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Abstract

In this paper we will characterize the spectrum of a hyponormal operator and the joint spectrum
of a doubly commuting n-tuple of strongly hyponormal operators on a uniformly smooth space.
We also describe some applications of these results.
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1. Introduction

Let X be a complex Banach space. We denote by X* the dual space of X
and by B(X) the space of all bounded linear operators on X . When x € X
with ||x|| =1, weput D(x)={fe X" ||f]l = f(x) = 1}. Let us set
n={0x, NEXxX :|fl = f(x)=|Ixl = 1}.
The numerical range V(T) of T € B(X) is defined by
V(T)={f(Tx): (x, f) en}.

If V(T)CR, then T is called hermitian. An operator T € B(X) is called
hyponormal if there are hermitian operators H and K suchthat 7 = H+iK
and C = i(HK — KH) >0, meaning that V(C)cR* ={a€R:a>0}. A
Hyponormal operator T = H + iK is called strongly hyponormal if H* and
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2] Hyponormal operators 151

K? are hermitian. If T is (strongly) hyponormal, then so is 7 — 4 for every
A € C. For an operator T = H + iK , we denote the operator H —iK by T.

REMARK. There is an hermitian operator H such that H? is not hermi-
tian. However, if H is hermitian, then

V(H*) c{z€C: Rez >0}
Hence, if T is a strongly hyponormal operator, then
V(TT)cCR".

For an operator T € B(X), the spectrum, the approximate point spectrum,
the point spectrum, the kernel and the dual operator of T are denoted by
o(T), o,(T), ap(T) , Ker(T) and T", respectively. The following facts are
well-known:

(1) coo(T) ¢ V(T), where co E and E are the convex hull and the
closure of E, respectively;

(2) V(T)c V(T*) c V(T).

Hence if 7 is hermitian and positive, then T is hermitian and positive,
respectively. And if T is (strongly) hyponormal, then sois 7 . We set, for
t>0,

p(t) = sup{3(lx +yll +llx - yI) - L: [lx| = 1, |yl <}
A Banach space X is called uniformly smooth if
p(0)
t

A Banach space X is called smooth if the set D(x) is a singleton for each
x € X with ||x|| = 1. The following facts are well-known:

(1) X is uniformly smooth if and only if X* is uniformly convex;
(2) if X is uniformly smooth, then X is smooth.

—0 ast—0.

See Beauzamy [3] for details.

2. The spectrum of a hyponormal operator

LEmMMA 1. Let X_be uniformly smooth. Let T = H+iK be a hyponormal
operator on X . If TT is not invertible, then TT is not invertible.

PROOF. Let C = i(HK — KH) > 0. Since then (TT)" = H*>+ K"+ C*
is not invertible and 0 belongs to the boundary of o((TT)"), there exists a
sequence {f,} of unit vectorsin X" such that

(Htl + K*?.)fn + thn 0.
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Choose a sequence {x,} of unit vectorsin X such that (x,, f,) € n. Since
then Rex, (H*?>+K"%)f,)>0, %,(C*f,) >0 and X" is uniformly convex,
by [16, Theorem 2.5] it follows that C* S, — 0. Therefore we have

(H?+Kf, -C'f, 0.

Hence (TT)" = H** + K** — C* is not invertible and therefore T7 is not
invertible either.

THEOREM 2. Let X be uniformly smooth. Let T = H+iK be a hyponor-
mal operator on X . Then o(T) =0,(T").

PRrOOF. It is clear that o,(T") C o(T). Since 7 — A is hyponormal for
every A € C, we need only prove that if 0 € a(T), then 0 € az(T*).
Hence by Lemma 1 we may assume that 77 is not invertible. Then there
exists a sequence {f,} of unit vecotrs in X* such that T'T"*f, — 0. Since
X" is uniformly convex and T isa hyponormal operator on X, by [16,
Theorem 2.7] it follows that H T*f, — 0 and K"T*f, — 0. Hence we
have T*? f, = 0. By the spectral mapping theorem for the approximate
point spectrum it follows that 0 € ¢,(7").

THEOREM 3. Let X be uniformly smooth. Let T = H + iK be a strongly
hyponormal operatoron X . If a+ib € o(T), then ac a(H) and b € o(K).

ProoOF. Since T — 4 is hyponormal for every A € C, we need only prove
that if 0 € o(T") then O € g(H). There exists a € R such that 0+ ia is in
the boundary of (7). Hence there exists a sequence {x,} of unit vectors
in X such that (T — ia)x, — 0. Therefore, we have

(T—ia) (T —ia)x, = (H* + (K —a)’ + C)x, — 0,

where ¢ = i(HK — KH) > 0. Since T is strongly hyponormal, H* +
(K - a)2 + C is hermitian. By [15, Theorem 3.11}, it follows that

(H*+(K-a)" +C")f, -0,

where f, € D(x,). Since X" is uniformly convex and H”, (K-a)* and

C* are all positive, we have H>*f, — 0. Hence we have 0 € a(H).
Next since iT = K+ i(—H) is strongly hyponormal and b—ia € o(-iT),
that b € 6(K) can be proved analogously.
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CoRrOLLARY 4. Let X be uniformly smooth. Let T = H+iK be a strongly
hyponormal operator on X . Then Re o(T) =a(H) and Im o(T) = a(K).

A proof follows easily from Theorem 3 above and {9, Theorem 1].

3. The joint spectrum for strongly hyponormal operators

Let T=(T,,..., T,) be a commuting n-tuple of operators on a Banach
space X . We denote the (Taylor) joint spectrum of T by ¢(T). We refer the
reader to Taylor [20] for the definition of ¢(T). For a commuting n-tuple
T=(T,,..., T,) of operators, the joint approximate point spectrum and the
joint point spectrum of T are denoted by ¢,(T) and o, (T), respectively.

For a commuting n-tuple T = (7}, ..., T,) such that TJ = Hj + in
(j=1,...,n),apoint z = (z,,...,2,) € C" is in the complete star
spectrum o, (T) of T if there is some partition {j, ..., j }U{l,..., .}
={1, ..., n} such that

Z(T =2, )T, -z )+ZT -2, )T, -2,

is not invertlble.

For a commuting n-tuple T = (T}, ..., T,) of hyponormal operators, T
is called a doubly commuting n-tuple if T,.Tj = 'T'jT,. forevery i #j. It
is easy to see that T is a doubly commuting n-tuple if and only if H; and
K; commute with Hj and K ; for every i # j. In [10], we showed the
following theorem. The assumption of the uniform convexity in the theorem
is not needed.

THEOREM A [10, THEOREM 5). Let T = (T, ..., T,) be a doubly com-
muting n-tuple of hyponormal operators on X . Then o(T) C 6,,(T).

LEMMA 5. Let X be uniformly smooth. Let T = (T,, ..., T,) be a doubly

commuting n-tuple of strongly hyponormal operators on X . If ZL T,.T,. +
Yiks1 I,T,; is not invertible, then 3";_| T,T, is not invertible.

PRrOOF. By the assumption, 3%, 7;T; + Y0, ., T; 77 is not invertible.
Let S=(T\T, ..., T} T, Ty Tpyys -+ T,T,) . Then S is a commuting
n-tuple of operators with positive spectra. By the spectral mapping theorem
for the. joint approximate point spectrum, it follows that there
exists (a;,...,a,) € 0,(S") such that o, + --- + a, = 0, where
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S = (T]"TI, . T,:T,:, T;+1Tk*+1 s ey T;Tn'). Since T; is strongly hy-
ponormal, it follows that o; > 0, for i =1, 2, ..., n. Therefore we have
(0,...,0) € 0,(S"). Hence there exists a sequence { f;} of unit vectors in

X" such that
T,T;f;—0 and T;T;f,—0 fori=1,...,kandl=k+1,...,n
Let C;=i(HK, - KH)>0 for i=1,..., k. Then since

*2 *2 *

(H;" + K, )fj+Cifj—>0

and X" is uniformly convex, by the method of the proof of Lemma 1 we
have that C:f] —0,for i=1,..., k. Hence we have that

'T':T,.'fj—vo fori=1,...,n.

Therefore, 37 | T, T, is not invertible.

THEOREM 6. Let X be uniformly smooth. Let T = (T, ..., T,) bea
doubly commuting n-tuple of strongly hyponormal operators on X .
Then
o(T) = 0,(T),
where T" = (T, ..., T,).

Proor. Since o(T) = o(T"), it is clear that
0,(T") C o(T).

By using Lemma 5 and Theorem A, we may assume that ZLI TiTi is not
invertible. Hence we have

Since 0 is in the boundary of o(3}_, 7, 7;"), by the proof of Lemma 5 there
exists a sequence {f,} of unit vectors in X~ such that

T;T f,—0 fori=1,2,...,n

. . . =% .
Since X" is uniformly convex and every T, is a hyponormal operator on

X", we have
(T, =0 (i=1,2,...,n).

Hence we have 0 € a,t(T"‘2 ), where T*? = (Tl*z, vy Iy 2). By the spectral
mapping theorem for the joint approximate point spectrum, it follows that
0ea,(T).
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Since T-z = (T, - z;,..., T, — z,) is a doubly commuting n-tuple of

strongly hyponormal operators, Theorem A and Lemma 5 imply that o(T) C
0,(T) C 6,(T"). This complets the proof.

4. Applications

In the following we shall represent a construction of de Barra ([1] and [2])
embedding a Banach space in a larger space X O Then the mapping 7 — T°
is an isometric isomorphism of B(X) onto a closed subalgebra of B(X 0).
Let Lim be a fixed Banach limit on the space of all bounded sequences of
complex numbers with the norm [{4,}|| = sup{|4,|: n € N}. Let X be the
space of all bounded sequences {x,} of X. Let N be the subspace of X
consisting of all bounded sequences {x,} with Lim ||x,,||2 = 0. The space
X° is defined as the completion of the quotient space X/N with respect to
the norm |{x,} + N|| = (Lim ]|xn||2)l/ 2. Then the following results hold for
T e B(X):

o(T) = o(T°), 0,(T) =6, (T°)=0,(T°) and WV (T)=V(T").

n

Hence, if T is (strongly) hyponormal, then so is T°. Moreover, it follows
for T=(T,,..., T,) that o (T) = g,(T%), where T' = (T}, ..., T})
In this section we shall need the following result.

THEOREM B [2, THEOREM 2.7]. X is uniformly convex if and only if X°
is uniformly convex.

THEOREM 7. Let X be uniformly smooth. Let T = T,,...,T,) be a
doubly commuting n-tuple of strongly hyponormal operators on X such that
T,=H+iK, (j=1,....,n). If (& +ipy,.... A +in,) € o(T), then
(Ayy ..., 4,) € oH) and (u,, ..., u,) € o(K), where H = (H,, ..., H)
and K=(K,,...,K,).

ProoOF. First, we shall prove that if 0 € ¢(T), then 0 € o(H), by the
method of induction. For n = 1, it is true from Theorem 3. We assume that
the theorem holds for such (n—1)-tuples. Since 0 € o(T) , Theorem 6 implies
that 0 € g,(T"), where T* = (T}, ..., T,) . Consider the larger space X *0
of X* and the representation 7 — T % in the sense of de Barra. Then X*°
is uniformly convex and 0 € ap(T*O) , where T = (T7°, ..., T'9).

Let Y = {f € X*°: T°f = 0}. Then Y is a non-zero (uniformly con-
vex) subspace of X *0 and there exists a non-zero vector g in Y such
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that T;‘Og =0 (j=1,...,n—1). Since T*® is a doubly commuting
n-tuple, Y is invariant for all Hj'0 and K;O G=1,...,n—1). Let
S=(T;%,..., Ty2y)- Since then 0 € g,(S), it follows that 0 € a(S"),
where S* = ((Tl"l(;,)* yees (T;Ell},)‘). Since Y is uniformly smooth and
S* is a doubly commuting (n — 1)-tuple of strongly hyponormal operators,
by the assumption of induction it follows that 0 € ¢(H") = o(H'), where
H = (H;I‘: s H;Elly) . By [6, Theorem 2.1], it follows that
Oeo(H) =0,(H)=0,(H).

let Z={feXx: H]'.'0f=0 for j=1,...,n—1}. Since then YNZ 2
{0} and Z is invariant for H, 0 and K . O by the same calculation as above it
follows that there exists non-zero vector h € Z such that H; % = 0. Hence
we have 0 € ap(H*O) . Since ap(H*O) = 0,(H") = ¢(H") = o(H), we have
0Oeo(H). Since T-Z=(T,-z,...,T,—z,) is a doubly commuting
n-tuple of strongly hyponormal operators for every z € C*, it holds that if

Ay +ipy, ..., A, +iu,)€a(T), then (4,,...,4,) €g(H).

Next since —iT = (—-iT,, ..., —iT,) is a double commuting n-tuple of
strongly hyponormal operators and (u, — i4,, ..., 4, — i4,) € o(—iT), we
see that (u,, ..., u,) € 6(K) can be proved analogously.

THEOREM C [8, THEOREM 6). Let X be uniformly convex. Let T =
(Ty, ..., T,) be a doubly commuting n-tuple of hyponormal operators on
X such that T] = Hj+in (j=1,...,n). Le H=(H, ..., H,)) and
K=(K,,...,K,). If (A, ..., 4,) € o(H) then there exist (u,, ..., u,) €
R" and a sequence {x,} of unit vectors in X such that

(Hj—lj)xk—vo and (Kj—/,tj)xk—->0, j=1,...,n,

thatis, (A, +ipy, ..., 4, +iu,) €0o(T).
An analogous result holds for o(K).

THEOREM 8. Let X be uniformly smooth. Let T = (T,,...,T,) bea
doubly commuting n-tuple of hyponormal operators on X such that T, =
H+iK; (j=1,...,n). La H=(H,... ,H) and K= (K|, ..., K)). If
(A5 .- > A,) € a(H) then there exists (u,, ..., u,) €R" suchthat (u,, ...,
) €a(K) and (A, +iu,,..., A, +iu,) €o(T).

An analogous result holds for o(K).

Proor. Since H is a commuting n-tuple of hermitian operators, by [6,
Theorem 2.1} it follows that

cH)=0oH")=0,H).

https://doi.org/10.1017/51446788700032626 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700032626

(8] Hyponormal operators 157

Let T = (T;, ..., T;). Then T is a double commuting n-tuple of hy-
ponormal operators on the uniformly convex space X" . By Theorem C we
have that there exist (4], ..., #,) € R" and a sequence {g,} of unit vectors
in X such that

(H, -4;)g,—0 and (-K; —;t;.)gk -0 forj=1,...,n.
Hence let B = —uj. (j=1,...,n). Then this u = (4,,...,u,) is an

element as required.
The proof for the case of o(K) follows analogously.

COROLLARY 9. Let X be uniformly smooth. Let T = (T,, ..., T,) be
a doubly commuting n-tuple of strongly hyponormal operators on X such

that T, = H;+iK; (j=1,...,n). Then o(H) = {Rez: 2 € o(T)} and
o(K) ={Imz:z € o(T)}, where H=(H,,..., H), K= (K,...,K)),
Rez=(Rez,,...,Rez,) and Imz=(Imz,,...,Imz).

A proof follows from Theorems 7 and 8.
For a commuting n-tuple T = (7,,..., T,) of operators, the joint nu-
merical range V(T) of T is defined by

V(T) = {(f(Tlx)s cre f(TnX)): (x, f)en}.

Then the following two theorems hold.

THEOREM D [19, COROLLARY 2.3]. Let T = (T, ..., T),) be a commuting

n-tuple of operators. Then co o(T) C V(T).

THEOREM E [6, THEOREM 2]. Let X be uniformly smooth. Let T be a
hyponormal operator on X . Then co a(T) =V (T).

THEOREM 10. Let X be uniformly smooth. Let T = (T, ..., T,) bea
doubly commuting n-typle of hyponormal operators on X. Then co o(T) =
V(T). Moreover, if T = (Ty, ..., T,) is a doubly commuting n-tuple of
strongly hyponormal operators on X , then co ¢, (T") = V(D).

ProOF. By Theorem D, we can assume that co o(T) € V(T). Suppose
that (a,, ..., «,) € V(T)—co o(T). Then there exists a linear functional ¢
on C" and a real number r such that

Re ¢(z) < r < Re ¢(a) (z € co a(T)).
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Let ¢(z) = t,z,+ --+t,z, (z=(z,,..., z,) €C"). By applying the spectral
mapping theorem to the linear functional ¢, it follows that

Re z < r < Re ¢(a) (zea(itﬂ",)).
i=1

Therefore, we have that

coo (Zn: tiTi) v (i t,.Ti>.

Since ZLI t,T, is a hyponormal operator, this yields a contradiction to The-
orem E.
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