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2.1 Conditional Expectation 51
2.1 Conditional Expectation

Martingales are a central object in probability. To define them properly we need
to develop the notion of conditional expectation.

Proposition 2.1.1 (Existence of conditional expectation) Let (Q, F, P) be a prob-
ability space. Let G C F be a sub-o-algebra. Let X: Q — R be an inte-
grable random variable (i.e. E|X| < o). Then, there exists an a.s. unique
G-measurable and integrable random variable Y such that for all A € G we
have E[X14] = E[Y14].

Definition 2.1.2 Let (€, ¥,P) be a probability space. Let G C F be a sub-
o-algebra. Let X: Q — R be an integrable random variable (i.e. E | X| < o).
Denote E[ X | G] to be the (a.s. unique) random variable such that forall A € G,
we have E[X14] = E[E[X | G14].

For an event A € ¥, we denote P[A | G] := E[14 | G-

If P[A] > 0, we also define

E[X14 | G] PIBNA|G]
E[X | AG] = ———— d P[B|A Gl = ———
[X | AG] BIA] an [B|AG] BIA]
It is important to note that conditional expectation produces a random vari-
able and not a number. One may think of E[X | G] as the “best guess” for X
given the information G.

Uniqueness is a simple exercise:

Exercise 2.1 Let (Q, ¥, P) be a probability space. Let G ¢ ¥ be a sub-o-
algebra. Let X be an integrable random variable.
LetY,Z: Q — R be G-measurable random variables, and assume that for
any A € G the expectations E[Y14] = E[Z14] = E[X14] exist and are equal.
Show that Y, Z are integrable, and that Y = Z a.s. > solution <

We now prove the existence of conditional expectation.

Proof of Proposition 2.1.1 The existence of conditional expectation utilizes
a powerful theorem from measure theory: the Radon—Nykodim theorem. It
states that if y, v are o-finite measures on a measurable space (M, X), and if
v < u (i.e. for any A € X, if u(A) = 0 then v(A) = 0), then there exists a
measurable function 3—; such that for any v-integrable function f, we have that

3—; is p-integrable and f fdv = f f fj—;du. (See Theorem A.4.6 in Durrett,
2019.)
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This is a deep theorem, but from it the existence of conditional expectation
is straightforward.

We start with the case where X > 0. Let u = P on (€, ¥) and define
v(A) = E[X14] for all A € G. One may easily check that v is a measure
on (Q,G) and that v < P|g. Thus, there exists a G-measurable function j—;
such that for any A € G, we have E[X14] = v(A) = [14dv = [14$5du. A
G-measurable function is just a random variable measurable with respect to G.
So we may take Y = 3—;, and we have E[X14] = E[Y14] forall A € G.

For a general X (not necessarily nonnegative) we may write X = X — X~
for X* nonnegative. One may check that Y := E[X* | G] — E[X~ | G] has the
required properties. O

The uniqueness property described in Exercise 2.1 is a good tool for com-
puting the conditional expectation in many cases; usually one “guesses’” the
correct random variable and verifies it by showing that it admits the properties
guaranteeing it is equal to the conditional expectation a.s.

Let us summarize some of the most basic properties of conditional expecta-
tion with the following exercises.

Exercise 2.2 Let (€, ¥,P) be a probability space, X an integrable random
variable, and G C ¥ a sub-o-algebra.

Show that if X is G-measurable, then E[X | G] = X a.s.

Show that if X is independent of G, then E[X | G] = E[X] a.s.

Show that if P[X = c¢] =1, then E[X | G] = c a.s. > solution <

Exercise 2.3 Let (€, 7,P) be a probability space, X an integrable random
variable, and G C ¥ a sub-o-algebra.
Show that E[E[X | G]] = E[X]. 5 solution <

Recall that for A € ¥, we defined P[A | G] = E[14 | G].

Exercise 2.4 Prove Bayes’ formula for conditional probabilities:
Show that for any B € G and A € ¥ with P[A] > 0, we have

E[15 P[A
P[B | A] = %. + soluion <

Exercise 2.5 Show that conditional expectation is linear; that is,

ElaX +Y |Gl =aE[X |GI+E[Y | G] as.

https://doi.org/10.1017/9781009128391.004 Published online by Cambridge University Press


https://doi.org/10.1017/9781009128391.004

2.1 Conditional Expectation 53

Show that if X <Y a.s., then E[X | G] < E[Y | G] a.s.
Show that if X,, / X a.s., X;; > 0 for all n a.s., and X is integrable, then
ElX, | G]1 / E[X | G]. > solution <

Exercise 2.6 Let (Q, ¥,P) be a probability space, X an integrable random
variable, and G C ¥ a sub-o-algebra.

Show that if Y is G-measurable and E | XY | < oo, then E[XY | G] = Y E[X |
Q] a.s. & solution <

Exercise 2.7 Let (Q, 7, P) be a probability space and X an integrable random
variable. Suppose that (A,), is a sequence of pairwise disjoint events such that
SnPlA,] = 1 (i.e. (Ap), form an almost-partition of Q). Let G = o ((Ap)n).

Show that for all n,
E[X14,]
E[X 1, = ——1 .S.
[X | G1,, P[4, A a.s
Use this to conclude that
E[X14,]
EX = —nl .S. > solution <t
[X | G] . B A, a.s ;

Definition 2.1.3 Let X be an integrable (real-valued) random variable, and Y
another random variable, not necessarily real-valued. Define E[X | Y] := E[X |
o)l

Exercise 2.8 Show that if X is an integrable random variable, and Y is arandom
variable taking on countably many values, then

E [X1jy=y)]
E[X |Y] = v = Liv=y)
y;y PlY =y]

where Ry = {y: P[Y =y] > 0}.

Exercise 2.9 Prove Chebychev’s inequality for conditional expectation: Show
that if X € L2(Q, ¥, P), then a.s.

PIX|2a|Gl<a” E[X*|G].
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Exercise 2.10 Prove Cauchy—Schwarz for conditional expectation: Show that
if X,Y € L>(Q, ¥, P), then XY is integrable and a.s.

(ElxY | G)* <EB[X*| 6] -E[r*16].

Proposition 2.1.4 (Jensen’s inequality) If ¢ is a convex function such that
X, p(X) are integrable, then a.s.

Ele(X) | G] 2 ¢(E[X | GD.

Proof As in the usual proof of Jensen’s inequality, we know that ¢(x) =
SUP(, pyes(@x+b) where S = {(a,b) € @2V y, ay + b < (3)}.If(a,b) € S,
then monotonicity of conditional expectation gives

Ele(X) | Gl 2 aE[X | Gl + b a.s.

Taking the supremum over (a, b) € S, since S is countable, we have that

Ele(X) | G1 2 ¢(BIX | G]) as. o

Proposition 2.1.5 (Tower property) Let (Q, F,P) be a probability space, X an
integrable random variable, and H Cc G C F sub-o--algebras.
Then, E[E[X | G] | H] = E[E[X | H] | G] = E[X | H] a.s.

Proof Note that E[X | H] is H-measurable and thus G-measurable. So
E[E[X | H]| G] = E[X | H] as.

For the other assertion, since E[X | H] is H -measurable, we only need to
show the second property. That is, for any A € H, since A € G as well,

E[E[X | H11al = E[E[X14 | H]I = E[X14]
= E[E[X14 | G]] = E[E[X | G1a]. o

2.2 Martingales: Definition and Examples

Definition 2.2.1 Let (Q, #,P) be a probability space. A filtration is a sequence
() of nested sub-o--algebras F; € Fr41 C F.

Example 2.2.2 The basic example of a filtration is one induced by a sequence
of random variables. If (X;), is a sequence of random variables in a probability
space (Q, F,P), then F; = 0 (Xo, . .., X;) is easily seen to be a filtration. ava
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Definition 2.2.3 Let (Q, 7, P) be a probability space. Let (7;); be a filtration.
Let (M;); be a sequence of complex-valued random variables.

The sequence (M, ), is said to be a martingale with respect to the filtration
¥ if the following conditions hold: For all ¢,

e M, is measurable with respect to 77,
o ElMt| < 00, and
o E[My1 | 1] =M, as.

Exercise 2.11 Let u be a probability measure on Z such that for (U;);» i.i.d.-py,
we have E[U;] = 0 and E |U;| < co. Let My = 0 and M, := Y} _, Ux. Show that
(M), is a martingale with respect to the filtration F; = o (Uy, .. ., U;).

What about the filtration F,” = (Mo, . . ., M;)? > solution <

Exercise 2.12 Let (M;), be a martingale with respect to a filtration (¥%;);.
Show that (M;); is also a martingale with respect to the canonical filtration
7‘;’ = (T(MO, ey MI) &> solution <

In light of Exercise 2.12, we do not really need to specify the filtration when
speaking about a martingale (M;),, since we can always refer to the canonical
filtration o (M, . .., M;). Thus, whenever we speak of a martingale without
specifying the filtration, we are referring to the canonical filtration.

Exercise 2.13 Let (X;); be the simple random walk on 74, That is, X; =
Z;zl U;, where U; arei.i.d. uniform on the standard basis of 74 and the inverses.
Show that M; = (X,, v) is a martingale, where v € R4,
Show that M, = ||X,||? — t is a martingale. > solution <

Definition 2.2.4 Let (€, ¥, P) be a probability space and (7;), a filtration. A
stopping time with respect to the filtration (7;); is a random variable 7' with
values in N U {co} such that {T’ < ¢} € ¥, for every ¢.

A stopping time with respect to a process (X;); is defined as being a stopping
time with respect to the canonical filtration of the process o (X, . . ., X;).

Usually we will not specify the filtration, since it will be obvious from the
context.

Example 2.2.5 Some examples: If (X;); is a process and we take the canonical
filtration,

e T =inf{z: X, € A} is a stopping time;
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o FE =supf{r: X; € A} is typically not a stopping time.

AV A

Exercise 2.14 Show that if (M;),; is a martingale and 7T is a stopping time, then
(M7 ¢), is also a martingale. > solution <

Exercise 2.15 Show that if 7,7’ are both stopping times with respect to a
filtration (%;);, thensoisT A T". 5 solution <

The relation of probability and harmonic functions is via martingales as the
following exercise shows.

Exercise 2.16 Let G be a finitely generated group. Let u be an adapted proba-
bility measure on G. Let (X;); be the u-random walk.

Show that f: G — C is y-harmonic if and only if (f(X})), is a martingale
(with respect to the canonical filtration F;, = o (Xo, . . ., X;)). > solution

2.3 Optional Stopping Theorem

It follows from the definition that E[M;] = E[M,] for a martingale (M;);. We
would like to conclude that this also holds for random times. However, this is
not true in general.

Example 2.3.1 Let M; = Z;Zl X;, where (X;); are all i.i.d. with distribution
PX; =1]=P[X; =-1] = % (i.e. (M;); is the simple random walk on Z). Let
T =inf {t: M, = 1}.

We have seen that (M;), is a martingale and 7 is a stopping time.

In Section 2.4, we will prove that T < oo a.s. (i.e. the simple random walk
on Z is recurrent). So My is well defined, and actually, by definition My = 1
a.s. However, My = 0 a.s., so E[M7] = 1 # 0 = E[M)]. Ava

In contrast to the general case, uniform integrability is a condition under
which E[M7] = E[M)] for stopping times.

Definition 2.3.2 (Uniform integrability) Let (X,)qe; be a collection of random
variables. We say that the collection (X ), is uniformly integrable if

im supE [|X,|1yx,>k}] = 0.

1
K- 4
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Exercise 2.17 Show that if X is integrable, then the collection X, := X is
uniformly integrable. > solution <

Exercise 2.18 Show that if (X, ). is uniformly integrable, then sup,, E | X, | <

0,

> solution <

Exercise 2.19 Show that if for some & > 0 we have sup, E | X' "¢ < oo, then
(Xqa)q is uniformly integrable. > solution <

Exercise 2.20 Show that if (¥, ), is a collection of o-algebras and X is an
integrable random variable, then (E[X | F¢])q is uniformly integrable. o sotton «

Exercise 2.21 Show that if (X,), is uniformly integrable and X,, — X a.s.,
then X is integrable. 5 solution

The following is not the strongest form of optional stopping theorems that
are possible to prove, but it is sufficient for our purposes.

Theorem 2.3.3 (Optional stopping theorem) Let (M;),; be a martingale and T a
stopping time, both with respect to a filtration (77 );.
We have that E |Mr| < oo and E[M7] = E[My] if one of the following holds:

o The stopping time T is a.s. bounded; that is, there existst > O such thatT <t
a.s.
o T < oo a.s. and (M,), is uniformly integrable and E |Mr| < oo.

We will actually see (in Exercise 2.25) that in the last condition, the require-
ment E | M| < oo is redundant.

Proof For the first case, if T < t a.s., then

-1
E[Mr] = EZ Lirsjy - (Mjy1 — Mj) + E[Mo].
7=0

Since {T > j} = {T < j}° € F;, we get that
E [(Mj+1 - Mj)l{T>j}] =EE[(Mjs1 — M)1rs;y | 7]
=E [1{T>j|E[Mj+1 - M; | 7’}]] =0.

So E[M7] = E[My] in this case.
For the second case, note that since E |Mr| < co, then E [|Mr|1{pmy1>k31] =
Oas K — .

https://doi.org/10.1017/9781009128391.004 Published online by Cambridge University Press


https://doi.org/10.1017/9781009128391.004

58 Martingales

Now, (M;), is uniformly integrable so sup, E [|M;|1{pm, k)] = 0as K —
co. Thus,

E [IMrad s 15k0) < B [IMrL s sk Vi <n] + B M1 a, 150 rs0)]
<E[IMrypmr k)] + E [IMe 11,15k

so sup, E [|Mrac| 1y, 15k1] — 0as K — oo,

Let
K if x > K,
pr(x) =1{x if |x| < K,
-K ifx<-K.

Note that [pg (x) — x| < [x|1{jx|>K}-

Since My, — My a.s. ast — oo (because we assumed that 7 < co a.s.), we
also have that o (M) — ¢k (Mr) a.s.ast — oo. Since ox (M7 at), px (M)
are uniformly bounded by K, we can apply dominated convergence to obtain

that

,li_,rEoE lox (Mrar) — o (Mr)| = 0.
Thus,
E My — Myl

<Elex (M) — M7| + E |k (Mra:) — Myl + Elog (M7 Ar) — 0k (Mr)]
< E [IMr1ypr5ky] + SUpE [[MraclLiiatr,, 15k ] + B lox (Mras) — ox (Mr)].
t

Taking t — oo and then K — oo, we get that E |Mr — My — O.
Since T At is an a.s. bounded stopping time, E[ M7 ;] = E[Mp]. In conclusion,

|E[Mr — Mo]| = | E[M7 — Mzl — 0. o

Exercise 2.22 Show that if a stopping time 7 is a.s. finite and a martingale
(M;); is a.s. uniformly bounded (i.e. there exists m such that |M;| < m a.s. for
all 1), then E[Mr] = E[My]. & solution <

Exercise 2.23 Assume that (X,,),, X are random variables such that X,, —» X
a.s. Show that if (X,,), is uniformly integrable, then X,, — X alsoin L. o sotution <

Exercise 2.24 Show that for a martingale (M;),; and for any a.s. finite stopping
time T, we haVeE|MT/\t| < ElMI| > solution <
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Exercise 2.25 A specific case of the martingale convergence theorem states
that if (M;), is a martingale with sup, E |M;| < oo, then there exists a random
variable My, such that M; — M a.s., and E |[M| < co. (We will prove the
martingale convergence theorem in Theorem 2.6.3.)

Use this to show that if (M;), is a uniformly integrable martingale and T is
an a.s. finite stopping time, then E |M7| < oo (so this last condition is redundant
in the optional stopping theorem). > solution <

2.4 Applications of Optional Stopping

Let us give some applications of the optional stopping theorem (OST) to the
study of random walks on Z.

We consider Z = (-1, 1). This is the usual Cayley graph on Z, with neighbors
given by adjacent integers. We take the measure u = %(61 + 0_1). That is,
uniform on {—1, 1}.

Thus, the u-random walk (X;); can be represented as X; = Z;.:l U; where
(Uj)j areiid.and P[U; = 1] = P[U; = —-1] = %

First, it is simple to see that (X;); is a martingale (we have already seen this
above). Now, let T, := inf {#: X; = z}. Note that 7, is a stopping time. Also,
for a < 0 < b we have the stopping time 7, 5, := T, A Tp, which is the first exit
time of (a, b).

Now, the martingale (M, = XTu’b,\,)t is a.s. uniformly bounded (by |a| V |b]).

As an exercise to the reader it is left to show that 7, , < co Pyp-a.s. Thus,

0=E[Mr,,1=P[T, <Tpl-a+P[T, <T,]-b
=P[T, < Tpl(a — b) + b.

We deduce that
Po[Ty < Tp] = L
b-a
Now, note that (x + X;); has the distribution of a random walk started at x.
Thus, foralln > x > 0,
n—x X

=1-=.
n

Pxl[To < Tnl = PolT-x < Ty—x] =

This is the probability that a gambler starting with x dollars will go bankrupt
before reaching n dollars in wealth, and is known as the gambler’s ruin estimate.

One of the extraordinary facts (albeit classical) about the random walk on Z
is now obtained by taking n — co:

Px[To = co] = lim Px[Tp > T,,] = 0.
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That is, no matter how much money you have entering the casino, you always
eventually reach O (and this is in the case of a fair game!)

In other words, the random walk on Z is recurrent: it reaches 0 a.s. But how
long does it take to reach 0?

Note that since the random walk takes steps of size 1, we have that for
n > x > 0, under Py, the event Ty > T,, implies that Ty > 2n — x. Thus,

E. [To] = ZPX[TO >n] > ZPX[TO > 2n — x]

n=0 n>x
X
> Y P T, =) 2 = .
= Z x[ 0> Tn] Z n o
n>x n>x

So E[Tp] = oo. Indeed the walker reaches 0 a.s., but the time it takes is infinite
in expectation. That is, the random walk on Z is null-recurrent. We will expand
on the notions of recurrence and null-recurrence in Chapter 3 (and specifically
in Section 3.8).

Exercise 2.26 Show that for a < 0 < b, we have that Pg[T, < oo] = 1.
In fact, strengthen this to show that for all @ < 0 < b there exists a constant
¢ =c(a,b) > Osuch that forall #, and any a < x < b,

Py[Typ > 1] < e .
Conclude that Ex[T,, ] < coforall a < x < b. > solution <

Let us now consider a different martingale.

E[X2,1X] =1+ P+ 5 - D)2 = X2+ 1.
So (Mt = X2 - t)t is a martingale.
If we apply the OST (Theorem 2.3.3) we get

~1=E[Mg] = B~ [XG, | - E-i[Tp] = ~Ei[To).

So E_;[Ty] = 1, a contradiction!

The reason is that we applied the OST in the case where we could not,
since (M;), is not necessarily bounded, and this in fact shows that (M;); is not
uniformly integrable.

One may note that for —n < x < n, under P,, the martingale (M, ATpn )t
admits

\Mint | < |XF = Tonn| + 1X7 =g, oy <207 + T+ g, oy

n>
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Thus (using (@ + b)? < 2a° +25?),

Ex [‘Mt/\T_n,n

2 2 2 2
] <2E, [lZn +T_n,n| ] + 202 P[Topp > 1]
2 y
<2E, “2}12 + T,M) ] +212 . et

for some ¢ = c¢(n) > 0. This implies that sup, Ey [IMML‘V”P] < 00, SO

(Mt ’\T-M)z is a uniformly integrable martingale.
Given this, we may apply the OST to get that for any —n < x < n,

¥ =Be[Mr, 1 =By [X7 | = BalTnnl = n* = BxlTp ),

S0 By [T_,...] = n> — x*. Specifically, E[T_, ,] = n*. This property is sometimes
referred to as the random walk on Z being diffusive.

Similarly to the above, one may easily see that the martingale (M, ,,); is
P-a.s. bounded for any 0 < x < n. So

2+ Ex[Ton] = By [|X5, 17| = BulTo > T, 1 - n? = xn.

Thus, Ey[To,,] = (n — x)x.
For general @ < x < b, note that under P,, the walk (X;), has the same
distribution as (a + X;); under P,_,. Thus, fora < x < b,

Ex[Ta,b] = Ex—a[TO,b—a] = (b - x)(x - a)-

2.5 L? Maximal Inequality

The goal of this section is to prove the following theorem, which shows how to
control the maximum of a martingale up to a certain time, using only the last
value.

Theorem 2.5.1 (LP maximal inequality) Let (M;); be a martingale. Then, for
any 1 < p < oo and any t,

E[max | Mg |1 < (5)7 -E|IM,|P.
k<t p
Proof Let¥#; = oc(My,..., M;)bethenatural filtration. Let Ny = maxg<; | Mg]|.
As a first step we show that for any r > 0,
r-PIN; 2 r] <E[IM 1N, 2] -
(This is also known as Doob’s inequality.) Indeed, fix » > O and ¢t > 0. Let

T=inf{s >0:|My| >r}At,
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which is a stopping time. Since {T = s} € ¥y, we have that for all s < 7,
E [IMs|1i7=5}] = E[IEIM; | Fs1lliT=5}] < E [IM;|1i7=5)] .
Summing over s < ¢, using that P[T < ¢] = 1, we have

E|Mr| <E|[M;]|.

Finally, note that |[M7|1(n, <, = |M;|1{n, <r} by the definition of N; and T, so
that

E (1M 1N, 5r)| = EIM;| = E[IM: [ \n, <r)] 2 B[IMrLn,5p)] 2 7 - PIN: 2 7],

because |Mr|1(n, >, = r1{n, »r}. This proves Doob’s inequality above.

Fix some R > 0 and denote K; = N; A R. Note that {K; > r} = {N; > r}
forr < R, and {K; > r} = 0 for r > R. Now, for p > 1 we integrate Doob’s
inequality:

) R
E|K, [P =f prP ' PIK, = rldr Sf prP 2 E [IM; |1, 5] dr
0 0
R

=E [|M,| pr"‘zl{rsN,}dr] = L B[IM]- K177
0

< 5 (EIMP)P - (BIKP) P70,

where the last inequality is Holder’s inequality. Recalling that K; = N; A R,
taking R — oo, and using monotone convergence, we have

(EINP)P < JB7 - (EIM,IP) P,

which is the required assertion. O

Exercise 2.27 Let (X;); be alazy random walk on Z; that is the y-random walk
for u(1) = pu(-1) = %(1 —p) and u(0) = p for some p € [0, 1).
Let M, = maxy <, | Xx|. Show that E |M,|?> < 4t. 5 solution <

Exercise 2.28 Let (X;); be a lazy random walk on Z; that is the p-random
walk for u(1) = u(-1) = %(1 — p) and u(0) = p for some p € [0,1). Let
M; = maxy<; | Xy|. Prove that there exists C, ¢ > 0 such that for all £ > 0 and
all m > 0,

cexp (~C-5) <PIM;, <m] < Cexp (—c(1-p)-s) . - soluion <
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2.6 Martingale Convergence

One amazing property of martingales is that they converge under appropriate
conditions.

Definition 2.6.1 A sub-martingale is a process (M; ), such that E |M;| < co and
E[M;1 | My, ..., M;] > M, for all .

A super-martingale is a process (M, ), such that E |M;| < co and E[M, |
M, ...,M;] < M, for all ¢.

A process (H,), is called predictable (with respect to (M;),) if H; is mea-
surable with respect to oo (M, . .., M;_1) for all z.

Of course any martingale is a sub-martingale and a super-martingale.

Exercise 2.29 Show that if (M;); is a sub-martingale then also X; := (M; —
a)l{p1,>q) is a sub-martingale. 5 solution <

Exercise 2.30 Show that if (M;), is a sub-martingale (respectively, super-
martingale) and (H;), is a bounded nonnegative predictable process, then the
process

t
(H- M), = ) Ho(My — M)
s=1
is a sub-martingale (respectively, super-martingale).

Show that when (M, ), is a martingale and (H; ), is bounded and predictable
but not necessarily nonnegative, then (H - M), is a martingale. & solution <

Exercise 2.31 Show that if (M;), is a sub-martingale and T is a stopping time
then (Mr,;); is a sub-martingale. > solution <

Lemma 2.6.2 (Upcrossing Lemma) Let (M;); be a sub-martingale. Fixa < b €
R and let U; be the number of upcrossings of the interval (a, b) up to time t;
more precisely, define: No = —1 and inductively

Nox—y =inf{t > Nop_o : My < a} and Ny =inf{t > Ny : M; > b}.

Set U; = sup{k : Nop < t}.
Then

(b—-a)-E[U] <E[(M; = a)l{p,5a)] =B [(Mo — @)lipy>a)] -
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Proof Define X; = a+ (M; — a)lp,>q). Set Hy = 1(3 k. Ny <t<Ny; - Note
that H; is 0 (Xo, . . ., X;—1)-measurable, since H; = 1 ifand only if Nox_; < -1
and Ny >t — 1.

Now, one verifies that

U: Nog
ZH (X = X, 1>>Z D X=X Z(MNZk—a)>(b a)U;.
=1 s=Npp-1+1

Note that (X;), is a sub-martingale by Exercise 2.29. By Exercise 2.30, since
H; €[0,1], A, := g:l H - (X5 — Xs-1) and B, := Zgzl(l —Hy) (X5 — X5-1)
are also sub-martingales. Specifically, E[B;] > E[By] = 0. We have that

(b —a) E[U;] < E[A;] < E[A; + B;] = E[X; — Xp].

This is the required form. O

Theorem 2.6.3 (Martingale convergence theorem) Let (M;); be a sub-martingale
such that sup, E [M;1(pm,>0,] < oo. Then there exists a random variable M
such that My — My, a.s. and E | M| < oo.

Proof Since (M; — a)lip,>ay < Mi1{p, >0y + |al, we have by the upcrossing
lemma that (b — a) E[U,] < E [M,1p,>0;] + lal, where U, is the number of
upcrossings of the interval (a,b). Let U = U,py = lim,o U; be the total
number of upcrossings of (a, b). By Fatou’s lemma,

la| + sup, E [MtllM,>0]]
< o0
b—-a
Specifically, U < oo a.s. Since this holds for all a < b € R, taking a union
bound over all a < b € Q, we have that

P[Aa<beQ:liminf M, < a<b < limsup M;] < Z P [Utap) = 0] = 0.
t—00 a<heQ

E[U] < 1itm inf E[U;] <

But then, a.s. we have that lim sup M, < liminf M,, which implies that an a.s.
limit M, — M., exists.
By Fatou’s lemma again,

E [Molipo>0)] < liminf B [MiLip,>0)] < SUpE [MiL i, >0)] < oo.
Another application of Fatou’s lemma gives
E[-Molip.<0y] < 1i}gglf (E [M:1(p,>01] — EIM,])
< liminf (E [M;1p1,50y] — E[Mp])

<supE [MII{M,>0}] —E[Mp] < oo.
t
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Thus
E|Ms| =E [Mool{Mm>0}] -E [Mwl{Mm<0}] < 00, [m}

Exercise 2.32 Show that if (M;), is a super-martingale and M, > O forall ¢ a.s.,
then M; — M, a.s., for some integrable random variable M. > solution <

Exercise 2.33 Show that if (M;), is a uniformly integrable martingale then
M; — M, a.s. and in L' for some integrable M.,. > soluton <

Exercise 2.34 Let (7;), be a filtration. Let X be an integrable random variable.
Show that E[X | ;] — E[X | ] a.s. and in L', where 7o, = o (U, 7).

> solution <

Exercise 2.35 (Backward martingale convergence theorem) Let (0,), be a non-

increasing sequence of o-algebras. Let X be an integrable random variable.
Show that E[X | 07,] = E[X | 0w] a.s. and in L', where 070 = ), 0p.
(Hint: use the upcrossing lemma.) 5 solution <

2.7 Bounded Harmonic Functions

We will now use the martingale convergence theorem to study the space of the
bounded harmonic functions.

Theorem 2.7.1 Let G be a finitely generated group, and let u be an adapted
probability measure on G. Then, dim BHF(G, u) € {1, co}. That is, there are
either infinitely many linearly independent bounded harmonic functions or the
only bounded harmonic functions are the constants.

Proof Let h be a bounded harmonic function. Let (X;); be the u-random
walk on G. Then, (h(X;)); is a bounded martingale. Thus, A(X;) — L a.s.
for some integrable random variable L. Hence, h(X;+x) — h(X;) — O a.s. for
any k.

Fix x € G. Let k > 0 be such that P[X; = x] = @ > 0. Exercise 2.36
proves that P[X;+x = X;x | X;] = a a.s. for all # (this is known as the Markov
property, which will be discussed in Section 3.1, Exercise 3.1). Thus, for any
>0,

P[IA(X;x) = h(X)| > &] < & P[Ih(X;1x) = h(X,)| > £] = 0.
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Now assume that dim BHF(G, u) < oo. Then there exists a ball B = B(1,r)
such that for all f, f’ € BHF(G, w), if f|gz = f’|p then f = f’. Define a
norm on BHF(G, ) by ||f|lp = maxyep |f(x)|. Since all norms on finite-
dimensional spaces are equivalent, there exists a constant K > 0 such that
/1B < [Iflle < K -l fllp for all f € BHF(G, u).

Now, since ||y.%||w = ||/]|, for any # we have a.s.

inf |~ cl|o = inf |x -] <k inf X7 h =],

< K - inf max |h(X;x) — ¢| £ K - max |h(X,;x) — h(X})|.
ceC xeB xeB

Since this last term converges to O in probability, inf.ec [|7 — ¢||lo = 0 must

hold. Thus, % is constant. O

Exercise 2.36 Let (X;); be the y-random walk for an adapted probability
measure y on a group G. Show that

P[Xl+k = X[x | Xl] = P[Xk = .x] a.s.

for all t, k. > solution <

Exercise 2.37 Check that || f||p in the proof of Theorem 2.7.1 is indeed a norm,
for the specific B chosen. (In general, it is only a semi-norm.)

The following is a major open problem in the theory of bounded harmonic
functions. It basically states that the property of having only constant bounded
harmonic functions should not change if we restrict to “nice” random walk
measures. We will return to this conjecture in Chapter 6.

Conjecture 2.7.2 Let G be a finitely generated group. Then for any two 1, v €
SA(G, 2), we have dim BHF (G, p) = dim BHF(G, v).

Exercise 2.38 Let G be a finitely generated group and u € SA(G, 1). Recall the
space of Lipschitz harmonic functions LHF (G, u).

Show that, if there exists a nonconstant positive 2 € LHF(G, ), then
dim LHF (G, ) = oo. (Hint: consider LHF modulo the constant functions.)

> solution <
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2.8 Solutions to Exercises

Solution to Exercise 2.1 :(
LetA={Y >0}and B = {Y < 0}.Notethat A, B € G. Thus,E[|Y|14] = E[Y14] = E[X14] < E[|X|14],
and similarly E[|Y [15] = —E[Y1p] = —E[X1p] < E[|X|15]. Thus,E |Y| < E |X| < c0.SoY isintegrable.
Similarly for Z.

Now, let A = {Y -Z> %} Then since A € G, we have

0=E[(Y - Z)14] 2 P[A] - 1,

implying that P [Y >Z+ %] = 0. A union bound over n implies that P[Y > Z] = 0. Reversing the roles of
Y, Z, we have that P[Z > Y] = 0 as well, culminating in P[Y # Z] = 0. )V

Solution to Exercise 2.2 :(
When X is G-measurable, since for any A € G we have E[X14] = E[X14] trivially, we have that E[X | G] =
X as.

If X is independent of G then for any A € G we have E[X14] = E[X] - E[14] = E[E[X] - 14]. Since a
constant random variable is measurable with respect to any o--algebra (and specifically E[X] is G-measurable),
we have the second assertion.

The third assertion is a direct consequence, since a constant is always independent of G. R4

Solution to Exercise 2.3 :(
Since Q € G we have

E[X] = ElX1q] = E[E[X | G]la] = E[E[X | G]]. DV

Solution to Exercise 2.4 :(
Since B € G,

E[1p P[A | Gll = E[1a1p] = PIB | A] - P[A]. IV

Solution to Exercise 2.5 :(
Linearity: let Z = a E[X | G] + E[Y | G]. So Z is G-measurable. Also, for any A € G,

E[(aX +Y)1a] = aE[X14] + E[Y14] = aE[E[X | GI1A] + E[E[Y | GI1A] = E[Z14].

Monotonicity: By linearity it suffices to show thatif X > O a.s.then E[X | G] > Oa.s.Indeed, for X > Oa.s.,
letY = E[X | G]. Then we may consider {Y < 0} € G, and we have that 0 < E [Xl{y<())] =E [Yl{y<())] <
0,50 Y1y <o) = Oas. Soif weset Z = Y1{y>o) we have thatY = Z > O as.

Monotone convergence: Write Y,, = E[X,, | G], Y = E[X | G]. By monotonicity above, Y;, <Y+ <Y
a.s. Let Z = lim,, Y;,, which exists a.s. because the sequence is monotone. Z is G-measurable as a limit of
G-measurable random variables. Also, for any A € G we have X,,14 / X14 andY,,14 / Z14 as. So by
monotone convergence, E[Z14] \ E[Y,14] = E[X,,14] /" E[X14]. Hence Z = E[X | G] ass. IV

Solution to Exercise 2.6 :(
Note that Y E[X | G] is a G-measurable random variable, as a product of two such random variables. So we
need to show that for any A € G we have

E[XY14 | G] =E[E[X | GIY14] as.

IfY = 1p then this is immediate. If Y is a simple random variable this follows by linearity. For a nonnegative
Y we may approximate by simple random variables and use the monotone convergence theorem. For general Y,
we may write Y = Y — Y~ where Y* are nonnegative, and use linearity. R4

Solution to Exercise 2.7 :(
Start with the assumption that X > 0.
E[X1
LetY =3, ﬁ -14,,. It is immediate to verify that Y is G-measurable.
Also, E[Y] = E[X], so Q(B) = E[X]™' - E[Y1g] defines a probability measure on (€, ). Similarly,
P(B) := E[X]"! - E[X1p] defines a probability measure on (€, ). The system {0, A,, : n € N} is a
n-system. For any n we have

E[X]- P(A,) = E[X14,] =E[Y1a, ] =E[X] - Q(An).
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Since P, Q are equal on a 7r-system generating G, they must be equal on all of G by Dynkin’s lemma. That is,
for any B € G we have

E[X14, 18] = E[X]P(A, N B) = E[X]Q(A, N B) = E[Y14, 15],
which implies, since A,, € G, that a.s.

E[X14,,]

BIX | 61 La, =ElX1a, | 1= Y1a, = 2

. 1An .
For general integrable X, decompose X = X* — X~ B4

Solution to Exercise 2.11 :(
Since |M;| < 22:1 |Uy |, we have that M, is integrable and F;-measurable.
Note that M; 41 = M; + U, and note that U, . is independent of 7; and of #,". Thus,
E[M;11 | Frl = My + E[U;41] = My,
E[M;41 | ﬁ/]:Mr +E[Us1] = M;. R4

Solution to Exercise 2.12 :(
Since My, ..., M; are all measurable with respect to ¥, we have that 7' C #; for all . Thus, by the tower
property,

E[M;11 | 7/1=E[EIM41 | Fe1| /1 =EIM, | F']1= M,
a.s. R4
Solution to Exercise 2.13 :(

Note that in both cases M is measurable with respect to o (X;) € o (Xop, - .., X¢).
In the first case, denoting by ey, . . ., e4 the standard basis of 74, then

d d
E[M+1 | Xon - .., X¢ ] = i Z(x, +ejv)+ (X —ejv)= i Zz<x,, V)= M;.
J=1 Jj=1

In the second case,

1 d

2d

2(10X 1P +1) = 11X, 12 + 1.
J=1

1 d
E[1XeallP | Xor o Xe] = 55 > 1IXe+ ¢ 1P + 11X, ¢ I =
j=1

Thus,
E[Me1 | Xoo - Xe] = [IXe P+ 1= (¢ + 1) = M. DV
Solution to Exercise 2.14 :(

Because {T <t} € o(My,...,My) and {T >t} = (T <t} € (M, ..., M;), we get that M7 ,, =
M5, + Z;':o M 17~} is measurable with respect to o~ (M, . . ., My). Also,

-1
E M7l =E ) Nirsjy - (IMjorl = IM; 1) + B Mol < oo.
j=0

It now suffices to show that

E [Mrac+1) | Mo, ..., M) = Mrp;.

Indeed, since {T =t} = {T <t}\{T <t-1} € c(My, ..., M;), we have that

t
E[M7pqen | Mo, oo, M1 =B [Myci sy | Mo, ., M|+ ) B [MiLireyy | Mo, ..., M; |
Jj=0

t
=E[M;1 | Mo, ..., M ] - 75y + ZMjl(T:j} = Mrps- B4
=0
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Solution to Exercise 2.15 :(
For any t we have that {T AT’ <t} ={T <t}U{T' <t} e F;. )V

Solution to Exercise 2.16 :(
If f is p-harmonic then for any x € G,

E[lf (X x, —x}] = DL HOIF)] - PIX,1 = x] <,
y

so that f(X;) is integrable for every 7. Also,

ELf () | Fol = B[X; f U | 2] = D p0X; £ 0) = 3 ) Xey) = F(Xo),
Yy y

which shows that (f(X;)), is a martingale.
Now assume that f is such that (f(X;)); is a martingale. Since u is adapted, for any x € G, there exists
t > 0 such that P[X,; = x] > 0. So,

FO) =EIf X)) | Xo = x]= 3 u()f (xy),
y

which implies that f is harmonic at x. As before, the above sum converges absolutely because f(X;1) is
integrable. 1)

Solution to Exercise 2.17 :(
Set Yk = |X|1jx|>k)- So Yk — Oas. Since 0 < Y < |X| for all K, by dominated convergence we have
that

dim E[1Xa [Ljxq(>x)] = lim E[Yk]=0. DV

Solution to Exercise 2.18 :(
Uniform integrability implies that there exists K such that for all @ we have E [lX(, 1 xql>K ,] < 1. Since

E [lX(rll(\X(”gK)] < K, we arrive at

SUpE |Xo | < sup (B [IXa Nixq 5K ] + B [1Xa 1xq1ck)]) < 1+K. IV
a (o2

Solution to Exercise 2.19
Choose p =1+¢&andg =

H
l+e
&£

. Holder’s inequality gives for any «,
E[1Xa Ixq1> k1] < BI1Xa [PDYP - (B[ X | > K1)/
< ElIXaPD'P - BlIXo "D - kU
= E[lXo "] K%,
Thus,
Jim supE [1Xe 11x015 5] < sng[|X(,|“8] - lim K7 =0. IV

Solution to Exercise 2.20 :(
Let £ > 0. There exists & > 0 such that if A € ¥ and P[A] < & then E[|X[14] < &. (Otherwise we could
find (A,), C F suchthat P[A,] < n~! and E[|X[14,,]1 > &. But since X is integrable, E[|X [14,,] — 0 by
the dominated convergence theorem, a contradiction.)

Take K > 61 E |X|. Then, since {E[|X| | Fol > K} € Fa.

]E[IJEIX \ Tn”l(lE[XITg]bK;] <E []E[ X1 ?“]I(E[lx\lfahlﬂ]
= E [BUX L zxi7a 1> &) | Fal]
=E[IXNsnxiizars&1] -

Using A = {E[|X]| | Fo] > K}, we have that

P[A] <E[E[|X| | Foll - K" =E|X|- K" <6,
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so E[|X|14] < &. This was uniform over @, so we conclude that for all € > 0 there exists § > 0 such that if
K > 6 'E|X| then

SpE [|BLX | Folllymixizaisk) | < &-
@
This is exactly uniform integrability. R4

Solution to Exercise 2.21 :(
By Fatou’s lemma,

E|X| =E[lim |X,|] < liminfE [X,,| < supE |X,,| < co. 9
n n—oo n

Solution to Exercise 2.22 :(
Note that if |M;| < m a.s., then obviously (M, ), is uniformly integrable.

Also, since T < oo a.s., we have that M7, | = |[Mr|as.ast — oco. Thus, [Mr | < m a.s., implying that
E[IMT]] < co.

By the optional stopping theorem we have that E[ M7 ] = E[Mj]. B4

Solution to Exercise 2.23 :(
This is similar to the proof of Theorem 2.3.3.

Define
K ifx > K,
er(x)=1x  iflx| <K,
-K ifx<-K.

Note that |¢og (x) — x| < |x|1jjx> k). Since ¢k (X)) — @x (X) as., and o (X,)| < K for all n, by
dominated convergence we have that ¢ g (X)) — ¢k (X) in L'. Thus,

E Xy - X| < Elekx (Xn) — ox (X)) | +E[Xn 1x, > k)] + EUX 1)x)> k3]

implying that
limsupE |X,, — X| <supE [|Xt ‘1”Xt|>1()] +E [lxll(\X|>K)] .
n—oo t
Since E | X | < oo (as the a.s. limit of a uniformly integrable sequence), this goes to 0 as K — oo. v

Solution to Exercise 2.24 :(
Set X; := |M;| — |Mr A |. Using Jensen’s inequality we have that a.s.

E[IM1] | My, ..., Mol 2 [E[Mys1 | My, ..., Moll = |M,|.
(That is, (| M/ |); is a sub-martingale.) Note that
IMTA+1) | = IMTAe | = (IMii1 | = IM DT 54),

50
X1 =X = (IMps1| = IM D7 <1y

Thus,
E[Xr+] =X | My, ..., M;] = l(Tst) 'E[lMt+l | = M| | My, .. ., M:]20.

(That is, (X; ), is also a sub-martingale.) Taking expectations we get that E[X,] > E[X,_1] > - -+ > E[X(] =
E[My — Mt p0] = 0. Hence, E |[M, | > E |Mr A |, as required. B4

Solution to Exercise 2.25 :(
Since sup; E [M7 ;| < sup, E|[M;| < oo, we have that M7 ,; — M a.s., for some integrable M. But
Mt A+ — M as. as well, which implies that M = M, a.s., so M is integrable. R4
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Solution to Exercise 2.26 :(
Let K = b — a. Compute, forany a < x < b,

PXisk € (a:b) | Xy =%, Tap > 1] 2PVO < j <K, Upji1 =1 | Xy =x, Tap >1]=27K,

using the fact that (U,+j+1)}?°:0 are all independent of ¥, and that {T,, 5, > t} = {Ty,p <t} € F7.
Since Ty, > t + K implies that T, 5, > ¢ and that X,k € (a, b), we may bound

b-1
P(Tap >t+K]= Z PlTap >t +K | X =X Toap >t]1-PIX, =x, Tap > 1]
x=a+l
b-1
<(1-27%). Z PIX, =x, Tap > 1= (1-27K) - B[T, > 11.
x=a+l
Inductively we obtain that
PlTap > Kn] < (1-275)". IV

Solution to Exercise 2.27 :(
This is just the LP maximal inequality, with p = 2, together with the fact that E |X; |2 = (1 — p)t < ¢, which
stems from the OST applied to the martingale (IX, 2-q- p)l)t. R4

Solution to Exercise 2.28 :(
We start with the upper bound. Consider (\X, 2-qa- p)t)t. This is easily seen to be a martingale. Started at
|x| < m and up to the stopping time

T=Tn AT -1 =inf{t 20 : |X;|=m+1},

this is a bounded martingale, so by the OST (Theorem 2.3.3),

2 =By [IXr 1P = (1 = p)T] = (m+ 1)* = (1 - p) Ex[T].

Hence, by Markov’s inequality, uniformly over |x| < m, we have P [T > %(m + 1)2] < %
LetU; = X; — X, forallt > 1, so that (U;);» are i.i.d. —u. Since (Ug 4k )i>1 are independent of Fy,

for any |x| < m and any ¢ > s we have that

k
PulT >t | Fsl=Lipss) -Px V1 <k <t—s, XS+ZUW- <m
j=i

= 1(T>s} ']sz [T >t-5] < 1(T>s) »ls‘u<p ]Py[T >t —s].
yl<m

Thus, for [x| < m and any t > ﬁ(m +1)2,

Py[M; <m]=Py[T > t] =Py [T>z, T> (m+1)2]

(-p)t
2(m+1)2

L ]

<P [T > Z5m+ D] sup Py [T>1- 2 (m+ 1)) <2

o
Iyl<m ’

which gives the desired upper bound.
Now for the lower bound. For 0 < x < m we have

E|X,|? - t

Px[Xy < —-m] <Px[I1Xy —Xol 2m+ 1] <P[|X;| 2m+1] < < —.
x [ Xt m] <X ol m ] [1X¢1 m ] (m+1)2 (m+1)2

Similarly, for -m < x <0,

Px[X: >m] < m
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Under Pg, both X; and —X; have the same distribution. Shifting by x, for some |x| < m, we get that
Py[X: <x]=P[X; <0] > %, and similarly P [X; > x] > % Recall that by the L” maximal inequality we
know that

Ex [M; " <4Bx X, =4 (" + (1= p)r) <4(x" +1),

since (lX, 12— —p)t)t is a martingale.
Putting all this together we have for any 0 < x < m,

Pe[M, <km, |X;| <m] > Px[X; < x]—Px[X, < —m]—Px[M, > km]

o 1 t Ex [\lez] 1 ¢ 4(x2+t)
T2 (m+1)? K2m?2 T2 (m+1)? kK2m?
and similarly for —m < x < 0 we have
t 4 (x2 + t)

1
Px[M; <km, [X;| <m] 2 - - ———— —

Choosing k = 8 and € = l%mzj, we arrive at the conclusion that for all [x| < m we have
Px[M; < 8m, |X¢| <m]> .
Similarly to the proof of the upper bound, for any |x| < m and any ¢ > s we have

k
PolM; <8m, [Xo| < m | 53] = ngg<sm, xglzm) - Pr [V 1 Sk St=s X+ ) Usyj| < 8m
j=

= Lmg<8m, |Xsl<m) - Pxs[IMi—s| < 8m]

Y

> I(Msggm’ |Xs|<m) * inf ]P>,[|Mtfs| < 8m].
lyl<m

‘We obtain that for any |x| < mandt > £,
Py[M; <8m] > Py[M; <8m, |X¢| <m]

>Py[M, <8m, |X/| < m]»| i‘nf Py[M;_¢ <8m] > --- 2471/,
ylsm -~
which completes the proof of the lower bound. IV

Solution to Exercise 2.29 :(
The function ¢(x) = x1{x>0) is convex and nondecreasing, so by Jensen’s inequality E[¢ (M1 — a) |
My, ..., M:] 2 ¢(E[M1 —a | My, ..., M¢]) 2 o(M; — a). DV

Solution to Exercise 2.30 :(
‘We write a solution only for the sub-martingale case, since all are very similar.

E[(H -M)is1 = (H - M) | Mo, ..., M) = Hp1 B[((My41 — My) | Mo, ..., M] 2 0.

We have used the fact that Hy ;. is o (M, . . ., M )-measurable. B4

Solution to Exercise 2.31 :(
Let H; = 1{73), which is a bounded predictable process. Then, M7, = Mo + 22_:1 Hy(Mg; — Mg_y),
which is a sub-martingale by Exercise 2.30. R4

Solution to Exercise 2.32 :(

The process X; := —M, is a sub-martingale and sup, E [X, 1ix, >0)] < 0 < o0. So X; converges a.s., which
implies the a.s. convergence of M. Vv
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2.8 Solutions to Exercises 73

Solution to Exercise 2.33 :(
Since (M, ), is uniformly integrable,

supE [Mtl(M,>0)] < supE |[M;| < oo,
t t

so by marlmgale convergence M; — Mo as., for some integrable M. By uniform integrability agam
M; - M in L' as well.

Solution to Exercise 2.34 :(

Let M, = E[X | #]. Since (M, ), is a uniformly integrable martingale, it converges a.s. and in L' to some
integrable M. Now, for any event A, we have that M;14 — M 14 a.s. and in LT as well. Thus, if A € 75,
for some n,

E[Mo14] = tlLrEOE[MtlA] =E[X14].

Consider the probability measures:

E[((Mw)* + X )14l E[((Mw)” + X")1a]
A= ————— = d A= —M—
Y= e x0T e v x0T
Since M, X are integrable, these are indeed probability measures, and y, v agree on the r-system  J; #;. Thus,
by Dynkin’s lemma (also known as the 7t — A theorem) , v must agree on all of Fo,. Hence, Moo = E[X | Fool
a.s. IV

Solution to Exercise 2.35 :(
Set X, = E[X | ol

Fix n and consider M; := X,,_; fort < nand M; = Xy fort > n. Then (M), is a martingale. If U, is the
number of upcrossings of the interval (a, b) by My, . . ., M,,,then (b—a) E[U, ] <E [(Mn -a)lim, >u)] =

(X0~ 1]

Now, let U, be the number of upcrossings of the interval (a, b) by (X}, ),,. Then U,, /' U, s0 by monotone
convergence, E[Us] < oco. Exactly as in the proof of the martingale convergence theorem, this holding for all
a < b € Q implies that X,, — X a.s. for some integrable X,. Since (X, ), is uniformly integrable, we get
that X,, — Xo in L' as well.

Set Y = limsup,,_,o, Xn. So Y = X as. Note that for any n, all (X;);>, are 0, -measurable, so we
have that Y = limsup,,.,_,, X; is also 07, -measurable. This implies that Y is measurable with respect to
O = nOn-

For any A € 0w, we have that X;;14 — Xe14 in L', so

E[Y14] = E[Xewlal = lim E[E[X | onllal = lim E[X14].
n—oo n—oo
Thus, E[X | 0] =Y = X a.s. IV

Solution to Exercise 2.36 :(
Write X; = Uy - - - Uy for (Uy )y i.i.d.-u elements.
SetY = X," X +k, and note that Y is independent of ¥, and specifically that Y is independent of X; . Thus,

P[X;4x = X;x | X, 1 =P[Y =x | X;,] =P[Y = x] a.s.

Since (U;);>1 all have the same distribution, we find that Y = U, - - - U4 has the same distribution as
Xk=U1"'Uk. t)~/

Solution to Exercise 2.38 :(
Let V = LHF(G, u)/C (modulo the constant functions). Fix some finite symmetric generating set S of G.
Assume that dim LHF (G, u) < o0, s0 dimV < co.

Recall the Lipschitz semi-norm ||Vs fleo = SUpyeG, ses f(xs) = f(x)]. We have that ||Vs fle = 0if
and only if f is constant. Also, |[|Vs(f + ¢)lle = ||Vsflle for any constant c. Thus, ||Vs - || induces a
normon V.

Another semi-norm on G is given by ||f||p := maxyep |f(x)—f(1)|, where B is some finite subset. Note
that [|f + c||p = ||f|IB for any constant c. Because dim LHF(G, u) < oo, if B = B(1, r) for r large enough
then || - || is a semi-norm on LHF(G, ) such that [|f||p = 0 if and only if f is constant. Thus, || - ||
induces a norm on V as well.
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74 Martingales

Since V is finite dimensional, all norms on it are equivalent. Thus, there exists a constant K > 0 such that
[[Vsv|lee < K - ||v]|p for any v € V. Since these semi-norms are invariant to adding constants, this implies
that [|Vsflle < K - ||f]|p forall f € LHF(G, u).

Now, let i € LHF(G, ) be a positive harmonic function. Then, (h(X;)); is a positive martingale, implying
that it converges a.s. Thus, for any fixed k, we have h(X;+x) — h(X;) — O as.

Fix x € G and let k be such that P[X; = x] = @ > 0. By Exercise 2.36, P[X;.x = X;x | X;] = a,
independently of 7. We have that a.s. convergence implies convergence in probability, so for any & > 0,

PlA(X;x) = h(X,)| > €] < @' P[1h(X,1x) — h(X;)| > £] = 0.
Soh(X;x)—h(X;) — Oinprobability, forany x € G.Since B is a finite ball this implies thatmaxxep |h(X;x)—
h(X;)| — 0 in probability.
Now we also use the fact that ||Vs (x./7) || = ||Vsh||eo. Thus, for all ¢, we have a.s. that

IVshlle =||Vs (X7 1)||, < K -||X7"0]|,, = K -max |A(X,x) = h(X,)].

Since this converges to 0 in probability, we have ||[Vsh || = 0 and A is constant. R4
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