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1

Let E be a real Banach space. A mapping f of E into E is said to be
bounded if f maps every bounded set into a bounded set.

Let B be the set of all bounded and continuous mappings of E into
E. 1f we define the linear combination af+fg for f, g € B and real numbers
« and B by («f+Pg)(x) = «f (x)+Pg(x) for every z € E, B is a linear space.
Moreover, we can define the product of f and g by

fe@) = f(g(x)) for every z ¢ E.

It is clear that the right distributive law is satisfied: (f4+g)h = fh-+gh for
every f, g, he B, and that the left distributive law is not always true.
Therefore, following the terminology of Zassenhaus [4, pp. 71—74], we
may call this space B a near-algebra.

In this near-algebra B, we can define a topology as follows. Let us
consider the sets B, ={zeE||x||=<n} for n=1,2,--+, then a mapping
f is bounded if and only if the semi-norms

[l = sup 1)l
are finite. Therefore, )
[} 1 — n
il g) = =gl

& e 14 gl

is a metric on B, and with this metric B is complete. We call this topology
the uniform topology of B. Thus the space B is a Fréchet space by the
uniform topology.

A mapping f of E into E is said to be compact if each of f(B,) (n=1,
2, - - ) is contained in a compact set. Evidently, the set C of all compact
and continuous mappings of E into E is contained in B. Moreover, the set
C satisfies the following conditions:

(1) It is a linear subset.
(2) If f is one of its elements and g € B, then fg and gf belong to it.
(3) It is closed under the uniform topology.
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Generally, a non-empty subset I of B is called an tdeal if it satisfies the
conditions (1) and (2). An ideal is called the zero ideal if it consists of a
single element 0 (the zero element of B). € is a non-zero closed ideal.
Since B is not an algebra, an ideal is not necessarily a kernel of a homo-
morphism. For a study of this fact from the algebraic point of view, we
refer to [1].

When E is a Hilbert space of countable dimension, it was proved by
Calkin [2] that the set of all compact and continuous linear mappings was
a minimal closed ideal of the Banach algebra of all bounded linear map-
pings. (An ideal is said to be minimal if it is not the zero ideal and does not
contain properly any ideal of the same type other than the zero ideal.)
But, in the case of the near-algebra B, the set C is no longer a minimal
closed ideal of B.

For example, let us consider the set I(E) of all constant mappings,
in other words, I(E) is the set of all mappings ¢,(a € E) such that c,(z) = a
for every z € E. It is obvious that I(E) C C C B, and we have

aca+ﬂcb = Cag+pb?
cof = €4, feq = Cyq) for every feB.

Therefore, I(E) is an ideal of B and, moreover, it is closed under the
uniform topology. It also follows from the equality c¢,f = ¢, that every
non-zero ideal contains JI(E), which means that I(E) s @ minimal (closed)
tdeal.

This closed ideal does not contain the set of all linear mappings of
finite rank. On the other hand, the closed ideal C contains all linear map-
pings of finite rank.

REMARK. Let £ be the conjugate space of E. Then, a mapping f
is said to be of finite rank if there exist a,e £ (1 =1,2,---, k) and
d,eE (1=1,2,---, k) such that f(zx) = 4,(z)a,+dy(x)ay+ - - +di(x)a;
for every z € E.

The purpose of this paper is to prove that the closed ideal C is minimal
amongst all closed ideals which contains all linear mappings of finite rank.

THEOREM. Let E be a real Banach space, B be the mear-algebra of all
bounded and continuous mappings and I be a closed ideal of B. If I contains
all linear mappings of finite rank, then C C I.

2

LEMMA. For any f € B, there exists a sequence f™ € B such that

1) f*(E)C Uoses1 2/ (Bnia);
(2) limn-oood(f[”]’ /) = 0;
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(8) if feC, then f™ e C. Moreover, {™(E) is contained in a compact
set;

(4) if each of f(B,) (n=1,2, ) is contained in a finite-dimensional
subset of E, then each of f™(E) is contained in a finite-dimensional subset.

PRrROOF. Let us consider the real continuous functions:

1 fo0=1<1n;
¢.(4) ={ —Atntlif n <A < ntl;
0 if 2>n41

and define the mappings fi™ by

(@) = $,(ll2l])f (=) for every = e E.

Since 0 £ ¢,(4) <1 for every A=0 and n=1,2,---, it is clear that
™ eB.

Proof of (1). Let us take an arbitrary y € f"I(E). Then, y = fi")(z) =
¢.(]|x||)f(x) for some = € E.

(i) If z € B,, then, since ||z]| =, $,(||z||) = 1, hence y =¢,(||z(|)/(z)
= f(x) € /(B,) C [(By+1)-

(ii) If ze B,,,\B,, then, since n < |jz}]| = n+1, 0= 4¢,(|x|) =
—|lz||4-n-+1, hence it follows that y = &,(||||)/(*) € Usga<1 %f (Bnt1)-

(iii) If = ¢ B, ,,, then, since ¢,(||z||) =0, we have y = 0€ 0 f(B,,,)
C Uosas1 9 (Bnia)-

Proof of (2). For any m and #, we have

1A —fllm = SuPse, 1™ (@) —f(@)]] = sup,en, (1—¢n(ll2l]))f(z).
When 7 =m, since z e B,, implies ||z|| = m < n, we have ¢,(|[z||) =1,
so that [|ff")—f||,, = O if #n = m. Therefore,
e 2 L Ul 1
Lmd(f™ ) =lm 2 o T, = im = O
Proof of (3). Let us take an arbitrary sequence (y;) C f")(E). Then,
by (1), we can find numbers «; and elements x, such that 0 < o, <1,
x, € B,,; and y, = o« f(x;). Since f(B,,,) is contained in a compact set,
there exists a subsequence (z;) such that lim, . f(z:) =y, for some
Yo€ E. Since (x,) is a bounded sequence, there exists a subsequence
(2;) C («,) such that lim;,,a; = o for some o«. Thus, lim, .y, =
lim; , , &;f(%;) = ®y¥,, which means that f"!(E) is relatively compact.

Proof of (4). By the assumption, for each », there exists a finite-
dimensional subspace E, such that f(B,,;) CE,. Since E, is linear,
«f(B, 1) CE, for every «, which implies that /"/(E) CUp<ax; #f(Bns1) CE,.
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Proof of Theorem. Let us take an arbitrary fe C. By (2) and (3) of
the above lemma, lim, ,d(f™, f) = 0 and each of f")(E) is contained
in a compact set. Therefore, since I is assumed to be closed, we have only
to prove that, if f(E) is contained in a compact set, f € I. Let us assume that
f(E) is contained in a compact set. Following the method first used by
Leray and Schauder [3, p. 51] we can construct a sequence f, such that
lim,_,.4(f,, /) = 0 and each f (E) is contained in a finite-dimensional
subspace of E as follows. Since f(E) is totally bounded, for each #, there
exists a finite number of elements y,, ¥,, * * *, Yx(» Such that

H(E) Ck(g: {ye E]lly—y,ll < 1/n}.

Let E, be a finite-dimensional subspace which is spanned by ¥,,¥,,**, ¥ »
then the mapping f, is defined by

k(n}) k(n)
fal@) = X p(@)y. [ 3 u,(x)
=1 =1
where
_ [ Un—llf@)—yll i |[/(2)—yll = 1/n;
/"{(x) - 'f
0 it [|{(@)—yll = 1/n.
It is clear that f, € B and ||f(z) —/.(%)|| < 1/n for every x € E, from which it
follows that lim,,_, 4(f, f,) =lim,_1/(n+1) = 0. Therefore, we have only
to prove that, if f(E) is contained in a finite-dimensional subspace, then
fel. Let us assume that f(E) C E,, where E, is a k-dimensional sub-

space. Let ¢;,¢,, ", 6 be a base of E and £y, é,, . . ., &, be elements of
E such that é,(e;) = 1 if ¢ = §; = 0 if ¢ % 4. Then, we have

Hz) = é(f(®))ey+ - - - +&(f(x))er for every z e E.
Now, let us consider the mapping

glx) = d(f(x))a  (zeE)

where acE and deE. If we put (@ ® d)(x) = d(x)a, then the mapping
a ® d is a linear mapping of finite rank, and g = (2 ® 4)f. Therefore, since
a @ del, we have g € I, and, since f is a linear combination of (¢; @ ¢,)/,
we have f e I. Thus, the proof is completed.
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