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SINGULAR DEL PEZZO SURFACES AND ANALYTIC
COMPACTIFICATIONS OF 3-DIMENSIONAL
COMPLEX AFFINE SPACE C?

MIKIO FURUSHIMA

Introduction

Let X be an n-dimensional connected compact complex manifold and
A be an analytic subset of X. We say that the pair (X, A) is a complex
analytic compactification of C" if X — A is biholomorphic to C*. If X
admits a Kahler metric, we shall say that (X, A) is a (non-singular) Kghler
compactification of C". For n = 1, it is easy to see that (X, A) ~ (P?, c0).
For n = 2, Remmert-Van de Ven [17] proved that (X, A) =~ (P, P!) if A is
irreducible, where A = P! is linearly embedded in P*. Morrow [15] gave
more detailed classifications of complex analytic compactifications of C*
For n = 3, Brenton-Morrow showed the following

TueoreM ([5)). Let (X, A) be a non-singular Kihler complex analytic
compactification of C* such that the analytic subset A has only isolated
singular points. Then X is projective algebraic and A is birationally equiv-
alent to a ruled surface over an algebraic curve of genus g = by(X)/2.

Further, Brenton [3]* classified the possible types of singular points
of A in the case that the canonical line bundle K, of A is not trivial.

In this paper, we shall discuss in detail the structures of the non-
singular Kéahler compactifications of C® such that A has at most isolated
singular points.

Our results can be summarized as follows

TueEOREM 1. Let (X, A) be a non-singular Kdhler compactification of C*
such that A has at most isolated singular points. Then A is an irreducible
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* We remark that there exist some ambiguities in the arguments in [3], but the
results are justified later by Hidaka-Watanabe [9].
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normal Gorenstein surface, the line bundle [A] defined by A is positive on
X, and Ky = — r[A] 1 <r < 4), where K, is the canonical line bundle of
X. Further, the structure of (X, A) is determined by r in case r = 2 as in
the Table (I) below.

Table (I)

4 (P, P) A= P*is linearly embedded in P’. )
¢’ is a non-singular quadric hypersurface in P* and
€); is a quadric cone which is a hyperplane section.

V, is a 3-fold of degree 5 in P*, and H, is a hyper-

. plane section with an isolated singular point. (V;, H,)
2 (V,, H)  is uniquely determined up to isomorphism. The de-

| tailed structure of (V, H,) will described in Section
{ 4 below.
|

|

A is not a cone over a compact algebraic curve with
genus g = 0.

The main part of our proof is sacrificed to the investigation of the
structure of A. Particularly, we shall determine completely the structures
of singular Del Pezzo surfaces A with Pic A ~ Z (see §3).

After such an investigation of the boundary divisor A and the normal
bundle N, of A, the projecting method from a line contained in A =——> X
by Fano-Iskovski [11] enables us to prove the theorem (see §4). In the
course of the proof of the case r = 2 of our Theorem I, we find the fol-
lowing fact, which gives the negative answer to a question of Brenton-
Morrow [5, p. 151].

THEOREM II. There exists a non-singular projective algebraic compactifi-
cation (X, E) of C* such that E is irreducible but not normal.

As for the case of r =1, we have some more detailed informations,
but the complete structure of (X, A) is not yet unknown for us for the
present.

The author would like to express his hearty thanks to Prof. M. Suzuki
and Prof. E. Sato for their invaluable suggestions and encouragement.
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§1. Preliminaries and the case of r > 3

(1.1) General properties. Let (X, A) be a non-singular Kihler com-
pactification of C*® such that A has at most isolated singular points. At
any point of A, one of the coordinate functions of C*® must have a singu-
larity. A has therefore, by Hartogs theorem, pure dimension 2. Let us
denote the set of regular points of A by A, Since A has at most isolated
hypersurface singular points, the canonical line bundle K, on A, is trivial
in a neighbourhood of each singular point of A. Such a singular point
is called Gorenstein singularity. We call a complex surface with at most
Gorenstein singularities a Gorenstein surface. Since C® is connected at
infinity, A is connected, and since A is normal, A is an irreducible nor-
mal Gorenstein surface. Let us consider the long exact sequence of coho-
mology groups corresponding to the pair (X, A):

—> H(X, A;Z) —> H(X;Z) —> H(A; 2) — H'"'(X, A; Z) —>
Since

H(X,A;Z)~H, (X —A;Z)=H, (C*Z)=0 for1<i<5
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and 0 - H¥X; Z) - H*(A; Z) ~ 0, we have H(X; Z) ~ H(A; Z) for i < 5.

ProposiTioN 1 (Brenton-Morrow [p. 147, 5)).

(1) H(X;Z) =~ H(A;Z) =0.

(2) H¥X;Z)~ HYA;Z) ~Z. H¥X;Z) is generated by the first Chern
class ¢,([A]) of the line bundle [A] defined by A and H*A; Z) is generated
by ¢(N,), where N, = [A]|, is the normal bundle on A.

(8) The Euler number %(X) = 4 — b,(A), where b,(A) = dim, H'(A; R).
(because H¥(X; R) = H%(A, R) by the argument before Proposition 1.)

(4) The line bundle [A] is positive on X and the canonical line bundle
K. = —r[A] (r > 0). Especially X is projective algebraic.

®) H(X;0)=0(1<i<9).

ProrosiTiON 2. HY(A;0)=0for1<i<2ifr>=2, and H(A;0,) =0,
H¥A;0)~Cifr=1.

Proof. Let us consider the following exact sequence:

—> Hi(X; 0x(— A)) —> H{(X; 0y)
—> HY(A; 0,) —> H*(X; Ox(— A)) —>

By the Kodaira-Serre duality, H(X; 0x(— A)) =~ H YX; 0Ky + A)).
Since Ky + A = (1 —r)A, if r = 2, then by Kodaira vanishing theorem,
H{(X; 0(— A) =0 for i £3. Thus H(X;0,) = H(A;0,) A <Zi<2).
Therefore, by Proposition 1, we have H¥(A;0,) = 0. If r =1, then K, +
A~ 0y Thus HYX;0,(— A) =0 (1<i<2. Therefore we have
H'(A;0,) ~ H(X;0y) = 0 and HXA; 0,) ~ H¥(X; 0,(—A)) ~ H(X; 0x) =~ C.

Q.E.D.

Since A is a normal Gorenstein surface, we can define the canonical
line bundle K, on A as the trivial extension of K, to A. By the adjunc-
tion formula, we have

K,=K:|, +[Ally=1Q—-r)N,, N, =[A]l,.
By Proposition 1-(4), — K, is positive on A if r=2 and K, =~ 0, if r = 1.

DEerFINITION 1. A normal Gorenstein surface A will be called a
(singular) Del Pezzo surface (resp. a singular K-3 surface) if — K, is posi-
tive on A (resp. —K, ~ 0, and H'(A; 0,) = 0).

Thus we have the following

https://doi.org/10.1017/50027763000022649 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000022649

DEL PEZZ0O SURFACES B

ProrosiTiON 3. If r =2, then A is a (singular) Del Pezzo surface
with PicA ~ Z(N,. If r=1, then A is a singular K-3 surface with

PicA = Z(N ).
Proof. By Proposition 2 and the fact that A is projective algebraic,
we have H'(A; 0%) ~ H(A; Z) ~ Z. Q.E.D.
(1.2) Minimal resolution of singular points of A. Let x = {x,, - - -, x,}

be the set of singular points of A and p: M — A be the minimal resolu-
tion of singularities of A. We put p'(x) = ., C;, where C/s are the
irreducible components of C. Since A is projective algebraic, so is M.
Let us denote the canonical line bundle of M by K,. Since g is the mini-
mal resolution and K, = (1 — r)N,, we have

Ky =1 —npW) — 2l (n,20).

ProPOSITION 4. Let M be a relatively minimal non-singular model of
M, and v: M — M be the birational morphism. Then M is either the pro-
Jective plane P* or the total space of a P'-bundle on a non-singular alge-
briac curve.

Proof (Brenton-Morrow [p. 148, 5]). We have only to show that P,(M) =
dimq H'(M; O(mK,)) = 0 for m > 0, since P, is birational invariant among
non-singular surfaces. But this follows from the inequality

dime H(M; O(mK ) < dime HXM; O((1 — r)u*N,))
= dim¢ H(A; 0.((1 — N,

and the fact that b*(M) = b~(A) = 1 by Proposition 1-(2). Thus from the
classification of surfaces [1], M is either P? or the total space of a P'-
bundle on a non-singular algebraic curve. Q.E.D.

(1.3) The case of r > 3.
Let us quote a theorem due to Kobayashi-Ochiai;

THEOREM (K-O). Let Y be an n-dimensional compact complex manifold,
and L be a positive line bundle on Y. Then we have

(1) If c(Y) = (L") for some integer k = n + 1, then Y is biholomorphic
to P".

@) If c(Y) = (L"), then Y is biholomorphic to a non-singular quadric
hypersurface Q" in P"*',
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By this theorem, we have

ProposITION 5. (1) If r >4, then A = M = M = P*, consequently r = 4.
@ If r=38, then M=M=F, and A = F,/['y = Q = P®, where F, is a
P'-bundle over a complex projective line P' with the zero section I, with
'} = — 2, and @, = P* is a quadric cone in P*

Proof. (1): By Theorem (K-O), one has X = P? r = 4, and 0(A) = 0(1)
because r > 4. Thus A = P*= M = M. (2): Similarly by Theorem (K-0),
one sees X is a quadric 3-fold in P* and 0(A) = 0,(1) by r =3. Thus A
is a smooth quadric or @), and one sees A = @ because PicA = Z.

Q.E.D.

One can easily see that P° — {a hyperplane P*} = C* and @® — {a hy-
perplane section = @3} = C® Therefore we have the following

ProposiTiON 6. (1) r >4 & (X, A) = (P?, P®) (In fact, r = 4),
@ r=3&=KX 4 =@, Q).

§2. Cone singularities and the compactifications of C*

(2.1) The genus of the cone singularity. Let (X, A) be as in Section 1.
We say that A has a cone singularity {x} of genus g if ;: M — A being
the minimal resolution, M is a P'-bundle over a non-singular algebraic
curve R of genus g and g7'(x) = C is a section of this bundle.

Lemma 1. Let ¢: M — R be a P'-bundle over a non-singular algebraic
curve R. Suppose that there exists a negative section C, and that the con-
traction A = M|C, of C, is algebraic. Then there exists a section C., such
that C.. N C, = ¢.

Proof. Since A is algebraic, there exists another hyperplane section
D which does not pass through the singular point of A. In the surface
M, we have DN C, = ¢. For any point z of R, we put D N ¢7'(2) =

{ps, -+, p). Let p, be the barycentric point of the points {p,, ---,p,} in
67'(2) — ¢ (@ N Cy~C. Weput C,, :=|J,cxp.. Then we have a desired
section C.. Q.E.D.

ProrosiTiON 7. If A has a singularity of genus g, then the genus
g < 3 and the following holds

(i) r=3&g=0.

(ii) r=2& g=1
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(iii) r=1&g= 2o0r 3.

Proof. Since A is algebraic, by Lemma 1, there exists a section D
which does not intersect the negative section C, and we have D* = — C*
The curve D can be considered as a Cartier divisor in A. Since PicA =
Z[N,] by Proposition 3 and since [D] is not divisible in Pic A (D is pulled
back to a section of M by p), N, is linearly equivalent to the line bundle
[D] defined by D. Since K, = (1 — r)N,, by the adjunction formula, we
have K, = K,|, + N,, where N, = [D]|, is the normal bundle of D. By
the Riemann-Roch theorem, we have the equation

(*) 28 —2=degK, = (2 —r)degh,.

Since deg N, > 0 and r < 3, we have (i) r =3 &= g =0 and deg N, = 2.
(i) r =2&=g=1. In the case of r =1, one has K, = ¢, and K, =
—2C by the adjunction formula for a fibre. Let L = N, be the normal
bundle of C in M. Then — L = — N, = N,. By the adjunction formula,
K, =Ky, + N, = N,. Since (A, x) is a hypersurface singularity,
emdim (A4, x) = 3. Let m, be the maximal ideal of the local ring ¢ ..
Since 0, , is the localization of @®,.,H’(C; ¢(—kL)) at the vertex, one
has m,/m? «— HC; 0(— L)). Thus,

3 = emdim (A4, %) = dimg m,/m? = dim HY(C; ¢(— L))
= dimH"(D; Nn) = dimH"(D; KD) =g,

that is g < 3. By the equation (*), we have (iii) r=1¢= g =2 and
deg N, = 2, or g = 3 and deg N, = 4. This completes the proof. Q.E.D.

(2.2) Structure of (X, A). In the case of r = 3, we have determined
the structure of (X, A) in Section 1. Therefore we have only to consider
the case of r < 2, to prove Theorem 1.

In this case, X is a Fano 3-fold of index r < 2 with Pic X = Z.

We note that the topological Euler number of A is written as

WA) = M) —u(C) + 1
=22—-2g8)-2—-29+1=3-2g,

and X(X) = 2(A) +1 =4 — 2g because 4X — A) = 1{C’) = 1. We will see
that 2(X) #+ 4 — 2g when r < 2.

(Case 1) r = 2. By Proposition 7, we have g = 1, and thus %(X) = 2.
On the other hand, since X(X) =4 — b(X) = 4 — 2h"*, by Table 3.5 in
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p. 809 in [11,], we have X(X) = — 38, — 16, — 6, 0, 4. This is a contra-
diction. Therefore r - 2.

(Case 2) r=1. We have then g = 2,3. Thus %2(X) =0, — 2. Since
deg N, = 2,4 and since degN, = (A-A-A)y = A°, by Table 3.5 in [11,].
2(X) = — 100, — 56. This is a contradiction. Therefore r = 1.

We note that we simply quoted a table in [11,] instead of going
through lengthy calculation, to get b(X) for Fano 3-folds X with (1) index
2, or (2) index 1 and (— K;)’ =2, 4. Because these are explicitly clas-
sified and b,(X) is well known among researchers in the field.

Thus we have the following

TaeoreMm 1. Let (X, A) be as in Theorem 1. If A is a cone over a
compact algebraic curve of genus g, then § =0 (& r = 38) and (X, A) =
(@', ).

§3. Singular Del Pezzo surfaces with free Picard group of rank one

(3.1) The two classes of singular Del Pezzo surfaces. Let A be a
singular Del Pezzo surface with isolated singularities x = {x,, - - -, x,,} (see
Definition 1 in § 1). Let n: M — A be the minimal resolution of singularities
of A and put n7'(x) = C = | ., C,, where C;’s are irreducible components
of C. Let us denote the canonical divisor on M (resp. A) by K, (resp. K,).
Then we have

I
K, = *K, — > n,C, (linearly equivalent),
=1

where n, >0 (1 <1 < k).
Brenton and Hidaka-Watanabe showed the following

ProrosiTiON 9 ([3,9]). Let A and M be as above. Then we have either
(&) A is the space obtained by blowing down the negative section C,
of a P-bundle M over a non-singular elliptic curve T, namely A = M/C,, or
(b) A is a rational surface with only rational double points as singu-
larities, obtained from P* by blowing up s (< 8) points and then blowing
down s non-singular rational curves, each with the self-intersection number

— 2.

(3.2) Almost general position. Let X, = {p,, - - -, p,} be a finite set of
points on the complex projective plane P* (infinitely near points allowed)
and assume that s = |3, <8 Weputld, ={p, - -,p} (j<s). Let V()
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be the monoidal transformation with center 3;, Then we have the sequence

M=V(E)-Z5V(E, ) —> - 25 V(&) -5 P,
where p,,, € V(2)). We put E, = 77 (p,).

DerFINITION 2 (Demazure [6]). The points of X, are in almost general
position if

(1) no four of them are on a line.

(2) no seven of them are on a conic.

B) forallj(1 <j<s—1), the point p,,, € V(2,) does not lie on any
proper transform E; such that E? = — 2.

Then Demazure proved the following

PropositioN 10 ([6]). (1) There exists a non-singular cubic curve I,
which passes through all the points of X..

(2) The anti-canonical linear system |— K,| of M contains a non-
singular elliptic curve, especially, — K, = I',, where I', is the proper trans-
form of I, in M.

CoroLLARY 1. [? =9 —s.

Proof. K% = K%, —s=9 —s.

COROLLARY 2. Let D be an irreducible exceptional curve on M = V(X,).
Then we have either

(i) D is a non-singular rational curve with D* = — 1 and D-I', = 1,
or

(i1) D is a non-singular rational curve with D* = — 2 and D-I', = 0.

Proof. Let g be the genus of D and § the number of cusps and nodes
of D. By the adjunction formula,

— D'+ DI, +2g+25=2.
Since —D*> 0 and D-I', = 0, we have (i) or (ii). Q.E.D.

CoroLLARY 3. Let C = J),C; be the union of all the non-singular
rational curves C,, ---,Cy on M with C}!= —2 (1 <i<N). Then I' /N
C=¢

(3.3) Rational Del Pezzo surfaces. Let A be a rational Del Pezzo
surface with the singular points {x,} = x (see (b) in Proposition 9), and
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=: M — A be the minimal resolution of the singular points of A. We put
= 77(x) = Ji_, C;, where C/’s are the irredudible components of C.
Then,

ProprosiTioN 11 ([6], [9]). There exists a set X, of points in P which
are in almost general position such that M = V(2)).

By Corollaries 2 and 3, we have

ProrosiTiON 12. — K, = I', where I is a non-singular elliptic curve
in A such that I'N{x} = ¢.

ProrositioN 13. The following (1), (2) and (3) are equivalent,
(1) HYA;Z2)~Z

(2) PicA ~Z(— K)

3) C=UJ;..C, where s =3,

Proof. Let us consider the following exact sequences of cohomology
(c.f. Brenton [2]):

(%) —> HY(C; Z) —> H¥A; Z) —> HY(M; 2)
——> HYC; Z) —> HY(A; Z) —> HM; Z) —>

%) 00— HYA, 0,) —> H'(M, 0,)
—> H(A, R'z*0,) —> H¥(A, 0,) —>

Since the self-intersection number of each irreducible component C, of
C is equal to — 2, the singular points of A are rational double points,
and thus HYC;Z) =0, HY(A, R'z*0,) = 0. Since M is a rational sur-
face, H'(M, 0,) = 0 = H'(M; Z). Hence rank H*(A; Z) = rank H¥(M; Z) =
rank H(M; Z) = 0. Since M = V(2,), H(M; Z) =~ Z**'. We have, by (¥),
rank HYC; Z) = s & H*(A;Z) = Z. This proves (1) & (3). By (*¥),
H'(A, 0,) =0, and further H*A, 0,) = HY(A, K,) ~ H(A, 0(— I")) = 0 by
Serre duality. Thus H'(A, 0%) =~ HA; Z), where 0F = 0, — {0}. Let g be
a generator of HA; Z). Then I" = kg for some integer k. Let L be an
exceptional curve of the first kind in M, and put L = x(L). Then,

1=(L-r)=(L7T)=kL-g),

hence k= 1. Therefore PicA ~ Z(—~K,) =~ H¥(A;Z) =~ Z. This proves
(1) & 2. Q.E.D.
COROLLARY 4. H¥A;Z) =~ Z>s =3
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Now, we put M = V(2), A=A, C9=Cand CP =C, A1 <i<s).
Let E, be an exceptional curve of the first kind in M®, M¢~Y = M“/E,
be the contraction of E, and z: M — M“-Y the projection. Since
—~ Ky =1, and E.I';=1, if we set I',;, = z(I",), then we have
— Ky =Ty, Let C¢ Y = [ J¥-1C{**» be the union of all the non-
singular rational curves C{* " with the self-intersection number — 2.
We can see that C¢~? C #9(C*). We put A“™Y = M“-2/C*~D. We have
similarly M¢-5 CU~H = | J¥s-: C¢-=0 T'¢-9 gnd A (0£i < s~ 3).

ProrosiTiON 14. Pic A" =~ Z(— K -0) & N,_;, =8 — 1

Proof. Since H*(M©-9;Z) ~ Z* "', H(C® »;Z) ~ Z"s~:, and rank
HA¢"; Z) = rank H*(M©-?; Z) = 0, we have, by a similar exact sequence
to (), H(A¢ 9, Z)~Z &5 N, , =5 — 1L Q.E.D.

(3.4) Determination of the points of blowing up. Let I" be an elliptic
curve, and P, € I’ be a fixed point. We put Pic’/” = {¢ € PicI"; deg & = 0}
As a consequence of the Riemann-Roch theorem, the map P — O(P — P,)
induces a bijection between the set of points of and the group Pic’[.
Thus the set of points of I" form a group, with P, as the 0 element, and
with addition characterized by R+ @ = R if and onlyif P+ @ ~ R + P,
as divisors on /. This is the group structure on (I”, P)). If we embed I’
in P? by the linear system |0(3P,)|, then three points P, @, R of the image
are on a line if and only if P+ @ + R ~ 3P, namely, P4+ @ + R=0 in
the group structure (see Hartshorne [8]). Thus, a point P is a point of
inflection of I” if and only if 3P = 0.

Let q,, g, - - -, g, be infinitely near a point q, € /. Then we set ¢} =
{a}, ¢ =1{av @} - @ ={q, ---,¢}. Now, we put ¢, = 2, — {infinitely
near points} = {P,, -- -, P,} (¢ < s5). We say that a point of ¢, is an ordi-
nary point of X,. Then,

Zs:P?UPYUUP;f’

where s, + 8, + -+ 4+ 8§, = s.

Let I', be a non-singular elliptic curve through all the points of X..
Then the configuration of V(Z,) is (not necessarily uniquely) determined
by the relation (R,)) among P,, - -+, P, € I, in the group structure of I,

In the case of 3 < s <7, one can get easily the relation (R,) and is
already known but in the case of s = 8, it is more complicated (see [9],
[4]). Let us consider the case of s = 8 using the theory of elliptic surfaces
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(see Kodaira [12]). Let /7 and I'” be two non-singular members of the
linear system |— K,w|. Since (K,w)* = 1, the intersection of I and I'”
is only one point P. Let F be a rational function such that (F) =1" — I'".
Then the point P is a point of indeterminacy of F. Let n®:M® — M®
be the blowing up of M® with center P. Then F = zo-1.F: M® — P' is
a holomorphic mapping and the triple R = (M®, F", P") has a structure of
an elliptic surface. Let C = C® be as above, and C be the proper trans-
formation of C. Then C ~ C and € is contained in singular fibers of R,
since C does not intersect non-singular members of |— Kyw|. The types
of singular fibres of elliptic surfaces are classified by Kodaira [12]. In
our case, C is contained in a fibre of one of the following types (Figure I).
Where each vertex is a non-singular rational curve with the self-intersec-
tion number — 2, and the number adjacent to the vertex is the multiplicity
of F. We put E = z®-'(P). Then E is a section of R. Let C, be the
irreducible component of a singular fiber of R intersecting E. Then F
has the multiplicity one on C,. Thus the graph 7(C) can be obtained by
the combination of the following where the dotted vertices represent the
exceptional curves of the first kind, of course, they are not components
of C. In the combination of the graphs in Figure I, the number of the
vertices must be equal to 8. Blowing down these exceptional curves of
the first kind, we can reduce the case of s = 8 to that of 3 < s < 7 (see
also Proposition 14), and pick up all the possible types of the graph 7(C).

(Figure I)
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(Figure 1)
Thus we have the following

THEOREM 2. Let A be a rational singular Del Pezzo surface. Suppose
that PicA ~ Z. Then K%, =9 — s (s = 3) and the minimal resolution M of
the singularities of A is obtained from P* by blowing up s points ¥, (s=3)
on a non-singular elliptic curve I’y which are classified in the Table (II)
below, where each D, is a cubic curve in P* with a cusp or node, and the
proper transform of D, in M® is a non-singular rational curve with the
self-intersection number — 2.

Table (II)
R B e .
R A
3 l A, + A, | P: 3P, =0 |
4 | A, \ p: 3P, =0
| D, ; P: 3P, =0
5 . - I 3P =0 f
A, + 24 ) ps | { 1= |
A 2P, + P, =0 |
L 3P, =0
| { s | ) {31’1 =
6 i A5+A1 : (P17P2) 2P2+P1§
l e e e i e
‘ | 3 3 {3P1 =
4 [ &P 2p, —
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Table (II) (Continued)

|, The type of i

Sing A 3, Relations (R,)
] E, | Pl | sP,=0
| | ! | 3P, =
- p+a owmm pT
! | 2 1=
; | ' 3P, =0
A 0 S S ol
2 1 —
} 3P, =0
7 D+ A, (PL,PLP) 2P, + P, =
| w - lrirs
3P, =0
A5+A2 (P17P2)P3) 3P2:0
2P, + P, =
3P, =0
| 24,+ A, (PLPLP) 2P, + P, =0
| | | 2P, + P, =0
E, | P | 3P, =0
3P, =
E, + A, 8 T e
2 1 —
. 3P, =0
E, + A, (P, P) el
! : 3P, =0
A, (PLPLP) 8P, =0
i [ P + P, + Ps =0
, “ 3P, =
8 A+ A, (P, PLPY) 2P, + P, =0
: 2P, + P,=0
i 3P, =
A 4+ A, + A (P8, P3, P) : 3P, =
2P, + P, =0
I 3P, =0
D, (P, PY) Gr TP o
‘ 3P, = 0
D, + 2A, (P2, P3, P) 2P, 4+ P, =0
2P, + P, =0
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Table (II) (Continued)

' $ Thgiggpz of R 3 Relations (R,)
| - N 3P, =0
D, + 4, (P, PLP) 9P, + P, =0
: 2P, + P, =0
H jZPz + Pl = 0 .
| 9 5 o 2P, -+ P =0
2D, (P P, P P . )
.‘ (P Po iy PO lzﬂ +P =0
P,+P. +P =0

2

| | . 3P, =0
44, PPy Py '
8 : ( ) | P;‘Pé {3p250

T P,
3P,=0
24424 BLPLPLPY (B py (2P P=0
! FleP 4+ P =0
| | 3 + P,
24, . (PLPY 3P, =0

4
| | P}

Remark. The position of the points of X, is not uniquely determined
by M= V(2)).

§4. The case of r =2

In the case of r = 2, we have seen in Section 1 and Section 3 that
K, = —2A and K, = — I', where /" is a non-singular elliptic curve which
does not pass through the singular points of A. Let N, be the normal
bundle of I' in A. Since I’ is an elliptic curve, there exists a point p of
I" such that N, = 0, (m-p), where m = deg N, = [ (= K2). By Proposi-
tion 8 and Theorem 1, we may assume that A is a rational Del Pezzo
surface. Hence m =9 — s (3 < s < 8), namely, 1 < m < 6.

LemMA 2. The Euler number I(X) = 4.

Proof. Since A has only rational double points and it is obtained
by s rational curves of M (3 < s < 8), one has 7(A) = /(P*) = 3. Thus
(X)) = 1(A) + U(C*) = 4. Q.E.D.
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(4.1) Non-existence of (X, A) with m = (A-A.-4) < 4. We can see
XUX)#4 if m <4, which contradicts Lemma 2. In fact, if r =2 and
m= A*=(A-A A) <4, then by Table 3.5 in [11,], we have X(X) = — 38,
—16, —6, 0. Therefore (X) = 4 (cf. (2.2)).

(4.2) The structure of (X, A) with m = 5. In this case, by the linear
system [0;(A)|, X can be realized as a 3-fold of degree 5 in P° and then
A is a hyperplane section.

(1°) First we shall show the following

ProrositioN 15. There exists unique line L in P° contained in
A=—X

Let u: M — A be the minimal resolution of singular points of A, and
put C = p'(a), where {a} is the set of singular points of A. Then M =
V(2,), where 3, = {P, P,, P,, P} are almost general position in P®. Let [,
be a non-singular elliptic curve through all the points of 2,. Then, by
Theorem 2 in Section 3, the point p, is a point of inflection of I', and the
points P;s (2 < i < 4) are infinitely near the point P,. Let

M= V()5 V(Z) -2 VS 25 V(Z) 25 Pt

be the sequence of the monoidal transformations with center 3; = {P,, - - -, P;}
(j £4), and put E;, = z;7'(P,) (P, € V(Z;.)), L= 77'(P) and © = miomomom,.
Then we have

= (P)=EUEUE UL
C: éOUE1UE2UE3
where E; is the proper transform of E, in M with the self-intersection

number —2 and é’o is the proper transform of the line tangent to I', at the
point P,. Thus the graph 7(C) of C is of the form

2 —2 -2 -2
7(C): o o

and the configuration of C and L look like Figure 1. We put I' = )
and L = y(ﬁ). Then, Pic A ~ Z(—K,) ~ Z([I']) by Proposition 9 in Section
3. Since (L-I), = (L-I'), = 1, we have (L-A); = 1. Hence, L is a line
of P® contained in A C X. L is the unique line contained in A. In fact,
let E 2c L be a line in A, and E’ the proper transform of E in M. Then
(B' -T')y =(E-T), =1, hence E’ is an exceptional curve of the first kind.
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We put D = z(E’) and d = deg D > 1. Let v, be the multiplicity of D at
p:;, where vy, = 0 means that p, ¢« D. By Hurwitz formula,
@—-1Dd—-2 < ul—1)

2,

=0,
2 1=1 2

that is, d°—3d + 2= > i v — 2 ivi. Since —1=E" =d*— i
we have > i vi=d*+ 1 and > !, v, =3d — 1. By Schwarz’ inequality,
43503 = Qo v, namely, 4(d* + 1) = (3d — 1)>. Thus we have 5d* —
6d —3<0 Hence d=1, v»,=1, v,=1, vy,=0, v, =0. Then {p,p,} are
on D. Therefore we have C, = D. This is a contradiction.

Figure 1.

(2°) Next, we shall show the following

ProposiTiON 16. Let @: X ---> P* be the projection from the line L to
P, We put W= &X) and V = O(A). Then,

(1) W is a non-singular quadric hypersurface in P* and V is a tangent
hyperplane section of W.

(2) Leto,: X’ — X be the monoidal transformation with center L. Then
we have the following diagram:

X'y

\__; W ¥ =deg,

(7

where U: X’ — W is a birational morphism. Further, we have

(1) The exceptional set E of @ is an irreducible ruled variety of
dimension 2 swept out by lines which meat the line L,

(i) the image Y = O(E) is a non-singular rational twisted cubic curve
contained in ¥(e;(L)) = V, = Q..
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(i) the birational morphism ¥': X' — W is the monoidal transformation
of W with center Y.

We shall study the linear systems |0,/ — L)| and |0,(A — L)|. Since
A =—> P°and I is a hyperplane section of A, we have dim H%(A; ¢,(I" — L))
=4. Let {f;} (2<i<6) be a basis of HYI"; 0/(5p)) such that f,/f, =,
flf, =9, Lif: =, filf. =p-v. Let ¢ be a section of H°(A;0,")) such
that ¢;|A = f;. Then ¢,, ¢, 6, ¢, € H(A; 0.(I" — L)). Let J, be the proper
transform of ¢, in M. Then we have

(&) = 5L + 2E, + 4E, + 6E, + 3C,

() = 3L + 2E, + 3K, + 4E, + 2C, + C,

(i) = 2L + E, + 2B, + 3E, + 2C, + C,

(”a):f/+E1+2E2+2E,3+ éo+2él)
where C, is a line intersecting transversally [, at the point p,, C. is a
line with C. "~ ¥, = ¢, and C/’s (1 <1 < 2) are the proper transforms of
C,in M. Let . = H(P*; O(I'))) be a section such that .-z = J,. Then
we have

() = 3G,

(g = 2C, + C,
(ry) = 2C, + C,
(ys) = C, + 2C,.

Let (X,: X,: X,) be the homogeneous coordinate system in P:. We put
the defining equation of [,: X, X = 4X} + 2, X, X; + g,X;. Then the bira-
tional mapping ++ = (Vo Uy s ) P*— P* 1s given by

W, = X3
w, = X3X,
w, = XX,
W, = XOX%
where (w,: ---:w;) is the homogeneous coordinate system of P°’. The

indeterminant point of + is the point (0:0:1) e P%, and V = (P =
{wyw, = wi} = P°*. Then ' = (g,om) ": V(&) — V=—>P° is a bira-
tional morphism (the resolution of indeterminant points of ). Therefore,
6 = (¢, ¢3: 6, 6,): A — P° is a birational mapping, L is the set of indeter-
minant points of 4, and #(A) = V. Thus we have the diagram:
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M= V(E) "5 V) - V() T vE) - P
) |
7

A >V £
Cpe

Let @, (2 <1 < 5) be sections of HY(X; 0,(A — L)) such that &,|, = ¢, and
(@) = A. Since dim H'(X; 0,(A — L)) = 5, {®,, D,, - -+, D;} is a basis of
HY(X; 0x(A — L)). Let us consider the rational mapping @ = (9,: D,:,

-+, 1 @): X — P* defined by the linear system |0y (A — L)|. By the con-
struction, we find that @|, = ¢. Let ¢: X' — X be the blowing up of X
with center L, and A’ be the proper transform of A in X’, and set L' =
o (L). Then L’ is a ruled surface.

Lemma 6 (see [11]). Let A(X) (resp. A(X")) be the Chow ring of X
(resp. X’). Let ¢ be the class of a fibre of L. Then,

(1) AX) = e*AX) + ZL' + Z¢ as additive group, with o (L) =
c.(4) = 0, and o4,0*A(X) = A(X).

(1) Let ¢(X) be the first Chern class of X, N;,+ normal bundle of L
in X, and ¢,(N,,x) its first Chern class. Then,

(L)Y = — o*(L) 4+ c¢(Nyx)

(L) = — ai(Nyx),

w-8H=—-1,

(L' -0*(D)) = (L-D)- £, (4-0%(D)) = 0 for all D ¢ AY(X),

(L -6%(C)) = (£-0%(C)) for all C e AYX),
where we denote the i-th component of the Chow ring A(X) by AYX),
graded by codimension.

Furthermore, we have

c(Nyx) + 2 — 2g(L) = (c(X)-L),
where g(L) is the genus of L.

The linear system |Oy{(c*A — L')| = |0,(A’)| is without fixed compo-
nents and base points. Thus the rational mapping ¥: X’ — P* defined by
the linear system |0;(A’)] is a morphism. We put W= ¥(X’). Since
c(Nyx) = 2(A-L) — 2 =0, we have, by Lemma 6, (A’)’ = (¢*A — L)* =
A — 3(A-L' L") — (L')* = 2. Hence, deg W = 2. Further, we can see that
¥ is a birational morphism of X onto W, and thus, the restriction ¥|,:
A’ — V is a birational morphism since every irreducible quadric is normal.
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We put ¥(L) =V, Since (I'-A’-A)y = L'(c*A — L' =2, degV, = 2.
Thus V, and V are hyperplane sections of the quadric W=— P*

Let {a,} be a singular point of A. Since the graph of C looks like
the following

-2 -2 =2 —2
T(C) o o o °o ,

if we choose the coordinates x,y, z is a neighbourhood 4 of {e,} in X,
then we may assume that

ANA={2=xy}, where g =(0,0,0).

The minimal resolution of the singularity of 4N A is the manifold
M2, 2,2, 2) (see Laufer [14]). Then we have

LN4d={x=24y=2%.

By the coordinate transformation

X =z

y’:x—z2
7 3
2 =y—2z,

ANd={yz+ yx* + x*z =0},
LNd={y=z=0}.
Let ¢,: d— 4 be the monoidal transformation of 4 with center L N 4, and
set 4 = J,(u, v, w) U J, v, w) where
x=u=u
g y=vw=10
z=w=vw (see Griffiths-Harris [p. 603, 7]).
By a direct calculation, the proper transform A’ of A N 4 in 4 has two
rational double points as singular points. Further, we find that A’ is
obtained from M by blowing down the exceptional curves E, and E, U C,
Let z: M — A’ be the projection. Then ¢;a,) = (&), ¥(z(L)) = {v} 1s a
regular point of V, ¥(z(E,)) = {v} is a vertex of V =~ @;, and ¥(«(E,)) = ¢,
is a generating line in V passing through the points v and v,
LemMmA 7. L'~ F, and V, = Q= P°.
Proof. By Proposition (5.2) of [11], L’ is isomorphic to F, or P' X P
Suppose that L’ =~ P' X P'. The curve r(I:) is considered as a curve in
L. Since ¥(z(L)) = {vg}, #(L) is an exceptional curve in L’ ~ P' X P
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This is a contradiction, Therefore L’ ~ F,, and thus V, = ¥(L/) = @} =—> P?,
since any quadric hypersurface in P® is isomorphic to @; or P' X P', if it
is irreducible. Q.E.D.

LEMMA 8. Let V=—> P* be a singular quadric hypersurface and H a
hyperplane in P* such that HN V =~ Q;. Let v, be the vertex of HN V,
and Sing V' the singular locus of V. Then HN SingV = {v)}, and
HNV-—-{v})NSingV = ¢.

Proof. Since V is an irreducible singular quadric hypersurface in P*,
Sing V = {v,} (a point) or L (¢ line in P*). In the case of Sing V = L,
HN V=@Q:if and only if L does not contained in H. This proves the
Lemma. Q.E.D.

LEmmA 8. W = ¥(X’) is non-singular.

Proof. Suppose that W is a singular quadric hypersurface. The point
{vy} = ¥(z(L)) is a regular point of V and a singular point of V. Since
both V and V, are tangent hyperplane sections of W, this contradicts the
above lemma. Q.E.D.

Let Y’ be the exceptional set of ¥, and set ¥ =¥(Y)=—> W, E =
oY), D=YNL. Then X — Y =W-Y.

LEemMma 9. X — E is isomorphic to C*

Proof. We shall show that Y is contained in V,. In fact, assume that
Y & V,. Then there exists a point y of Y such that y ¢ V. Hence ~'(y) N
L' = ¢, namely, o(¥'(y)) N L = ¢. Let us denote the 2-dimensional projec-
tive plane in P® spanned by {y} and L by {y} U L, and set E, =X N ({y} U L).
Then @(E,) = y. Since o(¥~'(y)) is a curve of X and ¢ '(y) C {y} UL
=~ P? we have o(¥"'(y)) N L =¢. This is a contradiction. Therefore YC V,.
Further, X' - ¥ (V) ~W—-V, X' —(L'UY). Since W—V,=C*
and o(L’) = L C E, we have X — E ~ C% Q.E.D.

LeMMA 10. E is a ruled variety of dimension 2, swept out by lines
which meet the line L.

Proof (compare [11]). Since X — E ~ C*® by Lemma 9, one can sae
that E is irreducible by the exact sequence of the relative cohomology
corresponding the pair (X, E). Given an arbitrary point on X, there is a
line =—»> X through it [11]. Thus there is a surface swept out by lines
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which meet the line L. Since it is contained in irreducible E, it must
coincide with E. Q.E.D.

LemMma 11. Y’ is linearly equivalent to ¢*A — 2L/ .

Proof. Since X — E ~ C? we have Pic X ~ Z[E]. On the other hand,
since PicX ~ Z[A], A 1is linearly equivalent to E. For simplicity, we
write A = E. Then Y’ = ¢*A — kL’ for some integer 2 > 0. Since Y’ is
a degenerate set, we have Y'-(¢¥*A — L'’ = 0. Using Lemma 6, we have
k=2 Q.E.D.

LemMa 12. Y is a non-singular rational curve of degree 3.

Proof. By the adjunction formula and Lemma 6, we have

K. = —20*A + L’

K, = —2¢ + 2L'),
where ¢ is the class of a fibre of IL’. On the other hand, since L' ~ F,
by Lemma 7, we have K, = — 4/ — 2s,, where s, = ¢(L) is the zero sec-
tion of L’. Hence (L) = — ( — s, Let Y* be the proper transform of

Yin I/, Since D' = L'-(6*A — 2L') = ¢ + 2(L')* = 3¢ + 2s, and s, is con-
tained in L/, we have Y* =3¢ 4 s, Let s. be a section of L’ with
s =2. Then Y*.s, =3¢+ s)-s.,=3 and £-Y* = 1. Therefore Y is a
rational curve of degree 3. Y is non-singular, in fact, if Y has singular
points, then Y is contained in a complex projective plane P®. Thus Y is
contained in the intersection of the plane and the quadric V,. Since
deg Y = 3, this a contradiction. Q.E.D.

Since W, Y are non-singular, By Lemmas 8, 12, and since X’ — Y’ ~
X — Y, we have, by Griffith-Harris [7], that the birational morphism ¥":
X’ — W is the blowing up of W with center Y. Therefore, the proof of
Proposition 16 is complete.

(4.3) The construction of (X, A) with m = 5. Let W be a non-singular
quadric hypersurface in P‘, ¢ be an arbitrary line contained in W, and v, v,
(v % v,) be arbitrary points of . Let V (resp. V,) be a tangent hyperplane
section of W at the point v (resp. v,), and Y be a non-singular rational
twisted cubic curve contained in V,. Then, V.V, =2¢ and Y passes
through the vertex v, of V,. The pair (W, Y) is uniquely determined up
to projective equivalence (see p. 513 in [11]).
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Let (w,: w,: w,: w,: w,) be the homogeneous coordinate system of P
Then we may assume that

W= {w; = ww, + w,w,}

V={w=0nNnWw

Vi={w,=0NW

Y={w, =0, ww, =ww, w, = ww,} N W.

Then, ¢ = {w, =w,=w, =0}, v=(1:0:0:0:0), v, = (0:0:0:1:0). Let ¥:
X’ — W be the blowing up of W with center Y, and set Y/ = ¥ "(Y). Let
L’ be the proper transform of V,, and A’ the proper transform of V.

LemMma 13. L’ is isomorphic to F,

Proof. Let us first show that L’ is non-singular. In the affine part
{w, = 1} = CYw,, w,, w,, w,), we have

[}

W= {w; = ww, + w}—C*
Vefw=0nW
Y ~ (w, =0, w, = w;, w, = wy}
Zoz{wlzwz=w4=0}.
We define a one to one regular map «: C¥x,y, 2) — C*(w,, w,, w,, w,) by «:
w,=x, W, =y W, =2 w, =2"— xy. Then we have

a (W) =~ C?

a (V) = {2 = x)

a (V) = {y = 0}

a(Y) = {z =%, y = x}

a ) ={y=2z=0}.
By the coordinate transformation: u = x, v=y — %), w = z — X}, we may
assume that in the affine part,

W=~ c*
\0/0 = {w* + 2wu’ = uv}
13'={v+u3=0}

Y={v=uw=0}.
Let T:C},—»C" be the blowing up of C® with center Y, and set
C: =2z, 2,2) U (2], 24, 2. Then ¥ is given by
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u=2 =2
. — . /
U: (v = z2 = 2

W=z, = zz
and we have

L' N Q={z+ 22] = 22}
L' N 2 = {2 = zi1z; + 2227} .

Therefore L’ is non-singular. Since the minimal resolution of a singularity
of V, is isomorphic to F, and b,(L’) = 2, we find that L’ is isomorphic to
F, and ¥ '(v,) is the zero section of L' Q.E.D.

LEmmA 14. A’ is a normal Gorenstein surface with two rational double
points {a}, ai} as singularities. The graph of the minimal resolution of the
singularity {a;} (resp. {ai}) looks like

-2 -2 =2
o (resp. o o ).

Proof. Since Y does not pass through the vertex v of V, A’ has a
singularity with the graph of the form <% Let 2,2’ be as in Lemma 13.

Then we have

QNA ={z,+2 =0
D NA =2z + 2 =0.

Therefore A’ has a singularity in @’ with the graph of the form
-2 -2 Q.E.D.

0———0

Lemma 15. Let £ be the proper transform of ¢, Then the singularities
ay, and a] are contained in ().

Proof. We have
T )NQ={z,=2,=0} U{z, = 2,2 + 2 = 0}.
Since ¥(z, = z, = 0) = (0,0, 0), we have that
s, N2 ={2g =2=0},
where s, = ¥ (v,), and that
GN2=lz=2,2+2 =0}2(0,0,0) = qaf. Q.E.D.
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LEmMA 16. L’ and A’ intersect transversally on s,
Proof. Let us consider L’ and A’ on the covering Q. Then,

L'N 02 ={z+ 2z = 22},
AN Q2 ={zz+ 2=0},

and
L'NANL2=(,U¥£)n Q.

Since {zz=1} N L ={2,+ 2z =2}, {=1 N A = {z + 2 =0}, we find
that L’ and A’ intersect transversally at the point (0,0, 1). This proves
the lemma. Q.E.D.

Lemma 17. L’ satisfies the criterion for contractibility.

Proof. Let ¢ be the proper transform of a generating line ¢ of V,

and put e = [L']|,, (in X’). We have only to show that ¢-¢'= — 1. In
fact, since L' = ¥*V, — Y, e = U*V,|.. — Y’'|,.. Therefore, e- ¢’ =s.,-{ —
(2s, + 30)¢’ =1 — 2= — 1, where s, is the section of L' ~ F, with the
self-intersection number 2. Q.E.D.

Let o: X’ — X be the contraction of L’. Then X is a non-singular
3-fold and ¢(L’) = L is a non-singular rational curve. We set A = ¢(A’)
and E = o(Y’). Since X' — UV (V)X —(L'UY)=W—-V,~C® and
o(l'’y = L=—>E, we have X — E = C*

By the similar arguments to Proposition 1, we can see that the line
bundle [E] is positive on X and Pic X ~ Z.c¢,([E]). On the other hand,
V is linearly equivalent to V,, we have ¥*V ~ ¥*V, that is, A’ ~ Y + L’
in X’. Therefore A ~ E, namely, A is linearly equivalent to E. By
Lemmas 15, 16, A is a singular Del Pezzo surface with an isolated singu-
lar point {a,} = ¢(¢§). Since Ky = — 3¥*V,+ Y’ = —3L' — 2Y’, we have
K, = —2E = — 2A. By Lemma 6, ¢,(Ny) = 7, hence (Y’)* = — 7. Since
LY =T*V, - Y)Y =V+3U0*V,. YY) — (Y)Y =2—9+ 7=0, we have
(N x) = —(L)* = 0. Thus (¢(X)-L) = ¢,(Nx) + 2 = 2, hence (A-L) = 1.
Since 2 = (A" = (¢*A — L) = A® — 3(A-L)A* — 3, we have A* =5. One
can easily verify that X is realized as a non-singular 3-fold of degree 5
in P° by the linear system |04(A)|.

We shall finally show that X — A = C*® In the affine part {w, = 1} ~
Cw,, w,, w,, w,), we have
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W ~ {w; = w, + waw,}
\3/'0 ~{w, =0} N W
Y ~ {w, =0, w, = w3, w, = wi}.
We define a one to one regular mapping p: C¥(x, y, 2) — C{w,. w,, w,, w,) by

w, = x* — yz

W, = %
W; =Yy
w, =2z.
Then we have
(W) = ¢t

V) = {2 =0}
‘3"‘(1"/’) ~{y=x,2z=0j.

By the coordinate transformation:

u=2Xx
| 3

we have
W~ C¥u, v, w)
\3'0 ~ {w = 0}
Y=~{v=w=0}.
Let ¥/: W/ — W be the blowing up of W with center Y above, and L” be
the proper transform of f}'o. Then we have
WL =X—A.

By the definition of the blowing up, one can easily verify that W’ — L
=~ C% and thus X — A = C3
From the above arguments, we have also the following

TueEOREN II. There exists an projective algebraic compactification (X, E)
of C*® such that E is irreducible but not normal.

Proof. Under the same notations as above, we put E = ¢(Y’). Then
we have seen that X — F = C*® and F is irreducible (see Lemma 9). Since
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E is a ruled variety swept out by lines which intersect L, E contains a
plenty of lines. By Proposition 15, E is not normal. Q.E.D.

(4.4) Non-existence of (X, A) with m = 6.

By Iskovski [11] (N.B.: Iskovski’s result on (—K,/2)* = 6 misses one
case, see T. Fujita, On the structure of polarized manifolds with total
deficiency one, I, J. Math. Soc. Japan 32 (1980) 707-725; 1II, 33 (1981) 415-
434.) it is shown that a Fano 3-fold X with index 2 and Pic X = Z satis-
fies (—K,/2)* < 5. Therefore m + 6.

(4.5) Conclusion. Let (X, A) be a non-singular Kahler compactifica-
tion of C* such that A has at most isolated singular points. If r = 2,
then X is a non-singular 3-fold of degree 5 in P® and A is a tangent
hyperplane section which is normal. Further, such a (X, A) is determined

uniquely up to isomorphism. The detailed construction of this (X, A) is
given in (4.3) of this section.
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