. The claim is now easily verified.

Now let 8 be a finite subset of Zio X (22)3 such that X, 5 -(cwg) is the disjoint union of the

XS @BY (oo with (d, f, @, B,y) € S. Then as in [Ste87, Th. 4.10] we have

a,b,c

SabeWotseows) = p (1 =p™) 3 # (XL (ew)) Sy (607757:¢) (B.16)

(d.f,a,B,y)€8
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where Sy, is defined in [Ste87, Def. 4.9], and 93}{;"87 : Ay, (£) — C* is the character given by

Od’f ’ (1,,6,)’

abeT@AxA)=e (vlulxll +vauady + vauzds + v p A+ vip P AL + vép’c/lg)
~ ((—vlu‘p“”(p”” —ap N+ (A P (apd - B,
p
+(V318—1,ypt’+r—s—f)/l3 + Vipt’—a/li + Vép{’—b/lé + Vgpt’—c/lg)

pt
By Example 4.12 in Stevens [Ste87], we have

S (001 TP 0) = Sy(mp™ p T (p ™ = ap™), vip' = ph)
. SZ(VZ/l—lpt’H—r (a,ps—c—d _ B), Vép[_b; pt’)
. SZ(_V3ﬂ—1,yp[+r—S—f,Vip[—a;pf), (B17)

where S is the classical GL(2)-Kloosterman sum. By Weil [Wei48], we have the inequality
|S20m, nz pO)| < 2(ged(Iml,". It p) ! 2pt 2, (B.18)

form,n € Z,,. In order to apply this bound, we first note

ged(vap™ 1D v p Lt ph) < ged(lvavily ! ph) e,

ged(|vap™ " (ap* = = B v TP pY) < ged(Ivavs ]t pH Pt

ged(vip™ T (p7 P —ap™ )|t Vip .ph) < ged(Ivivi[;! pOpte.

t’—cl—l
p

Hence we have

a+b+c

d,f,a,B, — — _ 30—
10y (0L S5 0] < 8wl pO) 2 (vavily s ) 2 (vav] ) p) 2 p

This inequality, together with (B.16), gives

Sap.c (.0 c,ws)l < 8(vivslt p) 2 (vavyls ! PO 2 (vsvi [t p9)'2

_1<_2 _atbic d.f,a.pB, B.19
U=p TS (XL (). (B.19)
(d.f,a.B,y)€s

The sum appearing on the right-hand side is equal to #( X,  (cwg)). Since p > 2, we have (1-p~1)™3 <
8, by (B.19), we prove the lemma. O

Proof of Theorem B.4. By the involution ¢, we can assume ¢ > s without loss of generality. Let
C =64(rvsl,' ) P (vaval, ' PO 2 (vavi s PO 2 (r + D (s + 1),

At first, we deal with the case t > r.

e lfa+b+c<tandd+ f <r then#(d, f) < (s+1)(r+1),#(a,y,B) < p**f so
#(Xa,b,C(CWS)) < (r + 1)(S + l)pa+b+c+d+f+s < (V + 1)(.8' + l)pr+s+a+b+c'

Hence by Lemma B.15, we have Sy p . (¥, "; ¢, wg)| < Cp™*s*/2.
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e Ifa+b+c<tandd+ f > r,then we assumethatd + f =r+k, k > 1. Note thatd < s, f <'r,
we have k < 5. By (B.8), we have b +s5 = d + f = r + k. Since A € Z, we have #{(a,y,8)} <

pd+f+(s—k) — pr+s_ Hence

a+b+c

1Sab.c (W, 05 c,wg)| < Cp™™*+73

< Cpr+s+t/2'
e Ifa+b+c >tandd+ f < r,then by (B.8) and a similar argument as above, we have #{(a,y,8)} <
pld=m+f+s Hence

a+b+c

Sab.c(W 05 ¢, ws)| < Cpd=mH I ++5575 < Cpres+i/2,

e Ifa+b+c>tandd+ f > r, then we have #{(«,y, B)} < p'd=™+/+(-K) Hence
Sub.c (W0’ c,ws)| < de—m+f+s—k+—“+l2’+c < Cpr+s+t/2.

Note that in this case, we always have r + s + /2 < t + 25 + r/2. Theorem B.4 now follows from the
equality K1, (f,¢"sc,ws) = X Sap,cW,¢'5c,wsg).

=5,0=1,0>

Now we handle the case r > t. By a similar argument as above, we obtain

1Sa.p.c(, U'ie,wy)| < Cpr””/z.
If ¢ is small, this bound is not good enough. So we need to bound this in other way.

e If f > 1, thenby (B.7), wehave b+c = f,and a+ f < r. By (B.8), we have #(a,y) < pd*/—(a+f-1)
If d + f < r, then we have

at+b+c b+c

|Sa,b,c(¢’,',0l;C, W8)| < de+f—(a+f—t)+s+ T < Cpt+s+d+ 5

< Cpt+s+%+# < Cpt+3s/2+r/2_
o If f>randd+ f > r,then by writingd + f =r+k, 1 < k < s, we have

_ _ _ a+b+c
|Sa,b,c(¢”l,b/;c’ W8)| < de+f (a+f —t)+s—k+43

pddrf
< Cpt+s+2+ >~k < Cpt+3s/2+r/2_

eIf f<tanda+b+c > r. Since u € Z%, we have #(a,y) < pd+f—(a+b+c=1) Then by the same

argument on the size of d + f, we have

IA

a+b+c

|Sa,b,c(w’ w’;c’ WS)l < Cpr+t+s— 3

< Cpt+s+r/2.

o If f <t,anda+ b +c <r,then we have

a+b+c

Sab.c (W' e, wg)| < CpdH/ ++555 < cpt2s+7 /2,

This proves (B.5).

We now give a proof of the second claim. If r + o + 0/2 < o+ 20 +r/2 —thatis, r < o+ 20
—then o +r <4p,s0r+0+0/2 <9 o+r+0)/10.If r+o0+0/2 > 0+20 +r/2 — that is,
r>o0+4+20 —then 90 < 3rand o+ 1lo < 4r, 80 0+ 20 +r/2 < 9(0 + r + 0)/10. This proves
min(p’to+e/2 por2otr/2y < p9(t4r+9)/10 aq claimed, and hence Theorem B.4. O

Remark B.20. The result is not optimal. To improve the bound in some cases, one may use the stationary
phase formulas as Dabrowski and Fisher did for GL(3), see [DF97].

https://doi.org/10.1017/fms.2021.39 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2021.39

82 Dorian Goldfeld et al.

Remark B.21. Stevens’ method can be used to bound other Kloosterman sums as well. It’s not too hard
to prove bounds similar to (B.1). But to improve these ‘trivial’ bounds, one may need new ideas.
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