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Abstract

Letl <p < +ocorp =0andlet A = (a,), be an increasing sequence of strictly positive weightson /.
Let F be a Fréchet space. It is proved that if A, (A) satisfies the density condition of Heinrich and a certain
condition (C;) holds, then the (LF)-space L B;(1, (A), F) is a topological subspace of L,(A,(A), F). It
is also proved that these conditions are necessary provided F = A,(A) or F contains a complemented
copyof [, with1 < p < g < +o00.

2000 Mathematics subject classification: primary 46A13, 46A32, 46A45.
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The space L B(E, F) of all linear bounded maps between two locally convex spaces
E and F has been considered and studied under different points of view by several
authors (see [2, 4, 10, 11, 16], [17, 11.6], [22, 23] et al.). In particular, taking E and
F Fréchet spaces and endowing the space L B;(E, F) with the canonical structure of
countable inductive limit of Fréchet spaces, the problem of finding conditions on E
and/or F such that the (LF)-space L B;(E, F) is a topological subspace of L,(E, F),
or equivalently the canonical inclusion map LB;(E, F) — L,(E, F) is also open,
has been investigated (see [11, 4, 10]). This question is said to be the problem of the
projective description of the (LF)-space L B;(E, F). It is worth noting that, if F is a
Banach space, the question is closely related to the Grothendieck’s one if L,(E, F) is
again a (DF)-space.

In connection with the study of this problem, in [1, Theorem 1] the following
characterization was given: LB;(A,(A), F) is a topological subspace of L,(A(A), F)
if and only if A, (A) satisfies the density condition of Heinrich and a so-called condition
(C}) holds (thus obtaining a complete solution of an open problem posed by Bierstedt
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and Bonet [4, Section 4]). The aim of this paper is to extend the criterion to the class
of the (LF)-spaces of type LB(A,(A), F) with 1 < p < +0oor p = 0. Actually, we
prove that ‘A, (A) satisfies the density condition’ and ‘condition (C,) holds’ always
imply that L B;(A,(A), F) is a topological subspace of L,(A,(A), F) (Section 2). We
also prove that these conditions become necessary provided F = A,(A) or F contains
a complemented copy of [, with 1 < p < g < 400 (Section 3).

As immediate consequences, we derive the well-known results that L,(A,(A), F)
and C(S, k,(¥)) (1/p +1/qg=1if 1 <p < +ooorqg = 1if p = 0) are complete
(LB)-spaces (hence bornological and barrelled (DF)-spaces) whenever A, (A) satisfies
the density condition of Heinrich and F is a Banach space and A,(A) is a Fréchet
Montel space and S is a compact Hausdorff space, respectively.

1. Notation

We begin with the necessary notation. For other notation and definitions we refer
the reader to [15, 17].

Let E and F be Fréchet spaces. Let L(E, F) be the space of all linear and
continuous maps from E into F and L,(E, F) the same space endowed with the
topology of uniform convergence on bounded subsets of E.

Suppose that E is the reduced projective limit of the sequence (E,, || ||,), of Banach
spaces with linking maps p,n: En — E,,n <m,and p,: E — E,, n € N (that is,
Pnm© Pm = ppforn < m)suchthatthe sets U, := {x € E; || p.x|» < 1} form abasis of
0-neighbourhoods in E. The duals norms are defined by || f ||, := sup{|f (x)|;x € U,},
f € E’; hence || ||, is the gauge of U, in E’ and E, := (span U,, Il II,) is a Banach
space. Then for each n < m the map J,,: Ly(E,, F) — L,(E,, F) defined by
Jum T := T o p,, is one-to-one, linear and continuous. Therefore, we can consider the
inductive limit of Fréchet spaces ind,(L,(E,, F), J.»), which continuously embeds
in L,(E, F). Indeed, for each n € N the map J,: L,(E,, F) = Ly(E, F) defined
by J,T := T o p, is one-to-one, linear and continuous; thereby implying that there
is a linear, one-to-one and continuous map J: ind, Ly(E,, F) — L,(E, F), whose
image is the space LB(E, F) of linear bounded maps from E into F. We define
LB;(E, F) :=ind, L,(E,, F).

In the sequel, forn, k € Nlet B, := {T € L(E,, F);sup < |1Tx]x < 1}, where
(] 1)« denotes a fundamental increasing sequence of seminorms defining the topology
of F such that the sets V, := {x € F; |x|; < 1} form a basis of 0-neighbourhoods
in F.

Recall that, if F is a Banach space, then LB(E, F) = L(E, F) algebraically and
every bounded set of L,(E, F) is contained and bounded in L,(E,, F) for some n;
hence the (LB)-space L B;(E, F) is always regular.
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A Fréchet space E is called distinguished if its inductive dual E; = ind,E, and
its strong dual E, are topologically isomorphic. In general, E; = E’, the inclusion
map E; < E, is continuous and E; is the bomological space associated with Ej.
A Fréchet space E is said to satisfy the density condition of Heinrich {14] (see [2,
Proposition 2]) if for any sequence (A,), of strictly positive numbers there exists a
bounded subset B of E such that

VneN3m>nar>0:(\U CAB+ Uy

j=l1

This density condition was introduced by Heinrich [14] and thoroughly studied for
Fréchet and Kothe spaces by Bierstedt and Bonet [2]. It was proved in [2, Theorem 1.4]
that a Fréchet space E has the density condition if and only if the bounded subsets of
its strong dual are metrizable; hence every Fréchet space with the density condition
is distinguished (see, [15, Section 29, 3.12 and 4.3]). Moreover, every quasinormable
and every Fréchet Montel space has the density condition.

For the notations for Kothe echelon and co-echelon spaces we refer the reader to
[6]. Nevertheless, we recall the following.

In the sequel, / will always denote a non void index set. Let A = (a,), and ¥ =
(vp). (‘weights’) be sequences on I, with 0 < a,(i) < a,+1(i) and v,(i) = 1/a,(i)
for all i € I and n € N. The maximal Nachbin family associated with ¥ is given by

V= Iz'): I+ [0, +oo[; Vn e N sup :((l.)) = sup v(i)a,(i) < +OO}.
iel Unll iel

Letl < p < 400 or p = 0. The K&the echelon space of order p and the Kéthe
co-echelon space of order g, where 1/p + 1/g = 1if 1l <p < 40 org = 1if
p = 0, are defined by

1/p
Ap(A) = {x = (x,»),-el;‘ VneN x|, = (Z aﬁ(i)lx&") < 400},
iel
if 1 < P < +00, (A-O(A) = {x = (xi)l'Gl; VneN llm, a,,(i)lx,-| = 0} and ||x||,,‘0 =
sup,¢; a.(i)|x;|, if p = 0) and
1/q
kq(y) = 4x = (x)es; In e N lelli,q = (Z vZ(i)lxilq> <400},
iel

if1 £ g <409, (koo (¥) := {x = (xi)ics; In € N||x |} o, = sup;¢; vali) |x:| < +00}
if g = +00), respectively. Clearly, k,(¥) = ind, [,(v,). Also, for 1<p<+00 or
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p =0, (X, (A)), = (A, (A)); = k,(¥) by [6, Corollary 2.8] and hence X, (A) is dis-
tinguished. By [6, Theorem 2.7], (4, (A)), coincides algebraically and topologically
with K, (V) := proj; ¢ [, (V). Finally, we recall that the sequence A is said to satisfy
condition (D) if there exists an increasing sequence J = (I,,),, of subsets of I such
that:
(N,J) Foreachm € N, there is an n(m) € N, n(m) > m, with
infier, @umy()/ai(i) > 0,k =n(m)+1,n(m) +2,....
(M, J) Foreachn € N and for each subset Iy C I such that ,N (I \ I,) # @ for
allm € N, thereexistsann' =n'(n, I) > n with infieq, @, (i)/ay (i) = 0.

This condition was introduced in [5, Theorem 2.3]. Moreover, it was proved in [2,
Theorem 2.10] that, for 1 < p < +00 or p = 0, A,(A) has the density condition if
and only if the sequence A satisfies condition (D). In particular, by [2, Theorem 2.4]
A1 (A) has the density condition if and only if it is distinguished.

We will denote by [I, ()], and by [cy(I)]; the unit closed ball of [, (1) for1 < p <
400 and of ¢(I) for p = 0, respectively.

REMARK 1.1. All proofs will be carried out for 1 < p < 400, the case p = 0
being similar.

2. Sufficient conditions for projective descriptions
of the (LF)-spaces LB;(A,(A), F)

The aim of this section is to prove the following:

THEOREM 2.1. Let 1 < p < +00 orp = 0 and let A = (a,), be an increasing
sequence of strictly positive weights on I. Let F be a Fréchet space with a fundamental
increasing sequence (| | ) of continuous seminorms. If the following conditions
hold

(i) the sequence A satisfies condition (D) and
(i) for each (\}); C R, and for each (k(l)), non-decreasing sequence of positive
integers, there are (y;); C R, and k € N such that

n m
) VneN Z)’ij,k - U ZA-IBI,k(I)’
j=1

meN =1
then LB;(A,(A), F) is a topological subspace of L,(3,(A), F).

To show the above theorem we need some preliminary results. The first one could
be interesting in itself.
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LEMMA 2.2. Letl < p < +00orp =0. Let A = (a,), be an increasing sequence
of strictly positive weights on I satisfying condition (M, J). Then, for each v € V
andk € N,

i/p
lim sup (Z fr”(i)af(i)lu,»l") =0, ifl<p<+x

m ue“p(')ll i€\,
or

lim sup sup v()a()|u;l =0, if p=0.

m peleo(l))y i€\

PROOF. Suppose that there exist © € V and ky € N such that the sequence

1/p
sup ( > af’(i)afo(i)m,wp)

I-‘-E[Ip(l)]l i€\,

does not converge to 0. Thus, there are €5 > 0 and an increasing sequence of positive
integers (k(m)),, so that, foreach m € N,

i/p

sup | )0 OOl | > e
well, (Nh i€\ Iiim)

It follows that, for each m € N, there is u™ = (u?"); € [I,(I)]; such that

1/p
Y POEOIF ] > e
i€l\lxgm
and hence
/p 4
©<| D POGOWP| < sup dDay@) | Y |kl
i€\ lkgmy 1€ km i€\ Iygm
< sup v(i)a (D).

i€\l )

We can then find another increasing sequence (m,), of positive integers and a sequence
(i;)r C I suchthat, foreach r € N, i, € Iin,y \ fim,_,y (Mo := 1) and (i, )ay, (i,) > €.
Let Y :={i,;r € N}. Then YN (I \ I,,) # @ forallm € N. By (M, J), for the given
Y and ko, there is k > kg so that inf,cN ay, (i,)/ac(i;) = 0. But, since v < v, on [
for some «; > 0, we obtain that

€ < ako(ir)l-)(ir) =< akako(ir)vk(ir) = akako(ir)/ak(ir)
for all r € N; thereby implying that 0 < €/, < inf,cn ay,(i;)/ar(i,) which is a

contradiction. O
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Next, for a given increasing sequence J = (I,), of subsets of I such that I =
Unmen In, we introduce the following space

L(A,(A), F;J)
:={T eL(,(A), F); 3Im e NVA€ A, (A) T (ZA,e,) =T (Zm,)} ,
iel iel,

where (¢;);e; denotes the usual vector basis of A, (A), thatis, e; = (§;);<;. We observe
that if T € L (X,(A), F; J), then there is m € N such that for each k € N there are
¢« > 0 and n; € N for which

M ITM)k <

Z)\ie[

iel,

ni.p

for all A € A,(A) (this follows from the fact that T € L(),(A), F) and that, for each
meN, A (A1) = {A € A,(A); A, =0 forall i ¢ I,} is a sectional subspace
of A,(A)). Moreover, we have:

LEMMA 23. Letl <p < +ooorp = 0. Let A = (a,), be an increasing sequence
of strictly positive weights on 1 satisfying condition (M, J). Let F be a Fréchet
space with a fundamental increasing sequence (] |} of continuous seminorms. Then
L(x,(A), F; J) is a dense subspace of Ly(X,(A), F).

PROOF. Let T € L(A,(A), F). Let B be an absolutely convex bounded subset of
Ap(A),e > Oand k € N. By [6, Proposition 2.5] we can suppose that B = v[l,(I)]; =
{bu = @i 1€ U, (D) forsome 3 € V.

Consider the absolutely convex O-neighbourhood of L,(%,(A), F) given by

W:={R € L\, (A), F); RG[L(D]) € Vi}.

We claim that there is § € L(A,(A), F;J) such that T — S € €W, or equivalently
SUD, e501, (1)), |T(X) — S(A)|x < €. Since T is linear and continuous, for the given &,
there are ¢, > 0 and n, € N such that, for each A € 1,(A), [TA)k < cllAllnp;
thereby implying that, for each A = v € v[l, (1)];,

1/p
@) ITMW)e < (Z 17"(i)a£k(i)lml"> :
iel
where by Lemma 2.2 there is mg € N such that, for each m > my,
1p
3) sup | D PWaE Ol ) < e/2a.
f‘-e[lp(’)]l iel\,
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Now, we define amap S : A,(A) > F by S(1) := T( Z,.E,mu rie;) = Zie,w riT(e),
h e X, (A);clearly S € L(A,(A), F: J). Moreover, by (2) and (3), foreach A = v €
vl (D11,
1/p
ITQ) = SWLe=|T| Y Me )| <al D OOl ] <e/2

i€\, « i€l\Ingy

It follows that SUP; i1, (1)), |T(X) — S(A) |k < €/2 < € and the proof is then complete.
0

REMARK 2.4. From the proof of Lemma 2.3, itis clear that given T € L(X,(A), F)
and, for each m € N, T, : A,(A) — F defined by T,,(A) := T(Y,, Xie;) for
A € A,(A), it holds that (T,,)n C L(A,(A), F;J) and T,, > T in L,(x,(A), F).

On the other hand, we have:

LEMMA25. Let 1 < p < 4o0oorp = 0. Let A = (a,), be an increasing
sequence of strictly positive weights on 1 satisfying (N, J). Let F be a Fréchet
space with a fundamental increasing sequence (] |3 )y of continuous seminorms. Then
L(x,(A), F:J) is a subspace of LB(A,(A), F).

PROOF. Let T € L(A,(A), F;J). Then, by (1) there is m € N such that for each
k € N there exist ¢, > 0 and n, € N, n;, > k, for which

1/p
Yohe| =a (Z |A.f1”a5k(i>)

iel, i€l

[Tk <

ni,p

forall A € A,(A).

Since A satisfies condition (N, J), there exists n(m) > m such that, for each
h > n(m), inf¢;, an(m)(i)/ah(}“) = a;, > 0, or equivalently a,.) = aa, on I,. Thus,
for each k > n(m) (and hence n, > k > n(m)) and A € A,(4),

1/p
ITW < @ (Z IA,-I”afk(i))

iel,
Yp
< ¢y (Z lkil"ai’(,,.)(i)) = ao; 1) he
iel, iel, a(m).p
This means that T € L(l, (@), F) and hence T € LB(X,(A), F). 0
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At this point we are able to state and prove the following basic result towards
Theorem 2.1.

LEMMA 2.6. Let 1 < p < +0oorp = 0 and let A = (a,), be an increasing
sequence of strictly positive weights on . Let F be a Fréchet space with a fundamental
increasing sequence (| |)« of continuous seminorms. If the sequence A satisfies
condition (N, J) and condition (C,) holds, then LB;(},(A), F) and Ly(A,(A), F)
induce the same topology on L(A,(A), F; J).

PROOF. By Lemma 2.5, L(A,(A), F;J) C LB(X,(A), F). We now remark that
replacing the increasing sequence (a,), by (@,um)n if necessary, we can assume
that n(m) = m in condition (N, J) so that, for each m € N and each k > m,
infic;, an(i)/ar(i) > 0. Foreach m € N, let é,, := inf;¢;, an(i}/amns1(i) > 0.

For a fixed absolutely convex O-neighbourhood U of LB;(1,(A), F), for each
1 € N, thereis k(I) > k(I —1) (k(0) := 0) sothat B, ;;, € U. Since U is an absolutely
convex set, we have

D 2B < U

meN =1

By (C,), for the given sequences (27!); and (k(1)),, there are ;) CR and k e N
such that, foreach n € N,

“) Z YiBix U Z 27'Biaqy-
j=1 meN I=1

Inductively, we may now choose an increasing sequence (¢;); of positive numbers
with, foreachj €N, o; > yj’l and a1 >« /8; so that, defining v :=inf;en ;) € v,
we conclude (as in [5, Proof of Lemma 3.12]) that, foreachm € N, 9;, =min; ., o; v;.
Let B := v[l,(1)],. By [6, Proposition 2.5], B is an absolutely convex bounded subset
of A,(A) and hence the set V := (T € L(A,(A), F); T(B) C Vi} is an absolutely
convex O-neighbourhood of L,(A,(A), F). We claim that VN L(A,(A), F;J) C U.
Indeed, if T € VN L(A,(A), F;J), then

sup [T(M)]e < 1

reB
andthereis K € Nsuchthat T(\) = T(Y_,,, Aie;)foralli € A,(A). Foreachi € Ix
let k(i) :=min{j € {1,2,...,K}; a;v;(i) = v(i)} and foreachn =1,... | K, let
Jn = {i € Ix; h(i) = n}. Obviously, Ix = Uf=1 J,and J,NJ, = @if n £ m. Next,
foreachn = 1, ..., K we define a linear and continuous map 7" : A,(A) — F by

T"\):=T (ZA,-«:,-) =Y MT(e), A €X(A)

i€, i€,
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Clearly, T = Z,f:, T". We show that 7" € y, B, foralln=1,..., K.
Since T € L(A,(A), F;J) C LB(*,(A),F), T € L(l,(a), F) forsomel € N
and hence, for each h € N there is ¢, > 0 such that

l/p
(5) ITO)I < o (Z |A.~|"ar<i>)

iely

forall A € I,(a;). On the other hand, by definition of v, we have that, for each i € J,,

. -1 . 1=y -1 . -1
= v, (i) =, o, () =a, v(i) <o, o) =a, a

an(i) a(i)’
By (5) it follows that, foreach h € N and A € I, (a,),

1/p
T (Z-xiei) <o (Z |A,~|"af(i))
iel, h i€,
1/p
< ant ' (Z |A.~|"a5(i)) ,

i€,

IT"M)s =

which yields T € L(l,(a,), F). Moreover, if A € [,(a,) with [|All,, < 1, then
Ay, = v(0) /0 € 1/a,v[l,(I)]) = 1/a, B because

l/p 1 1
(_S_ Iktlpaf(l)> =< ”A'"np <—
[¢4 a

iel, " n

A'|In

1
v T

np n

therefore |T"(A)|, = IT()»,,H.)Ik < 1/a, and hence |T"(A)|; < y, because 1/a, < y,.
We have thus shown that T = Y~ 7" € Y. y,B,x. By (4) it follows that
Ted [ 2B forsomem e Nandthen T € U. O

Finally, we can give

PROOF OF THEOREM 2.1. Since the sequence A satisfies condition (D) and (C,)
holds, by Lemma 2.6, L B;(x,(A), F) and L,(%,(A), F) induce the same topology
on L(A,(A), F; J) (where L(A,(A), F;J) Cc LB(A,(A), F) by Lemma 2.5) and by
Lemma 2.3 L(A,(A), F;J) is a dense subspace of L,(A,(A), F). Consequently,
L(Ax,(A), F;J) is also a dense subspace of LB;(A,(A), F). Thus Lemma 1.2 of [7]
implies that L B;(A,(A), F) is a topological subspace of L,(1,(A), F). O

REMARK 2.7. If F is a Banach space, condition (C,) clearly holds because, denoting
the norm of F by | |, | |r = | | for all k € N. Therefore, for 1 < p < 400 or
p =0,LB;(A,(A), F) = Ly(A,(A), F) holds topologically whenever the sequence A
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satisfies condition (D), that is, if A,(A) has the density condition of Heinrich; in
this case, it follows that LB;(A,(A), F) >~ L,(x,(A), F) is a complete (LB)-space.
Unfortunately, this result remains true only in the setting of echelon spaces satisfying
the density condition. Indeed, there are examples of Fréchet-Montel spaces E (hence
with the density condition) such that L,(E, ;) is not even a (DF)-space (see [21])
and of Fréchet-Schwartz spaces E and Banach spaces X such that L,(E, X) is not a
(DF)-space (see [18]).

Then, by Remark 2.7 we immediately obtain well-known results of Bonet and Diaz
([8, Theorem 13] for 1 < p < +00) and of Bierstedt and Bonet ([2, Proposition 2.3],
[3, Proposition 2.3] for p = 1), that is, ~

COROLLARY 2.8. Let 1 < p < 400 orp = 0. Let A = (a,), be an increasing
sequence of strictly positive weights on I and let F be a Banach space. If the
sequence A satisfies condition (D), then Ly(A,(A), F) is a bornological (DF)-space.

Moreover, by Remark 2.7 and by the fact that L,(C(S), E) is topologically iso-
morphic to C(S, E}) for every Fréchet-Montel space E and compact Hausdorff space
S, we also obtain the following result of Domariski [13, Theorem 3.1]

COROLLARY 2.9. Let S be a compact Hausdorff space and let 1 < p < +00 or
p = 0. Let A = (a,), be an increasing sequence of strictly positive weights on 1
and ¥V = (1/ay)n. If X,(A) is a Fréchet-Montel space, then C(S, ko(¥)), with
1/g+1/p =1ifl <p <+ooorq=1ifp =0, is a complete (LB)-space and
hence bornological.

Recall that the problem if C(S, E}) is an (LB)-space for every Fréchet-Montel
space E and every compact Hausdorff space S was posed by Bierstedt and Schmets
[19, page 103]. Only other some partial solutions are known: C(BN, E,) and ¢(E})
are (LB)-spaces for every Fréchet-Montel space E [12, Corollary 6.3] (the case co(E,)
has been solved by Dierolf); if E is a Fréchet-Schwartz space, C(S, E}) is an (LB)-
space for every compact Hausdorff space S.

3. Sufficient and necessary conditions for projective descriptions
of the (LF)-spaces L B;(A,(A), F)

It was proved in [1, Theorem 1] that conditions (i) and (ii) of Theorem 2.1 are also
necessary for L B;(A(A), F) to be a topological subspace of L,(A;(A), F). But this
is no longer true for 1 < p < +00 or p = 0 as the following result shows.

THEOREM 3.1. Let E be a Fréchet space with a fundamental increasing sequence
(I 12)» of continuous seminorms. Then the following conditions are equivalent:

https://doi.org/10.1017/51446788700003700 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700003700

[11] Projective descriptions of the (LF)-spaces 173

(i) LB;(E, w) is a topological subspace of L,(E, ).
(ii) E is distinguished and condition (C,) holds.

The above theorem should be compared with [4, Proposition 3.12]. Also, we point
out that X, (A) is distinguished if and only if it has the density condition, that is, the
sequence A satisfies condition (D); whilefor1 < p < +o0orp =0, A,(A) is always
distinguished and has the density condition if and only if the sequence A satisfies (D).
Thus, for E = A(A), Theorem 3.1 is a direct consequence of [1, Theorem 1] and for
E=21,(A),1 <p < +ooorp =0, gives a complete characterization.

PROOF. We start by observing that L B;(E, w) = ind,(E/)N and L,(E, w) = (E)N
hold topologically; hence condition (C,) turns out as: for each (A;); C R, and for
each (k(!)); non-decreasing sequence of positive integers, there are (y;); C R, and
k € N such that

(€)Y VneN Yy @) < EPN < D MOt x (EYN.

Jj=1 meN [=1

(1) implies (ii): Let defineamap J : E; — ind,(E/)" by J (1) := (,0,0, ...) for
u€ E andamap P : (E)N — E, by P(up), = u for (u,), € (E;)N. Clearly, J is
a topological isomorphism into and P is a topological surjection. Denoting by I the
canonical inclusion of ind, (E/)" into (E})N, we have that P o [ o J = Idg. Since I
is a topological isomorphism into, it follows that the map E| < E; is also open and
hence E is distinguished.

Next, for fixed (1;); C Ry and (k(!)); C N, consider the set

(6) Ui= D 2700 x (EpN,

meN =1

which is an absolutely convex 0-neighbourhood of ind,(E/)N. Then, by assumption
there are k € N and a closeq absolutely convex bounded subset B of E such that
V i= (B)* x (E")V is a closed absolutely convex O-neighbourhood of (E;)N and
VNind,(E))™ C U. Since B is a bounded set of E, there is (aj); C R, so that,
foreachj € N,sup.c; llxll; < o;. Puty; = 27! > 0, we claim that, for each
neN, Yo % U x (E)N C U. FixneNandu e Y7 v (Up* x (EDN.

Then u = Y|_ u;, with w; = (u); € % (Up)* x (EDN forall j = 1,...,n.
Now, u; € (E))M and u; € y;U; forallj = 1,...,nand i = 1,..., k; hence for

j=1,...,nandi=1,...,k,

sup |uy; (x)| < sup fluy I} lIxll; < v supllxll; < yye; =277
x€B x€B xeB
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It follows that, foreach j = 1,...,n, u; € 27/7'V; therefore

u=Y u €y 277'vc /v
i=l j=1
and so u € U. By (C,)’ and by (6) the proof is then complete.
(i) implies (i): Let W be an absolutely convex O-neighbourhood of ind,(E/)N.
Then, there are (1;); C R, and a non-decreasing sequence (k(1)); of positive integers
such that, for each I € N, A, (U)*® x (E)N C W and hence

U Z 2—[1[(0[)/(([) X (E;)N g “W.

meN =1

By (C,), taking (A)); = (27'A)),, there exist (y;); C R, and k € N for which

Do w @) x EPN € [ 32 n@" < EY".
j=1 meN I=1
Put V := J,n 21277 U;. Then V is an absolutely convex 0-neighbourhood
of E!. Since E is distinguished, there is a closed absolutely convex bounded set B
of E such that B C V. '
Consider the set U := (B)* x (E)N. This is a O-neighbourhood in (E))N. We
claim that UN ind,,(E;)N C W. Letu e UN ind,,(E;,)N. Then u = (u;); with u; € B

foralli=1,...,kand y; € E;o forall i € N and some ny € N. Since B C V, there
is n/, € N such that, foreachi =1, ... ,k,
™ w=y 27 yjuy,
ji=1
with u; € U; forallj =1,...,n.

To conclude the proof we have to consider the following two cases.
(ngy < no): Then, by (7),

u = ((U)i<k> 0)i>x) + ((0) i<k, (Ui)isk)
= Z 27 ¥ (g )i<k, 0)isg) + 27V, ((0) i<k, (2noyn_01ui)i>k)
j=1
€ Y 27y (U)* x (EPN + 279,y (Un)* x (E; )N
j=1
S Y 27y (U)) x (EPN © W.

j=1
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(ng < ng): Put w; = ((uig)ick, 0)iie) for j € {1,...,n) \ {no} and w,, =
((Wing) i<k, (2"°Yn;'ui)i>k)- Then, w; € (Uj)* x (EDN for j € {1,...,n9) \ {no)
and wy, € (Un)* x (E, )Y and hence

u=Y 27yw; €Y 27y (U)" x (EDN S W.

j=! j=1
The proof is now complete. O

Under additional assumptions on F we are able to prove that conditions (i) and (ii)
of Theorem 2.1 turn out to be also necessary for L B;(A,(A), F) to be a topological
subspace of L,(A,(A), F) also for1 < p < 400. Indeed, we have

THEOREM 3.2. Let 1 < p,q < +00 and let A = (a,), be an increasing sequence
of strictly positive weights on I. Let F = A,(A) or F be a Fréchet space which
contains a complemented copy of l,. If p < g, then the following conditions are
equivalent:

(i) LB;(A,(A), F) is a topological subspace of L,(A,(A), F).

(ii) The sequence A satisfies condition (D) and (C,) holds.

PROOF. (ii) implies (i): This follows from Theorem 2.1.

(1) implies (ii): First we show that (C,) holds. Its proof is very similar to the one of
Theorem 3.1 showing that (i) implies (i1).

Fix (A;); € R, and a non-decreasing sequence (k(l)), of positive integers and
consider the set U := (J,.en 21o1 27'A1B1 k), Which is an absolutely convex 0-neigh-
bourhood in LB;(A,(A), F). By assumption, there are k € N and an absolutely
convex bounded subset B of E such that V := {T € L(A,(A), F): T(B) € Vi}isa
0-neighbourhood of L,(A,(A), F)and VN LB(A,(A), F) C U.

Since B is a bounded set of A,(A), foreach j € N, a; := sup, g [IAll;, < +00.
Puty; :=27"'a;' > Ofor all j € N. We prove that }_;_, y; B;« C U holds for all
ne N,

Letn e Nand T € 3/ ¥;Bjx- Then T = 37 | T;, with T; € y; B, for all
Jj =1,...,n. Consequently, forj = 1,...,n, T € L(l,(a;), F) and

Sup'T}(A)lk =< supyj"}\”j_p <ya = 2-i-1
AeB r€B

This means that, foreach j = 1,...,n, 7, € 277"V and hence T = Z};] T €
2i=1277'V C V. On the other hand, it is clear that T € LB(,(A), F). Thus

T € VN LB, (A), F) C U.
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It remains to show that the sequence A satisfies condition (D). Proof of this is
inspired by the one of [11, 4.8]. For this we have to consider two cases: (a) F = A,(A),
p < q; (b) F contains a complemented copy of [, p < g.

(a) Suppose that the sequence A does not satisfy condition (D). Then, by [3], A, (A)
has a sectional subspace isomorphic to A,(B), where B = (b,), is a sequence on
N x N given by

@) {bn(k,j)=b1(k,j)=1 forall k > n;

Busi(n, j) ¥> +00 foralln € N.

Since A, (B) is a sectional subspace of A,(4) and hende Aq(B) is also a sectional
subspace of A,(A), by assumption it clearly follows that LB;(A,(B), ,(B)) is a
topological subspace of L,(A,(B), A,(B)).

For each n € N, put

1
I

U,, . A= ()»kj )kj € )"p(B); ”A'”n :

o0 l/p
(Z My I"bﬁ(k,j)) <1
i k=1

and

0 1/q
Vo i= {1 = (i) € Ag(B); gty := (Z |y wbz(k,j)) <1

j k=1

Then (U,), and (V,), form a basis of closed absolutely convex 0-neighbourhoods
of 1, (B) and of A,(B), respectively. Also, put

B, ;=T € L(I,(b,), ,y(B)); T(U,) € Wi} foralln e N,
we have that B, € B, for every n € N and hence W = UneN B, (the clo-
sure is taken in LB;(A,(B), A,(B))) is a closed absolutely convex 0-neighbour-
hood in LB;(A,(B), A,(B)). Since LB;(A,(B), ,(B)) is a topological subspace of
Ly(2,(B), A4(B)), there is a closed absolutely convex bounded subset C of A,(B)
and &y € N such that

U:={T € LB(A,(B), ;(B)): T(C)C V,,} < 1/HW.

Clearly, C C ﬂ:’;, 0, U,, with (0,), C R, an increasing sequence such that o, > 1
forevery n € N.

Now, we can find inductively an increasing sequence (m(n)), of positive integers
such that, foreachn € N,

9 m(n)>max{m(n—l),2”+la,,+1} and b,(n—1,m(n)+1)>mn-1)+1,
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with m(0) := 20, and m(1) := 2%0,. Indeed, suppose that we have determined
(m(n))f‘l=| such that (9) holds forn = 1, ... , k. Since b, (k,)) > 400 by (8), there
is m(k + 1) > max{m(k), 2¢*20;,,} such that by, (k, m(k + 1) + 1) > m(k) + 1.
Foreachn € N, let
m(n) + 1
n = | 8kndj min - .
u ( knOj m(n+1)+1 m(n) )k;

Then, foreachn € N, u, € 2(7] N 1/m(n)[°/,,+| \ U, because of (8) and (9); indeed,
foreach n € N, we have
1 m(n)+1 m(n) +1

uall = biin,min+ D+ 1) m@n) mn) ~ =2
lalle = 1 m(n) + 1 < 1 m(n) +1 1

T b (t,min+ D+ 1) m(n) T mm)+1 mmn) T mn)’

1 ‘mn)+1 m@n)+1
uall, = b, = > 1.
(n,m(n+ D+ 1) m@) m(n)
Let T: A,(B) — X,(B) be a map defined by
+1
T = Zu (M enmpsnyrt = Z)»n m(n+1)+1m(nz ) €n,m(n+ 1)+

n=kg n=ko

for A = (A)y € X, (B) ((e4)y denotes here the usual vector basis of A, (B)). Since
g > p, it follows from (8) that, foreach # € N and A € A,(B),

1/q

oo 1 q

[T, = (Z A mrny+1t? (%) bZ(n, mn+ 1)+ 1))
n=ko

h—1 : Vg
f 2 <Z 'An,m(n+l)+l 'lle(n, m(n -+ l) + I) + Z l)\'n,m(n+1)+l Iq)

n=ko n>h

o \/q
<26 (Z IAWHH.V) < 2¢,lIAl,

n=ko
where ¢, 1= maX;,<p<h_1 b(n, m(n + 1) + 1); thereby implying that
[T = 2| Al

holds for all A € A,(B). Therefore, T € LB(A,(B), A,(B))and T € 2B,. Moreover,
foreachAeCCﬂ 0, Un,

0o i/q oo 1 1/q
[T, = (Zlun(k)l") < (Z 2,,<n+n) <1

n=ky n=kq
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because A € Onyy Upyr, Uy € 1/m(n)l°/,,+, and by (9) m(n) > 2"*'o,,, for every
neN.ThusTe UC1/2W.

Now, u, ¢ (j,, for each n > k¢ and hence there is a closed absolutely convex
0-neighbourhood V) in k, (¥") (1/p'+1/p = 1, %" = (1/b,),) so that u, ¢ U,+ V.
Put V := ﬂnzko(l/le,, + V!). Since it is bornivorous in k,(¥”) , it is also a 0-
neighbourhood in &, (%) and hence V is a closed absolutely convex bounded subset
of A,(B) and

Wi := (S € LB(%,(B), A(B)); S(V) € V;}

is an absolutely convex O-neighbourhood in L B;(4,(B), 2,(B)).

Then T € 1/2W C 1/2,,,, B. + Wi. Consequently, there are ny > ko and
T, € 1/2B,,, T, € W, such that T = T; + T;; we observe that T)(U,,) € 1/2V
and To(V) C V,, or equivalently T/(V;) € 1/2U,, and T;(V;) C V. It follows that
T =T+ Tj and (T' — T)(V}) € V € 1/2U,, + V., so that T'(V}) € U, + V..
Since €], a1+t € Vi, by (8) ((e’,q. )i denotes the dual basis of k,/(¥")), we obtain
that u,, = T'(€, mines1ys1) € Uny, + Vuy» which is a contradiction.

(b) Arguing by contradiction as in the case (a), we find a sectional subspace of
A, (A) isomorphic to A,(B), with B a sequence of weights on N x N satisfying
conditions (8).

Since A, (B) is a sectional subspace of A, (A) and F contains a complemented copy
of l,, by assumption it clearly follows that L B;(A,(B), l,) is a topological subspace
of Ly(A,(B), l,). At this point to complete the proof it suffices to proceed in the same
way as in the case (a) with the only change to consider amap T': A,(B) — [, defined

by
o0
T =) u(Me,
n=ko
for A, (B), where (e,), denotes the usual vector basis of /,. O

Now Remark 2.7, Theorem 3.2 and [8, Theorem 13] imply again a well-known
result of Bonet, Diaz and Taskinen [9, Theorem 15], that is,

COROLLARY 3.3. Let 1 < p < g < 400 and let A be an increasing sequence of
strictly positive weights on N. Then Ly(A,(A), l,) is quasibarrelled if and only if it is
bornological if and only if the sequence A satisfies condition (D).

REMARK 3.4. Let 1 < p < g < 400. Let A be an increasing sequence of strictly
positive weights on I such that A does not satisfy condition (D). Let F = A,(A)
or let F be a Fréchet space which contains a complemented copy of [, (as (lq)N,
PN NLWA), r > g, L] () with Q an open set of R”, etc.). Then LB;(},(A), F) is
not a topological subspace of L,(x,(A), F).
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