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Norms of Complex Harmonic
Projection Operators

Valentina Casarino

Abstract. In this paper we estimate the (L? — L?)-norm of the complex harmonic projectors 7/,
1 < p < 2, uniformly with respect to the indexes ¢, ¢’. We provide sharp estimates both for the
projectors 7y, when ¢, £’ belong to a proper angular sector in N X N, and for the projectors 7y and
mo¢- The proof is based on an extension of a complex interpolation argument by C. Sogge. In the
appendix, we prove in a direct way the uniform boundedness of a particular zonal kernel in the L!
norm on the unit sphere of R?".

1 Introduction

According to a classical result every square-integrable function on the unit sphere
Y= of R", n > 2, admits a unique decomposition as

+00
f=2_ 7
k=0

where Y* € HF for every k > 0 and H* denotes the space of spherical harmonics of
degree k ([8]). The subspaces J(* satisfy remarkable properties, such as orthogonality
and invariance under the rotation group.

By identifying the unit sphere $>*~! in C" with the real unit sphere X*"~! of R*",
we may obtain an analogous decomposition for the functions from L*($*"~!) by
means of real spherical harmonics. In the complex framework, however, it is possi-
ble to obtain a finer direct sum decomposition for L*(5?"~!) by imposing the weaker
condition that the subspaces are preserved by the unitary group. It turns out that if

f e L*(S* 1), then
+o0o
f=> ",

0,0'=0

where Y € H' for every £,¢’ > 0 and H'' consists of the restrictions to
$2"=1 of polynomials p(z,z) = p(zi,...,2n, 21, ---,Z,) homogeneous of degree /
inz,...,z, homogeneous of degree ¢’ in (Zi, . . ., Z,) and harmonic ([5]).

Given f € L*(X""!), the harmonic projection operator 7y is defined by

me (2" S f e YR € 3R
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Complex Harmonic Projection Operators 1135

A sharp estimate for the (L? — L?)-norm of 1, 1 < p < 2, was given by C. Sogge in
1986 ([7]) (for an earlier, but less precise result of this kind, see [1, p. 249]).

Sogge proved, in particular, that ||7g||(p2) = O(K'+)), where 7 is the affine func-
tion given by

/1 (n—1)3—3n if1<p<p,
V(E) TV im—2)t Yy ifp,<p<2
2 3 PnS PSS 2,

P
with p, = 2%. Afterwards, sharp estimates for the norm of harmonic projection
operators on compact Lie groups were found by E. Giacalone and E Ricci ([4], [3]).
The aim of this paper is to prove analogous sharp estimates for the (L? — L?)-norm
of the complex harmonic projector 7/, 1 < p < 2, defined by

mu (S 3 f o Y e 3

We are particularly interested in estimates that depend on the length of ¢ + ¢’, uni-
formly with respect to the indexes ¢, ¢’ € N. If (¢,¢’) € N x N, such uniform esti-
mates do not hold, with the exception of the case n = 2. Anyway, if (£, £) belongs to
a proper angular sector in N x N (that is if go¢ < ¢’ < M/ for some 0 < g9 < M), it
is possible to estimate |7 ||(p,2), uniformly with respect to £, £’. Under this assump-

(L
tion, we prove in Theorem 3.5 that ||7|(2) = O/ '2)), where

1 @n—2)1+1i—-n if1<p<p
2 = p 2
(3) -

p (=3 —3)  ifp<p<2

2n—1
2n+1
ues found by Sogge for ¥2"~2, but this result cannot be expected a priori. Moreover,
our proof in this case is analogous to that of Sogge and they are both inspired by the
proof of the Stein-Tomas restriction theorem.

An essential tool in the proof of Theorem 3.5 is given by the uniform bounded-
ness in L' (3X*"~!) of a particular zonal kernel. This property may be deduced from
some results on the functional calculus for the Laplace operator on compact mani-
folds ([10, Chapter XII]). Nonetheless we present in the appendix a more direct and
elementary proof.

Secondly, we estimate the (L? — L?)-norm of 7y when either £ or ¢ are equal
to zero. In this case, we first interpolate by means of the Riesz-Thorin Theorem
with respect to trivial endpoint estimates, then we prove that this estimate cannot be

with p =2

. Observe that the values of ~( %) are equal to the corresponding val-

(i1
improved and is no better than ||| (p.2) = [|7o¢||(p2) = O™V ~2)).
By using the classical formula relating real and complex projectors

Ok = g 7z

(+0'=k

where o denotes the real harmonic projector in L2(X2"~!) and 74+ denotes the com-
plex harmonic projector in L2(S?"~!), we could recover an estimate for the (L? — L?)-
norm of 7y from the results by Sogge in R*". However, the estimates presented
in this paper are better than the estimates we could deduce from the real case (cf.
Remarks 3.7 and 4.3).
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2 Notation and Preliminaries

For n > 2, let C" denote the n-dimensional complex space endowed with the scalar
product (z,w) 1= z;W; + - - + z,W,, z,w € C" and let $>*~! denote the unit sphere
in C", that is

S = {z=(z1,...,2,) €C": (z,2) = 1}.

The symbol 1 will denote the north pole of $?*~1, that is 1 := (0,...,0,1).

Following the notation in [5] we denote by R’ the linear space of all homo-
geneous polynomials p(z,z) = p(z1,...,24,21,...,2,) of homogeneity degree ¢ in
z1,...,2, and of homogeneity degree ¢ in (21, . . ., Z,), ie.

plaz,bz) = a'b' p(z,2), a,beR.

A polynomial p in z, Z is said to be harmonic if

Ap: 1( 0?

82
“i\9z0 7" 8zn82n)p =0

We will denote the space of the restrictions to $>"~! of harmonic polynomials from
R’ by the symbol H*'.

Let L?(S*"~!) the Hilbert space of functions on S*"~! endowed with the inner
product (f,g) == f g f(§ )@ do (&), where do is the measure invariant under the
action of U (n).

We collect some standard facts on the spaces H*' which will be useful in the
following.

(1) If(£,£") # (m,m’), then the spaces H' and H™™ are orthogonal in L2(5?"~ 1),
(2) The spaces K" are U (n)-invariant for every ¢, £'.
(3) The dimension of " is given by

/ L4+0 +n—1(l+n—=2\ (¢ +n—-2
. 0 1y
dimH" =m-1) — ( 01 ) ( 1 )

forall £,¢' > 1.
(4) H™ and H" coincide respectively with the spaces R’ and R%, so that

dim F€% = dim 3 — (“’2_ 1) .

(5) The representation of U(n) on the space FH is irreducible.

Itis a classical result ([5], volume II, Chapter 11) that if f € L*(S*"~!) there exists
a unique decomposition

(2.1) f= f Y,

£,0'=0
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where YY" € H!' for every £,¢' > 0 and the series at the right converges to f in the
L2(§$*"~1-norm.

The complex harmonic projector is defined by
mr s S 5 fe Y e 3

A zonal function of degree (¢, ¢') on $2n=1 is a function in H*' , which is constant on
the orbits of the stabilizer of 1 (which is isomorphic to U(n — 1)). If f is zonal, we
may associate to f amap f defined on the unit disk

f© = fue1), gesm,
(by using the notation in [5, Section 11.1.5] we have (£,1) = &, = €'¥ cos 6, where
¢ €[0,2m] and 6 € [0, T]).
Then the convolution between a zonal function f and an arbitrary function g on
5211 may be defined as

(Fee0© = [ femgtn dato).

In the following we shall write f(6, ¢) instead of f (e cos 0).
It is well-known ([5, Section 11.2]) that 7y f = Zy+ * f, where Z/ is the zonal
function from FH¢", given by

on—=1l+n=2\ (U+n-2\ L+l +n—1 g\(n—2)!
Zf‘/("’s”)"w_l( (-1 )( ¢-1 > L R ]

x ' =0% (cos §) ‘E_él‘Pén_z’lé/_ll) (cos 20),

¢ € [0,2r],0 € [0,5],if £,£" > 1; here q := min(¢,£), wy, 1 denotes the surface
area of $*"~! and Pé"iz"w*é‘)
functions are given by

is the Jacobi polynomial. If £ = 0 or ¢’ = 0, the zonal

1 — .
Zy(0,p) = (€+ " 1) ce " cos’ @ and

Wan—1 ¢
1 — > )
Zy(0, ) = (6 +’z 1> e cos’ 0.
Wan—1
Observe that according to our notation (and differently from that in [KV]) we have
dim H*'
(2.2) Zy(1) = ——.
Wan—1

We will use the following estimate, due to Darboux and Szego ([9, pp. 169, 198]).
Lemma 2.1 Leta,3 > —1. Fix0 < ¢ < 7. Then
Péa',ﬁ) (cos )

o(®) if 0<6< f or
= W—% <0<m,
=3 k(B)[cos(NB +~) + (sin®)~'0(1)] if €<h<m—t,
where k(0) := 72 (sin g)’ ~3(cos %)*ﬂ*%,Ng =+ %, yi=—(a+1)Z.
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Finally, by the symbols 8¥ and o we shall denote, respectively, the space of spheri-
cal harmonics of degree k in R?" ([8, Chapter IV]) and the (real) harmonic projector
from L*(£2"~") onto 8¥. The relationship between 8* and the space /" of complex
spherical harmonics of degree ¢ and ¢’ in C" is given by

gk — Z eH!

(+0'=k

yielding the following formula

(23) Ok — Z Tppr
k

(+0'=

3 The Harmonic Projectors 7y, With 7,0 > 1

In this section we shall prove our main result, Theorem 3.5, concerning the
(LP($*~1), L*($*"~")) -operator norm of the complex harmonic projector my, if
1 < p < 2and/{ and ¢’ belong to a proper angular sector, that is

(3.1) ol <0 <Ml forsome0 < gy < M.

To prove the theorem, we shall need some lemmata. The first one, which may be of
independent interest, regards the uniform boundedness in L!(X%*"~!) of a particular
zonal kernel and may be deduced from some results in [10, Chapter XII] (see, in par-
ticular, Exercise 4.1, p. 322). Nonetheless, we can prove it in a direct and elementary
way, by using only some representation formulae for the zonal harmonics in spaces
of even dimension. In order not to burden the exposition, we defer the proof to an
appendix.

In the statement, the symbol Z; denotes the zonal harmonic of degree j in
L}(X% 1), ford € N [8, p. 143].

Lemma 3.1 Fixk, d € N, withd > 4, d even. Let B a C* function, compactly
supported in (0,2]. Then

I>s()a

where the constant C does not depend on k.

<C
Ll(Ed*l)

)

Lemma 3.2 Assume that condition (3.1) is satisfied for some 0 < g9 < M. Let £, ¢’ >
I, €(0,1), 3> 1. Set

J={(, i) EN* X N* :al+0) < j+j < BU+L),j —j=1'—1}.

M—1 1—¢gp

IfO[ > max{m, Treo

}, then there exist Ao, By, A1, By > 0 such that

Al < j < Boland A1l < j' < Byl forallj,j € N*.
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Proof Take(j,j’) € J*. Then j’ = j+£'—{,sothata(l+0') < 2j+0'—0 < B(L+L7).
By using gof < ¢’ < M/, we obtain

1 1
E[a(l +M)+1-MI{<j< E[ﬁ(l +M)+1—M]L,
yielding the first part of the thesis with Aq = %[a(l +M)+1— M]and By =

BA+M)+1—M].
Analogously, the equality j = j' — ¢’ + £ implies that

%[50(a+ D+a—-1l4<j < %[(6 — 1)+ M(B+1)]L.
By choosing A; = %[50(a+1)+a— 1] and B; = %[(ﬁ— 1)+ M(B+1)], we conclude

the proof. ]

Lemma 3.3 Fix y # 0. Let ay, by, s be real constants, with s # 0, and § > 0. Then

‘/j_dcos(aoﬁ +by) - (sin20) "1~ d&‘ < c( Iy + ﬁ)

for some positive constant C, independent of 9, ag and by.

Proof In the following the symbol C will denote a constant, which may vary from
one formula to the other. Set ¢ := agf + by and

£s |
I = / cos ) - (sin20)"17 do
5

and define Ij := [d, 5 — 6] and Ij := [~5 +J, —¢]. Thus

]1—/ cosw-[(sinze)—l—fSY—(29)—1—fsy]d9+/ costp - (20) 717 dg
Iy

i

=] +].

We easily check that | J;| < C(1 + |y|) for some positive constant C. If y denotes the
characteristic function of I U Iy, then

o l i) . —1—isy _ 1/ i) . —1—isy .
J 2</1;+/16)e 207 do = 5 | ¢ P20 NOYL

1 i —1—is ~ 1 i) —1—is <
:E/elw~|29| ! y~(x(9)—x(9)) d9+5/e¢-|29| 1B %(6) do
R R

= R1 ‘f'Rz7
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X being a Cf° function, which coincides with x on Iy U Iy and vanishes outside

[%, TJul-3 —9]. Tt is easy to check that |R;| < C, for some C > 0; moreover we

27 4
have
. ) 1 . .
R, = i 2O W) = 27 (BU6TT) + BX) (4),

where § denotes the Fourier transform. By using some well-known formulae for the
Fourier transform of the distribution 6 — |9|471, ¢ € 1R, ([2, p. 168]), we obtain
L'(=i3y)

1 )
Ry==.ym-27%r. 277
4 1"(%+z§y)

(|- ¥ % FO@).

Since
’ I'(—i3y) ‘ < \CT\ iflyl<1l,y#0
(3 +isy) c ifly|>1,

and ’ (|- |i5)’ * (”y)”()(w)’ < C, where the positive constants C do not depend on ay, by

and y, we finally find that
1
(). .
vl

Lemma 3.4 Assume that hypothesis (3.1) is satisfied. Let n > 2.
(1) Ifqg > 22=L, then
2

n

HZM’”q > Cén—%—%(n—l)'
Zeer ]2

(2) Ifq>2and Qw e H is defined by Q”/(z) = (zf ~Z§/)|Szn_1, then
1Q" |l
Q™|

Proof (1) We may suppose £’ > £ (the case £’ < { is analogous). Then the zonal
harmonic function is given by

1 (0 +n-2 £+£’+n—1.ei([,_m
Wan—1 -1 4

(3.2)

(3.3) ~ CL DG,

Zy (0, 0) :=

x (cosB)! L. P20 (cos20), € [0,2n], 6 € [0, ﬂ

andforsome0 <c<m

Izl = [ (2P doe
SZn—l
= =1 / "J(cos )"~ - U270 (cos 20)[(sin 0)2" cos 0 df
0

%
— — 0 —y . — —3)g—
ch(n l)qg(n 2)q/ (COSG)( )g+1 '(Slna)Zn Sdezce(Zn 3)q 2n+2’
0
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where we used the Darboux-Szego estimate for Pé”fz"(/*é)(cos 26). From the prop-
erties of zonal harmonics it follows that

dim 5
| Zor |2 = lw— ~ CE’“%, so that
2n—1
3 2(p—
HZM’”q =3 2(n=1) :an—%—é(n—l).
1Zeer |2 — =3

(2) We have:
Q1= /s QM@ do(©)
=C /0 : (sin B, 1) 23 o560, db,_,
X /%(sint‘)n2)(“’5')“2”5 cos0,_,db,_,
0
X+ X / %(sin 0,) 13 cos 6, db,
0

x / " (sin 6,)1* (cos 6,)"' 4! d6,
0

1 1 1
:C . DY
L+eg+2n—2 (L+0)g+2n—4 (l+L0)g+4

2 ’
X / sin®@*! 9, cos’ 1t 9, d),
0

1 T4+ Hr(t + 1)
(C+eq"2 (o)

=C
[
By using (3.1) and the Stirling formula, the thesis easily follows. ]

Theorem 3.5 Letn > 2,(, 0" > 1 and let hypothesis (3.1) be satisfied. Thus

(3.4) 7o fll2 < Cln, )P £,

where

1 1 : 2n—1
7(1) _{(2n—2);+5—n if1 < p <22

p) T \m=HE b i <p <o

P 2n+1

and the constant C(p, n) depends only on p and n. Moreover, all of these estimates are
sharp.
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Proof Observe that
e fll2 < (Il

since 7y is an orthogonal projector, and

17eer fll2 < W Zeerll2 - 1 flly = CE*7 2 £,

as a consequence of the Young’s inequality and the fact that || Zy- ||, = or=2).
Thus by the Riesz-Thorin convexity theorem it suffices to prove the theorem for
p =221 thatis

2n+1°

w3
17eer fll2 < CO=2 | fll 20

Now, exactly as in [7, Theorem 4.1] we have that

lmeer F1153 < Nweer fllpr - 11 £l

so that it is sufficient to prove the following inequality

—3

=1 n—1 .
[ PRt

We do this by using Stein’s theorem on analytic interpolation [8, pp. 205-209].
Fix a number 3 € (1,2]. Choose a positive number a € (0, 1) such that a >
max{¥=L == }, where M and ¢ are the constants in (3.1).

M+1 1+€9 K
Introduce a function B € C§°(R) such that 0 < B < 1 and

1 if l+a 1448
B(t) _ it e ( 2 2 )
0 outside («a, 3).

2n
(3.5) [7eer fllpzmr < CLo

Now define the zonal multiplier operator My by

+00 +00 .y
JtJ
=Y mpf o M= S B2 Y
J»j'=0 J»j'=0
Observe that B(%) # 0ifand onlyif a(£+£") < j+j’ < B(£+1£"), so that for fixed
£, ¢’ the sum at the right is finite. Let m, . . ., m; be the consecutive integer numbers

such that
all+0) <m <my <---<mg < BU+L.

Thus as a consequence of formula (2.3) we obtain

H Z (2ié/) ‘LI(SZH)
= 3 sz X ()

jHj'=m JHj'=m
+
3 8z
- (+0 L($—1)
]+] =my

=[5 2+ B(7g) 2o+ 8(5) 2

I (227171) ’
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1143
where Z,,,, i = 1,

s, denotes the zonal harmonic of degree m; in L*(X*"~1). By
using Lemma 3.1, we conclude that

|5 (7)o

where C does not depend on £ and £’
Let Ff,, be the zonal function defined by

(3.6)

<C,
Ll(Sanl)

F,?[/ (0, QD) =

(1 — 2)Zy (6, @) (sin20)" 3~ 7 =

0 [o,ﬂ, 0 € [0,21], 0 < Rez < 1.

We define the analytic family of operators {17, } as

Tiy f o= Fjp * My f, f€L*(S "), 0< Rez< 1
Observe that if t = ;"‘3

w f=muf.
— L°°)-norm of Ty

s’ and the (L —

We shall estimate the (L! L?)-norm of Teﬂy .
By Young’s inequality we have if £’ > ¢ (the other case is analogous)

; . OO + .
I8 flloe < || B > By e
Jij'=

e Tt

< IE oo HZ 3( 20z, s,

£+

<SCOTH 1+ y]) - o |geer (0)] - H Z ( j/)

) zip | -

J:i'=0
where gg(0) := (cos )" ¢ - P["_Z’(}'l_z)(cos 20) - (sin 20)"~ 3.
By using Lemma 2.1 we obtain

sup g (0)] < (cos§)"' ¢
LP B i 0 T (cos 0) 1

072 1’

X {cos(ZNgG +9) + és%(lz)ﬁ)] (sin20)" 3

=0(1) 2,

= 0(1)(cos )" 241

since n > 2, and

sup lgeer (0)] <

sup
9€(0,6]U[T—£.3]

|(cos )"~ - "2 (sin 20)" 7|
0€l0,£]U[ T —£,7]

=02 7 = O(1)0 2.
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By collecting these results and by using (3.6) we deduce
(3.7) 17507 Fllae < QL+ [y D3 £

We shall now estimate the (L?> — L?)-norm of Télg,’y . As a consequence of Plancherel’s
theorem for spherical harmonics, it suffices to estimate sup,; ;)¢ [cj,j7,y[, where

and

i+ 3\ (L« 200
Ciiry ::B<] J ) (Fy i) (1)
£+ 0 Z]]/(l)

J:=1{(, ) eN"x N :a(l+0) < j+j <BU+L)}.

By using the definition of zonal functions and formula (2.2) we have

PN [ i B ©
[ L o giae|

L
HT;/W”(Z,Z) > sup lcj.jryl < sup
(j,i"eT (j,j

< sup Cl" g

(j,jej

e 0o
< sup GO 'q ‘)’/ i’
GrihET"

where J* is defined as in Lemma 3.2 and
hj i (0) == (cos @)1 I+li=i"l+1 P(" 216" (o5 20) - ’: 21i=i"D(cos 26)
x (sin0)" % . (sin20) "'~ T ¥,
with g; := min{j, j’} and g, := min{¢, £'}. By using Lemma 3.2 we see that
(3.8) " lg T = CL.

If y = 0 the right-hand side in the last term of the inequality above is zero; thus from
now on we shall assume y # 0.

In order to estimate the integral f()% h; ;i (0) d6 we pose
5 S

/ hij(0)do = (/ +/ / B (0)do =1, + 1, + 1.

0 o Js $-3
Now we have

IL| = ’/[ O(1)q"2q;" 2 (sin 0)2"(sin 20) "'~ 7 dp
(3.9) 0 .
< oy / (sin0)2" 4 do = 0(1)0 ",
0

https://doi.org/10.4153/CJM-2003-045-6 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2003-045-6

Complex Harmonic Projection Operators 1145

where we used Lemma 2.1 and Lemma 3.2. The estimate for I3 is analogous. Finally,
we have

ERE S | o1
L = / 1 |:COS(2N59 +7) + ( )
¢ T/q0q; qe sin26

l

o(1)
qjsin20

} {cos(ZNje +7) +

x (sin20)" 1= dp

where Ny, N; and 7y have been defined in Lemma 2.1.
We first estimate

2n

L= / " oSN+ ) - cos(2Ni + ) - (sin26) "~ .,

7

=t

Since IZI = %fff%[cos(2N59+2Nj9+2'y)+cos(2N59—2Nj9)]~(sin 26) T do,
£
we may use Lemma 3.3 to prove that

/ 1
I|§C<J’|+—),
: ||

for some positive constant C independent of ¢, j and y. Then |y||I,| = O(1) x
1+ [yP).

. 1 1 . . .
Since PRETeT) and S0 are bounded from above uniformly with respect to j

and £ when ¢ € (7,5 — 7), we may use Lemma 3.3 and conclude that

[yl Bl =0t (1+ [y,
which combined with (3.9) and (3.8) yields
(3.10) 17 Nleay < € [y,
By interpolating (3.7) and (3.10) we obtain (3.5).
Finally, we shall prove that the estimate of the (L? — L?)-norm of 7,/ is sharp, for

1 < p < 2. By duality, this is equivalent to prove the sharpness for the estimate of
the (L? — L7)-norm of my/, 2 < g < +00, that is

2n—3

O(f"= D=3y ifp2n-l < g < oo

3
2

(3.11) e fll o) = {

By Lemma 3.4(1) we have that

[Zeerllg o - pn—3—20-1)

2

1Zeerll2
forq > 2%2:?, yielding a fortiori the second part of (3.11). Analogously, Lemma 3.4
(2) gives the first part of (3.11). [ |
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The following sharp result for the norms of complex spherical harmonics easily
follows.

Proposition 3.6 Let n > 2. Assume condition (3.1) is satisfied. Then there exists a
positive constant C = C(n) such that for any polynomial Pyyr = Py (z,Z) harmonic,
homogeneous of degree £ in z and of degree (' in z

Cm"= D4~ py | if2 < q < 22

00" || 12 (s2n—1) 1 9= n—3

”PM,HM(SZVH[) < n—3—2(n—1) crn2n—1 :
C(n)t" 2 4 ||PM’||LZ(SZ”*1) lf22n—3 < g < +oo,

Proof By duality. u

Remark 3.7 We compare now the results presented above with those obtained by
Sogge in R*".

According to [7], the critical point in R?" is given by p,, = %, with critical
exponent L. By interpolation Sogge obtained the following sharp estimate for the
norm of the harmonic projector oy in R*”

1
ol = O(kr(f’)), where

1\ J@en=Dl; =351 if1<p<psy
() ={oro

p (n—1)( -1 if poy < p < 2.

Then formula (2.3) yields

1
(3.12) 17l < lloeserllpa < C - (€)

under the assumption (3.1), and it is easy to check that the estimate (3.4) is better
that (3.12).

Remark 3.8 According to our result, there is a correspondence between the complex
harmonic projectors in C" and the real ones in R*"~!; indeed the critical point p =
221 given by Theorem 3.5 coincides with the critical point p,,_, found by Sogge

R 2n+21 .
in R

4 The Harmonic Projectors 74 and 7,

In this section we consider the special case of the harmonic projectors 7y and ;.

H and H* denote respectively the space of polynomials p(z) = p(zi,...,z,)
homogeneous of degree ¢ in zi,...,z, and the space of the polynomials p(z) =
p(zi,...,2,) homogeneous of degree £ in (2, . .., Z,).

The symbols 7, and 7/ will denote the harmonic projections on the spaces FO
and . It may be proved that my f = Zg * f and 7oy = Zo * f, where the zonal
harmonics have been defined in Section 2. Since Zy is the complex conjugate of Zy,
the norms of my and 7y, coincide.
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Observe moreover that | Zy||, = | /di]“;‘ij:flm = o(" ).
Theorem 4.1 Letn > 2. Then

(4.1) Imiofll, < CE" VG2 f|l, foralll <p<2,

where C depends only on p and n and the estimate is sharp.

Proof Exactly as in Theorem 3.4 we have |7y f||2 < || f||2> and by Young’s inequality
7o fllz < 1 Zeoll2 - I flls = CE= [ fl]-

Thus (4.1) follows by the Riesz-Thorin convexity theorem.

We prove now by duality arguments that this estimate is sharp. Consider the func-

tion Q”(2) == (z{)|n—1. Q" belongs to H" and

1Q°l= [ 1" @ do(e)
521171
=C / 2 (sin @,_1)" 1?3 cos 0,_1 df,_,
0
X /2 (sin@,_,)""?" > cos 0, _,db,_,
0

X oo X /2 (sin 6,)"*3 cos 6, db, - /2 (sin 61)"*! cos 6, d6,
0 0

=C- (tg)~"".
Thus "
170 | o pt =t
Q[
for all ¢ > 2, showing that (4.1) is sharp. |

By duality, the following result is immediate.

Proposition 4.2 Letn > 2, ¢ > 1. Then there exists a positive constant C = C(n) such
that if Py is a polynomial, either in z or in z, homogeneous of degree ¢, then

1P| a5ty < Cm)e" DG~ Py || posmy  forall g > 2.

Remark 4.3 As observed at the end of Section 3, formula (2.3) yields

I7eollp2) < lloellp.)s

so that we could apply the results by Sogge in R and obtain

(4.2) 7ol pay < CEP forall1 < p <2,
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where r has been defined in Remark 3.7. In this case, the exponent r(%) found by
Sogge coincides with the exponent of ¢ given by Theorem 4.1 for p,, < p < 2.
However, for 1 < p < p,, it is easy to check that estimate (4.1) is better than (4.2).
Finally, let us consider the special case n = 2. In this case, we may find an estimate
for ||7ee||(p,2) depending on the length of £ + ¢, uniformly with respect to £, £" > 0.

Since ||Zy/ ||, = 4/ %, if we are content with the estimate obtained by inter-

polating with respect to the trivial endpoint estimates
1
T llay <Cm)E+£)2 and |7 e <1,

we obtain .
Hﬂ'@p”(p’z) ZO((€+€/)575) forall1 < p <2,
which coincides with (4.1). Thus the following can be stated.

Proposition 4.4 Ifn=2and/{, ' > 0, then

7w fllpay < CPYE+E)T™2 foralll < p <2,

and the estimate is sharp if either { = 0 or £’ = 0.

Appendix

Proof of Lemma 3.1 The proofis inspired by that of [4, Lemma 2] in the framework
of compact Lie groups.

We may assume, without loss of generality, that supp B C [«,2], for some
0<a<?2.

We recall (see [1, p. 249]) that

i+ A
Z;(cost)) = ]T ~P§’\)(cos 0),
where A = % and P;-A) denotes the Gegenbauer polynomial, expressed, since the

dimension d is even, by

A-1 ; 3
B! o cos[(j —v+ M0 — w+ 7]
PV (cos 6) = 27; Z; 8 (2sin )7+ ’

with j € N, A € N*, v; := (]+/>_1) and

0, =

(1= 2=X)--(r=\) .
W oD G 1SV S A=
1 ifr =20
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(see [9, p. 208]). Thus

| 5 5(i)e|

ak<j<2k
:/07
:/03

Ll(Ed—l)

sin?™2 60 do

Z B( %) %P;A)(COS 0)
j

NitA
ZB(k) A 2712;5”

cos[(j—v+ N —(v+N)7]
X
2V+A

sin* ™" 6| do

sin* ™" 0

A—1 - T
) ch,l/' cos[(j —v+Nf — (v+A)T] n

QU+

.

/23
A

> 5(

v=0
where Y
]+
Cj_’,/ = 27/\ "Vj"sl/'

Observe that ¢;, < 0ifand only if v is odd.
The proof requires now a distinction between the cases A — v even and A — v odd.
(@) If A — v = 2m for some m € N*, then (A + v)5 = (A — m)m and

cos( (j+ 2m)9) if A — m even

, T
cos[(] — v+ N0 — (V*’)‘)E} - {—cos((j+2m)9) if A\ — m odd.

Now, by induction we may easily prove the following formula

2%m cos( (j+ 2m)9) (sin 6)*"

= (=" [cos((j + 4m)9) - (2;71) cos((j +4m — 2)9)

+ (2;”) cos((j+4m—4)9) + - +cos(jO)| .

Thus
i—v+ A0 — v+ N3
G S =M= V3 i
1
= 3G En 22" cos[(j +2m)0] - sin*" @
1 m . 2m .
= CiwEme (-1) [cos((] +4m)f) — < ) > cos((j +4m — 2)6)

+ (2;1> cos((j+4m—4)9) +---+cos(jO)|,
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where €, = £1, according that A — m is even or odd.
It will now be proved that the coefficients c;,, - (—1)" - £,, are always positive.
Indeed, if A is odd, then either A — m is even and m is odd, or A — m is odd and m

is even, so that (—1)™ - &,, = —1. Moreover, since A — v = 2m for some m € N and
Ais odd, v is odd as well, and therefore the coefficients c;,, are negative, as observed
above.

On the other hand, if A is even, then either A — m2 and m are even or A — m and m
are odd, so that (—1)" - &,, = 1. In this case the coefficients c;, are positive, since
is even.

In both cases we conclude that ¢;, - (—=1)" - &, > 0.

Since [cj,| = O(j*~"), from now on we shall denote 4% Cjp (=1)" g, by C,- 7
for some positive constant C,, > 0.

(b) If X\ — v =2m + 1 for some m € N, then X + v is odd as well, so that

cos{(j—y+)\)0—(1/+)\)ﬁ]: —-sm(.(]+2m+1)9) %f)\—meven
2 sm((]+2m+1)9) if A — m odd.

Observe now that

sin((j+2m+1)0) -sin®™ g = [cos((j+2m)9) —cos((j+2m+2)0)] -sin®™ 0,

N —

so that we may proceed exactly as in (a).
Thus we have
z|
) J LI(zd-1)

| 3 5
Z Z C, - B(%) {cos((j+4m)0)

.

ak<j<2k
ve[0N—1] ak<j<2k

\/01
A—v=2m

BC TR

Z ZC B( ) 2mtl

velo,A—1] j
A—v=2m+1

[

X cos[(j— v+ A0 — (1/+)\)g} ~sinA_Vt9’ do

(A1) =L+I,.

In the light of what has been observed above for the case A — v odd, it sufﬁces to

estimate the ﬁrst term I,. Moreover, there is no restriction by assuming that k > 52 -

(so that k > 5" for every m).
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Define

Jo := (ak + 4m, 2k),
JE = (ak + 4m — 2, ak + 4m],

Jh = [2k, 2k + 2),

i, = (ak, ak +2],
B = [2k +4m — 2,2k + 4m).

For k and m fixed in N, define

N

M (8) = B( p

) &M SR,
2m
ak»m(s) = TIk.,m(S —4m) — ( 1 >nk,m(5 —4m + 2) + e+ nk,m(s), se Ry and
bim(s) == arm(ls]), s€ER.

For notational simplicity, we replace the symbols 7 ., ak , and by, by , a and b.
Then

S () 7 cos(( e amn) = (%)) cos(( a2+ contio

ak<j<2k

:Za(j)cos(j9)+2{—<zlm>3(j_4km) .(j_4m+2)2m

i€l jEL
2 j —
N m B(] 4m+4)
2 k

><(j—4m+4)2’”+---+B(

P [ e (a2

.

) ~j2’"] cos(j0)

IS
X (j—4m+2)2m+--- — (annj 1>B(%) -(j—2)2m} cos(j6)
+.oot+ Z B(i) jzmcos(j9)+ Z B(j_k4m) -(j—4m)2mcos(j9)

JE€T, JE€ 5

= a(j)cos(jO) + Y a(j) cos(j0) + > aj) cos(j)

j€ho jelt j€n
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4 Z a(j) cos(jO) + Z a(j) cos(j0)

J€T, 7€
. . . . 1 N i
= Z a(j) cos(jO) = Za(])cos(]ﬁ) =3 Z b(j)e’’,
ak<j<2k+4m JEN jEZ

where we repeatedly used the fact that the supports of B and a are contained, respec-
tively, in (v, 2) and in (ak, 2k + 4m).
Now

I, :—/%‘ Z Cuzb(j)e"fﬁ“ do
0

ve[0,A—1] JjEZ

A—v=2m
< 3> [,
vel0,A—1] jEZ L
A—v=2m

Observe that the function b belongs to the space C2°(R). Let ki ,,, (in the following, h)
be the function in €°°(R) whose Fourier transform is

Sh(s) := b(s).

By the Poisson summation formula ([8, p. 250]) we have

A2 1> 6| < .
(A2) ZJ: D], < Ml

Since the support of §h is contained in an interval of radius r; comparable with k,
from the Plancherel’s theorem we have

(A3) 7l < C(IIShloo + k- 1(F1) )

where C does not depend on k or m (for a more general version of this result, due
to Hormander, see [4, Lemma 1]), so that in order to estimate I, we have only to
estimate |[b]| o and [|b”||oc-

By the mean value theorem ([6, p. 52, pb. 98]) we have
b(s)| < Cy - 0™ (7)),

forall s € R, for some 7 € (—ry, r¢) and some positive constant C,,, and therefore by
a direct computation ||b]|c < Cy.
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Assume for simplicity s > 0. Then

b'(s) = HB/(S“””) (s — dm)™™ — (2’”)3(%) (s — 4m +2)*"

k 1 X
+ <2;1>B'($> ~($—4m+4)2"1+-~-+B'(£> .Slm:|
+2m {B(S_:m) (s — am)™™ ! — (ZT)B(#)
X (5—4m+2)2’"‘1+--.+3(%) -52’”—1}

=85 +8S,.

Observe that |S;]| < CT, since the expression in the square brackets is similar to b,
with the function B replaced by B, and therefore may be treated as b.

In order to estimate S,, we may define the function 7 (s) := B(3 )s*™ =L by using
again [6, p. 52, pb. 98] and by arguing as above, we easily check that |S,| < CT”

It follows from (A3) that

[hllir) < Cons
where C,, does not depend on k. Then by (A2) we have that

L<c Y H Zb(j)eije‘

vel0,A—1] jJEZ
A—v=2m

<c’,

L'(T)

for some constant C’ independent of k.

Since, as observed before, an analogous estimate may be given for the term I,,, (A1)
yields the thesis. ]
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