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Abstract. Let ϕ(·) denote the Euler function, and let a > 1 be a fixed integer.
We study several divisibility conditions which exhibit typographical similarity with
the standard formulation of the Euler theorem, such as an ≡ 1 (mod ϕ(n)), and we
estimate the number of positive integers n ≤ x satisfying these conditions.
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1. Introduction. Let a > 1 be an integer and let ϕ(·) denote the Euler function,
whose value ϕ(m) at any positive integer m is the cardinality of the group (�/m�)∗.
The classical theorem of Euler asserts that

n | aϕ(n) − 1 (1)

provided that a and n are coprime. It is a well-known and amusing fact that one can
“accidentally misplace” the location of the symbol ϕ in Euler’s theorem and still obtain
a valid mathematical statement:

n | ϕ(an − 1) for every a > 1;

see [14] for an even stronger statement. In this paper, we study the validity of other
divisibility properties of the Euler function with a form similar to (1).

More precisely, let Fa(x) denote the set of positive integers n ≤ x that satisfy the
condition

ϕ(n) | an − 1, (2)

and let Ga(x) denote the set of positive integers n ≤ x for which

n | ϕ(n)a − 1. (3)

We show that both Fa(x) and Ga(x) are rather “thin” sets.
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THEOREM 1. For a fixed integer a > 1, the following estimate holds:

#Fa(x) ≤ x exp
( − (

2−1/2 + o(1)
)√

log x log log log x
)
,

where the function implied by o(1) depends only on a.

THEOREM 2. Let a > 1 be a fixed integer. If a is even, then the estimate

#Ga(x) = π (x) + O
(
x exp

( − (
2−1/2 + o(1)

)√
log x log log x

))
,

holds, where π (x) is the number of primes p ≤ x. If a is odd, then

#Ga(x) ≤ x exp
( − (

2−1/2 + o(1)
)√

log x log log x
)
.

Here, the functions implied by o(1) and the constant implied by O depend only on a.

We also investigate the set of positive integers n for which (2) holds for all integers
a coprime to ϕ(n), which is equivalent to the divisibility condition

λ(ϕ(n)) | n. (4)

Here, λ(·) denotes the Carmichael function, whose value λ(m) at a positive integer m is
the exponent of the group (�/m�)∗, that is, λ(m) is the largest multiplicative order of
any element in (�/m�)∗. More explicitly, for a prime power pν , one has

λ(pν) =
{

pν−1(p − 1), if p ≥ 3 or ν ≤ 2;

2ν−2, if p = 2 and ν ≥ 3;

and for an arbitrary integer m ≥ 2,

λ(m) = lcm
[
λ
(
pν1

1

)
, . . . , λ

(
pνk

k

)]
,

where m = pν1
1 · · · pνk

k is the prime factorization of m. Also, λ(1) = 1.
Let H(x) denote the set of positive integers n ≤ x satisfying (4). Clearly, the bound

#H(x) ≤ #Fa(x) holds for every fixed integer a > 1. However, we give a much sharper
estimate on #H(x) than the one that follows from this inequality and Theorem 1.

THEOREM 3. The following estimate holds:

#H(x) ≤ exp
(
O

(
(log x)3/4)) ,

where the constant implied by O is absolute.

Finally, recall that the famous Lehmer conjecture asserts that ϕ(n) | n − 1 if and
only if n is a prime number; see [12, 13]. For a fixed polynomial f (X) ∈ �[X ], let Lf (x)
denote the set of positive integers n ≤ x with the property:

ϕ(n) | f (n). (5)

We show that limx→∞ Lf (x)/π (x) exists and is a rational number. More precisely, we
show:

THEOREM 4. Let f (X) ∈ �[X ] be a polynomial. For each root m of f (X), there exist
certain residue classes {αj,m (mod ϕ(m)) : j = 1, . . . , rm} for which the following estimate
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holds:

#Lf (x) =
∑

f (m)=0

rm∑
j=1

π (x/m; ϕ(m), αj,m)

+ O
(
x exp

( − (
2−1/2 + o(1)

) √
log x log log x

))
,

where the function implied by o(1) and the constant implied by O depend only on f .

In the statement above, π (z; q, α) denotes (as usual) the number of primes p ≤ z
in the congruence class p ≡ α (mod q). We now recall the result of Walfisz [18], which
asserts for every fixed modulus q ≥ 1, the estimate

π (z; q, α) = π (z)
ϕ(q)

+ O
(

z exp
(

−C(q)
(log z)3/5

(log log z)1/5

))
(6)

holds for some constant C(q) > 0 depending only on q (in fact, the earlier result of
Tatuzawa [16] suffices for our application). Using (6) together with Theorem 4, it
follows that for any polynomial f (X) ∈ �[X ], there exists a rational number κf ≥ 0,
depending only on f , such that

#Lf (x) = κf π (x) + O
(
x exp

( − (
2−1/2 + o(1)

)√
log x log log x

))
.

Moreover, if f has no positive integer root, then κf = 0.
For a slightly restricted class of polynomials, using ideas from [12], we obtain the

following stronger statement.

THEOREM 5. Let f (X) ∈ �[X ] be a polynomial of degree k, with f (0) 	= 0, whose
roots all have multiplicity at most ν. For each root m of f (X), there exist certain residue
classes {αj,m (mod ϕ(m)) : j = 1, . . . , rm} for which the following estimate holds:

#Lf (x) =
∑

f (m)=0

rm∑
j=1

π (x/m; ϕ(m), αj,m)

+ O
(
x1−1/(2ν+1)+o(1) + x1−1/(k+1)+o(1)),

where the function implied by o(1) and the constant implied by O depend only on f .

Under the conditions of Theorem 5, from (6) we derive the estimate

#Lf (x) = κf π (x) + O

(
x exp

(
−Cf

(log x)3/5

(log log x)1/5

))

for some constants κf and Cf > 0 that depend only on f . Moreover, under the Extended
Riemann Hypothesis, it follows that

#Lf (x) = κf π (x) + O
(
x1−1/(2ν+1)+o(1) + x1−1/(k+1)+o(1)).

Throughout this paper, the letters p, q and r are always used to denote prime
numbers. We use the Vinogradov symbols 
 and �, and the Landau symbols O and
o with their usual meanings; the implied constants may depend, where obvious, on the
integer a or the polynomial f .

https://doi.org/10.1017/S0017089505002752 Published online by Cambridge University Press

https://doi.org/10.1017/S0017089505002752


520 W. D. BANKS, F. LUCA AND I. E. SHPARLINSKI

For a positive real number x, we write log x for the maximum of the natural
logarithm of x and 1. For a positive integer n, P(n) denotes the largest prime factor of
n (and P(1) = 1).

Our arguments rely on several well-known results about the distribution of smooth
numbers, that is, positive integers n ≤ x with P(n) ≤ y; see, for example, [6, 8, 17] for
exhaustive accounts of such results. We also apply recent results about smooth values
of the Euler function; see [1].

2. Preliminaries. We need the following result of Canfield, Erd´́os and Pomerance
[3] on smooth numbers (see also Hildebrand [7] for a similar estimate in a wider range):

LEMMA 6. Uniformly for exp(
√

log x ) ≤ y ≤ x, the set

S(x, y) = {n ≤ x : P(n) ≤ y}

has the cardinality

#S(x, y) = x exp(−(1 + o(1))u log u),

where u = (log x)/(log y).

We also need the following simplified version of Theorem 3.1 in [1]:

LEMMA 7. Uniformly for exp(
√

log x ) ≤ y ≤ x, the set

T (x, y) = {n ≤ x : P(ϕ(n)) ≤ y}

has its cardinality bounded by

#T (x, y) ≤ x exp(−(1 + o(1)) u log log u),

provided that u = (log x)/(log y) → ∞.

Finally, we need the following simple estimate, which is an immediate consequence
of the Prime Number Theorem together with partial summation:

LEMMA 8. Uniformly for x ≥ y ≥ 2, the set

U(x, y) = {n ≤ x : p2 | n for some prime p ≥ y}

has its cardinality bounded by

#U(x, y) 
 x
y log y

.

3. Proof of Theorem 1. Let x be a large positive real number, and put

y = exp(
√

2 log x log log log x ).

By Lemma 7, we have the estimate

#T (x, y) ≤ x exp(−
√

(0.5 + o(1)) log x log log log x ), (7)
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and by Lemma 8, the following estimate holds:

#U(x, y) ≤ x exp(−
√

(2 + o(1)) log x log log log x ). (8)

Now let N be the set of positive integers n ≤ x that satisfy (2) but do not lie in
T (x, y) ∪ U(x, y). For every n ∈ N , since n 	∈ T (x, y), it follows that the prime p =
P(ϕ(n)) has the properties:

(i) p > y;
(ii) p | ϕ(n);

(iii) p | an − 1.
As p2 � n (since n 	∈ U(x, y)), there exists a prime q ≡ 1 (mod p) such that q | n. If tp

denotes the order of a modulo p (note that we can assume that x is large enough so
that a is not divisible by any prime p > y), then from (iii) we deduce that tp | n. Clearly,
tp < p < q ≤ n ≤ x, and therefore gcd(q, tp) = 1; consequently, n ≡ 0 (mod q · tp).
Thus,

#N ≤
∑
p>y

∑
q≤x

q≡1 (mod p)

x
qtp

= x
∑
p≥y

1
tp

∑
q≤x

q≡1 (mod p)

1
q
.

Applying the well-known bound

∑
q≤x

q≡1 (mod p)

1
p


 log log x
p

,

(see, for example, the proof of Theorem 3.4 in [5], or that of Lemma 2 in [11]), we
deduce that

#N 
 x log log x
∑
p>y

1
ptp

= x log log x
∞∑

j=0

∑
2jy<p≤2j+1y

1
ptp

≤ x log log x
y

∞∑
j=0

2−j
∑

2jy<p≤2j+1y

1
tp

≤ x log log x
y

∞∑
j=0

2−j
∞∑

t=1

1
t

Rj(t),

where Rj(t) is the number of primes p with 2jy < p ≤ 2j+1y and tp = t. Since p | at − 1
whenever tp = t, it follows that we have Rj(t) 
 t/ log(2jy). If Tj < 2j+1y, then

∞∑
t=1

1
t

Rj(t) =
∑

t≤2j+1y

1
t

Rj(t) ≤
∑
t≤Tj

1
t

Rj(t) + 1
Tj

∑
Tj<t≤2j+1y

Rj(t)



∑
t≤Tj

1
log(2jy)

+ 1
Tj

π (2j+1y) 
 Tj

log(2jy)
+ 2jy

Tj log(2jy)
.

We now choose Tj = (2jy)1/2 (to balance the last two terms), substitute the resulting
bound into the preceding estimate for #N , and sum over j, obtaining:

#N 
 x log log x
y1/2 log y

≤ x exp(−
√

(0.5 + o(1)) log x log log log x ). (9)
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Inserting the bounds (7), (8) and (9) into the inequality

#Fa(x) ≤ #T (x, y) + #U(x, y) + #N ,

we finish the proof. �

4. Proof of Theorem 2. Let x be a large positive real number, and put

y = exp(
√

0.5 log x log log x ).

From Lemma 6, it follows that

#S(x, y) = x exp(−
√

(0.5 + o(1)) log x log log x ), (10)

and by Lemma 8, we have the bound:

#U(x, y) ≤ x exp(−
√

(0.5 + o(1)) log x log log x ). (11)

Now let N be the set of positive integers n ≤ x that satisfy (3) but do not lie in
S(x, y) ∪ U(x, y). For every n ∈ N , write n = pm with p = P(n). Since n 	∈ S(x, y) ∪
U(x, y), it follows that p > y and p2 � n; thus,

p | ϕ(pm)a − 1 = (p − 1)aϕ(m)a − 1,

and therefore,

p | ϕ(m)a − (−1)a.

Note that if a is even and ϕ(m) = 1, this condition is always satisfied; on the other
hand, if m = 2, then n = 2p cannot divide the odd number ϕ(n)a − 1.

Now let Q be defined as the empty set ∅ if a is odd, and as the set of primes p ≤ x
if a is even. In each case, one has Q ⊂ Ga(x), and therefore,

#Ga(x) = #Q + O (#S(x, y) + #U(x, y) + # (N \ Q)) . (12)

If n = pm lies in N \ Q, then m < x/y, and a is odd or ϕ(m) > 1; in particular,
m ≥ 3 and ϕ(m)a − (−1)a 	= 0. On the other hand, for fixed m in the range 3 ≤ m < x/y,
there are at most

ω (ϕ(m)a − (−1)a) 
 log x
log log x

choices of a prime p > P(m) for which n = pm lies in N \ Q, where ω(N) is the number
of distinct prime factors of an integer N ≥ 1. Consequently,

# (N \ Q) ≤
∑

3≤m<x/y

ω (ϕ(m)a − (−1)a)


 x log x
y log log x

≤ x exp(−
√

(0.5 + o(1)) log x log log x ).

Substituting this bound together with (10) and (11) into the estimate (12), we finish the
proof. �
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5. Proof of Theorem 3. We begin with the following statement, which may be of
independent interest; our proof uses Rankin’s method (see, for example, Chapter III.5
in [17]).

LEMMA 9. Let P be a finite set of odd primes, and let QP be the set of odd primes
q with the property that if a prime p divides q − 1, then p = 2 or p ∈ P . Finally, let MP
be the set of squarefree positive integers m with the property that if a prime q divides m,
then q ∈ QP . Then

#{m ∈ MP : m ≤ x} ≤ exp
(
O

(
(log x)(#P+1)/(#P+2))),

where the implied constant depends only on #P .

Proof. For an arbitrary real number c > 0, we have the bound

#{m ∈ MP : m ≤ x} =
∑
m≤x

m∈MP

1 ≤
∑
m≤x

m∈MP

( x
m

)c
≤ xc

∑
m∈MP

q|m ⇒ q≤x

1
mc

= xc
∏
q≤x

q∈QP

(
1 + 1

qc

)
≤ xc exp


∑

q≤x
q∈QP

1
qc


 .

Moreover,

∑
q≤x

q∈QP

1
qc

≤
∑

q≤x
q∈QP

1
(q − 1)c

≤
(

1 + 1
2c

+ 1
22c

+ · · ·
) ∏

p∈P

(
1 + 1

pc
+ 1

p2c
+ · · ·

)

= (1 − 2−c)−1
∏
p∈P

(1 − p−c)−1 ≤ (1 − 2−c)−(#P+1).

Now choose c such that

(1 − 2−c)−1 = (log x)1/(#P+2).

Then, from the preceding estimate, we have

∑
q≤x

q∈QP

1
qc

≤ (log x)(#P+1)/(#P+2).

Also,

c log 2 = − log
(
1 − (log x)−1/(#P+2)) = O

(
(log x)−1/(#P+2)),

where the implied constant depends only on #P ; thus,

xc = exp(c log x) = exp
(
O

(
(log x)(#P+1)/(#P+2))).

The result follows. �
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We now turn to the proof of Theorem 3. Let n ∈ H(x) be fixed, and let n =
2α

∏L
�=1 pβ�

� be its prime factorization. Since λ(ϕ(n)) is odd only for n ∈ {1, 2, 3, 4, 6},
we can assume that α ≥ 1 in what follows. We can further assume that L ≥ 1, since the
set of integers in H(x) of the form n = 2α has at most O(log x) elements.

Let P = {p1, . . . , pL} be the set of odd primes p that divide n, and let Q be the set
of odd primes q that divide ϕ(n) but not n. Assuming p1 < · · · < pL, we write

p� − 1 = 2α�

�−1∏
j=1

pγ�,j

j

∏
q∈Q

qδ�,q , 1 ≤ � ≤ L, (13)

where γ�,j ≥ 0 and δ�,q ≥ 0 (for example, p1 must be a Fermat prime). We also put
γ�,j = 0 for j ≥ �. For all choices of �, j, q, we obtain that

ϕ(n) = 2α−1
L∏

�=1

pβ�−1
� (p� − 1) = 2α−1

L∏
�=1

pβ�−1
�


2α�

L∏
j=1

pγ�,j

j

∏
q∈Q

qδ�,q




= 2α−1+A
L∏

j=1

pβj−1+Cj

j

∏
q∈Q

qDq ,

where

A =
L∑

�=1

α�,

Cj =
L∑

�=1

γ�,j, 1 ≤ j ≤ L,

Dq =
L∑

�=1

δ�,q, q ∈ Q.

Since P ∩ Q = ∅, it follows that

λ(ϕ(n)) = lcm
[
λ

(
2α−1+A)

,
{
λ

(
pβj−1+Cj

j

) }
1≤j≤L

,
{
λ

(
qDq

)}
q∈Q

]
,

and therefore,

lcm
[
λ

(
2α−1+A)

,
{
λ
(

pβj−1+Cj

j

)}
1≤j≤L

,
{
λ

(
qDq

)}
q∈Q

] ∣∣∣ 2α

L∏
�=1

pβ�

� . (14)

Using properties of the Carmichael function, it is easy to see that
(i) A ≤ 3;

(ii) Cj ≤ 2 for 1 ≤ j ≤ L;
(iii) Dq ≤ 1 for q ∈ Q.

Note that the condition (i) implies that L ≤ 3.
We claim that each Dq = 1. Indeed, if q ∈ Q, then

q| 2α−1
L∏

�=1

pβ�−1
� (p� − 1), and q � 2α

L∏
�=1

pβ�

� .
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Hence, q | (p� − 1) for some �, which implies that δ�,q ≥ 1. The claim now follows
from (iii).

Using (14) and the fact that Dq = 1 for every q ∈ Q, it follows that

(q − 1)

∣∣∣∣∣ 2α

L−1∏
�=1

pβ�

� , q ∈ Q.

Here, we have used the fact that pL � (q − 1), which follows from the factorization (13).
Defining P∗ = {p1, . . . , pL−1}, it is clear that Q is a subset of the set QP∗ defined in
Lemma 9 (with P replaced by P∗). Moreover, each quantity

∏
q∈Q qδ�,q that occurs

in (13) clearly lies in the set MP∗ . By (i) and (ii), the exponents α� and γ�,j in (13)
are all less than or equal to 3. Since #P∗ = L − 1 ≤ 2, Lemma 9 now implies that
each prime pj can be chosen in at most exp(O((log x)3/4)) different ways, and the result
follows. �

6. Proof of Theorem 4. As in Section 4, we put

y = exp(
√

0.5 log x log log x ).

Thus, we can again use the estimates (10) and (11).
Let N be the set of positive integers n ≤ x that satisfy (5) but do not lie in

S(x, y) ∪ U(x, y). For every n ∈ N , we write n = pm where p = P(n). Since gcd(p, m) =
1, we have ϕ(n) = (p − 1)ϕ(m). In particular, from (5) we derive that

f (m) ≡ f (pm) = f (n) ≡ 0 (mod p − 1).

Hence, for each fixed m ≤ x/y such that f (m) 	= 0, there are at most τ (|f (m)|) possible
choices for a prime p for which n = pm lies in N , where τ (N) is the number of positive
integer divisors of N ≥ 1. The classical result of van der Corput (see [4, 10]) shows that

∑
m<x/y
f (m)	=0

τ (|f (m)|) 
 x(log x)Kf

y

 x exp(−

√
(0.5 + o(1)) log x log log x ),

where Kf is a constant depending only on f .
We now consider the polynomial F(X, Y ) = f (XY ) − f (X). Clearly F(X, Y ) =

(Y − 1)G(X, Y ) for some G(X, Y ) ∈ �[X, Y ]. Thus, if f (m) = 0, then the condition
(p − 1)ϕ(m) | f (pm) is equivalent to ϕ(m) | G(m, p). Hence, if m is a root of f , we have that
n = pm lies in N if and only if the prime p belongs to one of the progressions p ≡ αj,m

(mod ϕ(m)), where αj,m, j = 1, . . . , rm, runs through all rm roots of the congruence
G(m, r) ≡ 0 (mod ϕ(m)). Therefore, we see that for some rational number κf ≥ 0 and
real number cf > 0, depending only on f , there are

∑
f (m)=0

rm∑
j=1

∑
p≤x/m

p≡αj,m (mod ϕ(m))

1 =
∑

f (m)=0

rm∑
j=1

π (x/m; ϕ(m), αj,m) (15)

integers n = pm lying in N , and we obtain the bound stated in the theorem. As it is
clear that κf = 0 if f has no integer roots, the proof is complete. �
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7. Proof of Theorem 5. For positive integers r and ν, we put

ρν(r) =
s∏

j=1

q�γj/ν�
j ,

where

r =
s∏

j=1

qγj

j

is the prime factorization of r. We also denote by F(X) ∈ �[X ] the product of all of the
irreducible divisors of f (X); in particular, f (X) | F(X)ν . Finally, let

α = ν

2ν + 1
and β = k

k + 1
.

If p | n and ϕ(n) | f (n), then obviously f (m) ≡ f (n) ≡ 0 (mod p − 1), where m =
n/p. Therefore, F(m) ≡ 0 (mod ρν(p − 1)). By the Nagell–Ore theorem (see [9] for the
strongest known form), we see that for every p, there are

Mp 

(

x
pρν(p − 1)

+ 1
)

po(1)

values of m ≤ x/p satisfying the last congruence. Therefore, the number of n ≤ x such
that ϕ(n) | f (n) and also having a prime divisor p in the range xα ≤ p ≤ xβ log x is
bounded by

∑
x1/(k+1)≤p≤xβ log x

Mp 

∑

xα≤p≤xβ log x

(
x

pρν(p − 1)
+ 1

)
po(1)



∑

xα≤p≤xβ log x

(
x

p1+1/ν
+ 1

)
po(1) ≤ x1−α/ν+o(1) + xβ+o(1),

since ρν(r) ≥ r1/ν for any r.
Now, if p ≥ xβ log x, then m 
 x1/(k+1)(log x)−1; hence, f (m) ≡ 0 (mod p − 1)

implies that f (m) = 0. The contribution from such n = pm is given by (15) from the
proof of Theorem 4.

It remains to consider those n ≤ x such that P(n) ≤ xα. Clearly, every such n has
a divisor m with xα ≤ m ≤ x2α. Writing n = mr we see that ϕ(m) | f (n) = f (mr) implies
that F(mr) ≡ 0 (mod ρν(ϕ(m))). For fixed m, if the last congruence is solvable, then
gcd(m, ρν(ϕ(m)))|F(0)|f (0). Since f (0) 	= 0, this shows that gcd(m, ρν(ϕ(m))) = O(1).
Now, applying the Nagell–Ore theorem once more, we see that for every m, there are

Rm 

(

x
mρν(ϕ(m))

+ 1
)

mo(1)

values of r ≤ x/m with F(mr) ≡ 0 (mod ρν(ϕ(m))). Therefore, the number of n ≤ x
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such that ϕ(n) | f (n) and also having a divisor m with xα ≤ m ≤ x2α is bounded by

∑
xα≤m≤x2α

Rm 

∑

xα≤m≤x2α

(
x

mρν(ϕ(m))
+ 1

)
mo(1)



∑

xα≤m≤x2α

(
x

m1+1/ν
+ 1

)
mo(1) ≤ x1−α/ν+o(1) + x2α+o(1).

Recalling the choice of α and β, we obtain the desired result. �

8. Remarks. It is easy to show that, for any positive integer k, there are infinitely
many integers a > 1 for which the lower bound

Fa(x) � (log x)k

holds. Indeed, let p1, . . . , pk be distinct primes, and suppose that the integer s = p1 · · · pk

satisfies the condition

gcd (ϕ(s), s) = 1.

For instance, one can choose large primes pj such that maxj{pj} < 2 minj{pj} and
P(pj − 1) ≤ √pj for each j; see [2]. Now let b > 1 be an integer such that

b ≡ 1 (mod ϕ(s)),

and put a = bϕ(s). Then, for any integer n composed only out of the primes p1, . . . , pk,
we have (2).

It is also easy to check that every positive integer n of the form n = 2α · 3β · 7γ · 43δ,
with arbitrary positive integer exponents α, β, γ, δ, satisfies the relation (4). Therefore,

#H(x) � (log x)4.

These lower bounds, however, are still far from the upper bounds given in this
paper. It would be interesting to know, even conjecturally, the actual rate of growth of
these functions.
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