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THE PROFILE NEAR QUENCHING TIME FOR THE SOLUTION
OF A SINGULAR SEMILINEAR HEAT EQUATION*

by JONG-SHENQ GUO and BEI HU
(Received 24th May 1996)

We study the profile near quenching time for the solutions of the first and second initial boundary value
problems (IBVP) for a semilinear heat equation. Under certain conditions, one-point quenching occurs for
both first and second IBVPs. Furthermore, we derive the asymptotic self-similar quenching rate for both
problems.

1991 Mathematics subject classification: 35B35, 35B40, 35K 55.

1. Introduction

In this paper we consider the following semilinear heat equation:

8u_82u b du 1

%o xa (g orXe@a >0 (B)

with the initial condition
u(x, 0) = uy(x) for x € (0, a), (1.2)
where a > 0 is a constant. Throughout this paper, we assume that
b<l, B>0, andO0=<u(x)<l—-¢, 0<x=<1) (1.3)

for some ¢, > 0.
Denote the operator £ by

LUl =u, ~u,, — 2 u,.
x

Then the adjoint operator of L[u] = 0 is given by

&)
V,=0,—(—-v}.
X X
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The above equation arises in many applications in stochastic processes. For example,
the function v is the density function for a Markov process which is the limit of a
sequence of random walks. Here b is some limit of the second conditional moment (cf.
[17]). It is the Fokker—Planck equation of a singular diffusion in which b is related to
the drift (cf. [7]). Also, Lu=0 is equivalent to the following degenerate elliptic-
parabolic equation

b+1
w, = 2zZw,, +—;— w,

introduced by Fichera (cf. [8]), through the transformation

2

z= %, w(z, £) = u(x, £).

For more references about the operator £, we refer the reader to the paper of
Alexiades [1].

The system (1.1)-(1.2) is supplemented with either the Dirichlet boundary
conditions

u(0,8) = u(a,t) =0 for t > 0, (1.49)

or the Dirichlet and Neumann boundary conditions
du
u(0,1) =0, T (a,t) =0 fort >0. (1.5)

Throughout this paper, we shall refer to the system (1.1)-(1.2), (1.4) as the First
IBVP, and the system (1.1)-(1.2), (1.5) as the Second IBVP.
We shall assume that the initial datum u,(x) is smooth, say, C*[0, a], and satisfies

ug(x) +§u{,(x) + for x € (0, a). (1.6)

1
T—woy ="
For the First IBVP, we assume that there exists ¢* € (0, a) such that

1y (0) =0, uy(a) =0, a.7m
uy(x) = 0 for0<x <c*, u(x)<0 forc* <x<a. (1.8)

For the Second IBVP, we assume that
4(0) =0, u(a)=0, (1.9)

U(x)>0 for0<x<a. (1.10)
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The solution to either First or Second IBVP is unique (see [1]). We say that a
solution quenches if its maximum reaches 1 at some finite time. Let T be the quenching
time. A point c is said to be a quenching point if there is a sequence {(x,, t,)} such that
x, —> ¢, t, = T, and u(x,,t,) > 1 as n > oo.

The quenching problem for parabolic equations has been studied by many authors,
since the work of Kawarada [15] in 1975. We refer the reader to the survey papers
Chan [3,4] and Levine [18, 19] for more references.

The quenching may or may not occur, depending on the length a and the initial
datum. Throughout this paper, we assume that the quenching occurs at t = T. Under
the assumptions (1.6), (1.7) or (1.9), we have

u(x,t) >0 for0<x<a0<t<T, (1.1D)

for either First or Second IBVP. We state our results in terms of the following
theorems.

Theorem 1.1 (First IBVP). Let the assumptions (1.6), (1.7) and (1.8) be in force.
Then we have the following:

(i) There is exactly one quenching point.

(ii) If the quenching point x = c is away from the boundary x =0 and x = a, then we
have

1

lim(l—u(e, ONT =07 =@+1, =g,

uniformly for |x — c| < C/T —t for any positive constant C.

(iii) In particular, for 0 < B < 1 the quenching point is away from the boundary x =0
and x = a and therefore (ii) holds in this case.

Theorem 1.2 (Second IBVP). Under the assumptions (1.6), (1.9) and (1.10), there is
exactly one quenching point which occurs necessarily at x = a. Moreover,

1

E.nrl[l —ulx, )T -7 =(B+1), y= P’

uniformly for 0 < a — x < C/T — t for any positive constant C.

The new feature of our system is the presence of the convection term involving the
coefficient b/x. It is degenerate at x = 0, and the presence of this term invalidates any
direct reflection argument used in [10] for zero-set analysis for u,. We shall prove,
under certain assumptions, that quenching will not occur at the boundary x = 0, and
therefore the coefficient b/x is not degenerate at the quenching point. To prove the
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single-point-quenching for the First IBVP, we modify the reflection technique, and
use a delicate argument in Lemmas 2.2 and 2.3. All of the modifications are necessary
to take care of the asymmetric term introduced by reflecting the b/x term.

We shall give the proof of Theorem 1.1 in Sections 2 and 3. The proof of Theorem
1.2 will be given in Section 4.

2. The first IBVP

Let Qr = (0, a) x (0, T). The following lemma is crucial for studying the quenching
set. Since no boundary condition is needed in the lemma, it is valid for both the First
and Second IBVPs.

Lemma A. Suppose that u, >0 (or u, <0) in the set Q=(d,e) x (t,, T), where
O<d<e<aand0 <t, < T Suppose also that u, > 0 in the set Q. Then any point c in

[d, e) (or (d, e], respectively) cannot be a quenching point.

Proof. We only consider the case that u, >0 in Q. Suppose that there is a
quenching point ¢ € [d, e). Recall that u, > 0 in Q. Then we have

1‘133 u(x, 1) =1 2.12)

uniformly for x in compact subset of (c,e). Take any I,m so that c <l <m <e. We
consider the function

J(x, 1) = ux, ) — nh(x)
in § = (I, m) x (t,, T), where the function h(x) is given by

k(x), I+6<x<m-9§
(m—x)z, m-406<x<m,

(x—1, I<x<l+$
h(x) =
with n >0, d > 0, and t, € (t,, T) to be determined. Here the function k(x) is chosen
so that h € C*(I, m). We compute that

b 40 b
Jl—Jxx—;Jx_[ﬂ(l—u) I—;]J:"P, (2'13)

X x2 -

We claim that P> 0 in S.
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Forl<x <1+46, we have
x—1 e b
P=2[1+b7]+[ﬁ(1—u)" '—;](x—l)z.

For b > 0, it follows from (2.12) that P > 0 in S if ¢, is chosen sufficiently close to T.
For b <0, since (x —1)/x < /1, it follows that P> 0 in S if § is chosen sufficiently
small.

Similarly, for m — é < x < m, we have

m-—Xx

P=2[l—b ]+{B(l—u)'ﬁ"—%](m—x)2.

It is trivial that P>0in Sif b<0. For 0 <b <1, we also have P>0in S if d is
chosen so that § < m — § and ¢, is chosen sufficiently close to T.

Finally, for I + & < x < m — 8, we note that the quantities k'/k and k"/k are bounded.
Hence

b k' bk
— —)y P D 2
P_k[ﬂ(l “) xX k x k]

is non-negative if ¢, is chosen sufficiently close to 7.
Fix t;, we can choose n so small that J > 0 on the parabolic boundary of S. Hence
it follows from the maximum principle that J > 0in §, i.e.,

u,(x, t) > nh(x) in S.

Integrating this inequality from ! to m, we reach a contradiction and the lemma
follows. O

We begin the study of the First IBVP with a stronger assumption in place of (1.8),
namely,

Up(x) > 0 for0 < x < ¢, U(x) <0 forc* <x<a. (2.15)

This assumption will be removed at the end of this section.

Lemma 2.1. Let (2.15) be in force. Then for each t € [0, T), there is exactly one point
x = s(t), such that u (s(t),t) = 0. Furthermore, s € C*(0, T).

Proof. For each fixed t € [0, T), u(-,t) attains its maximum at an interior point
x = s(t), on which we must have u,(s(t), t) = 0.

We now prove that there is at most one point on which u, = 0. Notice that this is
certainly true for t = 0. Take x = ¢*/2 so that u,(c*/2, 0) > 0. By continuity, u,(c’/2,t) > 0
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for 0 <t < 4. Notice that u, satisfies the equation

b b Pu,
(ux)t = (ux)xx + ; (ux)x - ;Eux + m .
by the maximum principle,
u(x,t) >0 for (x,t) € (0,c"/2) x (0, d).

(Notice that the equation is singular at x = 0; however, we can always approximate
this system with a nonsingular system and then apply the maximum principle.)
Furthermore, the number of zeros of u, will not increase in the interval x € [¢*/2, a] for
t €[0,8) (see, for example, [2,6]). Since the number of zero of u, remains 1 for
t € [0, 9), it follows (see [2, 6]) that

u (s(t), ) #0  for0 <t <,

(if it equals O for some t € (0, §), then the number of zeros of u, must decrease by 1,
which is not the case here) where x = s(t) is the zero of u,, which coincides with the
maximum of u(-, t). Since the solution to the parabolic PDE is C*, we have proved that
s € C*(0,0). It is clear that this process can be continued beyond t=4J. Now let
(0, T*) be the maximal interval on which the lemma is valid, then T* > §. It is clear
that

u(x,t)>0 for0<x <s(t),0 <t<T*
u(x,t) <0 fors(t) <x<a0<t<T"

We claim that T* = T. Suppose that this is not true, then the previous procedure can
be continued beyond t = T, provided '

limnf s(¢) > 0. (2.16)

Thus, in order to establish the lemma for all 0 < t < T, it suffices to establish a lower
bound for s(z).

For any small 7 >0, we let v(x) = Kx®, where 0 <a <min(},152) and K is a
constant. Since u(x, t) is bounded for 0 <¢ < T — 5 (although the bound may depend
on 1), we can take K = K, to be large enough so that

Kn®>1, (%) < (),
(A-uw? <2aKn* 2?1 -b—-20) for(x,t) e (0,n) x (0, T —n).
Then v(x) is a supersolution in (0, ) x (0, T — n) and by the maximum principle

u(x, t) < Kx* for (x,t) € (0,n) x (0, T — ).
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It follows that
2x — g g —_—
KISOF* > u(s(t), ) = maxu(x, 1) = u (2, :) >u (2,5) for0<t<T—n.

as long as x = s(t) is still well defined. This lower bound for s(¢), together with the
continuation argument, implies that T* > T — n, for any 5 > 0. Since n is arbitrary, the
lemma holds. a

Recall that
u(x,t) >0 for0<x <s(t),0<t<T,

u(x,t) <0 fors(t) <x<a,0<t<T.
The main lemma of this section is the following.
Lemma 2.2. Let (2.15) be in force. Then the limit of s(t) ast — T — 0 exists.

Proof. If this is not true, then

0 < a, = liminf s(t) < a, = limsups(t) < a. 2.17)
t—+T-0 t—=T-0

We first prove that any x* €[a,,a,] is a quenching point. In fact, for each
x* € (a,, a,), the curve x = s(t) intersects with x = x* infinitely many times. On the
intersection sequence, u(x", t;) = u(s(z;), t;) takes its maximum, and hence converges to 1
as t; > T — 0. Since u, > 0, we conclude that

lim u(x*,t)=1 for x* € (a,, ay).
t—>T-0

We now take x* to be a,+¢ and a, —s¢. It is clear that u(x,t) > min[u(a, +e¢, t),
u(a, — ¢, t)]. Hence,

r!};‘n—o u(x’ t) =1

uniformly for x € [a, + ¢, a, — €], for any ¢ > 0. Moreover, by Lemma A, any point in
[0, a]\[a,, a,] is not a quenching point.
2a,

Now take a, = % + 5 %= (a; + a,)/2 and a5 = (a; + a,)/2, then

0<a <a;<a;<a,<a,<a.

a) az a, as
. oo - } X

@ —0—& &

s sl
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We take t; = T — 0 so that s(t;) < a; + ¢ for a small ¢ > 0. Consider the function
w(x, t) = u(x, t) — u(2a(t) — x, t) forb(t) < x <a(t),t; <t <T, (2.18)

where b(t) = max (2a(t) — a, a5 — (a, — a,)/2), and a(t) = as; + K(t — t;). It is clear that

W, — w,, — gwx + q(x, )w = —u,(2a(t) — x, t) [2 + + ZK]. (2.19)

2a(t) — x

We take K to be large enough so that [f+m—,’;_—x+2K] >0 in {b(t) < x < a(t),

t; <t < T}. We then take ¢ to be sufficiently close to T so that
a, < a(t) < a, fort; <t<T.

Clearly, w = 0 on x = a(t).

Since b(t) > a, +¢& > s(t;), we have w.(x, ) =u(x,¢t)+u2a(t)—x,t) <0 for
b(t)) < x < a(t;) and hence w(x, t;) > w(a(t;), t;) = 0 for x € (b(t)), a(t))).

Finally, on {x = b(t)}, if b(t) = 2a(t) — a, then clearly w(b(¢), t) > 0. On the other hand
if b(t) = as — (a, — a;)/2, then x = b(t) (for all ¢, < t < T) are quenching points of u(x, t)
and therefore u(b(z), t) is uniformly close to 1. On the other hand 1 — u(2a(t) — b(?), t)
remains uniformly away from 0. Thus we conclude that w(b(z),t) > 0, forall t; <t < T.

Since a; < a(t) < a,, the curve x = s(t) must intersect the line segment x = a(t)
infinitely many times. Let t* be the first time of such an intersection, i.e.,

s(t) < a(?) forg <t <t s(t") = a(t*).

Then by definition of s(t), we have u.(2a(t) — x,t) <0, for b(t) < x <a(t), t; <t < t".
It follows by the maximum principle that w > 0 for b(t) < x < a(t), t; <t <t*. The
strong maximum principle implies that w,(a(t"), t*) < 0, which is a contradiction. O

We have proved that the limit

s* = lim s(¢
1=-T-0 ()

exists. By Lemma A, any point other than s* is not a quenching point. Therefore, we
have proved

Lemma 2.3. There is a single point quenching which occurs at x = s".

The first order term 2u, represents convection. Therefore the following result is
natural. We include this result here although it will not be used in the proof of
Theorem 1.1.

Proposition 2.4. If b >0, then x = a is not a quenching point. If b <0, then x =0 is
not a quenching point.
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Proof. We consider two different cases.
Casel. b=>0.
In this case, we claim that

s(T/2)+a
2

s(t) < for ; <t<T. (2.20)

Thus Lemma 2.3 implies that x = a is not a quenching point.
Let

_s(T/2)+a
d_T'

T
w(x, t) = u(x, t) — u(2d — x, t) for2d—a<x<d, 3<t<T.
Since d = (s(T'/2) + a)/2, we have 2d — a = s(T/2). Asin the proof of Lemma 2.2, we have
w(x, t) > 0 on the parabolic boundary of thedomainG={2d—a<x<d, T/2 <t < T}.
Clearly,

b b b .
Wi Wex = Ws +q(x, )w = —u,(2d — x, 1) [;+ T x] in G. (2.21)

The right-hand side of the above inequality is non-negative if 2d — x > s(t), which is
valid if d > s(t). By our definition of d, we have d > s(T/2). If the estimate d > s(t) is
not valid for all T/2 <t < T, then there must be a t* € (T/2, T) such that

s(t) <d for %5 t<t s(t)y=d.

It follows from the maximum principle that w > 0 in G N {t < t'}. The strong maximum
principle implies that w,(d, t") < 0, which is a contradiction to u,(s(t*), t") = 0. There-
fore s(t) < d for T/2 <t < T and (2.20) follows.

Case 2. b < 0. In this case a similar argument (the singularity at x =0 does not
cause any problem) shows that

s(t) = s(%zl for ; <t<T, (2.22)
which implies that x = 0 is not a quenching point. O
Since u, > 0,
du b%_%_(t_u)_p

x: xox ot

> -1 -u? fort>0, O0O<x<a.
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Since u, < 0 for s(t) < x < a, the above inequality implies

%ui(x, t)+/x éui(é, ) dE = ) (ﬁ-i-é?z) u, dé

() c EO) 3x2 X ax

< - / ) A —wtu, d¢ (2.23)

()

s(6).)
< f4 (1-¢g)*dg for s(t) < x < a.

u(x,1)
It follows that (using Gronwall’s inequality in the case b < 0),

x max(0,-25) (s(1),1)
wi(x, ) <2 [—] f -9 *dg for s(t) < x < a. (2.249)
s() u(x,t)

Similarly, since u, < 0 for 0 < x < s(t), we have

1 9 p (s(D).1)

Eui(x, t) - f Zui(é, )d¢ < f (1-g)%dg  for0<x<s(),

x u(x,t)
which leads to
S(t) max(0,2b) (s(£),)
w(x, t) <2 [T] f (A —-g)*dyg for 0 < x < s(t). (2.25)
u(x,t)
u(s(2),1)

Notice that the quantity / (1 — g)? dg is bounded if § < 1. Thus we have

u(x,t)

Lemma 2.5. If0 < 8 < 1, then x = 0 and x = a are not quenching points.

Proof. If x=a is a quenching point, then by Lemma 2.3, lim, ;_,s(t) =a.
Therefore (2.24) implies that

lu(x, )] < C fors(t)<x<a, T—-tL1.
Therefore

1 = lim sup [u(s(t), t) — u(a, t)] < limsup C(a — s(t)) =0,
-T-0

t=>T-0 t

which is a contradiction.
Similarly, (2.25) implies that

X*OB|y (x, 1) < C for 0 < x < s(t).
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Since b < 1, we have

t) C
u(s(t), t) < /: om0 dx,

which implies that x = 0 is not a quenching point. [

To end this section, we shall establish our theorems without assuming (2.15). We
state this in terms of the following lemma.

Lemma 2.6. (2.15) is valid for u(x, €) for some small ¢. i.e., there exists c* € (0, a) such
that

u(x,e)>0 for0<x<c, u(x,e) <0 forc <x=<a. (2.26)

Proof. By approximating the initial datum with the initial datum satisfying (2.15),
we find that u,(x, ¢) will change sign at most once. The solution u(x, t) is analytic in x
in the interior of the domain. Since u,(x, £) is analytic in x and u,(x, €) & 0, the lemma
follows. O

3. Asymptotic behaviour for the first IBVP

Assume that quenching does not occur at the boundary. Let c € (0,4) be the
quenching point. We define the similarity transformation as in [11,12],

X—cC

= ,s=—log(T -1, w(y,s) =0 —ulx, )(T —-1)”", 3.27
Y= g( ), w(y, s) = (1 — u(x, 1)) ( ) (3.27)
where y = 1/(1 + ). Then w satisfies
1 _ .
w,=wyy—§ywy+yw—w ﬂ+mw, in W,, (3.28)
w(y, s) = e” for y = —ce’?, (a — c)e'’* and s > s, (3.29)

where W, = {(3,5) |0 < c+ ye™? < a,s > 5o} and s, = — log(T).
Lemma 3.1. There is a positive constant A such that w> A4 in W,.

Proof. Recall that u, >0 in Q. Since the quenching point is away from the
boundary, there exist ¢ > 0 and 6 > 0 sufficiently small such that u,(x,t) > ¢ on the
parabolic boundary of Q= (d,a—6) x (4, T). Following [10], we consider the
function

Jx, ) =u(x, ) —n(1 —w)?inQ
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for some positive constant . By applying the maximum principle, we conclude that

J(x,t) > 0 in Q. Thus the lemma follows. d
Next, we estimate the first derivative of w as follows.

Lemma 3.2. There are positive constants B,, B,, and B, such that

lw,(y, )| < B, if B> 1; (3.30)
lw,(y, $)| < Byw'"P2(y,5) if B <1, (3.31)
lw,(3, )| < By[1 +logw(y, s)] if B=1 (3.32)

for all (y,s) € W,.
Proof. For f > 1, (2.24)—(2.25) imply that
ui(x, ) < C{[1 = u(s(®), 01" = [1 — u(x, D'}
< C[1 — u(s(®), H))'* for g <x<a0<t<T,
for some positive constant C. Thus

wy(y, 8) = u,(x, ) (T — )" < Clminw(y, )" ?* < C,
y

and (3.30) follows.
Similarly, if § < 1, then (2.24)—(2.25) imply that

w(x, ) < Cll —u(x,0)]'*? forix—cl<e0<t<T,

and (3.31) follows immediately.
For g =1, (2.24)-(2.25) imply that

1—u(x,t)
2 _
uy(x, t)SCIOgl—u(s(t), ) for|x —c| <¢0<t<T.
Thus (notice that now y = 1/2),
_ w(y, s)
wy(.V, s) - ux(x’ t) s CIOg miny w(y' S) N
Since w(y, s) is uniformly bounded below, (3.32) follows. O

The following lemma plays the same role as the nondegeneracy lemma for the
corresponding blowup problem ([13, Lemma 3.7]). Here we shall use straightforward
Holder estimates.
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Lemma 3.3. We have

w(0,s) <C  for sy <s < oo. (3.33)

Proof. Take § to be small so that ¢ € [28, a — 28]. By Lemma 3.1,
A-ux, )P <C(T-0" ford<x<a-60<t<T.

Since y8 = /(1 + B) < 1 and u, is estimated by (2.24)-(2.25), the function

£ = 2+ 11 = iz, O

satisfies
)l < T -0, 4= B—fr;l <1 (3.34)
Let
t pa—d
v(x, t) = // G(x—y, t—1)f(y, 1) dydr,
0Js
where

_ 2
G(x, y) = (x-y) )

1
Van(t — 1) P (_ 4t -1

The estimate (3.34) implies that v is Holder continuous (see [16, Chapter V, Theorem
1.1, p. 419)). Forany T/2 < t,; < t, < T,

v(c, ) —v(c, t))=J,+J, + Js,

where

) s
J, = f f Glc -y, t; — ) f(y, 1) dydr,
t—(t2-n) Jé

) -5
Jy= [ f Glc — y, 1y — Df(y 7) dy dr,
t1—~(t12-11) 8
and

f~(12—-t)) pa—é
A =/0‘ /: [Gle—y,t; = 1) = Glc — y, t, — DIf(y, D) dy dr.
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Using the bound from (3.34), it is not hard to show that
i+ 1ol < CI(T — &, + (&, = t)))f = (T - )"} < C(t, — 1),

and by the mean value theorem,

0 —(t2-y) pa—d ‘L’) 8 (C _ y)z
|J5] < C(t, — t,)/ / (0 = 1)3/2 exp (-— 8_(2(1)_—‘5)) dydr,

(t, <i(r) <ty)

1 —(12—11) T)—Yﬂ 52
<C(t,—t )f [(t(‘[) 3 exp (— ?) dé] dt

1—(2-11) -vB
<C(t2—t)/v (T 9 dt

11— T

) —(t2-11) d
<C(t,—t) / P —
0 ( 1

t — o)
<c(t,—t,) " =C(t,-t,).
Combining the estimates for J,, J, and J;, we obtain
lv(c, t,) — v(c, 1,)] < Clty — t,]". (3.35)
Clearly,
wu—-v),—@U-v),=0 for (x,t) € (d,a—6) x (0, T).
Thus the standard parabolic estimates imply that

max |(u—v),| <C < o00.
Smax I( ).l <

Combining this inequality with (3.35), we obtain

u(c, t,) —u(c, t) < C(t, — t), fort<t,<T. (3.36)
Notice that u=(u—v)+v where both (u—v) and v are Holder continuous on
[26,a — 28] x [T/2, T}. The point x = ¢ is a quenching point, therefore by continuity
lim,, ,_ou(c, t) = 1. Letting t, - T — 0 in (3.36), we conclude that

1—u(c,t) < C(T-1), fort<T.

Rewrite this inequality in terms of w, the lemma follows. a
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For all three cases of f, Lemmas 3.2 and 3.3 imply that w(y,s) < C(1 +)*) and
wy(y,5) < C(1 +|yl) for some C>0. Especially, |w,—w,|<C(l+)?, for some
constant C > 0. It follows from L’ interior boundary estimates and embedding theorem
(apply the estimates in the domain [y, y + 1] x [s, s + 1]) that the Hdlder norm of w, is
bounded by C(1 + %) in [0, y] x [s*, 00), for s* sufficiently large. Applying Schauder’s
interior boundary estimates, we obtain that w,, w, and their Holder norms are
bounded by C(1 + |y}’).

We now define the energy function (or Lyapunov function) as

o= [ [@ - FOuty )| 7y, (337)
where F(w) is chosen so that F'(w) = yw — w®. It is easy to compute that
%E[w] (s) =~ f w2(y, e~ dy + J(s) + Jo(s) + J5(s), (3.38)
where
16 == [ w7 dy

Jo(s) = (wy(s, S)w,(s, 5) — w(—s, s)w,(-s, s))e<14

Iy(s) = [@ — F(w(s, 5)) + -’%”) — F(w(—s, s))] e,

We claim that J,(s),i = 1, 2, 3, are integrable over (s, 00). For J,, both w, and w, are
bounded by a polynomial in y, it follows that J,(s) is bounded by Ce™* and hence
integrable over (s,, 00). Clearly, J,(s) and J,(s) are integrable over (s,, 00), owing to the
polynomial growth estimates for w, w, and w, as y — 0o. Therefore, it follows that

2 Bl < - f Wi, ) dy + J(s) (3.39)

with J(s) integrable over (s, 00).
Now, by applying the energy method of Giga and Kohn [11] (for details see [13,
Theorem 3.10]), we can show that w(y, s) tends to a positive solution w,(y) of

1
u/’——iyu/+yw—w’”=0, —00 < y < 00, (3.40)

such that w,, has the same bound as w. Furthermore, u, > 0 implies that w_, satisfies

1
YW= yw, >0, —00 < y < 00. (341
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It is proved in ({14, Theorem 2.1]) that any non-constant solution of (3.40) bounded
by a polynomial P(y) must be a slow orbit. It is proved in ([14, Theorem 2.6]) that
for any slow orbit, g(y) = yw(y) — 3 yw,(y) can not remain positive for all sufficiently
large y. (In fact, V(y) in the proof of ([14, Theorem 2.6]) will go to +oo, if g(y) > O for
all large y.) Thus ¢g(y) and ¢'(y) can not vanish at the same time for all large y,
according to the definition of V(y). Thus (3.41) implies that g(y) > 0 for all large y,
which leads to a contradiction as in the proof of ([14, Theorem 2.6]). Therefore, (3.41)
eliminates any slow orbit. It follows that there is no non-constant solution of (3.40)
bounded by a polynomial and satisfying (3.41). Thus w(y, s) converges to the constant
solution (8 + 1)'.

We have established the following quenching rate estimate.

Theorem 3.4. Ast — T, we have
[1—ux,)(T-7"—>B+1)

uniformly for |x — c| < C+/T — t for any positive constant C.

4. The second IBVP

In this section we study the second IBVP. Recall that u, > 0 in Q@ (cf. [5, Lemma
1]). Since u is a classical solution in Qr, it follows from the strong maximum principle
that u, > 0 in Q. Then the following result is a direct consequence of Lemma A.

Theorem 4.1. Single point quenching holds and this occurs necessarily at x = a.

Since we have u, > 0 and u,(a, t) = 0, the estimate (2.25) is still valid for the second
IBVP, namely,

max(0,26) fu(a.0)
2(0x, 1) <2 [f] f (1-g)Pdg for0<x<a. (4.42)
X u(x,1)

We next study the asymptotic behaviour. Define the similarity transformation by

a—Xx

y= T s=~log(T — ), w(y,s) =1 —ulx, ))(T—1)", (4.43)
where y = 1/(1 + B). Then w satisfies
1 -8 b .
w, = wyy—-iywy+yw—w +mw, in W, (4.49)
wy(0,)=0,5>5,; wys)=e",y=ae’’,s>s, (4.45)
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where W, = {(,5) | 0 < y < ae”?, s > s} and 5, = — log(T).
First, we derive a uniform lower bound for w as follows.

Lemma 4.2. There is a positive constant A such that w > A in W,.

Proof. The proof is essentially the same as in Section 3 and is omitted here.

453

a

Since u/(a,t)=0 and u,(a,t) <0, we easily derive from the equation that
w(0, s) < (B +1)'. Furthermore, since w,(y, s) = u.(x, t)(T — £)*7 and u, > 0 in Q, we
see that w, > 0 for y > 0. Equation (4.42) will give the upper bounds for w,, which

we state in terms of the following lemma.

Lemma 4.3. There are positive constants B,, B,, B;, such that
w,(y,s)<B,if f>1;
w,(y,5) < Bw™P2(y,5) if B < 1;
w,(y,5) < By(1+logw(y,s)) if B=1;
Sforall (y,5) € Wy ={(3,5) |0 < y < (a/2)e’*, s > s}.
Proof. For § > 1, (4.42) implies that
u(x, 1) < C{[1 —u(a, )]'? — [1 — u(x, 0)]')

< Cl —u(a,t))'* for;<x<a,0<t<T,

for some positive constant C. Thus
w, (3, 8) = u,(x, ) (T — )" < Cw(0, 5)" P < C,

and (4.46) follows.
Similarly, if § < 1, then (4.42) implies that

w(x, £) < C[1 —u(x, ) for % <x<a0<t<T,

and (4.47) follows immediately.
For B = 1, (4.42) implies that

-I—M for2<x<a,0<t<T.

2
u;(x,t) < Clog = a0 5

https://doi.org/10.1017/50013091500023932 Published online by Cambridge University Press

(4.46)
(4.47)

(4.48)


https://doi.org/10.1017/S0013091500023932

454 JONG-SHENQ GUO AND BEI HU

Thus (notice that now y = 1/2),

_ w(y. s)
wy(y: s) - ux(xv t) S Clog W(O, s) "
Since w(0, 5) is bounded above and below, (4.48) follows. O

Remark 1. As an easy consequence of Lemma 4.3, for § < 1, we have
0<1—ulx, T-0)<[Cla-x)"

for some positive constant C. This gives the spatial asymptotic estimate of u near the
quenching point x =a at time T. Comparing this estimate with that in [9], it is
certainly not optimal. But the only factor which is missing from the estimate is the
logarithmic factor, which decays to zero much slower than [(a — x)]”.

Remark 2. The spatial asymptotics of u at t = T obtained in [9] depends heavily on
the asymptotic estimates at the quenching time ¢t = T (Theorems 1.1 and 1.2). So our
Theorems 1.1 and 1.2 are the first step towards obtaining estimates for u(x, T — 0). The
spatial asymptotic behaviour for u(x, T — 0) is the same as that in [9]. In order to obtain
such an estimate, the asymptotic expansion for the next order will be needed, and an
estimate in the variable & = x/[(T — t)|In(T — ¢t)|]]'”* is also needed. The extra term
introduced from the b/x term decays to zero exponentially fast as s = —In(T —t) - oo
in the similarity variable equation and therefore is very unlikely to cause any problems
in the parabolic estimates.

We now continue the discussion for the second IBVP. Recall that w(0,s) < (8 +1)".
For all three cases of B, Lemma 4.3 implies that w(y,s) < C(1+ %) and wy(y,s) <
C(1 + |yl) for some C > 0. Moreover, |w,—w, | < C(1 + ¥?), for some constant C > 0.
It follows from L’ interior boundary estimates and embedding theorem (apply the
estimates in the domain [y, y + 1] x [s, s + 1]) that the Hélder norm of w, is bounded by
C(1 +y%) in [0,y] x [s*, 00), for s* sufficiently large. Applying Schauder’s interior
boundary estimates, we obtain that w,,w, and their Hélder norms are bounded by
C(+1yP).

We now define the energy function (or Lyapunov function) as before

2
Bl = [ [0 - Rty )| ay (@.49)

where F(w) is chosen so that F'(w) = yw —w™. As in the previous section (here we
use the boundary condition w(0, s) = 0)

%E[w] (s)=— /: wi(y, s)e™""* dy + J(s), (4.50)
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where J(s) is integrable over (s,, 00). Therefore, it follows that
ZEWE < - [ w0967 dy+ 60 (@51)
0

with J(s) integrable over (s,, 00).
Now, the energy method of Giga and Kohn implies that w(y, s) tends to a positive
symmetric solution w_(y) of

W — %yw’ +yw—wF=0 (4.52)

such that w,, has the same bound as w with yw, —]y(w,), > 0. Proceeding as in
Section 3, we obtain the following quenching rate estimate.

Theorem 4.4. Ast — T, we have
[ —ux, )T -7 —> (B+1)
uniformly for a — x < C+/T — t for any positive constant C.

We remark that as far as the quenching rate is concerned the constant b is irrelevant,
as long as the quenching does not occur at x = 0.
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