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Nilpotent Orbits and Whittaker Functions
for Derived Functor Modules of Sp(2, R)

Takuya Miyazaki

Abstract. 'We study the moderate growth generalized Whittaker functions, associated to a unitary char-
acter ¢ of a unipotent subgroup, for the non-tempered cohomological representation of G = Sp(2, R).
Through an explicit calculation of a holonomic system which characterizes these functions we observe
that their existence is determined by the including relation between the real nilpotent coadjoint G-orbit
of v in gj; and the asymptotic support of the cohomological representation.

Introduction

In this paper we study the generalized Whittaker functions for non-tempered Zuck-
erman’s derived functor modules of G = Sp(2, R) which denotes the real symplectic
group of degree 2. Fix a proper parabolic subgroup of G and denote its unipotent
radical by N. For a unitary non-degenerate character 1) of N we will consider the re-
duced generalized Gelfand-Graev representation [Y1] of G. Then we study the space
of G-equivariant maps from an irreducible admissible representation, in particular a
derived functor module, 7 of G into this G-module, which we call (N, v)-Whittaker
embeddings of m. We are especially interested in such an embedding whose image
consists of moderate growth functions on G. Conjecturally its existence and prop-
erties might be related to a nature of a closed union of nilpotent coadjoint G-orbits
in gj;, which was introduced by Barbasch and Vogan [B-V] for a given 7 as follows.
The global distribution character of « lifts to an invariant eigendistribution on a
neighborhood of the origin in gg by the exponential map. The lift has an asymptotic
expansion near the origin. Then its leading term is given by a linear sum of tempered
distributions, and the Fourier transform gives a combination of invariant measures
supported on nilpotent coadjoint G-orbits in gj;. We take the union of those orbits
and call it the asymptotic support of m. We will explain in Section 6 a relation oc-
curring in our several examples between the nilpotent orbit and the existence of a
moderate growth Whittaker embedding, which supports a part of conjectures found
in [K], [Ma].

Our main technique to investigate the Whittaker embedding for a derived functor
module is to use a set of differential operators which acts on the space of smooth
sections of a vector bundle on G/K. Here K denotes a maximal compact subgroup of
G. Such an operator was introduced by Schmid to realize the discrete series represen-
tations of a semisimple Lie group, and then generalized to characterize the derived
functor modules by Wong [W], Barchini [Ba]. We will apply these differential opera-
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tors on the image of a Whittaker embedding of a derived functor module A,(A), then
analyze its kernel space explicitly.

1 The Zuckerman-Vogan Derived Functor Modules A,()\)
1.1

Let gr be a real semisimple Lie algebra, g its complexification. In the following we
omit the subscript R to express the complexification of real algebras. Denote by G a
connected real semisimple Lie group with Lie algebra gg. We fix a G-invariant non-
degenerate quadratic form on g by which we identify g with its dual g*. Fix a Cartan
involution 6, then we have the Cartan decomposition: gg = fg @ pg, where Iy, or
PR, is the +1, or —1, eigenspace of 6 respectively. Denote by K the compact Lie group
of G with Lie algebra fg. We assume that rank G = rank K, so there exist the discrete
series of G. We fix a compact Cartan subalgebra tg of gg. Given an elliptic element
X € /—1tg, we define algebras u = u(X), [ = I(X) and it = i(X) to be the sum
of eigenspaces of ad(X) in g with positive, 0, and negative eigenvalues, respectively.
Then q = q(X) = [+ uis said to be a 6-stable parabolic subalgebra of g. The algebra
[, which contains t, is the Lie algebra of Lc = Zg, (X), the centralizer of X in G¢. It
is defined over R, so we can write | = Iz ® C. Denote by Q the #-stable parabolic
subgroup of G¢ corresponding to q. The real G-orbit G/L determines an open sub-
manifold in the flag variety G¢/Q; thus it has an invariant complex structure. For
A € /—1t}; we define a character of L; then we can define a line bundle on G¢/Q.
Then it is known that the derived functor module A,(A) has a geometric realization

Ag\) = Hy™ M (G/L, Criap, )i,

by the underlying Harish-Chandra module of the Dolbeault cohomology group of
G/L, [W]. Here 2p, = det(Ad, |,) and the holomorphicline bundle Cy,5,, is defined
as the pull back of G¢ X Cyy2p, on Gc/Q. A linear form A € \/—_ltﬁ{ is said to be
good, if

Re(A+py — p,a) >0 foralla € A(u,t),

where 2p; is the sum of positive roots of t on [, and A(u, 1) is the set of roots of
t on g whose root vectors are in u. Define 2p,~, (resp. 2pynt) to be the sum of
roots of t on g whose root vectors are in u N p (resp. u N f). We call that A €
=1t} is integral, if X + 2pyn, determines the highest weight of an irreducible finite
dimensional representation of Kc.

Let 7 be an irreducible admissible (g, K¢)-module. We denote by Ass(7) its associ-
ated variety [V1]. It is a closed union of nilpotent coadjoint K¢-orbits in N* N (g/%)*,
where N* is the set of nilpotent elements of g* and (g/f)* denotes the set of linear
forms on g which vanish on f.

We recall some facts regarding derived functor modules.

Proposition 1.2

(i) If X € /=1ty is integral and good, then the Harish-Chandra module A4()\) is
non-zero, irreducible and infinitesimally unitary.
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(ii) Suppose X is integral and good. Then each of the K-types occurring in Aq(\)|x has
the highest weight

A+ 2punp + Z ﬂgﬂ, ng € N.
BEAL)

The K-type with the highest weight X + 2pyny occurs in Aq(X) with multiplicity
one, and is called the minimal K-type of A5(\).

(iii) Suppose X is integral and good, then the associated variety Ass(Aq())), under
identification g ~ g%, is given by

Ass(Aq(N) = Ad(Kc)(i N p).

2 The Symplectic Lie Group and Algebra, and Its Derived Functor
Modules

2.1

Let G = Sp(2, R) be the real symplectic Lie group of degree 2; G = { g € SLy(R) |

tgJg=171,] = ( 01 102> } . Denote by gy its real Lie algebra, and set g = gr ® C.
-1
It has a Cartan decomposition gg = g @ pg with a Cartan involution §(X) = —'X

for X € gg; denote by g = ¥ & p its complexification. Here fy, is the Lie algebra of a
maximal compact subgroup K of G which is isomorphic to 11(2)g and explicitly given
B f; €gr |A,Be M(R),A=—"A,B="B ;. Note that the real
ranks coincide for G and K, which is equal to 2. Take a compact Cartan subalgebra
tg of gr, then the set of roots A(g,1) of t = tg ® C on g is of type C,. It is written as
A(g,t) = {+e, * ey, +-2e;, +2¢,} with bases ¢; and e, of v/—1t};. Denote by X,, the
root vector for o € A(g, 1).

We give a parameterization of Kc-conjugacy classes of the §-stable parabolic sub-
algebras of g. This parameterization corresponds to the subsets of y/—1t} under
certain partition given below. Writing £ = &1e; + &e,, we define the subsets =,
1 < k < 10, of the linear forms \/—_lt’& by

by f]R{ =

E={{6<&,6>0,6>0 Ei={{|-§<6,6>0,6 <0h
B ={{|6L<-6,6>0,6 <0 Ei={[&<6,6 <0, <0
Es:={16=6,6>0 Eo:={{[&=0,& >0
Eri={1&6 =66 >0 Eg:={{|&=0,& <0
Bog:={{]&6=6,6 <0) Ep={{|& =& =0}
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Figure I: C, root system

To each £ € =y, we attach a #-stable parabolic subalgebra (&) = 1(£) + u(&);

foré € 21, (&) =1, u(€) = CXyp, + CXpp, + CXpey + CXey oy
foré € 5;, 1) =1, W) = CXpqe, + CXppy + CXp e, + CX 30,5
foré € B35, 1(€) =t, w(€) = CXye, + CX, e, + CX_5,, + CX_, o,
foré € 24, UE) =1, W) = CX,—p, + CX_pp, + CX_p—p, + CX 305
for € 25, (&) =t +CX g 4e, + CX, ey, W(E) = CXpp, + CXop e, + CXopp5
for§ € S, (&) =t+ Xy, + CX 3, u(E) = CXpppe, + CXpp + CX ey
for§ € 57, (&) =1+ CXpppe, + CX_, _,, U(E) = CXpp, + CXp e, + CX 5,5
forf € Zg, (&) =t+ Xy, + CX_p,,, u(€) = CX, o, + CX_p, + CX_ 03
for € By, (&) =t+CX, e, + CX_g 4y, W(E) = CX g, + CX_p ¢, + CX 3,5
for§ € Z19, a(§) =1&) = 0.
The 6-stable parabolic subalgebra q(£) depends only on the class = which contains
&; so we will denote by qi, 1 < k < 10, the Kc-conjugacy classes of f-stable parabolic
subalgebras of g. We say that a derived functor module A,()) is of the class k, if g =

ax. Note that a derived functor module of the class 2, or 3, is, indeed, a large discrete
series representation, and that the one of the class 10 is the trivial representation, etc.

2.2

We will parameterize the associated varieties of the derived functor modules of each
class above. The nilpotent Kc-orbits in (g/f)* are indexed by the signed Young
tableaux, [C-M], Chapter 9. In our case, g = sp(2), the corresponding signed Young
tableaux are given in Figure 2.

Here the lines connecting two tableaux suggest the closure relations among the
linked nilpotent orbits, [D]; more precisely, the closure of the nilpotent orbit indexed
by the upper tableau contains the orbits in the lower layer orbit linked to it. Denote
by Oy the orbit to each signed tableau Y; for example, O , etc. The numbers
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Figure 2: The signed Young tableaux for sp(2)

Ass(4q,(1) =Cl(0pF) = ORI OEm O s
Ass(Ag(N) = Cl( Oz )5
Ass(Ag, (V) = Cl(Ommm )5 Ass(Ay (V) = CL(Og);
Ass(Ag, (V) =c1(o); Ass(Aq (V) =Cl(0);
Ass(Aq, (V) :c1(o); Ass (Aqg, (V) :CI(O);
Ass(Aq, (V) = c1(o); Ass(Aq, (V) :CI(O) = {o}.

Figure 3: Table of the associated varieties

written in the right side of Figure 2 mean the complex dimensions of the nilpotent
Kc-orbits Oy in the layer; for example, dim¢ O = dim¢c O = 4, efc.
The associated varieties Ass (Aqk ()\)) of the derived functor modules of the class k

are given in Figure 3, at least when X is good and integral. In Figure 3, CI(0) denotes
the closure of the orbit O. We remark that it depends only on the class of a §-stable
parabolic subalgebra, but not on each A.

3 The Generalized Whittaker Functions and Differential Equations
3.1

We use the notation defined in Section 2. Let P be a parabolic subgroup of G and
P = MAN its Langlands decomposition, where N is the unipotent radical and M is
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semisimple. Fix a non-degenerate unitary character ¢): N — C*. The subgroup M of
P normalizes N, and acts naturally on the set of characters of N. Define M(¢) to be
the identity component of the subgroup of M which stabilizes the character ¢ under
this action. As we will see below case by case, it is always abelian in our studies. So
taking a unitary character x of M(1), we can determine a character n = x - ¢ of the
semi-direct product R := M(3)) X N obtained by multiplying both values. Then we
consider the representation of G induced from 7 in C*°-context:

C*®-Ind$(n) := {f: G — C| smooth, f(rg) = n(r)f(g), (r,g) € R x G},

on which G acts by the right translation. It has also a compatible Harish-Chandra
module structure. We use the same symbols 1), x, and 7 for the representations of
the corresponding Lie algebras 1y, m(¢))g, and tg = m(¢)g + ng.

We recall a definition of Schmid operator. For an irreducible finite dimensional
Kc-module (7,V), we define C*°(G, V) the space of V-valued smooth functions ¢
on G satisfying

p(gk) = (k)" 'p(g), (k)€ RxK.

Take an orthonormal basis (X;)1< j<dim pc Of Pc with respect to the restriction of the
complexified Killing form on g¢. Then we define

Vo) = Y. Rgel) ®X;
1< j<dim pc
for ¢ € C™(G,V), where Ry p(g) := %ap(g . exp(tX;U))‘t:O +

V—1dop(g- exp(tX§2’)) o With X; = X}” + ﬁx}z’; Xj.”, X}z’ € pg. It de-
termines an operator V: C*°(G,V) — C*°(G ® pc), where pc is regarded as a K-
module by the adjoint representation. We call it Schmid operator.

Every irreducible finite dimensional K¢-module has the highest weight which oc-
curs with multiplicity one and characterizes the K¢-module. As K¢ ~ GL(2,C),
those highest weights can be parameterized by pairs of integers (¢, ¢,) with £; > ¢,.
Denote by 7y, ¢, the irreducible finite dimensional Kc-module of the highest weight
(41, £,) on the space Vi, ¢,. Indeed, we have a realization 74, 5, = det” ®8H=6(C?),
where S¥(V) is the k-th symmetric product of a representation on V. Let us set
d = £, — {,. Then we have dim¢ Vo, = d + 1. As a K¢-module, pc is decom-
posed into irreducible ones pc = p. @ p_ which corresponds to the hermitian struc-
ture on G/K, where p, ~ V(30 and p_ =~ V(o __3), and both are 3 dimensional.
This decomposition allows us to write the operator V into asum V = V¥ + V™,
V+E: C®(G,V) = C®(G,V ® p+). We also have the irreducible decomposition
of V@ups forV = Vg by Vi, @ Py = Vg, ® miVii601 © MV, 4,42, OF
Vep. Vi @®@mVy 101D mVy_sy,, where (m, m;) equals (1,1) except
the following cases: (my,m;) = (0,0), if {1 = {,; and = (1,0),if {; = &, + 1. We
consider the projection onto each irreducible component; denote, for example, by
P"1+2L2 the projection onto Vy, 5.4,

For a character n of R and a K¢-module (7, V), denote by C*°(G, C, ® V) the
space of C,, ® V-valued functions ¢ on G satisfying

p(rgk) = n(r)T(k)"'p(g), (k) € Rx K.
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We use the same explicit realization of 74, ¢, as in [O] Section 3, p. 268 (also in [M]
Lemma 3.1); we denote by {Vﬁ"[2 | 0 < j < d} the basis of Vy, 4, in this real-
ization. We will express an element ¢(g) of C*°(G,C, ® Vy,4,) by a sum ©(g) =
Z;’:O b j(g)v?’g2 with €, -valued functions b; on Gc.

3.2

There are 3 conjugacy classes of parabolic subgroups in G = Sp(2,R); let us de-
note by Py the minimal parabolic, P; the Siegel maximal parabolic, and P, the other
maximal one. In this paper we consider the spaces C*°-Ind§ (1) for characters ¢ of
N = N; and N,. For the Ny-case there is a study by Oda [O].

Let P; = M;A;N; be the Siegel parabolic subgroup of G with abelian unipotent

radical N, = {n(x) = (102 lx>
2

Nj is given by
w(n(x)) = exp(27r\/—_1tr(hx))

hi hs
Iy h2> € M,(R). Then the group

M, () is isomorphic to SO(2) or SO(1, 1) depending on the signature of h. We fix a
(ba/} ,Ob¢>, by = h! (01 (1)> Define a maxi-
mal split torus Ay in Gby Ay = {a = (a;,a,) := diag(a,, ay,a; ', a;") | a1 > 0,a, >
0}. We recall a Cartan-Iwasawa type decomposition of g; § = Ad(afl)(ml(w) +
nl) + a9+ % a € Ay. By the restriction map, it enables us to define an inclu-
sion of C*°(G, C, ® V) into the space of C, ® V-valued functions C*(A,,C, ® V)
on Ag. Then, as in [M] Section 5, we can consider the Aj-radial part RU(VZJZ):
C>®(Ay,C, ®V) — C°°(A0,(Cn (Ve Di)) of the operator VZ[‘[Z: C>®(G,V) —
COO(G, V& Di) forV = Vgl_’gz.

Now we give explicit formulas of the Ay-radial parts of Schmid operators. In the
formulas below, we assume h; # 0, h, # 0, and h; = 0 for the character ¥ of Nj.
Concerning with this assumption, see a remark in the end of 3.6.

x = 'x p. A non-degenerate unitary character of

with a nonsingular symmetric matrix h =

generator ¢ of my (1))g by ¢ :

Proposition 3.3 ([M] Section 5, Proposition 5.3) Let us set some symbols:

0 = aii, Lii = 0, +dmhia; (i =1,2);
86!1'

hiaih
D= hlaf — hzag and S; = X(c)%,

with ¢ € my(y)r defined in 3.2. Consider the operators VZE‘[Z 1 C(G, Vi) —
C™(G, Vi, 1, ® D1 ) for an irreducible Kc-module 7y, 4, In the situation of 3.2, then, for
the Ay-radial parts RW(VZ,ZZ) considered on the restriction to Ay of p € C*(G, Vy, 0,)
M}/le have the following formulas: writing p(a) = Z?:o bj(a)v? L owithd = 0 — 0,
then
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for P€1+2732RW(V2742)¢(a) = ij) Ej(a)v?”’éz, we have
- . . N2
bila) = j(j — 1)(;;; 24l —2(d 2 — J)%) bi_s(a)
(3.1) —2j(d+2—j)Si-bj_1(a)
2
+(d+1— Hd+2— j)(L; i+l +zj%) b(a),
for P&*l’[z“Rn(VZ_’ZZ)@(a) = Z;’:O l;j(a)v?ﬂ’ézﬂ, we have
. . . hya
hj(a):](/;1++]—1+ez d—2j)22 2) bj_i(a)
(3.2) —(d—2j)S: - bj(a)

. . h
(8- 2P ),
for PhEF2R (V5 L)) = Z‘tz};»(a)v@‘b* , we have
bia) = (L +j+6+2(+1) Z“Z)b,»(a)
(3.3)
. . 1“%
+28; - bjyi(a) + (L; 2l —2d— - 1)—) bia(a),
D
for PRET2R, (V) Ypla) = 3050 bi(a)' 7, we have
- ) _ . L ha?
bi(a) = j(j — 1)(52 24 +2(d+2—])%) bi_s(a)
(3.4) +2j(d+2— )S - bj_i(a)
. ) _ hya
+(d+1f])(d+271)<21 —j—lb—2j2 )b( ),
for Pel_lﬁéz_an(VZ&)w(a) = Z;’:o Bj(a)v?_l’zz_l, we have
- . ha?
bj(a):]()sz +]—1—€1+(d—2])%> bi_i(a)
(3.5) +(d—2))S; - bj(a)
(e - b @28 )
for PZI’Z=ZZR,7(VZ¢2)<,0(11) = Z;l;o bj(a)v?*z”[z, we have
(3.6)
) h
bia) = (L5 +j -t -2 +D) lal)b]-(a)

2
. . a
—28) bjii(a) + (L; 2 42d— - 1)%) bjra(a).
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Proof We take an orthonormal basis { X} of pc as in [M], 5.1, p. 250. Then VZ,Zz are
given by (5.1) and (5.2) of [M], and for the Ay-radial parts we get the formulas (5.4)
and (5.5) in [M] Proposition 5.3. We input the expression ¢(a) = Z?:o bj(a)vf‘ b
to the formulas. By [M] Lemma 3.1 and Lemmas 3.3, 3.4, and 3.5, we calculate the
action of the elements in f and the projection onto each irreducible component of
Vi,.6, ® p+. Then we obtain the coefficient b i(a) for the each base of the components

as shown.

34

Let P, = M,A; N, be the other maximal parabolic subgroup of G where

€
M, = { m(a,b,c,dse) = ¢ . b <i Z> € SLy(R),e € {£1} >,
c d
1 x 1 z x
Ny = ¢ n(x1,%,2) = ! 1 ! 9612 x1,%,2 € R
—x1 1 1

A non degenerate unitary character 1) of Heisenberg group N, is given by
P ( n(xi, x2, Z)) = exp ( 2w/ —1(hix; + hzxz))

with hy, h, € R, which is trivial on the center {n(0,0,z) € N, | z € R}. Con-
sidering the action of M, on N, we can change 1 into its conjugate which satisfies
h, = 0. In the following discussion we replace ¢ with this conjugate in the nor-
mal position (see a remark at the end of 3.6), and call it ¢) again. Then we get
M, () = {m(1,5,0,1;1) € M, | s € R}. Define ¢ € m,(¢))g by ¢ = E,4 the
elementary matrix with the (2, 4)-coefficient to be 1; then m,(¢)g ~ R - c. We have
Iwasawa decomposition of g by g = Ad(a~!)(m,(x)) + ;) + ap + £, a € Ay. Indeed,
we remark that m,(¢)) + 1, coincides with the nilpotent radical 1, of the minimal
parabolic subalgebra of g; thus the space Cw—Indf/b(w N, (1) can be identified with
the space considered in [O], p. 261. Then, as in [O] Section 6, we can consider the
Ag-radial parts for the Schmid operators.

Proposition 3.5 ([O] Proposition 6.1 and Section 7) Let us set some symbols:

9
O=a—, i=1,%8 =2mv_1m2.
Oa; ap

Consider the operators VZ 0" C>®(G,Vy, ) = C(G, Vy, 0, ® p+) for a Kc-module.
In the situation of 3.4, then, we have the following formulas for the Aq-radial parts
R,](VZJZ) of the Schmid operators: writing p(a) = E?:O bj(a)1/§I Cithd = b — 4,
for p € C*°(G, Vy, ,), then
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for PUUER, (T 1 )pl@) = 4% bia) %, we have

bi(a) = j(j—1)(0 + 6 +d— j+2)bj_2(a) +2j(d+2— j)S, - bj_1(a)

(3.7)
+(d+1—j)d+2— j)(82 —2v/—1x(c)a3 + £; — ]) bj(a),

for PAFLEHIR (VE |, p(a) = Yy b4, we have

bi(a)=j(01+ 4 — j—1)bj_1(a) + (d — 2/)S - bj(a)

(3.8)
—(d— ]‘)(82 - 2\/—_1x(c)a§ +40—j— 1) b (a),

for PZI’ZZ+ZRT](VZ7Z2)<)0(LI) = Z‘]tg Ej(a)v?‘lﬁz, we have

bj(a) = (01 + 6 —d— j—2)bj(a) — 25, - bj;1(a)

(3.9)
+ (82 —2v/=1Ix(0)as + 4, — j— 2) bjia(a),

for P21=[2’2R,7(V47742)4p(a) = ij) l;j(a)v?’[rz, we have

bi(a) = j(j — 1)(0: +2v=1x(c)a; — &y + j — 2) bj_»(a)
(3.10) —2j(d+2—7)S;-bj_1(a)
+(@d+1—)d+2—j)(0 — b +d+ j)bja),

for PZI_MZ_an(V[MZ)@(a) = Z?:o Bj(a)v?_l’zz_l, we have

Ej(a) = j(@z + 2\/—_lx(c)a§ —b+j— 1) bj_i(a) — (d—2j)S, - bj(a)

(3.11)
—@d=)(0 — i+ j—1)bj(a),

for PZI’MZRU(VZ]’ZZM(LI) = Z‘]toz Ej(a)vf-l*z’lz, we have

Bj(a) = (82 +2vV—=1x(c)a5 — 4 + ]) bj(a) +28; - bj1(a)

(3.12)
+ (31 — Zl —d+ ]) b]'+2(€l).

Proof We start the formulas (i) and (ii) in [O] Proposition 6.1. And we input the
expression ¢(a) = Z‘;:O bj(a)v?’l2 into them. Here {vﬁ“[2 |0<j<d=4 -4}
is the basis of Vy, 4, in the realization of 7y, o, given in [O] Section 3, p. 268. Then,
by [O] Lemmas 3.1, 3.2, and 3.3, we calculate the action of elements in f and the
projection onto each irreducible component of V, 4, ® p. The coefficients b i(a) for
the bases of each component are given as in our statement.
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3.6

Let (7, ;) be an irreducible admissible Hilbert representation of G. Denote by H
all K-finite vectors which determines a Harish-Chandra module. We will investigate
the following space of equivariant realizations:

Wh,,(7) := Homg, k) (Hrx, C*-Indg (n)x) -

We call it the space of (N, v¢)-Whittaker embedding of 7 with the character x on
M(%p). Fixing a K-morphism ¢: Vy, o, < 3, ¢ for a K-type 7y, ¢, occurring in H ,
we consider the restriction .*® = ® o+ of a functional ® in Wh,, (7). We can define
aC, ®V; , -valued function ¢y, ¢, on G such that

L*Q(V)(g) = <V7 Py, (g)>

for any v € Vy 4, ¢ € G, and the canonical dual pairing (, ) on Vi 4 X
(C, ® V; ,,) valued in C,, where (7} ,,V} , ) is the contragredient of 74, »,. Then
I belongs to C*(G, C, eV ). We will investigate this vector valued function
@, ¢, for an (N, ¢)-Whittaker embedding. Theorem 10.1 and Corollary 10.2 of [Ba]
and [Y2] Section 1 tell us that it can be characterized by a solution of a set of dif-
ferential equations, which is given by use of Schmid operators, when 7 is a derived
functor module A,(A) with A in good range. We will give the differential equations
separately in each situation below.

Here we have a remark about the twisting of (NN, 1)-Whittaker embedding ® by
elements in M. For ® € Wh,(x) and m € M, define a new functional "® by
"®(v)(g) == P(v)(mg) forv € H, k, g € G. Then it satisfies the property:

"B (v)(r'g) = n(mr'm™)"®(v)(g)

forv € H, g and (r',g) € (m~'R-m) x G. So the functional " ® belongs to Whun,, ()
for the character "n(r') = n(mr'm=') on m~'R-m. This process allows us to change
a non-degenerate unitary character ¥ of N into a suitable standard form, which we
have done in 3.2, 3.4.

4 The Derived Functor Modules of the Class 7
4.1

We consider a derived functor module A, (A) of the class 7 defined in 2.1, with an
integral A in the good range. The associated variety of it is the closure of O EE

whose complex dimension is 3. So it is known that A,, (A) has no (Np, ¥)-Whittaker
embedding with respect to a non-degenerate character ¢ of Ny (non generic in the
usual sense), [V2], [Ko].

Write A\+py, = Aje;+\e; € v/—1t5, then we have (A, \;) = (5,—%), wherem
is a positive odd integer. We assume that m > 3, so A is in the good range. The mod-

ule has the minimal K-type 7, _, with £ = ”‘T”, which is of 2¢ + 1 dimension. Each
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K-type of A,, (A) has the highest weight given by (£+2n,, —¢ —2n,) with nonnegative
integers n; and n,.

To begin with, we study the (N, ¢)-Whittaker embedding for the derived functor
module A, (A). Our knowledge on its K-type decomposition tells us that the func-
tion defined in 3.6, ¢y, _((g) € C*(G,C, ® Vi _¢), for the minimal K-type should
satisfy the following equations:

PHYEITE o i(9) =0, PYTERV i i(g) =0,
PRIV @) =0, P o i(9) =0

By Proposition 3.3, these are explicitly given for the restriction of ¢, _, to Ag;
4 —
i o(a) = Y1, bila; ™" by

for0 < j <24,
(4.1a)
‘ . N .
](L; i1 f—20— ])%) bi_1(a) — 2(£ — /)S; - bj(a)
. + . . hla%
—(zz—])(az —]—1+e—2(£—])?) bini(a) =0,
forl1 <j<20—1,
h2a2
) (Li+j- 1—€+2jT2) bj_1(a) + 28, - bi(a)
+ . . hla%
+ (Lz —]—1+£—2(2€—])T> bji(a) =0,
for0 < j <24,
(4.1¢)
el . hia ‘
](Lz 10200 — ])%) bi_i(a) +2(£ — /)S; - b(a)
. _ . . hza%
— = (LT —j— 144200 = D) biala) = 0,
for1 <j<20—-1,
(4.1d) <L‘+ 'fl—ffz'hl—a%)b' (a) — 28, - bi(a)
. 2 T ] D j—1 1°0;j
_ . . hzﬂ%
+(L1 —]—1+e+z(ze—])?) bjni(a) = 0.

Here we have the first observation.

Lemma 4.2 Assume that {bj(a) | 0 < j < 2{} forms a solution of the system of
equations above. Then we have that bygi1(ar,a;) = 0 for 0 < k < £ — 1. Moreover, for
Wh, .y (A(,7()\)) # {0} it is necessary that x = 0 for the linear form x on m; ().
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Proof The equations (4.1a) and (4.1b) are equivalent to the followings:
for0<j<20—1,
(4.22) j2% b] 1(a)+ Sy - bi(a) + (Uwf]fp(zef]) ! %) bji(a) =0,

for1 < j <24

(4.2b)

2
(L; i1+ jh%lz) b;_1(a)+S: - bi(a) — (2 — ])hlal b

j+1 (a) = 0.

The equations (4.1¢c) and (4.1d) are also equivalent to

for0 < j<2(—1,

(4.2¢)
2

hia? _ . hya
]%bj_l(ansl.bj(a) _ (Ll +€—]—1+(2€—])%> bjni(a) =0,

for1 < j <24
(42d)
_ hlal h2a2
(£ =+ j—1= =50 biala) = S bj(a) + 20— H™52bja(@) = 0.

Then we can find the following C(a;, a,)-linear relations among b;(a)’s; from (4.2a)
and (4.2d) one has

forl1 <j<20—1,

(4.32) (171)}’2 2p;_(a)+ S - bj_ 1(a)+<87rh2a2—2(€— )h2a2>bj(a)

I’lz&lz b

+81-bjai(a) — (20— j— )22 (a) = 0,

and the others are obtained from the equations (4.2b) and (4.2¢);

for1 <j<20-—1,

hlal b

(43b) (= D2Etby (@) + S by (@) + (8mhial - 20— )h”’l)bj(a)

. a
+81-bj(a) — (20— j - 1)%%(@ =0.
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Taking the differences of (4.3a) and (4.3b), we getfor 1 < j < 2{—1,
(44)  (j—Dbj_z(a) + (87D —2(£ — j)) bj(a) — (20 — j — Dbjs2(a) = 0.

Note that the indexes j — 2, j, and j + 2 occurring in each equation of (4.4) have
the common parity; hence we can separate the equations of (4.4) into 2 families; the
first one consists of the equations for the functions {by(a) | 0 < k < £} with even
indexes, and the other consisting of the equations for {byi41(a) | 0 < k < £—1} with
odd indexes. Solving the latter set of equations for odd indexed ones, which consists

of independent equations, we can conclude easily that the first assertion in lemma
holds.

So we can set bj(a) = 0 for all odd j’s in (4.2a), (4.2b), (4.2c) and (4.2d). Then
we obtain Sy - byk(a) = 0 for 0 < k < ¢, which implies the second assertion. This
completes the proof of lemma.

Set bj(a) = (w/|h1\a1\/ |h2|a2) chj(a) for 0 < j < 2¢ and introduce new vari-
ables:
x = 27r(h1a% + hzaé), y = 27r(h1af - hzaé).

By Lemma 4.2, the equations (4.2a), (4.2b), (4.2¢), and (4.2d) give us the following
equations:

forl1 <k<U¥,
0 0
(4.52) 2k — 1)cpp—a(x, y) + (Zy(a — 3_)/) +2y — 20+ 2k — 1) aklx, y) =0,

forl1 <k<U¥,

(4.5b) (2)/( % + 5%) +2y + 2k — 1) s (%, ) — (26 — 2k + Dex(x, y) = 0,

for1 <k</¥,

0 0
(4.5¢) (2k — Degea(x, y) — <2y( — 5) — 2y — 20+ 2k - 1) enlx, y) = 0,
for1 <k</,

o 9
(4.5d) (2)/( - 5) 2y 2k+ 1) Gk (%, 7) + (20 — 2k + Denlx, y) = 0.

Comparing the equations in (4.5a) with the ones in (4.5¢), or those in (4.5b) with
the ones in (4.5d), we find that

0
aczk(% y) =0

for 0 < k < £. Therefore we obtain

Proposition 4.3 For a solution of the set of equations above, c;k(x, y) does not depend
on the variable x for all 0 < k < £.
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So we may consider c;;(y) = cak(x, y) and study the ordinary differential and dif-
ference equations of one variable y. The equations (4.5a), (4.5b), (4.5¢), and (4.5d)
are, then, reduced to the followings:

for1 <k</¥,
(4.62) (k- Deya(y) — (2yi 2y 420 2k+ 1) () =0
dy ’
for1 <k</,
d
(4.6b) (Zyd— + 2y + 2k — 1) a(y) — (26 — 2k + Den(y) = 0.
y

For each k, 0 < k < ¢, we make a pair of equations in (4.6a) and (4.6b) that contain
the functions cy—>(y) and cxk(y), or cak(y) and cxr42(y). Then we find the following
equation of second degree for a single ¢k (y), for 0 < k < ¢,

& d
2 2 _
(4.7) <y dyp T Dy =20y~ >62k(y) —o.

During this process to obtain (4.7), we can also check that the integrable condition
is satisfied for the set of equations (4.6a) and (4.6b). Indeed, we can find 2 pairs in
(4.6a) and (4.6D) to give equations for c;x(y), 1 < k < £ — 1 of second degree, and
the results become exactly the same one for both of the pairs; it is the equation (4.7)

for e ().
Now we separate our computation into 2 cases depending on the parity of ¢; the
case that £ is even, or £ is odd.

4.4 The Even Case
Consider the equation (4.7) for 2k = ¢:

( L e =0
Vi Va «(y) =0.
It is holonomic of rank 2 and has solutions:

(4.8) a(y) =By PR + Br-y L),

where (3, 3, are constants, and K, (z), I, (z) are the modified Bessel functions, [M-
O-S], p. 66, and p. 69, 3.2. All the other c;x(y), 0 < k < ¢, are determined recursively
through the equations (4.6a) and (4.6b). Then the following recurrence relations
between the modified Bessel functions tells us that each c;x(y) can be written as a
Cly, y~']-linear combination of the modified Bessel functions:

Ky—1(2) — Kyi1(2) = =2(v/2)K,(2), Ky—1(2) + Ky (2) = —2(dK,(2) /dz)
Il/—l(z) - u+1(z) = Z(V/Z)I,,(Z), II/—l(Z) + II/+1(Z) = Z(dIU(Z)/dZ) 9

[M-O-S], p. 67, 3.1.1.
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4.5 The Odd Case
Consider the equations (4.6a) and (4.6b) for 2k = £ + 1:

d
Leg_1(y) — (2)/@ —2y+ f) cii(y) =0,

d
(2y@ +2y +8) () = Leen (7) = 0.

It is holonomic of rank 2, and the solutions are given by

(4.9) cx(y) = }’7%1{51 : (Kf;zl (y) ?K%(y)) + 5 (I%(J’) + I )},

where 3;, 3, are constants. Similarly as in the even case, the other functions c;x(y),
0 < k < ¢, are given recursively through the equations (4.6a) and (4.6b), and each
of them can be written as a C[y, y~!]-linear sum of the modified Bessel functions in
the variable y.

Theorem 4.6 Consider the set of difference-differential equations (4.1a), (4.1b), (4.1c),
and (4.1d), and make byis1(a) = 0 for 0 < k < £ — 1 after Lemma 4.2. Then it
determines a holonomic system of rank 2. There exists a unique solution, up to a scalar
multiple, satisfying the conditions (i) and (ii) below if and only if the character 1) of Ny
corresponds to an indefinite quadratic form; that is hih, < 0. The conditions on by (a),
0 < k < 4, are the followings:

(i) all by(a) are holomorphic on Ay, and
(i) all byr(a) decay rapidly when ay, a; — +00.

The unique solution with the properties (i) and (ii) is obtained recursively through the
equations (4.6a,b) from the following function(s):

if hy > 0and h, < 0, and { is even, then

(\/ |h1h2|alﬂ2) "

(271'(”1161% - hza%))

(E) by(a) = K% (271'(]’1161% — hzag)) , or

[NIEN

ifhy > 0and h, < 0, and ¢ is odd, then

( vV |h1h2|a1a2) "

(®) byri(a) = =
(Zw(hla% — hzag)) 2

(Kz%l (27’('(}110% — h2[1§)) + K (271'(”110% — h2a§))> .

£l
2

Proof As we obtained in 4.4 and 4.5, all the solutions can be written as products of

(v/Imha]aiay) “!and Cly, y~']-linear sums of the modified Bessel functions. We
recall that that the function I, (z) rapidly increases as |z| — +oc and z € R, [M-O-S]
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p. 139. If hyh, > 0, then the variable y = hja? — hya3 admits zeros in Ag. Then, in
the linear sum, the terms containing a K-Bessel function have poles of finite degree
along these zeros; thus such terms cannot appear in the solution under the condition
(1). On the other hand the terms containing I, (z) increases rapidly, which violates
the condition (ii). Therefore we have no solution satisfying (i), (ii), if h1h, > 0.

If hyh, < 0, we can see that only the terms containing K, (z) satisfy both of the
conditions, because y = hjaj — hya; cannot be zero on Ay, and K, (y) has good
asymptotic behavior as a; and a, — +o0, if h; > 0 and h, < 0, [M-O-S] p. 139. If
hy < 0 and h, > 0, then, rewriting (4.6a) and (4.6b) for —y, we can discuss again
similarly as above. These together give our assertions.

4.7

In the next place, we investigate the (N, ¢)-Whittaker embedding of A, (A). The
K-type decomposition of the module tells us that the following equations should be
satisfied for the function ¢, _,(g) € C*(G,C, ® V;_,) defined in 3.6 with respect
to the minimal K-type 7, _:

for0 < j <24,
(4.10a) j(01+ — j—1)bj_1(a) + 2(£ — })S; - bj(a)
— (20— (8, —2v/=1x(c)as + £ — j — 1) bj1(a) =0,
for1 < j <24
(4.10b) (1 —L—j—1)bj_1(a) — 2, - bj(a)
+ (82 — 2\/jlx(c)a§ +0—j— 1) bj(a) =0,
for 0 < j <24,
(4.10c)  j(O+2v—1x(c)a; — £+ j— 1) bj_i(a)
—2(£—=j)$; - bjla) — (26— j)(O1 — £+ j — Dbjsi(a) =0,
for1 < j <24,
(4.10d) (0, +2v=1x(c)a; — £+ j — 1) bj_1(a) + 25, - bj(a)
+(81 =30+ j— Dbjsi(a) =0.

Since the Gelfand-Kirillov dimension of A, () is not of maximal, there cannot exist
any non-zero embedding under consideration, if both x and %) are non-trivial; [Ko],
[V]. This fact can be observed, of course, directly also in our setting:

Lemma 4.8 To obtain a non-zero functional in Why.,,(Aq, (X)) it is necessary that
X = O for the linear form x on my(¢)p. For any solution {bj(a) | 0 < j < 2L} of
(4.10a), (4.10b), (4.10c), and (4.10d), we also have linear relations b;_,(a) +b;1(a) =
Ofor1 <j<2{—1.
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Proof The equations (4.10a) and (4.10b) are equivalent to
for0 < j<20—1,

(4.11a)  jbj_1(a) + Sbj(a) — (8, — 2v/=1x(c)as + £ — j — 1) bjs1(a) =0,
for1 < j <24

(4.11b) (O —€—1)bj_1(a) — S;bj(a) = 0.

Also the equations (4.10c) and (4.10d) are equivalent to
for0 < j<20—1,

(4.11¢) (82 + 2\/—_lx(c)a§ —l+j— 1) bj_1(a) +Sybj(a) — (2 — 1)bjy(a) = 0,
for1 < j <24,

(4.11d) Sybj(a) + (0y — € —1)bjy1(a) = 0.

We can find C(a,, a;)-linear relations among b;(a)’s by pairing (4.11a) and (4.11c),
which are given by

for1 <j<20—-1,

(4.12a)
(j = Dbj—z(a) + Sbj—1(a)

— 2(2\/—1)((5)(1% +0— j) bj(a) + Sybji1(a) — (20 — j — 1)bjiz(a) = 0.
Similarly the equations (4.11b) and (4.11d) yield
forl1 <j<20—1,
(4.12b) S2(bj—1(a) + bj1(a)) = 0.

As we have assumed that #; # 0 in the definition, (4.12b) implies that b;_;(a) +
bjy1(a) = 0for1 < j < 2¢ — 1. Then (4.12a) and these relations give us

(4.13) 1<j<20—1, 4V—=1x(c)a5-bj(a) = 0.

If x # 0, then it tells us bj(a) = 0 for 1 < j < 2¢ — 1. But it provides us only with
the trivial solution. Thus x should be zero and the proof is completed.
Setbj(a) = af“az_“lcj(a) for 0 < j < 24. Here we introduce the new variables:

x=aay, y=a/a,

and consider the functions c;(x, y) = cj(a;, a;) for 0 < j < 2¢.

Lemma 4.9 A solution {c;j(x,y) | 0 < j < 2/} satisfying the set of equations does not
depend on the variable x.
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Proof By Lemma 4.8, our equations are reduced to the followings:

for1 < j <24
0 0
(4.14a) (xa — ya—)/) cj—1(x,y) + 2wV —1hy - cj(x, y) = 0,
for1 <j <24
0 0
(4.14b) 2ny/—=1hyy - ci—1(x, y) — (xa — ya—y) cj(x,y) =0,
for1 <j <24
0 0
(4.14¢) (xa + ya—y) cj—1(x,y) =27V —=1hyy - cj(x,y) = 0,
for1 <j <24
0 0
(4.144) 2w/ —1hiy - cj_1(x, ) + (xa + ya—}/) cj(x,y) =0.

By pairing (4.14a) and (4.14c), or (4.14b) and (4.14d), we find

0
acj(x, y) =0

for 0 < j < 2¢. This implies our assertion.
After all we obtain the following difference-differential equations:

for1 <j <24
d
(4.15a) d—ycj_l(y) —2mv—1hy - cj(y) =0,
1<j<2,
d
(4.15b) 2wy —1hy - ¢j_1(y) + dfcj'(x, y)=0.
y

Finally we conclude

Theorem 4.10 Let Ay, (\) be a derived functor module of the class 7 with an integral
A in the good range. Then the set of difference differential equations (4.10a), (4.10b),
(4.10c), and (4.10d) defines a holonomic system of rank 2, and the following b;(a),
0 < j <24, give its solution:

bi(a) = (V=1) mar(ZL) ((—1)re™e/e) 4 gre2mhien/e)

2

Here 3, and (3, are constants which do not depend on j. If 31 = 0, B, # 0 and h; > 0
(resp. By # 0, B, = 0 and hy < 0), this solution decays rapidly as a; /a, — +oo, and
decays as a; — 400, since £ > 2.
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5 The Derived Functor Modules of the Class 6
5.1

Next we study a derived functor module A, (A) of the class 6 with an integral A in
the good range. It is known by works of Kostant and Vogan that there is no (Ny, 1)-
Whittaker embedding of this module, so we study N;, N, cases. We have A + p,, =
le, + Oe, with a non-negative integer ¢, and A is good, if £ > 2. The minimal K-type
of Aq () is (74,1, Ve1). Each K-type occurring in the module has the highest weight
(£ + 2n; + ny, 1 4+ ny) with non-negative integers n; and #,.

First we study the (N, 1)-Whittaker embedding of the module A, (A). The K-
type decomposition tell us that the function ¢_; _¢(g) € C*(G,C, ® V_; _¢) de-
fined in 3.6 with respect to the minimal K-type should satisfy the following equa-
tions:

PV IV o i(@) =0, PYTHIVE, o i(g) =0,
P_l"_mvil,—w—l,—i(g) =0, P‘3"€V31,—M—1,—z(g) =0.

By Proposition 3.3, these are given explicitly for the restriction ¢_1 _g|4, on Ag;
-1 —1,—¢
‘P—l,—[(a) = Zj:() bj(a)vj )

for0<j</l+1,

(5.1a)
. . a3 . .
iG— 1)(L;+172472(4+ 1 71)%2) bi_a(a) — 2j(£+1— /), - bi_y(a)
. . + . ,hlaf
+(e—])(e+1—])(52 —]—1+2]?)b]-(a):0,

for0<j<{—-1,

(5.1b)
e N .
](Ll+]—1—z—(z—1—z])%%)bj_l(a)—(e—1—2])sl-bj(a)

2
hlal

_(g_1_j)(L;—j—Z—(f—l—zj)?)bjﬂ(a):oa

for0 < j</(-—3,

2
h2a2

(5.1¢) (Lf+j—e+2(j+1) 5

)b]-(a) +28) - bj(a)

2
+(LL;—j—3+€—2(€—2—]‘)%y’jﬂ(c‘):O7
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for0< j< (-3,
(5.1d)
(L Fir1—2(+ 1A )b (a) — 281 - bjr1(a)

+ <L; —]—2+£+2(€—2—])h2a2) j+2(a) = 0.

Theorem 5.2 Consider the set of equations (5.1a), (5.1b), (5.1c), and (5.1d). It has
non-trivial one dimensional solutions if and only if

x(e) by = (£ — 1)
is satisfied for the linear form x on my (). If this condition is satisfied the solution is

given by
bj(a) = ¢ x (\/Wal) (\/ma )J“ ~2n(na}+hoa})

for 0 < j < £ — 1. Here cj are the constants explicitly gzven b)/ cJ = (V-1) J for

0<j<t—1ifx@Vinh = v=1(—1), or= (v=1)""7, if x(c) Vi, =
—/=1(€ — 1). It decays rapidly as a, a, — +oo if and only if hy > 0 and h, > 0.

Proof We reduce the difference-differential equations in 5.1. The equations (5.1a)
and (5.1b) are equivalent to

for0 < j <Y,

(5.2a)
hoa
i - 122 Zza],z(a)ﬂ's1 bjmr(a) = (€= (L5 — 1+ =52 ) bj(a) = 0,

forl1 <j</l+1,

(5.2b)
h
(171)(L*71 +1—7) lal) bj_»(a)

—(+1—7)S - ]1(a)+(€—])(€+1—]) b(a)—O.

Also the equations (5.1b) and (5.1c) are equivalent to

for0 < j</?-2,

(5.3a) j2%2 b, (@) + 8y b + (L — 0= 1— (=1~ ) 22) bji(a) =0,

https://doi.org/10.4153/CJM-2002-030-8 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2002-030-8

790 Takuya Miyazaki
forl1 <j</{-1,

2
,hlal

h 2
(536) (&1 = €= 14 7Y by (@) + 5, byta) — (E— 1= )=

Tbjﬂ(a) =0.
Considering the equations (5.1c) and (5.1d), we get

forl1 <j</{-2,
(5.4) (LT +L5 —C—1)bj1(a) + (L] + L5 —€—1)bjs1(a) = 0.

Then the following sets of difference-differential equations are equivalent to each

other:
(5.1a), (5.1b),| _ J(5.2a), (5.2b), (5.3a),
{(5.1c), (5.1d)} - {(5.3b), (5.4) } '

Paring the equations in (5.2a) and (5.3a), or (5.2b) and (5.3b), we get
for0<j</{—-1,

(5.5) (L3 —j—Dbj(a) =0, (L] =L+ j)bj(a) =0.

So, if we put b;(a) = (+/|]a) - (v/|ha]az) ]He—“(hl“f“fhz“%)(:j(a), 0<;<4-1,
then (5.5) implies that all ¢;(a) are constants. Write the constants ¢; = ¢;(a),0 < j <
£—1. Then (5.2a), (5.2b), (5.3a), (5.3b), and (5.4) give a set of linear relations among
¢j,0 < j < £—1, which has a non-zero solution, if and only if x (¢)*h h, = —(£—1)%.

5.3

Let us consider the (N,, ¢)-Whittaker embedding of A, (\). By the K-type decom-
position of the module and Proposition 3.5 we obtain the following set of equations
for the function ¢_; _,(g) defined in 3.6 with respect to the minimal K-type:

for0 < j</{+1,

(5.6a)
JG =10 + €= j)bj_s(a) +2j(£+1— j)S; - bj_1(a)

+ (0= +1—j)(0—2vV=TIx(c)a; — j— 1) bj(a) =0,
for0<j<{—1,
(5.6b)  j(01 —j—2)bj_1(a)+ (£ —1—2/)S,-bj(a)
— (U =1= )0 = 2v/=1x()a3 = j = 2) bjs1(a) = 0,
for0 < j<{-—3,
(5.6¢) (61 — £ —j—2)bj(a) — 28, - bjsi(a)
+ (02 = 2V=1Ix()ay — j = 3) bjia(a) = 0,
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for0< j<¢—3,
(5.6d) (82 + 2\/flx(c)a§ +7+ 1) bj(a) +2S; - bj1(a)
+ (O — L€+ j+2)bjia(a) = 0.

Theorem 5.4 The above set of difference-differential equations has only the trivial solu-
tion: bj(a) = 0 for 0 < j < £ — 1. Hence Ay () has no non-trivial (N3, v)-Whittaker
embedding for a non-degenerate (hy # 0) unitary character 1 of N,.
Proof The equations (5.6a) and (5.6b) are equivalent to
for0 < j <4,
(5.7a)
jG = Dbj_a(a) + jSabj—1(a) + (L — j)(0, — 2/ =1x(c)a; — j — 1) bj(a) = 0,
for1<j</l+1,

(5.7b) (=1 — Dbj_z(a) + (L +1— j)S;bj_1(a) = 0.

Also (5.6b) and (5.6¢) yield

for0<j< (-2,

(5.8a) jbj—i(a) + S:bj(a) — (82 — 2\/—_lx(c)a§ —j— 2) bj1(a) =0,
forl<j<i—1,

(5.8b) (01 — £ —1)bj_1(a) — S;bj(a) = 0.

By pairing the equations (5.7a) and (5.8a), or the ones (5.7b) and (5.8b), we obtain
the following equations: for0 < j < ¢ — 1,

(82 - 2\/—1x(c)a% —j— 1) bj(a)=0 and (0, — £+ j)bj(a) =0.
If we put bj(a) = affjaélﬂe\/’_lx(c)“i cj(a), 0 < j < £ — 1, then these equations tell
us that all ¢;(a) = c; are constants. To determine these constants we use again (5.6a),

(5.6b), (5.6¢), and (5.6d). Since h; # 0, we get only the trivial solution: ¢; = 0 for
0<j<t—1

6 Observation on Some Relations With Nilpotent Orbits

6.1

Let us consider a derived functor module. We will observe that the existence of a
non-zero (N, 1)-Whittaker embedding of it could be related to a nilpotent G-orbit
in gj; which is attached to this module.
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Let G be a real semisimple Lie group and gy its Lie algebra. Matumoto [Ma]
studied the C~°°-Whittaker vectors of a Harish-Chandra G-module (7, ) for a
non-degenerate unitary character ¢ of a maximal nilpotent Lie subalgebra 1y of gg.
He obtained a necessary and sufficient condition for these vectors not to vanish: such
a non-zero C~°°-Whittaker vector of 7 exists if and only if the asymptotic support
Asym(m) of m [B-V] contains the principal real nilpotent G-orbit in gj; to which
belongs; in particular, 7 should be (quasi) large. More precise statements can be
found in [Ma] Theorems 5.5.1 and 5.5.2. For unitary highest weight modules we can
refer [Y2] for a related subject. Kawanaka [K] conjectured some relation between
Whittaker vectors and the wave front set for a smooth representation of the group of
rational points of a reductive group over a finite or a p-adic field. Works of Rodier,
originally, Howe, and Mceglin-Waldspurger are also concerned with this philosophy.
It might be partially stated as a conjecture in our case:

Conjecture 6.2 Let 7 be an irreducible admissible Hilbert space representation of a
real semisimple Lie group G, and Asym(m) be the asymptotic support of m. Consider
the (N, v)-Whittaker embedding Wh,z,, () of m, where 1) is a unitary character of a
unipotent subgrouf N and x a unitary representation of M(1)). Moreover we consider
a subspace Whigy, () of functionals in Whgy () which have images consisting of
analytic and at most moderate growth functions on G. Then it might hold that

(1) Wh;"%fb(w) # {0} for some  if and only if the real nilpotent coadjoint G-orbit (‘_)‘5}
of ¢ in \/—1g} is contained in Asym(m). Here we use the maps wj; ~ ny’® —
gr = gi to obtain the orbit O]Sf, where ng¥ is the nilpotent subalgebra in the
opposite position to .

(ii) If dim¢ Ass(m) < dimg¢ 1 and the condition in (i) is satisfied, then there are only
finitely many irreducible x up to equivalence such that Wh?éﬁ/}(ﬂ') = {0}. And for

such a x, the dimension ofWhygfb(ﬂ) is finite.

We show that the results in Sections 4 and 5 are consistent with the conjecture
and Matumoto’s results. We use the notations in Section 2, 3. By a result of Schmid
and Vilonen [S-V], given an irreducible admissible representation m of G, we can
compute its asymptotic support Asym(7) [B-V] from the associated variety Ass(m)
of m by Kostant-Sekiguchi correspondence. Then we can obtain Asym (Ag,())) as
the union of the real nilpotent coadjoint G-orbits in y/—1gj; which corresponds to

Ass(Aq, (V) = CI(O ) by the correspondence. Let us put ¥, = (%hgi) €

v —lagg with h = *h € M,(R). It determines a linear form 1, € \/—_lg]’gi by ¥n(X) =
tr(¥,X), X € gg. We can check that the real nilpotent G-orbit Offh of ¥y, coincides
with the image of the orbit O by the correspondence if and only if det(h) < 0.
Therefore it occurs in Asym (A, ())) if and only if ¢, defines an “indefinite” unitary
character of the unipotent radical N; of the Siegel parabolic subgroup. On the other
hand, ¢, with det(h) > 0, which defines a “definite” unitary characters of Ny, belongs
to another real nilpotent orbit; if h is a positive, or negative, definite, then Ogﬁh is the
real orbit which corresponds to the Kc-orbit O ,or O , respectively. Both of
EE B
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these definite real orbits are not contained in Asym (A, (X)) . On the other hand, the
orbit Offh for a positive definite i meets with Asym ( Aq, (X)) , because Ass (Aq, (A)) =
Cl ( 0 ) . For a linear form 1 given in 3.4, we can check that the orbit (95 agrees

with the image of the K¢-orbit O by the correspondence.

Putting together our observations on the nilpotent orbits and the statements in
Theorem 4.6, 4.10, 5.2, and 5.4, we can state the following:

Proposition 6.3 Fix a non-degenerate unitary character of Ny, Ny, or N,. Assume that
T = Aq (A) or A, (N) with good and integral A has a non-trivial realization into C*>°-
IndfMWNi(X - 1) for some character x of M;(¥), i € {0, 1,2} (My()): trivial), and
also that its image consists of holomorphic and moderate growth functions on G. Then
the real nilpotent coadjoint G-orbit OLR; of ¢ should be contained in Asym ().

Proof The statement for the (Ny, 1/)-Whittaker embedding of 7 is a well known the-
orem of Kostant [Ko] and Vogan [V2]. It says each of A, (A) and A, (A) has no
(No, ¥)-Whittaker embedding. But we know, in this case, O]fjf is of maximal dimen-
sion, which is not contained in Asym (7).
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