'NOTE ON COMPLETE COHOMOLOGY OF A
QUASI-FROBENIUS ALGEBRA

TADASI NAKAYAMA

Let A be a quasi-Frobenius algebra over a field K. A has a complete
(co)homology theory which may be established upon an augmented acyclic
projective complex, i.e. a commutative diagram

(1) ...—’Xl—’Xo—)X—1—*X—2*>-.
eNy N
A

of A-double-modules with exact horizontal row, projective X, and with epi-
morphic resp. monomorphic ¢ and ¢. Negative-dimensional cohomology groups,
over an A-double-module, are expected to be in close relationship with (ordinary
positive-dimensional) homology groups. Indeed, in case A is a Frobenius algebra
the cohomology groups H "(A, M), —n < —1, over an A-double-module A7
may be identified, connecting homomorphisms taken into account, with the
homology groups Hn-1(A, M*) over an A-double-module M™* = (M, *) obtained
from M by modifying its A-right-module structure with an automorphism * of
A belonging to the Frobenius algebra structure of A, and, moreover, the
cohomology groups H(A, M), H (A, M) are described explicitly in terms of
commutation and norm-map, so to speak, defined by a certain pair of dual
bases of A. In the present note we want to give the corresponding description
of the 0- and negative-dimensional cohomology groups of a quasi-Frobenius
algebra A. In doing so, we shall deal with a certain A-double-module M* which
is obtained from M by a certain construction but which is in general not A-
left-isomorphic to M contrary to that M ™ in case of a Frobenius algebra is A-
left-isomorphic to M. Further, our construction will strongly rely upon the
relationship of A with its core algebra A, which is a Frobenius algebra. In
fact, the (co)homology theory of an algebra can, generally, be reduced to that
of its core algebra, and this principle applies also to the complete (co)homology

of a quasi-Frobenius algebra. However, description and construction in terms
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of a given quasi-Frobenius algebra itself, rather than of its Frobenius core,
as those we shall obtain in the followings, are perhaps of some interest and

use too.

1. A-double-module M%, Let A be a quasi-Frobenius algebra over a field
K, and

r J(p)

(2) =326

p=11¢=1

be a decomposition of its unit element 1 into mutually orthogonal primitive

(7)

idempotents, where e;”’ = e}”’ if and only if p=0. For each p=1, ..., r there

(p) (p) A(p)

is in A a system of matrix units ¢;?’ (¢if ¢if} = 80 ¢;)) with ¢}f’ = ei"’. Put

(3) Ee“” Ao=1oA10.

Ay. the so-called core algebra (or basic algebra) of A, has 1, as its unit element,
and is a Frobenius algebra. Let * : x » x* (¥ & A,) be an automorphism of
A, belonging to its Frobenius algebra structure. Thus, if (@, ..., a) is a
K-basis of A,, there is a non-singular parastrophic matrix P= (u(aca\)) belong-
ing to the basis (a«x) such that for x =§Kja.(5,( (€ K)

(4) P =2all, & ..., ) =G ..., 8PP
there is a permutation = of (1,..., 7) such that e/”" =¢!™" modulo the
radical of A, for every 1,..., 7, and by a suitable choice of * (or of the

decomposition (2) and matrix units c,"’ if we fix *) we may, and shall, assume
(5) e’ = (™) for every p=1,..., r.

The basis (by, . .., be)=(ay, ..., ax)(P')"'is said to be dual to (ac) and has
the property that the left regular representation of A, defined by (a.) coincides
with the right regular representation defined by (&) and, moreover, the product
of *» with the left regular representation defined by (&) coincides with the
right regular representation defined by (ax).

Let M be a unitary A-double-module. Then M, =1,M1; is a unitary A,
double-module. The map

(6) vo : u - O axubs (e M)

is a K-endomorphism of A, and we have
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(7) vl My) C M ={u& My xu=ux for all xe& Ao},
(8) A ux*— xue=Kern, for all ue M, x € A.

On denoting by Mg = (M,, *) the A,-double-module which coincides with
M, as Apleft-module and whose Ao-right-module structure is defined by that
ux (u e M, x = Ay, under the structure of My, is #x" under the old structure

of Mh, we construct a new A-double-module

IS _f(p\f(_'z‘) o) w ()
a2 (e}
(9) M= 32 X >cale” Mie” cif,
p,6=11=1j=1
where cfi’el” My ei” ¢t} is the K-module consisting of all expressions c¢;f vei?’

PIMEe”), where

with v € el" M el” (K-module structure inheriting that of e}
the summations are formal direct ones, and where the A-double-module structure
of M is defined by (the distributivity and) the relations: if v e &f M el”,
x e eif” Ael?”, then

(p)

( 2
(10) xC:{))vCU —‘501 5] zqu ((C” XCii )22)61 s

(p) (3) ( ny
cif vei] % = dpodijeit (w(ci} xcT)) el

If in particular A is a Frobenius algebra, then (and only then) f(z(p))
=f(p) for p=1, ..., 7. In this case the K-linear map:

(11) 2(€ e Aey”) - ¢ (el? xcl ) el F

gives an automorphism of A and is readily seen to be a such belonging to the
Frobenius algebra structure of A. Our module A" is, in this case, obtained
from M by retaining its A-left-module structure but modifying its A-right-
module structure with this automorphism of A, and thus coincides with the
module considered in [3] (with this choice of automorphism of A belonging to
its Frobenius algebra structure).

Contrary to this Frobenius algebra case and contrary to that in particular
My is Ac-left-isomorphic to M, our module M* in general case is not, in general,

A-left-isomorphic to M, as we wish to remark.

2. Map » : M¥> M. For u=c{vci} € ef” M'e;” with ve el M e!™, con-
sider v as the corresponding element of M, indeed of e’ Moe' ™", and construct

volv) in M,, with v, given in (6). Put

(12) v(u)—ﬁuz Equ 1)0(1))01(1 e M.

T=1qg=1
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This defines a K-linear map 5 of M? into M. We assert
(13) (MY C M ={uc Mlux=xu forall x& A}.

’ . . . 3
Indeed, let x € e{?” Aej?”. Then, with # as above and with i=j, we have, on
observing (7)

v(n)x =cify’ vo(0) it x = cif vo(w) C(up"l)xc}"‘l')c;;")

(o' ' C a6 -
= ci’pl)cg"' )ij?l) ro(v) ngr) =x7(u).

We have also
(14) ux—xucKerv forall ne MS, xe A.

To see this, let, again, u=c{ vciy € e Mie}” with v & ei”’ Miel” and
x € effAej’”. Then we compute readily
r f(x)

5(ux) = Bopr 8ji" i’ Z:c;T’uo(v(ci,”-’xC}f’{))) iy,
t=1g=
L3 oy _ (a%) (1)
v(xu) = 8o'p6j'i6i'j>__‘l Elcqi volcif XCj1 )v) Cig
T=1q=

(where in the first equality we operate cif’ xci?;’ € A, on v as an element of

My (and not as such of M,) and then consider the result as an element of M,
to form its image by »o). So #(ux —xu) =0 if jx4 or i=j. Let j=i and
i=j". If oxp and p= o', then v(ux — ux) =0 too. So, suppose ¢ =o' but p %o
firstly. Then »(ux —ux) =5 (ux) = gg}; e vo(w(ciP xein)) e}y and here the
argument of », is equal to »(c{j xciy’) — (z‘i}’)xc}i’;’) v since p=x¢'. But wi(vy —yv)
=0 for all vEe M, ye A ((8)). Thus 7(ux —ux) =0. The same holds simi-
larly in case o', p=d¢'. Suppose finally v =p', p=¢. Then 7(ux— xu)

"

1(z)
= 2 2 et wolv(elP xei’) — (eiP xei)v)) ¢l and this vanishes again by (8).
T=1q9=1

This proves (14).

3. Cohomology groups. Having proved (13) and (14) we set
(15) HY (M) = M*/5(MP),
(16) H™(M) = (Ker )/(K-submodule of M* generated by the

elements of form ux — xu with ue M?, x€ A).

Set further H (M) = Hy-1(A, MY) for —m < —2 and H* (M) = H"(A, M) for
n=1 With an exact sequence 0 - P-> M~ Q - 0 of A-double-modules, we
define do, 9-1, 0-2 to be the maps: HYQ) - H'(P), H™(Q) - H'(P), H™*(Q)
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- H7'(P) induced by the maps: u(& M) - (standard 1-cochain x(e& A)
“ o ux—xu), 7 u(€ MY > 5(u), (standard 1-chain xR u(€ A QM) > ux — xu
(€ M%). The maps &, with » > 0 or < —2 are defined as the usual connecting
homomorphisms of cohomology or homology groups. Then the groups H?(M)
and the maps 45, with varying M and exact sequence, (or, more precisely,
covariant functors H? and connecting homomorphisms &, ([2])) are easily seen
to satisfy the axioms (I)—(IV) of cohomology groups (given in [1] for
ordinary case and in [3], §6 for complete case) with a normalization axiom
(V') H(M) = H'(A, M), for example (cf. [3], §6). So we have: the groups
HYA, M) (na1), H™A, M)=Hu-y(A, M%) (—n= —2) and the groups
H'(A, M) =H"(M), HY A, M)=H M) in (15), (16) form, with connecting
homomorphisms defined as above, the complete system of cohomology groups on

the quasi-Frobenius algebra A in M.

4. Case of a Frobenius algebra. Suppose that our quasi-Frobenius algebra
A is in particular a Frobenius algebra, i.e. f(n(p)) =f(p) forall p=1,..., 7
We first consider a K-basis (@) of the core Ay=1yA1, such that each a. lies
in some of the modules e{”4,e!”. Let (b)) be a basis dual to (a). We see
readily, by the cited property of dual bases with respect to regular represen-
tations, that if a. € el Ajel” then b€ e® Aoel” =™ 4,e!”. So, we then
construct the products cjf' acciy, c;i'” bect? (i=1, ...,/ ; j=1,..., fla)
(=f(n(g)))). With k=1, ..., k we order these two families of elements by
the lexicographic order of (x, 7, j), for example, to obtain a pair of dual bases
(e acci?), (e57bect?) of A belonging to the Frobenius algebra automorphism
defined by (11). With this last choice of automorphism our module M° is
obtained directly from M by modifying its right-module structure with this
automorphism (but retaining its left-module structure), and with this choice of
dual bases our map 7 : MY > M is readily seen to be the product of the thus
existing trivial A-left-isomorphism M® —~ M and the K-endomorphism of M
denoted by s in [3], §2.

After this observation with respect to the above specific dual bases of A,
we consider the general case of an arbitrary pair of dual bases (a), (b.) of
the core A,. By a K-linear transformation we can come to a basis with the
above specific property that each member belongs to some e Ace!”. The

contragredient transformation turns (b.) to a dual to this basis (with respect
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to the same *). By the transition to this pair of dual bases the map », is left
unchanged, and so is the expression in the right-hand side of (12). Applying
then the above consideration to the newly constructed bases, we obtain that
(in case A is a Frobenius algebra) the above statements in italics concerning
M’ and v are valid also with a given arbitrary pair of dual bases of the core
Ao and with a suitable dual bases of A (with respect to the automorphism of A
given by (11)) (Thus M coincides with M* in [3] when our automorphism
of A is denoted also by *, and v coincides with ¢, in [3], up to a trivial trans-

formation).

We repeat, however, that in case of a general quasi-Frobenius algebra the
module M? is not, in general, A, left-isomorphic to M and our rather complicated
construction of M* and 7 is rather inevitable.

5. Remarks. With a quasi-Frobenius algebra A we retain our notations as
e, ¢if’, Ao, (@), (b) and *. The Ay double-module Af = Homyx (4o, K) has a
K-basis (B«) with B«(b)y) =dc. By ac—> B we obtain an Ay Aj-isomorphism
of Ay and AJ*= (A3, *) (cf. [3], §§2, 3). This is extended to an A-A-
isomorphism of the modules X)¢ifei”’ Aoei” ¢l and D¢ el” As*e{”ci? of the
similar construction as of (9). Here the former module is nothing but A while
the latter is (A-A-)isomorphic to A° = (Homx (4, K))! as we readily see
from the Aq-Ap-isomorphism el A°el® = AJ.

Now, let 0« A« Xy« X; < ... be the standard (say) complex of A.
From this we obtain an augmented acyclic projective (in fact free) complex
0 Aoe (Xo)oe (Xido+ .. ((Xndo=1LXnlo= 21" Xnei™) of Ao, which is,
however, not the standard one. We obtain then, by dualization and ( , *), an
injective resolution 0 - Af* - (X0)§* » (X1)¢* » ... of the A¢-double-module

o*; the modules (X»)i* are (A¢A¢)projective too. On observing
Ste el (Xn)o¥ei” el =~ X% we obtain further the exact sequence 0 - A°%
> X% > X¥> . ... Combining this with the standard complex of A, which
we have started with, through the A-A-isomorphism of A and A°® constructed
above, we obtain an augmented acyclic projective complete complex (1) with
X_n-1=X3%, where, thus, ¢ is the original augmentation in the standard complex
and ¢ is the product of our (A-A-)isomorphism A - A°% with the mono-
morphism A°Y > X%, We see readily that this construction corresponds to our

description of cohomology groups in 3, and indeed gives a second derivation of
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the result there.

We remark here that we do not need to start with the standard complex
of A; any projective resolution of the A-double-module A will do, except that
the choice of X, in the standard complex makes the description of the 0- and
—1-cohomology groups easy. (For instance we may use the resolution such
that 0 « Ay « (Xp)o < (Xi1)o < ... is the standard complex of A,.) We note
also that we then need not use the negative-dimensional part derived, by the
above construction, from the positive-dimensional part, but may combine a
given positive-dimensional part with a negative-dimensional part derived, by
our construction, from another positive-dimensional part. Important is, however,
that they are combined through our A-A-isomorphism A - A°%.

A further remark is that another description of the cohomology groups
H(A, M), which is more economical than ours, is the one as those of the
Frobenius core A, in M, ie. H*(A, M) =~ H?(A,, M, (where the right-hand
side is known in [3]). (This is verified either in axiomatic way or by com-
plexes.) —It is indeed a general useful principle that the (co)homology theory
of an algebra may be reduced to that of its core algebra.— But our description
refers directly to A and A-double-modules, which is perhaps of use and interest

too.
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