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A VARIANT OF PERFECTOID ABHYANKAR’S LEMMA AND
ALMOST COHEN-MACAULAY ALGEBRAS

KEI NAKAZATO® anpD KAZUMA SHIMOMOTO

Abstract. In this article, we prove that a complete Noetherian local domain
of mixed characteristic p > 0 with perfect residue field has an integral
extension that is an integrally closed, almost Cohen—Macaulay domain such
that the Frobenius map is surjective modulo p. This result is seen as a mixed
characteristic analog of the fact that the perfect closure of a complete local
domain in positive characteristic is almost Cohen—Macaulay. To this aim, we
carry out a detailed study of decompletion of perfectoid rings and establish the
Witt-perfect (decompleted) version of André’s perfectoid Abhyankar’s lemma
and Riemann’s extension theorem.

§1. Introduction

In the present article, rings are assumed to be commutative with a unity. Recently, Yves
André established Perfectoid Abhyankar’s Lemma in [1] as a conceptual generalization of
Almost Purity Theorem (see [52, Th. 7.9]). This result is stated for perfectoid algebras
over a perfectoid field, which are defined to be certain p-adically complete and separated
rings. Using his results, André proved the existence of big Cohen—Macaulay algebras
in mixed characteristic in [2]. More precisely, he constructed a certain almost Cohen—
Macaulay algebra using perfectoids. We are inspired by this result and led to the following
commutative algebra question, which is raised in [49] and [50] implicitly.

QUESTION 1.1 (Roberts). Let (R,m) be a complete Noetherian local domain of arbitrary
characteristic with its absolute integral closure R*. Then does there exist an R-algebra B
such that B is an almost Cohen—Macaulay R-algebra and RC B C R ?

Essentially, Question 1.1 asks for a possibility to find a relatively small almost Cohen—
Macaulay algebra. The structure of this article is twofold. We begin with giving an answer
to Question 1.1 and then discuss necessary perfectoid techniques.

1.1 Main results on commutative algebra

André proved that any complete Noetherian local domain maps to a big Cohen—Macaulay
algebra and using his result, it was proved that such a big Cohen—Macaulay algebra
could be refined to be an integral perfectoid big Cohen—Macaulay algebra in [58]. See
Definitions 6.1 and 6.2 for big (almost) Cohen—Macaulay algebras. Question 1.1 was stated
in a characteristic-free manner. Let us point out that if dimR < 2, then R is a big
Cohen—Macaulay algebra in an arbitrary characteristic. This is easily seen by using Serre’s
normality criterion. Recall that if R has prime characteristic p > 0, then R is a big Cohen—
Macaulay R-algebra. This result was proved by Hochster and Huneke and their proof is
quite involved (see [28]-[30], [34], [48], and [51] for related results as well as [26], [27],
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[38], [43], and [44] for applications to tight closure, multiplier/test ideals, and singularities
on algebraic varieties). There is another important work on the purity of Brauer groups
using perfectoids (see [13]). It seems to be an open question whether RT is almost Cohen—
Macaulay when R has equal-characteristic zero. If R has mixed characteristic of dimension 3,
Heitmann proved that R is a (p)z%”—almost Cohen-Macaulay R-algebra in [24]. Our main
concern, inspired also by the recent result of Heitmann and Ma [27], is to extend Heitmann’s
result to the higher-dimensional case, thus giving a positive answer to Roberts’ question in
mixed characteristic (see Theorem 6.5).

MAIN THEOREM 1. Let (R,m) be a complete Noetherian local domain of mized
characteristic p > 0 with perfect residue field k. Let p,xa,...,xq be a system of parameters,
and let RT be the absolute integral closure of R. Then there exists an R-algebra T together
with a nonzero element g € R such that the following hold:

1. T admits compatible systems of p-power roots pﬁ,gﬁ eT for all n>0.
The Frobenius endomorphism Frob:T/(p) — T/(p) is surjective.

3. Tisa (pg)ﬁ—almost Cohen—Macaulay normal domain with respect to p,xa,...,xq and
RCTCR'.

4. The p-adic completion T is integral perfectoid.

5. R[i] — T[%] is an ind-étale extension. In other words, T[%] is a filtered colimit of
finite étale R[i]-algebms contained in T[%].

In other words, one can find an almost Cohen—Macaulay, normal domain whose p-
adic completion is integral perfectoid between R and its absolute integral closure. Using
Hochster’s partial algebra modification and tilting, one can construct an integral perfectoid
big Cohen-Macaulay R-algebra over T (see [58] for details). In a sense, Main Theorem 1 is
regarded as a weak analog of the mixed characteristic version of a result by Hochster and
Huneke. The proof of our result does not seem to come by merely considering decompleted
versions of the construction by Heitmann and Ma [27], due to the difficulty of studying
(pg)z%”—almost (or (g)r%”—almost) mathematics under p-adic completion. For instance, we
do not know if it is possible to decomplete André’s Riemann’s extension theorem (Theorem
8.1), because it is hard to analyze how the functor g_z%’"( ) and the p-adic completion are
related to each other.! This is the main reason one is required to redo the decompletion of
André’s results in [1] and [2].

Finally, Bhatt recently proved that the absolute integral closure of a complete local
domain (R,m) of mixed characteristic has the property that R™/p"R* is a balanced big
Cohen—Macaulay R/p™R-algebra for any n > 0 (see [7] in which the perfectoidization functor
introduced in [11] is used as an essential tool). It will be interesting to know how his methods
and results are compared to ours; at present, the authors have no clue. However, it is worth
pointing out the following fact.

e The almost Cohen—Macaulay algebra T constructed in Main Theorem 1 is integral
over the Noetherian local domain (R,m) and much smaller than the absolute integral
closure R*.

L The theory of prismatic cohomology (see [11]) deals with (pg)P%“-almost mathematics. However, as far as
the authors are aware of, we are still lacking in a powerful theory of the decompletion in the framework

of (pg) 7= _almost mathematics.
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In a sense, T is close to being a Noetherian ring. We mention some potential applications
of Main Theorem 1.

1. Connections with the singularities studied in [39] by exploiting the ind-étaleness of
RIL] - T[L].

2. A refined study of the main results on the closure operations in mixed characteristic as
developed in [35].

3. An explicit construction of a big Cohen—Macaulay module from the R-algebra T (see
Corollary 6.10).

1.2 Main results on the decompletion of perfectoids and Riemann’s
extension theorem

To prove Main Theorem 1, we need to relax the p-adic completeness from Perfectoid
Abhyankar’s Lemma and incorporate the so-called Witt-perfect condition, which is intro-
duced by Davis and Kedlaya [15]. Roughly speaking, a Witt-perfect (or p-Witt-perfect)
algebra is a p-torsion-free ring A whose p-adic completion becomes an integral perfectoid
ring. Indeed, Davis and Kedlaya succeeded in proving the almost purity theorem for Witt-
perfect rings. The present article is a sequel to authors’ previous work [45], in which the
authors were able to give a conceptual proof of the almost purity theorem by Davis—
Kedlaya by analyzing the integral structure of Tate rings under completion. The advantage
of working with Witt-perfect rings is that it allows one to take an infinite integral extension
over a certain p-adically complete ring to construct an almost Cohen—Macaulay algebra. The
resulting algebra is not p-adically complete, but its p-adic completion is integral perfectoid.
Let us state the main result (see Theorem 5.20 and Proposition 5.21).

MAIN THEOREM 2. Let A be a p-torsion-free algebra over a p-adically separated
p-torsion-free Witt-perfect valuation domain V of rank 1 admitting a compatible system

of p-power roots pl%” €V, together with a regular element g € A admitting a compatible
1
system of p-power roots ge™ € A. Suppose that the following conditions hold:

1. A is a p-adically Zariskian and normal ring.

2. Aisa (pg)P%"’—almost Witt-perfect ring.

3. A is torsion-free and integral over a Noetherian normal domain R such that g € R and
the height of the ideal (p,g) C R is 2.

Let us put
_ 1 1 1
g A= {aeAH ‘ grrac A, Vn>0},
g
which is an A-subalgebra ofA[é]. Let A[%] — B’ be a finite étale extension, and denote

by B the integral closure of g_P%"’A in B'. Then the following statements hold:

(a) The Frobenius endomorphism Frob: B/(p) — B/(p) is (pg)P%’O—almost surjective
and it induces an injection B/(p%) — B/(p).

(b) The induced map A/(p™) — B/(p™) is (pg)v%"’-almost finite étale for all m > 0.

In the original version of Perfectoid Abhyankar’s Lemma as proved in [1] and [2], it
is assumed that A is an integral perfectoid ring, which is necessarily p-adically complete
and separated. In Main Theorem 2, this assumption is weakened to p-adic Zariskianness.
A detailed study of almost Witt-perfect rings appears in the article [45] (see also
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Definition 5.2). The functor A — gfz%"’A is called a functor of almost elements, which
is fundamental in almost ring theory. The idea of the proof of Main Theorem 2 is to
transport André’s original proof to our situation. Here is a summary of ingredients toward
the proof:

e The almost purity theorem for Witt-perfect rings.

e Descent to Galois extensions of commutative rings.

e Riemann’s extension theorem (Hebbarkeitssatz).

e Description of the integral structures of affinoid Tate rings via continuous valuations.
e Comparison of integral closure and complete integral closure.

The almost purity theorem for Witt-perfect rings is attributed to Davis and Kedlaya
(see [15], [16]). A systematic approach to this important result was carried out in authors’
article [45]. The almost purity theorem yields the assertion of Main Theorem 2 in the case
when g = 1. To extend it to the general situations, we need a ring theoretic analog of
Riemann’s Extension Theorem. Its perfectoid version has been proved by Scholze [53], and
André used it in the proof of Perfectoid Abhyankar’s Lemma in [1]. We establish two types
of decompleted variant of it, which are at the core of the technical part of this article. The
first one, which we call Zariskian Riemann’s extension theorem, is the following result (see
Theorem 5.11). We should remark that it is independent of the theory of perfectoid rings.

MAIN THEOREM 3. Let A be a ring with a reqular element t that is t-adically Zariskian
and integral over a Noetherian ring. Let g € A be a regular element. Let A’ be the Tate ring
associated with (A[%], (t)) for every integer j >0 (see Definition 2.8 for Tate rings). Then
we have an isomorphism of rings

+ = . jo
Adrgy) — AT
7>0

tg

where the transition map AJT1° — AJ° s the natural one, and Ajg is the integral closure

of A in A[%].

For proving Main Theorem 3, a preliminary result Corollary 5.8 is crucial. Recall that
an integrally closed domain A is the intersection of all valuation domains that lie between
A and the field of fractions (see [59, Prop. 6.8.14] for the proof of this assertion from
classical valuation theory). Corollary 5.8 is viewed as a variant of this result for affinoid

[75]

Tate rings. The assumption that A is t-adically Zariskian and integral over a Noetherian
ring is necessary in order to find valuation rings of rank 1 for the proof to work (it is
interesting to know to what extent one can relax these assumptions). Main Theorem 3 is
also relevant to a standard technique used in non-archimedean geometry. Indeed, our proof
for Proposition 5.7 is inspired by Huber’s description of integral structures of affinoid rings
via continuous valuations (see [31, Lem. 3.3]). Moreover, one can formulate Corollary 5.8 as
a variant of Fujiwara—Kato’s theorem (cf. [19, IT, Th. 8.1.11 and 8.2.19]) in rigid geometry
(see Corollary 5.9 and Corollary 5.10).

The second variant, which we call Witt-perfect Riemann’s extension theorem, is stated as
the assertions (c) and (d) of the following result (see Proposition 5.15 and Theorem 5.16 as
well as the explanation of appearing notation).

MAIN THEOREM 4. Let A be a p-torsion-free algebra over a p-adically separated
p-torsion-free Witt-perfect valuation domain V of rank 1 admitting a compatible system
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of p-power roots pr%” €V, together with a regular element g € A admitting a compatible
1

system of p-power roots gr™ € A. Denote by () the p-adic completion and suppose that the

following conditions hold:

1. Aisa (pg)P%"—almost Witt-perfect ring and completely integrally closed in A[%].
2. (p,g) is a (p)z%"’-almost reqular sequence on A (which merely says that g is a (p)z%’"—
almost regular element on A/(p)).
Then the following statements hold:

(a) The inclusion map:
A[(Z)P] o w0 (11)

is a (p)P%”—almofst isomorphism.
(b) There is an A[%]—algebm isomorphism:

—

Ajo = AJ°.

L

Moreover, A’° is Witt-perfect.
(c) We have the following identification of rings:

. 1 1
im AT° = A[—] x 41 g 7 A°. (1.2)
%0 D) AL

(d) There is an injective A-algebra map:

7>0 7>0

whose cokernel is (g)p%"’—almost zero.

The almost isomorphism in the assertion (d) is at the heart of the theorem; notice
that in general, inverse limits and taking completion do not commute. Our proof for
the assertions (c¢) and (d) relies on the already-known Riemann’s extension theorem for
perfectoid algebras. Thus, we need to describe the relationship between rational localizations
of Tate rings associated with a Witt-perfect ring and the corresponding integral perfectoid
ring. The assertions (a) and (b) are consequences of a fine study on it. The (p)P%”—
almost regularity assumption on the sequence (p,g) ensures that g is (p)z’%"’—almost regular
on the p-adic completion A\; this is due to Lemma 3.11. Another reason for assuming
(p)p%“—almost regularity rather than (pg)p%“’—almost regularity is due to Lemma 5.14 (see
also Proposition 3.14 as an intermediary step). We remark that there are no common
assumptions of both Main Theorems 3 and 4 on the ring A. Let us summarize the content
of each section of the present article.

In §2, we give generalities on almost rings, almost modules, and topological rings. We
also recall the definitions of perfectoid algebras and their almost analogs whose detailed
studies are given in the authors’ article [45].

In §3, some basic results are proved on complete integral closure and its behavior under
completion. We stress that the use of “Beauville-Laszlo’s lemma” is indispensable for
getting meaningful results. This section is intended to give some justification/clarification
on the difference between integral and complete integral closures.
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In §4, we study some behavior of finite étale extensions of Tate rings under rational
localization. This section is regarded as a complement to [45], and so also includes a brief
review of several results in that article.

In §5, we establish the decompleted variants of Riemann’s extension theorem as well as
Perfectoid Abhyankar’s lemma over almost perfectoid rings. As this section contains quite
technical discussions, the reader can skip the details on first reading.

In §6, we give the main applications of the results obtained in the previous sections. The
main theorem asserts that one can construct an almost Cohen-Macaulay normal domain
between the original complete local domain and its absolute integral closure.

In §7, we prove auxiliary facts on integrality as well as almost integrality via rigid analytic
methods, following the book [19].

In §8, we give a complete account of the proof of André’s Riemann’s extension theorem.
To this aim, we also give a proof of the almost vanishing theorem on derived limits, which
is discussed in [1]. We hope that this appendix will be helpful for the reader to understand
key results in André’s original approach.

In §9, we give a brief account on (almost) Galois extensions of commutative rings. These
are already treated in André’s article [1] and we omit the proofs.

Caution: In this article, we take both integral closure and complete integral closure for a
given ring extension. This distinction is not essential in our setting in view of Proposition 7.1.
However, we opt to formulate the results (mostly) in complete integral closure, because we
believe that correct statements of the possible generalizations of our main results without
integrality over a Noetherian ring should be given in terms of complete integral closure.
The reader is warned that complete integral closure is coined as total integral closure in the
lecture notes [8]. We collect notation used in the proof of Theorem 5.20 in Definition 5.12
(see also Remark 5.13).

The almost version of perfectoid or Witt-perfect rings often appears in the following
discussions. To the best of our knowledge, the first appearance of almost perfectoid rings
came from André’s work on Perfectoid Abhyankar’s Lemma. The reason is that (pg)p%"—
almost mathematics is essential in André’s work, in which case, we can only say that the
cokernel of the Frobenius map is (pg)p%“—surjective. The reader will notice that the base
ring in Theorem 5.20 is required to be almost Witt-perfect in order for the proof to work.
In a future’s occasion, we hope to clarify a real distinction between perfectoid and almost
perfectoid rings.

§2. Notation and conventions

We say that a commutative ring A is normal, if the localization A, is an integrally closed
domain in its field of fractions for every prime ideal p C A. For ring maps A — C and B — C,
we write A x¢ B for the fiber product. The completion of a module is always taken to be
complete and separated.

2.1 Almost ring theory

We use language of almost ring theory. The most comprehensive references are [20] and
[21], where the latter discusses applications of almost ring theory to algebraic geometry
and commutative ring theory. Notably, it includes an extension of the Direct Summand
Conjecture to the setting of log-regular rings. Throughout this article, for an integral domain
A, let Frac(A) denote the field of fractions of A. A basic setup is a pair (A, ), where A is a
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ring and I is its ideal such that I? = I.? An A-module M is I-almost zero (or simply almost
zero) if IM =0. Let f: M — N be an A-module map. Then we say that f is I-almost
injective (resp. I-almost surjective if the kernel (resp. cokernel) of f is annihilated by I.
Moreover, we say that f is an I-almost isomorphism (or simply an almost isomorphism)
if both kernel and cokernel of f are annihilated by I. Let us define an important class of
basic setup (K,I) as follows: Let K be a perfectoid field of characteristic 0 with a non-
archimedean norm |-|: K — R>¢. Fix an element w € K such that |p| < |w| <1 and
1= Un>0wz%"K ° (such an element w exists and plays a fundamental role in perfectoid
geometry). Set K°:={zx € K | || <1} and K°°:={z € K | |x| < 1}. Then K° is a complete
valuation domain of rank 1 with field of fractions K and the pair (K°, ) is a basic setup.

Let (A,I) be a basic setup. Then the category of almost A-modules or A%-modules
A% —Mod, is the quotient category of A-modules A —Mod by the Serre subcategory of
I-almost zero modules. So this defines the localization functor ( )*: A—Mod — A% —Mod.
This functor admits a right adjoint and a left adjoint functors, respectively:

()s:A*—Mod -+ A—Mod and ( ) : A —Mod — A — Mod.

These are defined by M, := Homga(I,My) with M§ = M and M, :=1®4 M, (see [20,
Prop. 2.2.14 and 2.2.23] for these functors). So we have the following fact: The functor ( ).
commutes with limits and ( ); commutes with colimits. Finally, the functor ( )* commutes
with both colimits and limits. In particular, an explicit description of M, will be helpful.
Henceforth, we abusively write M, for (M?), for an A-module M. The notation M =N
will be used throughout to indicate that there is an A-homomorphism M — N that is
an [-almost isomorphism. An isomorphism in the category A* — Mod will be denoted by
M =~ N.? For technical details, we refer the reader to [20].
Let us recall an explicit description of M,.

LEMMA 2.1. Let M be a module over a ring A, and let wo € A be an element such that
1
A admits a compatible system of p-power roots wr™ € A forn>0. Set I =, @wnA with

Wy = @ and suppose that w is reqular on both A and M. Then the following statements
hold:

1. (A,I) is a basic setup.
2. There is an equality:

1
M*:{bEM[—] ‘ wnbEMforalln>0}.
w

Moreover, the natural map M — M, is an I-almost isomorphism. If M is an A-algebra,
then M, has an A-algebra structure and the natural map M — M, is an A-algebra map.

Proof. The presentation for M, is found in [52, Lem. 5.3] over a perfectoid field and the
proof there works under our setting without any modifications. If M is an A-algebra, then
the above presentation will endow M, with an A-algebra structure. In other words, M, is

1
w

naturally an A-subring of M[=]. 0

2 Asin [20], we assume that I ®4 I is flat. For the applications, we only consider the case where I is the
filtered colimit of principal ideals (see [20, Prop. 2.1.7]).
3 This symbol is used when there is not necessarily an honest homomorphism between M and N.
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In the situation of the lemma, we often write M, as ﬂn>0 wfz%"M or wip%”M to indicate
that what basic setup of almost ring theory we are talking. Next, we observe that I-almost
isomorphy is preserved under pullbacks in the category of (actual) A-algebras.

LEMMA 2.2. Let (A,I) be a basic setup. Let f: R— S be an A-algebra homomorphism
that admits a commutative diagram of A-algebras:

N4

T

Let ¥ :T" — T be an A-algebra homomorphism. Then the following assertions hold:

1. If fis I-almost injective (i.e., Ker(f) is annihilated by I), then so is the base extension
idT/ XTf 2T XTR—> T’ XTS.

2. If fis I-almost surjective (i.e., Coker(f) is annihilated by I), then so is the base extension
idT/ XTf T XTR—> T XTS.

Proof. We use the explicit description of fiber products: 77 xp R = {(t/,r) € T’ x
R|¢(t')=¢r(r)} and T xp 5 ={(t',5) € T" x5 | (1) = ps(s)}-

(1): Plck an element (t',r) € T' X7 R with idp x¢ f((¢/, )) =0. Then t' =idp/(t') = 0.
Moreover, since f(r) =0, xs =0 for every x € I by assumption. Hence z(t’,r) = 0 for every
x € I, which yields the assertion.

(2): Pick an element (¢#,s) € T" xp S. Then by assumption, for every x € I, there exists
some 75 € R such that f(r;) = xs. Thus, we obtain an element (zt’,r,) € 7" xp R whose
image in 7" xS is x(t',s), as desired. 0

The following lemma claims that almost isomorphy is preserved under adic completion.

LEMMA 2.3. Let (A,I) be a basic setup. Let f: M — N be an I-almost isomorphism
between A-modules. Let J C A A be an ideal, and let M and N be the J-adic completions.
Then the A-module map f : M — N induced by f is also an I-almost isomorphism.

Proof. The assertion is equivalent to the assertion that the map (f)a : (]\/4\ )¢ — (]/\7 )
in A* —Mod is an isomorphism. Since the functor ( )* commutes with limits, (f)“ is
canonically isomorphic to @n>0 fa l'&ln> (M/J"M)“ L N/J”N , where f, :
M/J*"M — N/J"N is the A-module map induced by f for every n > 0. Thus, it suffices
to show that f, is an I-almost isomorphism for every n > 0. It can be easily seen that f,
is I-almost surjective because f is so. Let us verify that f, is I-almost injective. First, we
have Ker(f,) = f~1(J"N)/J"M. Moreover, for an arbitrary € € I,

ef 7L I"N) € fTH I () = T M + Ker(f),

because f is I-almost surjective. Thus, since f is I-almost injective, for an arbitrary € € I,
we have

efL(J"N) C J"M +¢ Ker(f) = J"M

Therefore, €’cKer(f,) = 0. Since I? = I, it implies that ¢’Ker(f,) =0 for every ¢’ € I.
Hence, the assertion follows. 0
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2.2 Integrality and almost integrality
Here, we list several closure operations of rings that will be used frequently.

DEFINITION 2.4. Let R C S be a ring extension.

1. An element s € S is integral over R, if Y 7  R-s" is a finitely generated R-submodule
of S. The set of all elements denoted as T of S that are integral over R forms a subring
of S. If R="1T, then R is called integrally closed in S. We denote by R; the integral
closure of R in S.

2. An element s € S is almost integral over R, if Y ° ' R-s™ is contained in a finitely
generated R-submodule of S. The set of all elements denoted as T of S that are almost
integral over R forms a subring of S, which is called the complete integral closure of R
in S. We denote this ring by R%. If R=T, then R is called completely integrally closed
in S.

This definition can be extended to any ring map R — S in a natural way, as follows.
Let R be a ring, let S be an R-algebra, and let s € S be an element. Then we say that
s is integral (resp. almost integral) over R, if s is integral (resp. almost integral) over the
image of R in S. We should remark that “almost integrality” does not mean “integrality in

)

almost ring theory” in a strict sense, but there is an interesting connection between these
two notions (see [45, Lem. 5.3]).

From the definition, it is immediate to see that if R is a Noetherian domain and S is the
field of fractions of R, then R is integrally closed if and only if it is completely integrally
closed. There are subtle points that we must be careful about on complete integral closure.
The complete integral closure T of R is not necessarily completely integrally closed in §
and such an example was constructed by Heinzer [23]. Let R C S C T be ring extensions.
Let b € S be an element. Assume that b is almost integral over R when b is regarded as an
element of T. Then it does not necessarily mean that b is almost integral over R when b is
regarded as an element of S (see [22] for such an example).

We also recall the notion of absolute integral closure due to Artin [4].

DEFINITION 2.5 (Absolute integral closure). Let A be an integral domain. Then the
absolute integral closure of A denoted by A™, is defined to be the integral closure of A in a
fixed algebraic closure of Frac(A).

2.3 Semivaluation and adic spectra

We need some basic language from Huber’s continuous valuations and adic spectra (see
[31], [32]). Continuous valuations are a special class of semivaluations (see Definition 2.6)
that satisfy a certain topological condition.

DEFINITION 2.6 (Semivaluation). Let A be a ring, and let |-|: A —T'U{0} be a map for
a totally ordered abelian group I' with group unit 1, and we let 0 <« for arbitrary v € I'.
Then |-| is called a semivaluation, if |0] =0, |1| =1, |zy| = |z||y| and |z +y| < max{|z|, |y|}
for z,y € A.

DEFINITION 2.7 (Continuous valuation). Let A be a topological ring. Then a semival-
uation |-|: A — T'U{0} is continuous if |-|71(I'<, U{0}) is an open subset of A for any
vyel, where ', :={a el | a <y}
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The name “semivaluation” refers to the fact that A need not be an integral domain.
However, following the usage employed in [31], we will stick to the word “continuous
valuation” rather than “continuous semivaluation” for brevity.

In this article, we mainly consider continuous valuations on Tate rings.

DEFINITION 2.8. Let A be a topological ring.

1. A is called Tate, if there is an open subring Ay C A together with an element t € Ag
such that the topology on Ay induced from A is t-adic and ¢ becomes a unit in A. Ag
is called a ring of definition and t is called a pseudouniformizer.

2. Let Ag be a ring and t € Ag is a regular element. Then the Tuate ring associated with
(Ao, (t))" is the ring A := Ag[1] equipped with the linear topology such that {t"Ag},>1
forms a fundamental system of open neighborhoods of 0 € A (it is a unique Tate ring
containing Ag such that A is a ring of definition and ¢ is a pseudouniformizer; see [45,
Lem. 2.11]).

For a Tate ring A, we denote by A° C A the subset consisting of power-bounded elements
of A and by A°° C A the subset consisting of topologically nilpotent elements of A. It is
easy to verify that A°° C A° C A, A° is a subring of A and A°° is an ideal of A°. The pair
(A, AT) is called an affinoid Tate ring, if AT C A is an open and integrally closed subring
contained in A°.° Let Spa(A, A™) denote the set of continuous valuations || on an affinoid
Tate ring (A, A™) satisfying an additional condition |A™| < 1 modulo a natural equivalence
relation.

Let us pick an element |-| € Spa(A4,A™), and set p := {z € AT | |z| = 0}. Then by
Lemma 2.9, p is a prime ideal, and |-| defines a valuation ring V}.; C Frac(A* /p). This
valuation ring is microbial attached to |- | in view of [8, Prop. 7.3.7]. For microbial valuation
rings, we refer the reader to [33].

LEMMA 2.9. Let|-|: A—TU{0} be a semivaluation. Then p:={x € A | |z|=0} is a
prime ideal of A. Moreover, |-| uniquely extends to a valuation |-|, : Frac(A/p) — I'U{0},
and V).| :={x € Frac(A/p) | |z|p, <1} is a valuation ring with its field of fractions Frac(A/p).

Proof. This is an easy exercise, using the properties stated in Definition 2.6. U
The prime ideal p in Lemma 2.9 is called the support of the semivaluation |- |.

2.4 Perfectoid algebras

Let us recall the notion of perfectoid algebras over a perfectoid field as defined in [52].

These are a special class of Banach algebras (see [45, Sec. 2.4] for the definition of Banach
rings in this context and how they are related to Tate rings).

DEFINITION 2.10 (Perfectoid K-algebra). Fix a perfectoid field K and let A be a Banach
K-algebra. Then we say that A is a perfectoid K-algebra, if the following conditions hold:

1. The set of power-bounded elements A° C A is open and bounded.
2. The Frobenius endomorphism on A°/(p) is surjective.

4 (t) denotes the principal ideal of Ag generated by t. Notice that the ring Ao[%] and t-adic topology on
Ap are independent of the choice of a generator of the ideal tAg because t € Ag is regular.

5 This A" should not be confused with the same symbol representing the absolute integral closure in
Definition 2.5.
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We will recall the almost variant of perfectoid algebras (see [1]).

DEFINITION 2.11 (Almost perfectoid K-algebra). Fix a perfectoid field K and let A be
a Banach K-algebra with a basic setup (A°,I). Then we say that A is I-almost perfectoid,
if the following conditions hold:

1. The set of power-bounded elements A° C A is open and bounded.
2. The Frobenius endomorphism Frob: A°/(p) — A°/(p) is [-almost surjective.

EXAMPLE 2.12. Let A be a perfectoid K-algebra with a nonzero nonunit element ¢ € K°
admitting a compatible system of p-power roots {tTl"}n>o. Fix any regular element g € A°
that admits a compatible system {gz%"}n>0. Let I := Un>0(tg)ﬁ. Then the pair (A°,I)
gives a basic setup, which is a prototypical example that is encountered in this article.

§3. Preliminary lemmas

3.1 Some properties of complete integral closure

Here, we investigate several properties of complete integral closure. First, we study how
it behaves under separated completion. Thus, we start with recalling the following lemma,
which is a key for the main results of [6] (see also [61, Tag 0BNR] for a proof and related
results).

LEMMA 3.1 (Beauville-Laszlo). Let A be a ring with a regular element t € A, and let
A be the t-adic completion. Then t is a reqular element in A and one has the commutative
diagram:

that is Cartesian. In other words, we have A= A[1] X g1 A-

COROLLARY 3.2. Let A be a Tate ring, and let A be the separated completion of A.
Then the natural map ¢ : A — A restricts to ¢° : A° — A°, and the commutative diagram:

A° s

|,

A—>
is Cartesian.

Proof. Let (Ao, (t)) be a pair of definition of A, and 1/4\0 the t-adic completion of Ajg.
Then A is the Tate ring associated with (;1\0, (t)). Hence, the first assertion is clear. To check
the second assertion, pick a € A such that ¢(a) € A°. Then there exists some [ > 0 such
that ¥ (t'a™) = th(a)™ € ;15 for every n > 0. Hence t'a™ € Ay for every n >0 by Lemma 3.1.
Therefore, a € A° as desired. O

The following lemma, is quite useful and often used in basic theory of perfectoid spaces.
We take a copy from Bhatt’s lecture notes [8].
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LEMMA 3.3. Let A be a ring with a reqular element t € A, and let A be the t-adic
completion of A. Fix a prime number p > 0. Then the following assertions hold:

1. Suppose that A is integrally closed in A[1]. Then A is integrally closed in E[%] If
moreover A admits a compatible system of p-power roots {tz%"}n>o, then t™ 7= A is
integrally closed in A[}].

2. Suppose that A is completely integrally closed in A[%] Then A is completely integrally
closed in ﬁ[%] If moreover A admits a compatible system of p-power Toots {tﬁ}n>0,

then t~7= A is completely integrally closed in A[}].

Proof. We refer the reader to [8, Lem. 5.1.1-5.1.3] and [45, Lem. 2.7]. Here, we point
out that Lemma 3.1 plays a role in the proofs. 0

The following lemma is easy to prove, but plays an important role in our arguments.

LEMMA 3.4. Let A be a ring, and let t € A be a reqular element. Fix a prime number
1
p > 0. Suppose that A admits a compatible system of p-power roots {t?" },,~o. Then for any
1
Al}]-algebra B, we have Ay = (t77< A)%.

Proof. 1t suffices to show that (tfz%"’A)*B C Aj. Let A’ be the image of A in B. Then
the image of "7 A in B is contained in ¢~ 7= A’. Thus, we have (t_p%A)E C (t_P%"’A’)*B
and A = (A’)%. Hence, we may assume that A = A’, that is, A[}] is a subring of B.
Pick = € (tfz%”A)}‘__g. Then, > 7, t"7 A-2" is contained in a finitely generated £
A-submodule of B, and thus so is Y.~ jA-z™. Hence ty_ ,A-z™ is contained in a finitely
generated A-submodule M of B. Let by,...,b. be a system of generators of M over A. Then,
since t is invertible in B, we obtain a finitely generated A-submodule >, A- % of B, which
contains > >~ A-2", as desired. 0

The following corollary is an immediate consequence of Lemma 3.4.

COROLLARY 3.5. Let A be a ring with a reqular element t € A such that A is completely
integrally closed in A[%] Fiz a prime number p > 0. Suppose that A admits a compatible
system of p-power roots {tz%"},wo. Then we have t 7 A = A (in particular, £ A s
completely integrally closed in A[1]).

Now, let us discuss complete integral closedness of inverse limits.

LEMMA 3.6. Let A be a ring with an element t € A, let A be a directed poset, and
let {Ax}ren an inverse system of A-algebras. Suppose that each Ay is t-torsion-free
and completely integrally closed in AA[%]. Then @A Ay is a t-torsion-free A-algebra and

completely integrally closed in (Jim, AN[3].

Proof. Clearly, Hm A, is a t-torsion-free A-algebra. Pick an element b € (l&n/\ AN[F]
which is almost integral over m N A). Then there exists some m > 0 such that t"b" € m N A
for every n > 0. Take d > 0 and a = (ay) € lim Ay for which t4b = a. Then for every
n > 0, it follows that t4"+™p™ = t"™q", which implies t"a™ € td”(@A Ay). Thus for each
A €A, the element 9 € A5[}] satisfies t™ (%)™ € A, for every n. Since Ay is completely
integrally closed in A5[1], one finds that ay € tYAy (VA € A) and thus a € td(@/\ Ay). Hence
bzﬁél'&n/«h, as desired. U

https://doi.org/10.1017/nmj.2023.23 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2023.23

176 K. NAKAZATO AND K. SHIMOMOTO

In the situation of Lemma 2.1, complete integral closedness is preserved under ( )..

LEMMA 3.7. Let A— B be a ring extension such that A is completely integrally closed in

B. Suppose that A has an element t such that B is t-torsion-free and A admits a compatible
1 1 1

system of p-power roots {t?" },~o. Then t~ »= A is completely integrally closed in t™ »= B.

Proof. Pick an element ¢ € "7 B which is almost integral over t~7= A. We would
1
like to show that t»*c¢ € A for every k > 0. Since A is completely integrally closed in

1
B, it suffices to check that each t»* ¢ € B is almost integral over A. Now by assumption,
1 1
oo ot P A-c™ is contained in a finitely generated ¢~ 7= A-submodule of ¢~ 7= B. Hence,

7 (O oA ¢™) is contained in a finitely generated A-submodule of B for every k > 0.
Meanwhile, it follows that

iA-(tfkc)” C t7F (iA-&) C t7F <§:tp‘l’°A-c”>.
n=0 n=0 n=0

1
Therefore, t»* ¢ € B is almost integral over A, as desired. U

Next, we consider several types of ring extensions. The following lemmas are mainly used
in §6.
LEMMA 3.8. The following assertions hold:

1. Let R be a Noetherian integrally closed domain with its absolute integral closure R and
assume that A is a ring such that RC A C RY. Then A is integrally closed in Frac(A)
if and only if A is completely integrally closed in Frac(A).

2. Let RC S CT be ring extensions. Assume that R is completely integrally closed in T.
Then R is also completely integrally closed in S.

Proof. (1): The proof is found in the proof of [55, Th. 5.9], whose statement is given only
for Noetherian normal rings of characteristic p > 0. However, the argument there remains
valid for Noetherian normal rings of arbitrary characteristic (see also Proposition 7.1).

(2): For s € S, assume that > -  R-s™ is contained in a finitely generated R-submodule
of S. Then this property remains true when regarded as an R-submodule of 7. So we have
s € R by our assumption. U

LEMMA 3.9. Let A be a normal domain with field of fractions Frac(A) and assume that
Frac(A) < B is an integral extension such that B is reduced. Denote by C := AE the integral
closure of A in B. Then Cy is a normal domain for any prime ideal p of C.

Proof. Notice that B can be written as the filtered colimit of finite integral subextensions
Frac(A) — B’ — B. Without loss of generality, we may assume and do that Frac(A) — B
is a finite integral extension. Since Frac(A) is a field, B is a reduced Artinian ring, so that
we can write B =1I"" , L; with L; being a field. Since A — C' is torsion-free and integral, we
see that Frac(A)®4 C is the total ring of fractions of C, which is just B. In other words, C'
has finitely many minimal prime ideals, because so does B. Then by [61, Tag 030C]|, C is a
finite product of normal domains, which shows that C} is a normal domain for any prime
ideal p C C. O

3.2 Almost regular sequences and the ring of bounded functions
The notion of almost reqular sequences often shows up in the main content of this article.
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DEFINITION 3.10 (Almost regular sequence). Let (A,I) be a basic setup with a sequence
of elements x1,...,x, in A, and let M be an A-module. Then we say that x1,...,x, is an
I-almost regular sequence in M if

b ((3017---,371‘) M $i+1) C(z1,..x)M

for any b€ I and ¢ =0,...,n— 1. In particular, we say that an element x € M is I-almost
reqular if the kernel of the multiplication map M < M is annihilated by I.

First of all, we record the following fundamental lemma.

LEMMA 3.11. Let (A,I) be a basic setup and assume that a,b is an I-almost regular
sequence on A. Let A denote the a-adic completion of A. Then a and b are I-almost reqular
elements of A.

Proof. First, we prove that a is I-almost regular on A. For any k > 0, the multiplication
map A % A induces an I-almost injective map A/(a*) % A/(a**1!). This forms a
commutative diagram:

A/(ak'H) __a__> A/(ak+2)

l |

Af(a*) —2— A/(a"T1).

Taking inverse limits along the vertical directions, respectively, A% Ais I-almost injective.

Next, we prove that b is I-almost regular. Let ¢ € A be such that bt = 0. Then one
obviously has bt € a"A for all n > 0. Since b is I-almost regular on A/(a") = A/(a"), it
follows that et €, a"A =0 for any ¢ € I. 0

ExAMPLE 3.12. We give a counterexample to Lemma 3.11 without almost regularity
condition. Let us consider the subring:

r T

R::Z[p,ﬁ,...] C Qlx].

Then it is clear that R is a domain. However, after taking the p-adic completion }Aﬁ, since
x € p"R, x becomes zero in R. Therefore, p is a regular element in R, while z is not so.

Let A be a ring with elements f,g € A. Then we can consider the ring of bounded functions
defined by a sequence f™,g, denoted by A[f?] as a subring of A[+]. In other words, we define

J;] = (AT]/ (9T — £)) /0.

where a:=J,,.,(0:g™) as an ideal of A[T]|/(gT — f"). In the technical part of this article,
the following problem plays a central role.

Al

PROBLEM 1 (Algebraic formulation of Riemann’s extension problem). Study the ring-
theoretic structure of the intersection

N,

taken inside A[%] .
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In his remarkable article [53], Scholze studied the perfectoid version of Problem 1, with
an application to the construction of Galois representations using torsion classes in the
cohomology of certain symmetric spaces. We need the following fact on the description of
the ring of bounded functions as a Rees algebra. In the case that the relevant sequence is
regular, the proof is found in [61, Tag 0BIQ)].

LEMMA 3.13. Let (A,I) be a basic setup, and let f,g € A be elements such that f,g
forms an I-almost reqular sequence. Then the ring map
f

f]; T =

A[T]/(QT—f)%A[E p

is an I-almost isomorphism.

Proof. 1t suffices to prove that A[T]/(gT — f) is I-almost g-torsion-free. So suppose that

g*ae (9T —f) (3.1)

for some a € A[T] and some k € N. Let € € I be any element. Then we want to show that
ea € (gT — f). Now, we can find b € A[T] such that g*a = (g7 — f)b and write this equation as

bf = g(bT —g"ta). (3.2)

By the almost regularity of f,g on A[T], for any e,, € I, it follows that ¢, (bT —g*~1a) = fc
for some c € A[T]. Substituting this back into (3.2), we have €,,bf = gfc. As f is I-almost
regular, we have €,,€,,b = €,,gc for any €,, € I. Since €,,€,,9" ta = €., €,,bT — €, fc, we
obtain €,,€,,9" ta = €,,c(gT — f). Since €,,,€n, € I are arbitrary and I = I?, we find that
eg*"ta € (gT — f) for any € € I. Arguing inductively on k in view of (3.1), it follows that
ea € (gT — f) for any € € I, as desired. O

We prove a result which compares the ring of bounded functions under completion. This
result will play a crucial role later.

PROPOSITION 3.14. Let the notation and the hypotheses be as in Lemma 5.15. Then
for any n >0, there is an I-almost isomorphism of rings:

=il
A=A

where (/\) is the f-adic completion.

Proof. 1In view of Lemma 3.13, we need to show that the natural map

o —
o —

A[T]/(gT - f) — A[T]/(gT — f) (3.3)

is bijective. It suffices to show that for any n > 0, (3.3) is bijective after dividing out by the
ideal generated by f™ on both sides. So we get

A[T)/(gT - f.f™) — A[T)/(gT - £, f™),

which is isomorphic to
A/(f") @4 AT)/(gT — f) = A/(f") @4 AT}/ (4T~ f).
Since A/(f") = A/(f™), we are done. O
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84. Finite étale extensions of Tate rings

Here, we study some behavior of finite étale extensions of Tate rings under rational
localization.

4.1 Finite étale extensions of preuniform Tate rings

Let us begin with a review on some results in [45] used later. First, we recall a canonical
structure as a Tate ring that is induced on a module-finite algebra over a Tate ring (see
[45, Lem. 2.19 and 2.20] for the next lemma).

LEMMA 4.1. Let A be a Tate ring, and let B be a module-finite A-algebra. Take a ring
of definition Ag C A, a pseudouniformizert € Ag and a finite generating set S of B over A.
Let My C B be the Ag-submodule generated by S. Equip B with the linear topology defined
by {t"Mo}n>o. Then the following assertions hold:

1. The topology on B is independent of the choices of Ag, t and S.
2. B is a Tate ring with the following property:
e for every ring of definition Ag and every pseudouniformizer t € Ag of A, there exists
a ring of definition By of B that is an integral Ag-subalgebra of B with finitely many
generators and t € By is a pseudouniformizer of B.

Next, we recall the definition of (pre)uniformity of Tate rings.

DEFINITION 4.2. Let A be a Tate ring. We say that A is preuniform if A° is a ring of
definition of A. Moreover, we say that A is uniform if A is preuniform and complete and
separated.

Permanence of (pre)uniformity is one of the most remarkable features of finite étale
extensions of Tate rings (see [45, Cor. 4.8(1), (4), and (5)] for the next proposition).

PROPOSITION 4.3. Let A be a preuniform Tate ring. Let f: A — B be a finite étale
ring map. Equip B with the canonical structure as a Tate ring (cf. Lemma 4.1). Then the
following assertions hold:

1. B s also preuniform. In particular, for any ring of definition Ao of A, (Ao)} and (Ao)%
are rings of definition of B.

2. If f is injective, then f~1(B°) = A°.

3. If A is uniform, then so is B.

When one considers separated completion of finite étale extensions of Tate rings, two
types of extension of complete Tate rings appear. The following statement assures that
they are isomorphic under the preuniformity assumption (see [45, Cor. 4.10] for the next
proposition).

PROPOSITION 4.4. Let A be a preuniform Tate ring with a pseudouniformizer t. Let A
be the separated completion of A. Let B be a finite étale A-algebra and denote by B the
finite étale A-algebra B®a A. Equip B and B with the canonical structure as a Tate ring
(cf. Lemma J.1), respectively. Let B° be the t-adic completion of B°. Then the natural
A-algebra homomorphism ¢ : B — BO[%] s an tsomorphism which induces an isomorphism
B° = Be.

In addition, we record a complement to §3.1. Preuniform Tate rings fit into Galois theory
of rings.
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LEMMA 4.5. Let A be a Tate ring, and let A — B be a finite Galois extension with
Galois group G. Equip B with the canonical structure as a Tate ring as in Lemma /.1.
Then the action of G preserves B°. Moreover, if further A is preuniform, then (B°)¢ = A°.

Proof. Let Ag be a ring of definition of A, and let ¢t € Ay be a pseudouniformizer of A.
As in the proof of [45, Lem. 2.20], we can take a ring of definition By of B that is finitely
generated as an Ag-module and satisfies B = By[1]. Pick b€ B° and ¢ € G arbitrarily. Then
there is some [ > 0 such that #'b" € By and, therefore, t'o(b)" € o(By) for every n > 0.
Meanwhile, since o(By) is also finitely generated as an Ag-module, we have t*'o(By) C By
for some I’ > 0. Hence o(b) is also almost integral over By. Thus, the action of G preserves
B°. If further A is preuniform, then we have

(B)Y =B“NB°=ANB°=A°
by Proposition 4.3(2), as wanted. 0

4.2 Rational functions associated with regular sequences
We specialize the above results to study the rings of rational functions associated with
regular sequences.

NOTATION. Let A be Tate ring, (Ao, (t)) a pair of definition of A, and f,g € Ay regular
elements. Then we define a Tate ring A(g) as the Tate ring associated with (Ao[g], (t)) (see

Definition 2.8(2)), and also define A{ 5} as the separated completion of A(g). These Tate
rings are independent of the choice of a pair of definition (Ag, ()).

One can clarify the relationship between A{ 5} and g{g}

LEMMA 4.6. Let A be Tate ring, let (A, (t)) a pair of definition of A, and let f,g € Ay
be reqular elements. Let A be the separated completion of A. Suppose that (f,g) forms a
reqular sequence in Ag. Then A{ﬁ} is the separated completions of A(%).

Proof. For any Ag-algebra B, we let B denote the t-adic completion of B. By definition,
A(g) has a pair of definition (Ao[g],(t)). Moreover, the completion Ao[g} is canonically

o —

isomorphic to :4\0[5] by Proposition 3.14 because (f,g) forms a regular sequence. Since

(Ao[g], (t)) is a pair of definition of A{g}, the assertion follows. 0

Let us inspect topological features of finite étale algebras over the rings of rational
functions.

PROPOSITION 4.7. Let A be a Tate ring, and let (Ao, (t)) be a pair of definition of A. Let

g € Ag be a regular element. Suppose that A(é) is preuniform. Let B’ be a finite étale A[%]—

algebra. Let By be the integral closure of Ay in B’, and let B be the Tate ring associated with

(Bo,(t)). Let B, be the finite étale A(L)-algebra B’ equipped with the canonical structure
t/g g

as a Tate ring (cf. Lemma /J.1). Then the following assertions hold:

!
1. B,

2. Bé/g = B(é) as topological rings. In particular, B(é) is preuniform.

s preuniform.

Proof. By Proposition 4.3(1), B;/g is preuniform, and ((Ao[ﬁ])g,,(t)) is a pair of
definition of B;/g' Moreover, (Bo[é]);, = (Ao[é]);, because By = (Ag)p%,. Thus, we find

https://doi.org/10.1017/nmj.2023.23 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2023.23

A VARIANT OF PERFECTOID ABHYANKAR’S LEMMA AND ALMOST COHEN-MACAULAY ALGEBRAS 181

that Bo[i] is bounded in By, . Hence, it suffices to show that Bo[ﬁ] C B, is open. Note
that B}, = (Ao[£ ]) = (AO)B,[ ] =Bo[~ ;] as rings. By Lemma 4.1(2), one can take a ring
of definition B of B;,, which is module ﬁmte over Ao[é]. Then, since Ao[é] C Bo[ﬁ] and
(Bo[é])[ |= Bg/g as rings, there exists some [ > 0 such that t' B} C Bo[é]. Hence Bo[é] is
open in Bt/g, as desired. U

PROPOSITION 4.8. Keep the notations and assumptions as in Proposition 4.7. Suppose
further that (t,g) forms a regular sequence in Ay and By. Let A and B be the separated
completions of A and B, respectively. Then the following assertions hold:

1. .A{ﬁ} and B{s} are the separated completions of A(ﬁ) and B(é), respectively.

2. A{é} and B{é} are uniform.

3. Set Bi/g = B,®A[é} .A{é}, and equip Bg/g with the canonical structure as a Tate ring that
s module-finite over A{é} (cf. Lemma 4.1). Then we have isomorphisms of topological
rings

t

~ g aply B{;} (4.1)

t/g t/g g

(where Bt/ and B(é) denote the separated completions). In particular, Bz/g is uniform.
Proof. The assertion (1) follows from Lemma 4.6. Thus, since A(;) and B(é) are
preuniform by Proposition 4.7, the assertion (2) follows from [45, Prop. 2.4 (1)]. Let us

prove (3). By the assertion (1) and Proposition 4.3(3), B,

t/g is uniform. Moreover, by

Corollary 4.4, the natural A[%]-algebra homomorphism

— B’°

B, (42)

/
t/g

is an isomorphism which restricts to an isomorphism of rings B} /g = B 9. Since B;5 t/g and
B"; are rings of definitions of 3] t/g and Bj /g respectively, (4.2) gives an isomorphism of
topological rings B; /g = Bt /o' The other isomorphism in (4.1) follows from the assertion

(1) and Proposition 4.7(2). 0

For example, the assumption of regularity in Proposition 4.8 is realized in the following
situation.

LEMMA 4.9. Keep the notations and assumptions as in Proposition J.7. Suppose that
Ap is a normal ring, and there exists a ring map f: R — Ag with the following properties.

1. R is a Noetherian N-2 normal domain.®

2. There exist to € f~1(t) and go € f~1(g) such that the height of the ideal (to,go) C R is 2.
3. fis integral.

4. f(R\{0}) consists of regular elements of Ag.

Then, (t,g) forms a regular sequence on Ay and By.

To prove Lemma 4.9, we need a more fundamental lemma.

6 A domain R is said to be N-2 if for any finite extension of fields Frac(R) C L, the ring extension R C RZ
is module-finite.
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LEMMA 4.10. Let A be a normal ring that is torsion-free and integral over a Noetherian
N-2 normal domain R. Assume that (z,y) is an ideal of R such that the height of (x,y) is
2. Then x,y forms a reqular sequence on A.

Proof. 1If A is the zero ring, then any sequence in A forms a regular sequence. Thus,
we assume that A is not the zero ring below. Notice that then the map R — A is injective
because it is torsion-free and R is a domain.

Since R is a Noetherian normal domain, every associated prime of the quotient ring R/(x)
is minimal by Serre’s normality criterion (see [59, Th. 4.5.3]). Thus, y € R/(x) is a regular
element by the assumption that the height of (z,y) is 2.” That is, z,y is a regular sequence
on R. Let Frac(R) be the field of fractions of R. Then, since R — A is integral and torsion-
free, it follows that Frac(R) ®g A is the total ring of fractions of A. Let Frac(R) — B be a
finite-dimensional subextension of Frac(R) ®r A and denote by R}, be the integral closure
of R in B. Since B is a reduced finite Frac(R)-algebra, it is a finite product of fields. Hence,
R— RE is module-finite and RE is a Noetherian normal ring because R is N-2. We can
write RE = szl R;, where R — R; is module-finite and R; is a normal domain. In this
case, we see that the height of (z,y)R; is 2 for each ¢ and thus, z,y is a regular sequence
on RE. Since A is a normal ring, it can be written as a colimit of such RE. So we conclude
that z,y is regular on A. O

Now, we can deduce Lemma 4.9 easily.

Proof of Lemma /.9. Since Ag is normal, so is AO[%] (= A[é]) Hence, the étale A[%]—
algebra B’ is normal, which implies that By is normal because it is integrally closed in B’.
Since the map A[1] — B’ is flat, it sends any regular element of Ay to a regular element of
By. Thus, since f(R\{0}) C Ag consists of regular elements, the composite map

RL Ay — By (4.3)

defines the structure as a torsion-free integral R-algebra on By. Therefore, we can apply
Lemma 4.10 to deduce the assertion. O

85. A variant of perfectoid Abhyankar’s lemma for almost Witt-perfect rings

Let p > 0 be a prime number. For the sake of reader’s convenience, we recall the definition
of Witt-perfect rings due to Davis and Kedlaya (see [15], [16]).

DEFINITION 5.1 (Witt-perfect ring). For a prime number p > 0, we say that a ring A is
p- Witt-perfect (simply Witt-perfect), if the Witt-Frobenius map F : Wyn (A4) = W ,n—1(A)
is surjective for all n > 2.

The most part of this article will deal with p-torsion-free Witt-perfect rings. Let us recall
the almost version of the Witt-perfect condition as introduced in [45].

DEFINITION 5.2 (Almost Witt-perfect ring). Let A be a p-torsion-free ring with an
element w € A admitting a compatible system of p-power roots @™ € A. Then we say that
1
A is (w)?= -almost Witt-perfect, if the following conditions are satisfied.

1. The Frobenius endomorphism on A/(p) is (w)z’%“—almost surjective.
1

2. For every a € A and every n > 0, there is an element b € A such that b¥ = pwr™a
(mod p?).

" The normality of R is necessary (see [59, Exam. 2.2.6] for an example constructed by Nagata).
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For applications, we often consider the case that w € A is a regular element and A is
(completely) integrally closed in A[%].8 If one takes w = 1, then it is shown that (w)p%"—
almost Witt perfectness coincides with the Witt-perfectness (see [45] for details). Let us
recall the following fact (see [45, Prop. 3.20]).

PROPOSITION 5.3. Let V be a p-adically sepamted D- torsion-free valuation ring, and let
A be a p-torsion-free V[TP |-algebra. Set i =T 1€ A for every n >0 and denote
by V and A the p-adic completions of V and A, respectively. Then the following conditions
are equivalent:

(a) Vis a Witt-perfect valuation ring of rank 1 and A is (w)v%"—almost Witt-perfect and
integrally closed (resp. completely mtegmlly closed) in A[l]

(b) There exist a perfectoid field K and a (w ) -almost perfectoid K (T'» ) algebra A with
the following properties:
e K is a Banach ring associated with (V,(p)), the norm on K is multiplicative and

K°e=V;

e A is a Banach ring associated with (A, (p)) and A is open and integrally closed in A
(resp. A° = A);

e the bounded ring map of Banach rings K(T ) = A is induced by the ring map
V[T?= 7 | = A.

REMARK 5.4.

1. In Proposition 5.3, one is allowed to map T to pg € A, in which case A is a (pg)p%"—
almost Witt-perfect ring for some g € A. We will consider almost Witt-perfect rings of

this type.
2. The advantage of working with (almost) Witt-perfect rings is in the fact that one need
not impose p-adic completeness condition on a ring. Let A := W (k)[[z2,...,z4]] be the

power series algebra over the ring of Witt vectors of a perfect field & of characteristic
p > 0. Then

e\ ([P e
= [ JW(&)[p7] |
n>0
is a Witt-perfect algebra that is an integrally closed domain and integral, faithfully
flat over A. The p-adic completion Zo\o of A is integral perfectoid. While A — Zo\o
remains flat by [63, Th. 1.1], it is not integral. The ring A, will be used essentially in
the construction of almost Cohen—Macaulay algebras later. A similar construction for
complete ramified regular local rings appears in [57, Prop. 4.9].
Another important example of a Witt-perfect ring is given by an arbitrary absolutely
integrally closed domain A, where A is a faithfully flat Z,-algebra. The p-adic completion

—

A is an integral perfectoid algebra over Z, [pp%"’] Indeed, as A is absolutely integrally

closed in its field of fractions, it contains Z. Hence Ais a Z; -algebra.

5.1 Variants of Riemann’s extension theorems
In the context of commutative ring theory, Riemann’s extension theorem often means
a kind of theorem that gives a satisfactory answer to Problem 1 in §3.2. Such a theorem

8 Without the integral closed (or more generally, p-root closed) condition, the kernel of the Frobenius map
on A/(p) can be complicated.
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for perfectoid algebras is a key result to the proof of the Direct Summand Conjecture and
its derived variant (see [2], [9]). In this subsection, we establish two types of decompleted
variant of the perfectoid Riemann’s extension theorem (see Theorems 5.11 and 5.16).

5.1.1. Zariskian Riemann’s extension theorem
We start with recalling the definition of adically Zariskian rings.

DEFINITION 5.5. Let A be ring with an ideal I C A. Then we say that A is I-adically
Zariskian if I is contained in every maximal ideal of A.

Note that Zariskianness is preserved under integral ring maps by [40, Sec. 9 and Lem. 2].
In other words, for an [-adically Zariskian ring A, any integral A-algebra B is I B-adically

Zariskian.
We then introduce an important notion using semivaluations (cf. Definition 2.6). In the
following definition, for a semivaluation |-|, we denote by V]| the valuation ring described

in Definition 2.9.
DEFINITION 5.6. Let D C C' be a ring extension, and let us set
Val(C,D) := {| - ‘ |-| is a semivaluation on C' such that |[D| <1 and V}.| has dimension < 1}/ ~,
where ~ is generated by natural equivalence classes of semivaluations.
Let us prove the following algebraic result.

PROPOSITION 5.7. Let (C,D) be a pair of rings such that C is the localization of D
with respect to some multiplicative set consisting of regular elements. Suppose that D is an
integral extension of a Noetherian ring R. Fix a (possibly empty) subset S C D that consists
of only regular elements. Then one has

D} = {CL’ el ‘ |z| <1 for any |-| € Val(C, D) such that |g| # 0 for every g € S},
where Dg 1s the integral closure of D in C. In particular, Dg does not depend on the choice
of S.

Proof. Since the containment C is clear by the definition of Val(C, D), let us prove the
reverse containment DO. Let y € C be such that |y| <1, where |-| € Val(C, D) satisfies |g| # 0

for every g € S. Let D[%] be the subring of the localization C [%] which is generated by
y~ = % over D.? Consider the ring extension D[%] C C[%] First, suppose that y~! is a unit
in D[%] Then we can write
A -

for a; € D. Then we have 4" —a,_1y" ' —---—ag = 0. Hence y € C is integral over D and
y € D{.

To derive a contradiction, suppose that y~! € D[%] is not a unit. We may assume that y is
not nilpotent. Choose a prime ideal m C D[%] such that y~! €m. Let p C D[%] be a minimal

prime ideal satisfying p C m. On the other hand, R[%] C D[i] is an integral extension and
R[%] is Noetherian by Hilbert’s Basis Theorem.

9 Notice that D[%] is not the localization of D with respect to the multiplicative system {y" }»>0.
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Then, one can find a valuation ring D[%]/p cVc Frac(D[%]/p) such that the center
(the maximal ideal) of V contains y~! and the Krull dimension of V is 1: More concretely,
one can construct V in the following way. Let n := mﬂR[%] and q:=p ﬂR[i]. Then we
have a Noetherian subdomain R[i]/q C Frac(R[%]/q). By [59, Th. 6.3.2 and 6.3.3], there is
a Noetherian valuation ring V; such that R[%]/q cVaC Frac(R[%}/q) and the center of V;,
contains n C R[%] /q. We have the commutative diagram:

Frac(R[3]/a) —— Frac(D[3]/p)

1
Yy

| [

Va — V.

where V is defined as the localization of the integral closure of V;, in Frac(D[%] /p) (this
integral closure is a so-called Priifer domain) at the maximal ideal containing m. So V' is
a valuation ring of Krull dimension 1 and we have the composite map D — D[%] — V. Let
|-|v denote the corresponding valuation. Moreover, S C D consists of regular elements and
C [%] is the localization of D, so the image of elements in S remains regular elements in
C[%] and thus in the subring D[i] As p is a minimal prime ideal of D[%], g ¢ p for every
g € S. So we find that |g|y # 0 and, in particular, this implies that D — D[i] — V extends
to the map C' — C’[%] — Frac(V) and the semivaluation on (C, D) induced by |- |y gives a
point |- | € Val(C, D).

By our assumption, we have |y|c < 1. Since y~! € V is in the center, we know |y~ !¢ < 1.
However, these facts are not compatible with |y|c|y !¢ = |yy~|c =1 and thus, y~1 € D[%]
must be a unit, as desired. U

The above proposition has the following implication: Keep in mind that A* stands for

an open integrally closed subring in a Tate ring A.

COROLLARY 5.8. Let (A, A") be an affinoid Tate ring with a fized pseudouniformizer
t € A" such that A" is t-adically Zariskian and A" is integral over a Noetherian ring. For
a reqular element g € AT, let us set (C,D) := (A[é],A*). Then we have

Dg = {x cC ‘ 2| <1; V¥ |-| € Val(C, D) such that |t] < 1}. (5.1)

Finally, let Val(C,D)<1 be the set of all elements |-| € Val(C,D) for which 0 < [t| < 1.
Then the natural map (A, A*) — (C,D) induces an injection Val(C, D), <1 < Spa(A, AT).

Proof. Keep the notation as in the proof of Proposition 5.7. The point is that one can
choose the valuation domain V so as to satisfy the required property. So assume that
y € A[%] satisfies |y| <1 for all |-| € Val(A[é],A*) and y~! € Aﬂ%] is not a unit. Then
we can find a maximal ideal m C A*[i] such that y~! € m, which gives the surjection
At — A“'[%]/m and let n C AT be its kernel. Then n is a maximal ideal of A*. The element
t € AT is in the Jacobson radical by assumption, so we have ¢ € n. There is a chain of
prime ideals p C m C Aﬂ%] such that p is minimal and ¢,y~! € m. Then, we have the
associated valuation ring (V,|-|y) and the map A*[i] /p — V. It follows from the above
construction that ||y < 1, establishing (5.1). As ¢ maps into the maximal ideal of the rank 1
valuation ring V, it follows from [8, Prop. 7.3.7] that |- |, pulled back to AT gives a point of

Spa(A, AT). Finally, the injectivity of the claimed map is clear from the construction. [
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Corollary 5.8 can be formulated also in terms of adic geometry as in Corollary 5.9,
where the notion of maximal separated quotient plays an essential role. For generalities on
topological spaces and maximal separated quotients, we refer the reader to [19, Chap. 0,
2.3(c)] and [37, Defn. 2.4.8] (see also [42] for the construction and properties of maximal
separated quotients in general topology). A detailed construction of the maximal separated
quotient of an adic space via rank 1 valuations is found in [8, Prop. 7.4.13].

COROLLARY 5.9. Let (A,A") be an affinoid Tate ring, and let (Ao, (t)) be a pair of
definition of A. Let s € Ag be an element such that t € sa:0. Let X = Spa(A,A"), and let
U be the subspace of X:

U := {x eX ‘ |s|z <1 for the maximal generalization T 0f$}.
Suppose that Ag is s-adically Zariskian and integral over a Noetherian ring. Then we have
At =A° = (Ag)} = {a cA ‘ lalx <1 for any z € [U]},
where [U] denotes the maximal separated quotient of U.

Proof. Since we have the containments
(Ag)f c At cA°C {ae A ‘ lal, <1 for any z € [U]}
(the third inclusion holds because |- |, is of rank 1), it suffices to show that
(40)5 ={ac A | lal, <1 for any @ € [U]}. (5.2)

By assumption, there exists g € Ag such that ¢t = sg. Let B be the Tate ring associated with
(Ao, (s)) and BT := (Ap)};. Then we have A= B[], (Ao)} = (BT) |

1 and
g [

@[~

(BY)E, = {beB[é] ‘ Ib| <1 for any || € Val(B] ],B+)M<1} (5.3)

1
(5] g
by Corollary 5.8. Let us deduce (5.2) from (5.3) by constructing a canonical bijection

Val(B[é]vB+)|s|<1 — [U]
Any point |-| € Val(B[%],B*)‘skl satisfies that |a| <1 for any a € Ay and [t| = |sg| < 1.
Thus, since |- | is of rank 1, |-| gives a continuous semivaluation on A such that |A°| < 1.
Hence, we have a canonical injection

Val(B[é]aB+)\s\<l - [U] (5'4)
Moreover, BT C AT, and |s|, # 0 for every z € [U] because s € A is invertible. Hence (5.4)
is also surjective, as desired. O

Indeed, the following immediate corollary is already documented in a treatise on rigid
geometry.

COROLLARY 5.10 (Compare [19, II, Th. 8.1.11 and 8.2.19]). Let A be a complete and
separated Tate ring. Suppose that A has a ring of definition Agy that is Noetherian. Set
X =Spa(4,(Ao)}). Then we have

(Ag)fi ={ac Al lal. <1 for any z € [X]}.
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Let us discuss an application of the above results. Let A be a ring with regular elements
t,g. For every j > 0, we let A7 denote the Tate ring associated with (A[%],(t)). Then
the set of A-algebras {A7};~¢ naturally forms an inverse system, where 477! — A7 is the

isomorphism A[tjgﬂ][%] — A[%][%] defined by the rule

— =t — (5.5)

and compatible with the isomorphisms A[%][%] — A[%] (j >0). Then A7T! — AJ is a
continuous ring map between Tate rings, so that it induces A7+1° — AJ°. There is the

following commutative diagram:

A —— ATt

H |

A —— A°,
Now, we can prove the following type of extension theorem, which is fitting into the
framework of Zariskian geometry (see [60] for more details).

THEOREM 5.11 (Zariskian Riemann’s extension theorem). Let A be a ring with a regular
element t that is t-adically Zariskian and integral over a Noetherian ring. Let g € A be a
reqular element. Let A7 be the Tate ring associated with (A[%], (t)) for every integer j > 0.
Then we have an isomorphism of rings

At S lim A7,

Al 5

<

Proof. By assumption, we have a canonical ring isomorphism ¢; : A[%] =, AJ for each

X[%} — AJ°. Then {¢;};>0
g

and {goj }j>o0 induce the commutative diagram of ring maps:

J > 0. By restricting ¢; to A , we obtain the ring map gp}' : Al‘

(%]

At i : Ade
E— !IHL
A[%} 7>0

l l (5.6)

A[%] %) 1'£IJ‘>0 A,

where ¢ is an isomorphism and the vertical maps are injective. Thus, it suffices to prove

that (5.6) is Cartesian. Pick ¢ € A[%] such that ¢;(c) € A7° for every j > 0. Let us show that

¢ lies in AX[ 1 by applying Corollary 5.9. For this, we consider the (tg)-adic topology: let
tg

A(tg) be the Tate ring associated with (A, (tg)) (notice that each A7 is also the Tate ring

associated with (A[%j},(tg))). Let X(i) = Spa(A(tg),Ajg(tg)), X; = Spa(A?, A7°) for each
j >0, and let U be the subspace

U= {x € X(tg) ’ |t|z <1 for the maximal generalization Z of a:}

of X(tg). Then the underlying ring of A, is equal to A[%], and we have

Aj(tg) - {a € Atg) ’ la| <1 for all z € [U]}
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by Corollary 5.9. On the other hand, since
AJ° = {a €A ‘ lal; <1 for all z; € [Xj]}

by Proposition 7.1, we have |p;(c)|,; <1 for all j >0 and all z; € [X;]. Now, since @; gives a
continuous map (A(tg),A:“g)) — (A7, A7°), (5.6) 1'nduces the continuous map hﬂpo[Xj] —
[X(tg)], which factors through [U] because t € A7 is topologically nilpotent. Thus, we are
reduced to showing that the resulting map f : hﬂp O[X ;] = [U] is surjective.

Pick z € [U] and let |- |, : Ag) = R be a corresponding semivaluation. Let us find
some jg > 0 such that the composite

|l o + A7 = Aqrg) — Rxo
gives a point z;, € [Xj,] for which f([z;,]) = . Since [t|, <1 and ||, is of rank 1, there
exists some jo > 0 such that |t]70|m < 1. Then we have \A[t%”m <1 because |A|, <1and ||,

is of rank 1. Thus, since any a € A7°° is almost integral over A[%] and | -|, is of rank 1, we
have |A70°|, ;. < 1. Hence |- |, j, gives the desired point z;, € [X,,]. 0

5.1.2. Witt-perfect Riemann’s extension theorem

Next, we shall investigate the Riemann’s extension problem in the context of
Witt-perfect rings by transporting the situation to the case of perfectoid algebras, in
which case, Riemann’s extension theorem has been studied by André, Bhatt, and Scholze
and known to experts. Let us start setting up some notation.

NOTATION. Fix a prime number p > 0 and a p-torsion-free ring A that admits a
1
compatible system of p-power roots g»™ € A for a regular element g € A for n > 0. Moreover,
assume the following premises:

1. Ais an algebra over a p-adically separated p-torsion-free Witt-perfect valuation domain
1
V of rank 1 such that p»™ € V for n > 0.
1
2. Ais a (pg)?™ -almost Witt-perfect ring and A is completely integrally closed in A[%].
3. (p,g) is a (p)r%‘o—almost regular sequence on A (while retaining that p,g are regular
elements).

In this situation, we use the following notation.

—

DEFINITION 5.12. Let B be a pg-torsion-free A-algebra, and let () denote the p-adic

completion.

1. We define K := ‘7[%] and equip it with the norm ||- ||‘77(p)7p in the sense of [45, Defn.
2.26].

2. We define B := E[%] and equip it with the norm ||- \|§7(p)7p in the sense of [45, Defn.
2.26].

3. For every j >0, we define B’ as the Tate ring associated with (B[%], (p)) (cf. Definition
2.8(2)).

4. Let C be a Banach A-algebra, and let ||-||¢ be the norm on it. Put
Co:={ceC|||c|]le <1}.
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/\

For every j > 0, we define C/ = CO[ ][f] and equip it with the norm |- HC/[\]] " in
2l.().p
the sense of [45, Defn. 2.26]. In particular, B is the Banach ring B[%][ | equipped with

the norm || - ||/7
BIZ1(p)p

Here, we should list several remarks.
REMARK 5.13. The notations are as above.

1. By Proposition 5.3 (and its proof), K is a perfectoid field and A is a (pg) = -almost
perfectoid algebra over K.

2. Tt follows from Lemma 3.11 that g€ Ais a (p )%"-almost regular element.

3. The natural map A% < A° is a (pg)7 % _almost isomorphism, where A" denotes the
untilt of the tilt of A and A" is a perfectoid K-algebra in view of [1, Prop. 3.5.4].

4. Bis a Banach A-algebra. Moreover, B’ is a Banach B-algebra that is viewed as a ring
of analytic functions on the rational subset {z € X ’ Ip/| < lg(z)|} of X :=Spa(B,B°)
(cf. [32, Prop. 1.3 and 1.6]).

5. Equip the polynomial ring B[T] with the Gauss norm (cf. [36, Defn. 1.6]), and consider
the completion B(T) of it. Let (¢7"—p’)~ denote the closure of the ideal (g7 —p’) in
B(T). Then B’ can be identified with B(T)/(gT —p’)~ as a ring, and the norm on B’
is equivalent to the quotient norm on B(T")/(gT —p’)~

The most important case is when B = A. Let us investigate several properties of AJ
and A7. First, we describe the relationship of them.

LEMMA 5.14. In the situation of Definition 5.12, the following assertions hold for every
7 >0.

1. The natural A-algebra map:

AE)*] = L)) o

(where the completions are p-adic) is a (p)P%”—almost isomorphism.
2. Let AJ be the separated completion of A7. Applying the functor ( )®4 A[%] to (5.7) yields
an isomorphism of topological rings:

A2 A0,
3. Let v; denote the composite map A[i] — AV — AP =5 A, Then we have the following
identification of rings:
1

Aj":A[p—g]xAjAj":{aeA ]q/}j EAJ"} (5.8)

Proof. (1): By assumption, (p,g) is a (p)z%"’—almost regular sequence on A. Hence, by

o1 ~ L1
Proposition 3.14, the natural map A[(%) ] = A[(%) "isa (p)p%"—almost isomorphism
for every n > 0. Moreover, we have the following commutative diagram:
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Al 0 A=),

The vertical maps become isomorphisms after applying () ®4 A/p™A. Hence, they become
isomorphisms after p-adic completion. Hence, by Lemma 2.3, the lower map (5.7) is also a

(p) 7 _almost isomorphism.
J

(2): Since pgA[(%j)’%”] C A[%] and p/*! = %j-pg, we have pj"'lA[(p—j)”%o] c A[%"],
Similarly, pjﬂﬁ[(%j)’%”] C A[%?]. Hence, by [45, Lem. 2.5], the ring maps A[%]

— /\
—

1 -~ : -~ N S
[(p—) ] and A[%] — A[(%) p°°] are injective, and their cokernels are annihilated by
p?T1. In particular, they become isomorphisms after inverting p. Hence, one can regard

—

A[(%j) 1’%'0] and X[(%) »*] as rings of definition of Aj and A7 , Tespectively.

Since (5.7) is (p)P%"’—almost bijective, it becomes an isomorphism after inverting p. Thus,
applying the functor ( ) ®4 A[%] to (5.7) yields a canonical isomorphism of rings

AT A (5.9)
which restricts to (5.7). Moreover, (5.7) is a (p)ﬂ%"—almos‘c surjective embedding from a ring

— , i L
of definition of A7 into that of A’. In particular, p(A[(%) ?>1) is contained in the image of

—
1

A[(%)”T’] via (5.9). Therefore, (5.9) is also a homeomorphism, as desired.

(3): Since A7 = A[%] as rings, this assertion immediately follows from the assertion (2)
and Corollary 3.2. O

Next, we discuss preuniformity (resp. uniformity) of A7 (resp. A%).

PROPOSITION 5.15. In the situation of Definition 5.12, the following assertions hold
for every 5 > 0.

1. A7 is a perfectoid K-algebra. In particular, A’ is uniform.
2. There is an A[%]—algebm homomorphism:

A[(pg])pé"] =, Aie (5.10)
that is (p)P%—almost bijective.
3. The inclusion map:
J 1 )
A[(%)Fw} s AT° (5.11)

s a (p)P%"’-almofst isomorphism. In particular, A7 is preuniform.
4. There is an A[%]]—algebm isomorphism:

/\

N

Moreover, A’° is Witt-perfect.
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Proof. (1): Let A" denote the untilt of the tilt of .A. Then A% is a perfectoid K-algebra in
view of [1, Prop. 3.5.4]. Since the natural map A% < A° is a (pg)z%"’—almost isomorphism,
the induced map Aho[%j] — Ao[%j] is a (p)P%O—almost isomorphism. Therefore, the induced
map A“O[%j] — AO[%] is also a (p)r%’"—almost isomorphism by Lemma 2.3. Hence, inverting
p yields an isomorphism of topological rings (A%)7 — A7. On the other hand, (A%)7 is a
perfectoid K-algebra by [52, Th. 6.3 (ii)]. Thus, A’ is a perfectoid K-algebra.

(2): By the above, (A%)J — A7 restricts to an isomorphism of rings (Af)7° =s A°.

Moreover, A% < A° induces the (p)z%"’—almost isomorphism A% [(%) ’%”] = Ae [(%) ’%’o]

by Lemma 2.3, and A° = A. Thus, we have the following commutative diagram:

A [(2)7] Z A[(2)7]
(AR)Io —= Ad°,

where the left vertical map is a (p)z%'o—almost isomorphism in view of Scholze’s result [52,
Lem. 6.4]. Hence, the right vertical map:

—
1

~ o pI L .
A[(%) =] 25 400 (5.12)
is a (p)r%"’—almost isomorphism. By considering the composition of (5.7) and (5.12), we

obtain the desired (p)z%”—almost isomorphism

A[(pg])zf} =, Al (5.13)
(3): First recall that A7 = A[(%)P%"’][%] as rings (see t/h_e\proof of Lemma 5.14(2)).
By Lemma 3.1, we have A[(%j)?%] =ATx — A[(%j)"%"]. Moreover, the (p)p%“’—

A[(2)7

L ~
almost isomorphism (5.13) extends to an isomorphism of rings A[(%) ] [%] — A’. Hence,

we have A[(%)’%"’] = A[é] X A A[(%j)’%”]. On the other hand, by Lemma 5.14(3), A7° =
A[L

E] X 45 AJ°. By construction, the diagram of rings:

Al(F) )

is commutative. Thus, the ring map

A[plg] x40 A[(pgj)p&} —>A[plg] X 45 AT° (5.14)
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induced by (5.13) is isomorphic to A[(%)’%”] s AJ°. Moreover, by Lemma 2.2, (5.14)
is a (p)r%“—almost isomorphism. Hence, the first assertion follows. In particular, we have
pIT2ATe ijJrlA[(%j)’%”] C A[%j]. Therefore, A7 is preuniform.

(4): Since A’ is preuniform, one can apply [4i£rop. 2.4 (1)-(b)] to the inclusion map

A[%j] < A’° and deduce that the induced map A[%j] 5 AJ° extends to an isomorphism of

rings

(A3)° =5 Ase. (5.15)
On the other hand, Lemma 5.14(2) allows us to extend (5.7) to a ring isomorphism:

(A3)° =5 A0°. (5.16)

By composing the inverse map of (5.15) and (5.16), we obtain the desired isomorphism.
In particular, A7°/(p) = A7°/(p) and A7°/(p*) = A7°/(p?). Since A’ is perfectoid, A7° is
Witt-perfect by Proposition 5.3. Hence A7° is also Witt-perfect. O

The set of A-algebras {A7};-( forms an inverse system, where A7T! — A7 is the natural
inclusion defined by
J+1 j
AR & (5.17)
g g

Then A’T! — A’ is a continuous map between Banach K-algebras, so that it induces
Aitle — AJ°. Recall that we already defined an inverse system {47}~ in a similar
way (see (5.5)). After the preparations we have made above, we will establish Witt-
perfect Riemann’s Extension Theorem (see Theorem 5.16). Notice that it is independent of
Zariskian Riemann’s extension theorem (Theorem 5.11).

THEOREM 5.16 (Witt-perfect Riemann’s extension theorem). Let A be a p-torsion-free
algebra over a p-adically separated p-torsion-free Witt-perfect valuation domain V of rank
1 admitting a compatible system of p-power roots pz%" €V, together with a regular element
g € A admitting a compatible system of p-power roots gz%” € A. Denote by () the p-adic
completion and suppose that the following conditions hold:

1. Aisa (pg)r%""—almost Witt-perfect ring and A is completely integrally closed in A[%].
2. (p,g) is a (p)P%"’—almost reqular sequence on A (which merely says that g is a (p)v%—
almost regular element on A/(p)).
Then the following assertions hold:
(a) We have the following identification of rings:

jo 1 - 40
](.ILIIA] = A[f] X.A[%] g P> A°. (518)

whose cokernel is (g)P%—almost zero.
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Proof. (a): By Lemma 5.14(3), we have canonical isomorphisms:

47 o (Al A7) AL g A

3>0 7>0 3>0

On the other hand, it follows from Riemann’s extension theorem for (almost) perfectoid
K-algebras [1, théoreme 4.2.2] (see Theorem 8.1 for the detailed proof) that there is an
A°-algebra isomorphism:

gfz%”AoileAjo. (5.19)
7>0
Moreover, we have the commutative diagram of rings:

1

A g = A°

\%

D

A[L] (977 A°)[L]

x /

i J

1£1]>0‘A ’
where o and § are the unique maps induced by the universal property of localization. Since
the composite map g~ 7~ A° — mpo AI° — 1£1j>0 A7 is injective, 3 is also injective. Thus,
we have

. 1 p = —_— 1 P .
LN % o oA I pg’ o 7 a2 Y

Since (g_P%’OAO)[%] = A[é], the assertion follows.

: Since the natural maps A — A7° (j > 0) are compatible wi e inverse system
b): Si th tural A — AI° 0 tibl th th t
{A7°} <0, one can define a canonical structures as an A-algebra on each one of the rings

LAJO ((LAJ )/(p ”)) and lim A7° = lim Jim (47°/(p")). (5.20)

n>0 7>0 7>0 7>0n>0
For a fixed n > 0, consider the exact sequence of inverse systems of A-algebras: 0 —
{A7°} 0 r, {A7°} ;50— {A7°/(p™)};>0 — 0. Then this induces an injective ring map

(Lm A7) /(p™) = Lim (47°/(p")). (5.21)

7>0 7>0
In view of (5.20), taking the inverse limit with respect to n > 0 yields the composite ring

map

o)

lim A7° < Lim lim (A7°/(p")) > lim A7°, (5.22)

7>0 n>05>0 3>0
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which gives an injective A-algebra map. Now, we want to prove that (5.22) is (g)P%"’—almost
surjective. Note that the map A — 1'&1],> 0 Aj° extends to A — @1» 0 AJ° by the universality
of completion (see [19, Prop. 7.1.9]). Hence, (5.22) yields the composite map of A-algebras

A — LA]O 22) LAJO (5.23)
7>0 7>0

On the other hand, by the universality of completion again, we have the commutative
squares:

A—s AT
A aio

(j > 0) of which the bottom arrows are compatible with the inverse system {ZJ\O }j>o0. Hence,
we obtain an A-algebra map

A lim A7, (5.24)

720
which extends to the isomorphism (5.19) as described in the proof of Theorem 8.1. In
particular, (5.24) is (g)z%"’—almost surjective. Here, since ylnp OAj ° is p-adically separated,
an extension of the map A — I'me OZj\O along the completion A — Ais unique. Therefore,

(5.23) is identified with (5.24). Thus, we conclude that (5.23) and hence (5.22) are (g)P%”—
almost surjective. This completes the proof of the assertion.

By combining Theorem 5.16 with Theorem 5.11, we obtain the following corollary.

COROLLARY 5.17. Keep the notations and the hypotheses as in Theorem 5.16. Suppose
further that A is p-adically Zariskian and integral over a Noetherian ring. Then we have
the equality:

Afyy= {:ceA )1/} egp.Ao} (5.25)

where 1) : A[i] — A[l] is the natural map.

Proof. By Theorems 5.11 and 5.16(a), we have the commutative diagram of rings:

Ay b, AT A gy g A
AC Alpg):

where 71 is the projection map. Since m; is injective and Im(m;) = {z € A[é] V() €
g_p%’o_Ao}, the assertion follows. g

DISCUSSION 5.18. Here is an alternative way to deduce Corollary 5.17. Since AJ°
is completely integrally closed in AJO[ ], it follows that the right-hand side of (5 19)

is completely integrally closed after inverting pg by Lemma 3.6. This implies that ¢ —5 e
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is completely integrally closed after invertin .Thus, AT is contained in the right-hand
p y grally gpg » Ay g

[55]
side of (5.25), and it remains to prove the other inclusion. Note that A — g_z%"’A is almost

integral and A C g_r%"’A C AX[L] by Proposition 7.1. So Corollary 5.8 gives us
rg

Ay ={wec |l <1 v | e VAl D)) (5.26)

(551
by setting (C, D) := (g_l%“’A[i]vg_z%”A), where (g_z%“A)[%] is equipped with the canonical
structure as a Tate ring by declaring that gfz%”A is a ring of definition and the topology
is p-adic. A result of Huber [31, Prop. 3.9] asserts that'"

Val(C, D)jp<1 = Spa ((9‘?3"’14)[;]79_?‘1”14)
= Spa ((9_1%“ A)[;],Q_Pé"ﬁ) = Spa ((g_Pé"AO)[;],g_P}"’AO),

which shows that any |-| € Val(C, D) <1 extends to an element |-| € Spa ((gfl%"’flo)[%],
g_I%”AO> for which we know |z| <1 for x € g~ 7= A°. This fact combined with (5.26) yields
the following:
Ao f A=) | d(z) e g a0 C | |2l <1; V|| € Val(C,D — At
AlL) T e [p—g]‘w(x)eg P }C{xe ‘\x|7 ; V|| € Val(C, )\p\<1}— A[LD
so that (5.25) has been proved.
REMARK 5.19.

1. Witt-perfect rings are almost never Noetherian and thus, it is natural to ask whether
such algebras could be integral over a Noetherian ring. One way for constructing such
an algebra over a Noetherian normal domain R is to take the maximal étale extension of
R. The details are found in [58] and [56]. We will apply this method to construct almost
Cohen—Macaulay algebras in §6.

2. As we have seen so far, almost Witt-perfect rings play a central role. So the next question
naturally arises in view of the Scholze’s crucial result that the structure presheaf of a
perfectoid space is indeed a sheaf. Let (4, A") be an affinoid Tate ring such that A™ is
almost Witt-perfect and completely integrally closed in A. Then is the pair (A, A™T)
sheafy, or is it stably uniform? Some relevant results are found in the articles [12]
and [41].

5.2 Witt-perfect Abhyankar’s lemma
Now, we are prepared to prove the main result, which is a variant of André’s Perfectoid
Abhyankar’s Lemma. Here is the statement of the above main theorem.

THEOREM 5.20 (Witt-perfect Abhyankar’s lemma). Let A be a p-torsion-free algebra
over a p-adically separated p-torsion-free Witt-perfect valuation domain V of rank 1
admitting a compatible system of p-power roots pz%“ €V, together with a regular element
g € A admitting a compatible system of p-power roots gl%" € A. Suppose that the following
conditions hold:

10" Notice that (g_P%"A)[%} may differ from g_P%"”(A[%]). But the former is contained in the latter and
Lemma 3.7 applies to claim that g_P%"A is an integrally closed subring of (g_z%“’A)[%].
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1. A is a p-adically Zariskian and normal ring.
2. Aisa (pg)p%"—almost Witt-perfect ring.
3. A is torsion-free and integral over a Noetherian normal domain R such that g € R and
the height of the ideal (p,g) C R is 2.
Let A[ ] — B’ be a finite étale extension. Denote by B := (g~ ‘I”A)g the integral

closure of g~ 7 A in B'. Then the following statements hold:

(a) The Frobenius endomorphism Frob: B/(p) — B/(p) is (pg) -almost surjective
and it induces an injection B/(p%) — B/(p).

(b) The induced map A/(p™) — B/(p™) is (pg)»>= = _almost finite étale for all m > 0.

We first prove the following preliminary result, which substantially contains the assertion
(a) of the theorem.

PROPOSITION 5.21. Keep the notation and the assumption as in Theorem 5.20. Then
the following assertions hold:

1. B is the integral closure of A in B'.
2. For every j > 0, the following assertions hold (see Definition 5.12 for the notation).
(a) FEquip B’ with the canonical structure as a Tate ring that is module-finite over
A7 (as in Lemma 4.1). Then B’ = BJ as topological rings. In particular, the ring
extension A[ ] — B’ is identified with a continuous ring map

Al Bi. (5.27)

(b) Equip B/®A[ﬁ] A7 with the canonical structure as a Tate ring that is module-finite
over A7, Then B’ ®A[i] Al = BJ as topological rings.
(c) B is a perfectoid K-algebra.
(d) The restriction A7° — BI° of (5.27) is integral. Moreover, it is (p)z%"-almost finite
étale, and BI° is a Witt-perfect V-algebra.
3. The natural ring map B — l’glj>O BI° (cf. (5.5)) is an isomorphism.
4. The following assertions hold. In particular, B satisfies the assumptions in Theorem
5.11 (with t =p), Proposition 5.15, and Theorem 5.16.
(a) B is p-adically Zariskian and integral over a Noetherian ring.
(b) (p,g) is a regular sequence on B.
(¢) Bis completely integrally closed in B[ ik
(d) Bisa (pg) -almost Wztt perfect ring.
5. The p-adic completion Lj Bi° is integral (pg) -almost perfectoid.”’

Proof of Proposition 5.21. (1): Since A is normal and integral over a Noetherian ring,
it is completely integrally closed in A[%] in view of Proposition 7.1. Hence A = g_z%"’A by
Corollary 3.5. Thus the assertion follows.

(2): By Proposition 5.15, A7 is preuniform. Hence the assertion (a) follows from
Proposition 4.7. In view of Proposition 4.8, to deduce the assertion (b), it suffices to show

11 Gince A= gfz%"’A (cf. the proof of (1)) and A is (pg) -almost Witt-perfect by assumption, the p-adic

completion g_z%‘“A is an integral (pg)»= 7= _almost perfectoid ring. In [1, Quest. 3.5.1], a question is raised
1 -~
as to whether g~ »= A is integral perfectoid in the case when A is actually Witt-perfect.
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that (p?,g) forms a regular sequence on A and B. Since A is p-torsion-free and p-adically
Zariskian, any prime number in A is a regular element. Thus, if the generic characteristic
of R is positive, then the R-algebra A and the A-algebra B are the zero rings, where (p’,g)
forms a regular sequence. If the generic characteristic of R is 0, then R is N-2 by [18,
Th. 4.6.10], and hence the assertion follows from Lemma 4.9, as desired. The assertion (c)
follows from the assertion (b) and [52, Th. 7.9]. Finally, let us prove the assertion (d). By

assumptlon A[ '] and B [%] are integral over a Noetherian ring. Moreover, the ring map

AlE '] — B[E- "] is integral. Hence, by Proposition 7.1,

o= (), = (42, = (4. ), =0

Therefore, the first assertion follows. Thus, the second assertion follows from the almost
purity theorem for Witt-perfect rings [15, Th. 5.2] or [16, Th. 2.9] (see [45, Th. 5.9] for a
conceptual proof).

(3): Since B is integral over A and p € A is contained in the Jacobson radical, it is also
contained in the Jacobson radical of B. Moreover, B is integral over a Noetherian normal
domain R, and integrally closed in B [i]. Hence, we can apply Theorem 5.11 to B and
obtain the assertion.

(4): The assertions (a) and (b) have already been proved above. Since B is integrally
closed in B [é], the assertion (c) follows from Proposition 7.1. Let us show the assertion
(d). To prove the almost Witt-perfectness, it suffices to check that the condition (1) in
Definition 5.2 is satisfied because B contains p%. By applying [1, Prop. 4.4.1] (see Corollary
8.2 for a self-contained proof), for any fixed r = ﬂ
isomorphism:

with n € N, we get a (pg)?»™ -almost

lim' (B°/(p")) ~0. (5.28)

J

After applymg L to the standard short exact sequence 0 — B7°/ (P » ) — Bi°/(p) —
BJO/(pP) — 0, the following (pg) > -almost surjection follows from (5.28):

lim (B7°/(p)) — lim (B (p?)). (5.20)

J

By Witt-perfectness of B/°, the Frobenius isomorphism B7°/ (p%) =~ BJ°/(p) yields a short

exact sequence: 0 — Bjo/(p%) — BI°/(p) —= RALN B7°/(p) — 0. Then again by (5.28), we get
Jim (B’°/(p)) Lrob, Jm (B’°/(p)) is (pg) > -almost surjective. (5.30)
J J

Consider the commutative diagram

Frob

lm (B7/(p) % Y (B7/(p))

I I

(lim, B7°)/(p) = (lim, B”)/(p).
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It suffices to show that in view of (5.30) that

(@Bjo)/(p) — 1&1 (B’°/(p)) is a (pg)P%"-almost isomorphism. (5.31)

By taking the inverse limits over j to the short exact sequence: 0 — Bi° £ Bio — Bi° /
(p) — 0, we see that the map in (5.31) is injective. On the other hand, the above map is
(pg)i%“’—almost surjective by applying the almost surjectivity of (5.29) to [1, Prop. 4.3.1
and remarque 4.3.1], which shows that the Frobenius endomorphism on (l&l] B7°)/(p) is

(pg)P%"—almost surjective. Hence, by the assertion (3), we obtain the desired consequence.
(5): It follows from the assertions (3) and (4). 0

Let us complete the proof of Theorem 5.20.

Proof of Theorem 5.20. The assertion (a) follows from the assertions (c¢) and (d) of
Proposition 5.21(4). Let us prove the assertion (b). We fix the notation as in Proposition
5.21. Let us make a reduction by using Galois theory of rings. By decomposing A into the
direct product of rings, we may assume and do that A[é] — B’ is finite étale of constant
rank (indeed, one can check the conditions (1)—(4) remain to hold for each direct factor of
the ring A). By Lemma 9.4 applied to the finite étale extension A[i] — B' = B[i], there
is the decomposition

1 1
Al—]—= B'=B[—] = (', (5.32)

bg bg
where A[i] — C" and B' = B[i] — C" are Galois coverings. Let G be the Galois group for
A[%] — C" and let H C G be the Galois subgroup for B’ — C’. Notice that G is finite. Let

C be the integral closure of A in C’. Notice that one can apply Proposition 5.21 to A and
C by taking B’ = A[%] and B’ = C’, respectively (cf. Proposition 5.21(1)). We will use the
consequences of this fact without explicit mention in what follows.

In view of (5.5) and Proposition 5.21(2)-(a), we obtain the following commutative
diagram:

A —— Aitle s pitle B/

H l l H

A —— Ajo — Bjo — B
Taking inverse limits, we have composite map of rings:

Aggzzl'&nAjoﬁE::@lBjo—)B/, (5.33)
J J

where the first isomorphism is due to Theorem 5.11. Similarly, we obtain the compositions
of ring maps:

L1 o /
A—C:=1lmC7° = C". (5.34)

J

A

I

By Proposition 5.21(3), we find that (5.33) and (5.34) are isomorphic to the integral maps
A — B and A — C, respectively. Following the convention in Definition 5.12, we set

1 ~ 1

—] and C :=C[-].

B::B\[
p p
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Our goal is the following:

e Recall that A[é] — (" is a G-Galois covering and B’ = B[i] — C" is a H-Galois covering.
Fix an integer m > 0. Then we will establish that A/(p™) — C/(p™) is a (pg)z%”—almost
G-Galois covering, and B/(p™) — C/(p™) is a (pg)p%—almost H-Galois covering. Using
these facts combined with Proposition 9.3(3), we deduce that A/(p™) — B/(p™) is
(pg)P%"’—almost finite étale. As we can treat A — C and B — C in a complete parallel
manner in view of Proposition 5.21, we consider only the case A — C in what follows.
We use the notation A — C' and A — C' interchangeably.

As A[é] — (" is a G-Galois covering, so is A7 — C7 in view of [18, Lem. 12.2.7]. Let Ci°
be the p-adic completion of C7°. Since C’jo[%] = (', there is a natural A4’-algebra map
1

p]. (5.35)

Cj = C,®A[ﬁ] .Aj — Cjo[
Since Ai° = AJ° by Proposition 5.15(4), the map (5.35) is an isomorphism, which induces
Ci° = C7° in view of [45, Cor. 4.10]. Thus, G acts on CJ° and

(C30)C = (€7°)¢ = Ad° (5.36)

by applying Lemma 4.5 or Discussion 5.22(1). In particular, A° — Ci° is an integral
extension. In summary,

. — 1 : .o —1
A — CI° = (CI° is (p)»>= -almost étale and A? — C7 = CI°[—

| is a G-Galois covering.
p

(5.37)

To finish the proof, let us apply the proof of [1, Prop. 5.2.3] via Galois theory of
commutative rings to (5.37). We refer the reader to [1, (5.6)—(5.10) of Prop. 5.2.3] for
the following discussions.

After invoking the notation (5.33) and (5.34), there follows the following (g)v%"’—almost
isomorphisms by applying Theorem 5.16(b) to A7 (resp. CV):

~

Ar A° (resp. C ~C°). (5.38)

Indeed, this is checked by a chain of almost isomorphisms:

~

g§@°%l‘&nzj\ogg_p%floz,4°.
j J

Here, the first isomorphism is the p-adic completion of the isomorphism from Theorem 5.11,
and the last second isomorphism is due to Riemann’s extension theorem [1, théoréme 4.2.2]

(see Theorem 8.1 for a self-contained proof). The same reasoning applies to deduce C ~Co.
In view of (5.37) and applying [1, Prop. 3.3.4], the ring map

CI°® 450C7° — [ [ €7° defined by b ¥ - (v(b)V) (5.39)

G

veG
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isa (p)P%”—almost isomorphism, where the completed tensor product is p-adic. By [1, Prop.
4.4.4], we have C{%} =~ (J and C is an A-algebra. Using this, we obtain

N J PR ) - ) - ) j j . )
(C®AC){%} ZCRACRpAT = (C@AA]) @i (C®AA]) %’C{pgj}@);\j C{ZZ} 207 @45 C.

By Riemann’s extension theorem [1, théoreme 4.2.2] (see also Theorem 8.1) and by [1, Prop.
3.3.4], we have (pg)?*= -almost isomorphisms:

. e

S o F
lim (C7°® 4,0C7°) ~ lim (€7 ® 45 €7)° 2 1im (CBAC) {Z-1° & (CBAC)® & COB 4o C°.  (5.40)
%( )~ J ( )’ %( ) ; ( )

Putting (5.39) and (5.40) together, we obtain the following (pg)z%’"—almost isomorphism:

coBa-Co~]]ce. (5.41)
G

By Discussion 5.22(2), we know that A°/(p™) — (CO/(pm))G is a (pg)r~ * _almost
isomorphism for any m > 0. So this fact combined with the (g )%"-almost isomorphisms
(5.38) and (5.41) modulo p™ yields that the induced map: A/(p™) = C/(p™) is a (pg)ﬁ%"’—
almost G-Galois covering. This map factors as A/(p™) = B/(p™) — C/(p™). It then follows

from Proposition 9.3(3) that A/(p™) — B/(p™) is (pg)z%“—almost finite étale, as desired.
This completes the proof of the theorem. U

Di1SCcUSSION 5.22.

1. Here is a way to check the isomorphism: (C°)% =2 A7° that appears in (5.36). Since
inverse limits commutes with taking G-invariants and A’° = AJ° by Proposition 5.15,

we have
(C7%)% = (1m 9/ (™))% = Jim (€7°/(p™)) m im ((C7°)% /(p™)) = Lim A7/ (p™) = AT°,

(5.42)

where ~ in the middle denotes a (p)r%‘"—almost isomorphism and we reason this

as follows: Consider the short exact sequence 0 — (C7° LNYGTERN CI°/(p™) — 0.
Applying the Galois cohomology H'(G, ) to this exact sequence, we get an injection
(CI°)E [ (p™) — (C’jo/(pm))G whose cokernel embeds into H!(G,C7°). By applying [17
Th. 2.4] or [46, Prop. 3.4], H'(G, C’JO) is (p ) = -almost zero. Hence (5. 42) is proved C’JO
is completely integrally closed in CY O[ | by Lemma 3.3. Then we have Cio P o (Cﬂ °)

and p~ Ead (AJ°) =2 A’° by Lemma 3.5. Since the functor p —p () commutes with taking
G-invariants, (5.42) yields an (honest) isomorphism:

(Cio)% = (p~7= (C7°))C 2 p™ 7= ((C9°)9) = p™ 7 (AP°) = AP,

which proves (5.36).
2. Using (5.36), let us prove that the map

A/ (™) = (C°/ (™)
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isa (pg)z%"’—almost isomorphism for any integer m > 0. We have already seen the (pg)P%‘)—
almost isomorphisms: A7°/(p™) ~ (C7°)¢ /(p™) =~ (C7°/ (pm))G. Taking the inverse limits
j — oo and using [1, Prop. 4.2.1] or the (g)r%"’—almost isomorphism (8.1), we get (pg)r%”"—
almost isomorphisms:

o m : jo m\\C ~ (1: jo my\\ G o m\\G
A/ (p™) 2 lim (C7°/ (p™)) 7 = (Jm e/ (p™)) " = (C°/ (™))

7>0 7>0
as wanted.

PROBLEM 2. Does Theorem 5.20 hold true under the more general assumption that A
is not necessarily integral over a Noetherian ring?

This problem is related to a possible generalization of Riemann’s extension theorem (see
Theorems 5.11 and 5.16) for Witt-perfect rings of general type.

86. Applications of Witt-perfect Abhyankar’s lemma

6.1 A construction of almost Cohen—Macaulay algebras
Before proving the main theorem for this section, we recall the definition of big Cohen—
Macaulay algebras, due to Hochster.

DEFINITION 6.1 (Big Cohen—Macaulay algebra). Let (R,m) be a Noetherian local ring
of dimension d > 0, and let T" be an R-algebra. Then T is a big Cohen—Macaulay R-algebra,
if there is a system of parameters x1,...,z4 such that x1,...,24 is a regular sequence on T
and (z1,...,24)T # T. Moreover, we say that a big Cohen-Macaulay algebra is balanced, if
every system of parameters satisfies the above conditions.

We also recall the definition of almost Cohen-Macaulay algebras from [2, Defn. 4.1.1].
Refer the reader to [3, Prop. 2.5.1] for a subtle point on this definition.

DEFINITION 6.2 (Almost Cohen-Macaulay algebra). Let (R,m) be a Noetherian local
ring of dimension d > 0, and let (7, I) be a basic setup equipped with an R-algebra structure.
Fix a system of parameters z1,...,24. We say that T is I-almost Cohen—Macaulay with
respect to xy,...,xq4, if T/mT is not I-almost zero and

c- ((.%'1,...,:@) T $i+1) C (ZL’l,...,.I'i)T
forany ce [ and i =0,...,d—1.

It is important to keep in mind that the permutation of the sequence z1,...,x4 in the
above definition may fail to form an almost regular sequence. We consider the sequence
P, xa,...,xq for the main theorem below.

André’s construction: For the applications given below, we take I to be the ideal
Un>0wTI"T as the basic setup (7,I) for some regular element w € R. Following [2], we
introduce some auxiliary algebras. Let W (k) be the ring of Witt vectors for a perfect field
k of characteristic p > 0, and let

A :=W(k)[[za,...,x4]]

1
be an unramified complete regular local ring and V; := W (k)[p»?]. Then Vj is a complete
discrete valuation ring and set V. := ligj V;. Then this is a Witt-perfect valuation domain.
For a fixed element 0 # g € A, we set
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1

L Lol 5
Bj = Vjllzg ..z 19" 1=

1
X 1
= (V[ ,...,z2" ||[T Tpkfg) —
= (Villeg" o NI/ —g))
for any pair of nonnegative integers (j,k). For any pairs (j,k) and (j',k") with j <j’ and
k <K', we can define the natural map B, — Bj/x. Let us define the A-algebra A, to be
the integral closure of A in Bj;. Let us also define

1

Ao :=1lim A, and A, := the integral closure of Asoo iN Asooo|—|- 6.1
j% j g [pg] ( )
For brevity, let us write
A A
As = AooO::ligV]-[[xﬁﬂ,...,xc‘i’JH. (6.2)
J

Then we have a tower of integral ring maps:
A= A = Asooo =+ Aocyg-

LEMMA 6.3. Let R be a Noetherian domain with a proper ideal I, and let T be a normal
ring that is a torsion-free integral extension of R. Assume that w € I is a nonzero element
such that T admits a compatible system of p-power roots o™ Then T/IT is not (wp%’o)—
almost zero.

Proof. In order to prove that T7'/IT is not (w)z%”—almost zero, it suffices to prove that
Tw/ITy is not (w)P%—almost zero, where m is any maximal ideal of T containing IT,
since Ty /1Ty is the localization of T//IT. Then Ty, is a normal domain that is an integral
extension over the Noetherian domain Ry,ngr, in which I is a proper ideal. To derive a
contradiction, we suppose that Ty, /1Ty, is (wp%“)—almost zero. Notice that Ty, is contained
in the absolute integral closure (Rynr)". In particular, it implies that

(w)f%” € ITy, for all n > 0.
Raising p"th power on both sides, we get by [54, Lem. 4.2];
we ﬂ I"" T =0,
n>0

which is a contradiction. U
The big rings Asoo and A4 enjoy the following desirable properties.

PROPOSITION 6.4. Let the notation be as in (6.1) and (6.2). Then the following
assertions hold:

1. A, is completely integrally closed in its field of fractions. It is an integral and faithfully

flat extension over A. Moreover, the localization map Aso|-=] — Aoooo[é] is ind-étale.

1 %]
Finally, Accso is a (p)?= -almost Cohen—Macaulay and Witt-perfect algebra.

2. Asy 15 a (g)z%"’—almost Witt-perfect algebra over the Witt-perfect valuation domain
Voo such that pl%" € Voo and gl%" € Asy. Moreover, Asy is a (pg)P%"’—almost Cohen—
Macaulay normal ring that is completely integrally closed in AOOg[i]' In particular, the
localization of Ascg at any maximal ideal is a (pg)v%"-almost Cohen—Macaulay normal
domain.
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Proof. (1): It is clear that A — A is integral by construction. Since A is a filtered
colimit of regular local subrings with module-finite transition maps, one readily checks that
the transition map is flat and thus, A — A, is faithfully flat. By Lemma 3.8, A, is a
completely integrally closed domain in its field of fractions. By looking at the discriminant,
it is easy to check that Aoo[%] — Aoooo[i] is ind-étale. We claim that A is a (p)P%"—
almost Cohen—-Macaulay and Witt-perfect algebra. To show that it is Witt-perfect, it suffices
to show that the p-adic completion A/o.; is integral perfectoid. But this follows from the
description appearing in [2, lemme 2.5.1] and a comment in [9, Defn. 2.2] together with an
application of [45, Cor. 3.6] (where we should set g =1). In order to show that Ao is (p) ol
almost Cohen—Macaulay, since A, IS p-torsion-free, it suffices to show that xs,...,x4 is
a (p)P%“’—almost regular sequence on Asoo/(p) in view of Lemma 6.3. By André’s crucial
result [2, théoréme 2.5.2],"* the induced map Ao /(p) = Asooo/(p) is (p)z%"’—almost faithfully
flat. Hence, the desired claim follows from this fact together with the fact that p,xo,..., x4
is a regular sequence on A,

(2): By the assertion (1), (p,g) is a (p)%—almost regular sequence on A, . Next, we

study Ay and consider Aoooo = L AJ°_ attached to Ao as defined in (5.5) (see also

(e ele o}
Theorem 5.16). Then we claim that

—~—

: ] = Aoog[ :

],
pg Py
that A, is completely integrally closed in Aoooo[p |. Now by applying Theorem 5.11 to

1

Since Ay is integrally closed in Asooo[-- it follows from Proposition 7.1
Asooo, the isomorphism (6.3) follows. By the construction (6.1), Ao is integrally closed in
Aoooo[ ]. It follows that Asoeo is completely integrally closed in AOOOO[ ]. Then Lemma 3.3
applies to show that the p-adic completion AoOOO is completely integrally closed in Aoooo [5].
Now, we can apply Riemann’s extension theorem [1, théoréme 4.2.2] (see Theorem 8.1 for
a self-contained proof), together with (6.3), to get that

g 77 Ao = OOOONLAOOOO:Aooga

where the middle map is a (g) = -almost isomorphism due to Theorem 5.16. In particular,
Ao — E.o\g is a (g)z%“—almost isomorphism.

From the property of Ay 5000 mentioned in (1), one finds that Z\g is an integral (g )%“’—
almost perfectoid and (pg)»>=-almost Cohen-Macaulay algebra. By the fact that A [ ]

is a normal domain and A [pg] — Aooso|=] is obtained as a filtered colimit of finite etale

o]
Py
Am[i]—algebras, we see that Aoooo[é] is a normal ring; the localization at any maximal
ideal is an integrally closed domain by Lemma 3.9. Since A, is integrally closed in

Aoooo[ ] it follows that A, is also normal. U
As a corollary, we obtain the following theorem.

THEOREM 6.5. Let (R,m) be a complete Noetherian local domain of mized characteristic
p > 0 with perfect residue field k. Let p,x,...,x4 be a system of parameters, and let Rt be

12 This is known as André’s Flatness Lemma. A similar construction also appears in [21, Th. 16.9.17],
where they apply p-integral closure instead of integral closure. This makes it possible to get rid of

1
“(p) = -almost” from the statement.
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the absolute integral closure of R. Then there exists an R-algebra T together with a nonzero
element g € R such that the following hold:

1. T admits compatible systems of p-power roots pr%”,gz%” eT for all n>0.
2. The Frobenius endomorphism Frob:T/(p) — T/(p) is surjective.

3. Tisa (pg)p%"’—almost Cohen—Macaulay normal domain with respect to p,xa,...,xq and
RCTCR'.

4. The p-adic completion T is integral perfectoid.

5. R[ﬁ] — T[%] is an ind-étale extension. In other words, T[ﬁ] is a filtered colimit of
finite étale R[p—lg]-algebms contained in T[é].

Proof. 1In the following, we may assume dim R > 2 without loss of generality. By Cohen’s
structure theorem, there is a module-finite extension

A=W (k)[[z2,...,z4)] — R.

As the induced field extension Frac(A) — Frac(R) is separable, there is an element g € A\ pA
such that A[%] — R[é] is étale. As in Proposition 6.4, we set
1 1
A= [ JWHRp™ (23" xf ]

n>0
Now, consider the integral extensions A — A — Aococ —+ Aoy as in Proposition 6.4. Let
n be a maximal ideal of A, 4. Then the localization (Asg)n is a normal domain that is an
integral extension over A and enjoys the same properties as Ag4. Since (p,g) forms part
of a system of parameters of A and (Asg)n is a filtered colimit of module-finite normal
A-algebras, it follows that (p,g) is a regular sequence on (Asy)n by Serre’s normality
criterion.'® By base change, the map

1 1
(Ascg)nl- ] = R4 (Ascg)nl ] (6.4)

is finite étale. It follows from [61, Tag 033C] together with the normality of (Ascg)nl

R®4 (Aucg)al;

-] that
] is a normal ring. Letting the notation be as in (6.4), set

1
B := the integral closure of R in R®4 (Asog)n[—]

pg
Let K be the field of fractions of (Aoog)n[i], and let K — L be the corresponding base
change of (6.4). Then the finite étaleness of (6.4) implies that L is the total ring of fractions
of R®4 (Aoog)n[%], and L is a finite direct product of fields that are finite separable over

K. Since R® 4 (Aoog)n[é]

the integral closure of R in L. By Lemma 3.9, it follows that B is a normal ring that fits
into the commutative diagram:

is normal, it is integrally closed in L. Then B is identified with

(Asog)n —— B

I |

A — R

13 In what follows, if necessary, we repeat the same argument for deriving the regularity of (p,g) in order
to apply Theorem 5.20.
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in which every map is injective and integral. Let n’ be any maximal ideal of B. Since A is
a local domain and A — B is a torsion-free integral extension, one finds that ANn’ is the
unique maximal ideal of A and the induced localization map A — By is an injective integral
extension between normal domains. By setting A := (Asg)n in the notation of Theorem 5.20
and applying Lemma 6.3, it follows that B is a (pg)?>= * _almost Cohen— Macaulay normal
ring with respect to p,zs,...,24 and (pg)?> * _almost Witt- perfect. Since these properties are
preserved under localizatlon with respect to any maximal ideal, it follows that the normal
domain B, enjoys the same properties.
To finish the proof, let us put C' := By for brevity of notation. Set

1.,
T := the integral closure of C' in C[~]",
p

where C [%]ét is the maximal étale extension of C’[%] contained in the absolute integral
closure C [%]J’. By using a direct limit argument combined with [61, Tag 033C] and the fact
that C [%]ét is a filtered colimit of finite étale C' [%]—algebras, we find that the normality of C
implies the normality of C [%]ét. Since T is integrally closed in C' [%]ét, T is a normal domain.
Thus, T is a Witt-perfect normal domain in view of [58, Lem. 5.1] or [56, Lem. 10.1]. Using
this, it can be seen that the p-adic completion T is integral perfectoid. In other words, the
Frobenius map on T'/(p) induces an isomorphism: f/ (p%) =~ T'/(p). Therefore, it remains
to establish that T is (pg)?™= *_almost Cohen Macaulay with respect to p,xo,...,24. Let us
note that the composite map

1 1 1
(fioog)n[}ig] - Cj[iii}-_% qui;]

satisfies that T[i] is the filtered colimit of finite étale (Aoog)n[i}—algebras. As T is
integrally closed in its field of fractions, the integral closure of (Asgy)n in T[é] is the

same as T. In the proof of Proposition 6.4, we showed that Aooe — A\Oog is a (g)z%"’—almost
isomorphism. Thus, Aseo/(p) = Aseg/(p) is a (g)P%"’—almost isomorphism. Summing up,
we conclude from Theorem 5.20 applied to A := (Aocg)n that T'/(p) is the filtered colimit
of (pg) > -almost finite étale Ao /(p)-algebras. By Lemma 6.3 and Proposition 6.4, T is
(pg) 7> -almost Cohen—Macaulay. 0

As a corollary, we obtain the following result, which is the strengthened version of the
main results in [27]. The proof uses standard results from the theory of local cohomology.
For a Noetherian local ring (R, m), let H: (M) be the ith local cohomology module of an
R-module M with support at the maximal ideal m of R.

COROLLARY 6.6. Let the notation and hypotheses be as in Theorem 6.5. Then the local
cohomology modules HE (T) are (pg)?> -almost zero in the range 0 < i < dlmR— 1. In
particular, the image of the map H: (T)— H: (RT) induced by T — RT is (pg) -almost

zero.
Proof. Letting p,xo,...,z4 be a system of parameters of R, if one inspects the structure

1
of the proof of Theorem 6.5 and Theorem 5.20, it follows that z3',...,27" forms a (pg)?™ -

almost regular sequence on T'/(p™) for all integers m > 0. As in the proof of [27, Th 3.17],
the Koszul cohomology modules H'(p™,z%",...,27;T) and hence H: (T) are (pg) = _almost
zero for ¢ < dim R. 0

https://doi.org/10.1017/nmj.2023.23 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2023.23

206 K. NAKAZATO AND K. SHIMOMOTO

It is reasonable to study the following problem, which we credit to Heitmann in the
three-dimensional case thanks to his proof of the direct summand conjecture (see [25]).

PROBLEM 3. Let (R,m) be a complete Noetherian local domain of arbitrary character-
istic with its absolute integral closure R™ and the unique mazimal ideal mp+. Fix a system
of parameters x1,...,xq of R. Then does it hold true that

c- ((:Ul,...,xi) ‘Rt xi+1) C(w1,...,2)RT

for any ce mp+ andi=0,...,d—17%

Bhatt gave an even stronger answer to the above problem in mixed characteristic in [7] by
taking 1 = p", using prismatic cohomology and mod-p™ Riemann—Hilbert correspondence.
Namely, p,o,...,74 is a regular sequence on R*. In the equal prime characteristic case,
Hochster and Huneke already gave a complete answer in [29]. However, almost nothing is
known in the equal characteristic zero case. Even in the mixed characteristic case, the above
problem is not known to hold true if one starts with an arbitrary system of parameters.

PrROBLEM 4. Let T be a big Cohen—Macaulay algebra over a Noetherian local domain
(R, m).

e Assume that R has mixed characteristic. Then does T map to an integral perfectoid big
Cohen—Macaulay R-algebra?

o Assume that R has an arbitrary characteristic. Then does R (or T) map to a coherent big
Cohen—Macaulay R-algebra?

For the coherence of absolutely integrally closed domains, see [47]. Here, we mention a
few related results.

PROPOSITION 6.7. Assume that T is a big Cohen—Macaulay algebra over a Noetherian
local domain (R,m) of any characteristic. Then T maps to an R-algebra B such that the
following hold:

1. B is free over T. In particular, B is a big Cohen—Macaulay R-algebra.
2. B is absolutely integrally closed. In other words, every nonzero monic polynomial in
B[X] has a root in B.

Proof. Just apply [61, Tag 0DCR]. U

In relation to Proposition 6.7 and some observations on p-integral closure as discussed
in [14], we prove the following fact, which shows that flatness can be destroyed under taking
p-integral closure. We refer the reader to [14, 2.1.7] for details on p-integral closure.

PROPOSITION 6.8. Let (R,m) be a non-regular local domain of mized characteristic

p > 0. Then there exists a faithfully flat R-algebra T such that pr%" €T forn>0 and the
1
Frobenius map induces a surjection T/(p») —T/(p). Moreover, let T be any R-algebra with

the aforementioned properties, and let T be the p-integral closure of T in T[%]. Then the

p-adic completion off is integral perfectoid, but T is never flat over R.

Proof. The first assertion is due to Proposition 6.7. It follows from [14, Prop. 2.1.8] that
the p-adic completion T is integral perfectoid. Assume that T is flat over R. Since T — T is
an integral extension, it follows that T is faithfully flat over R. Moreover, T is faithfully flat
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over R by [63, Th. 0.1]. But the main result of [10] forces R to be regular, which contradicts
the hypothesis that R is not regular. 0

THEOREM 6.9 (Gabber-Ramero). Let (R,m) be a complete local domain of mized
characteristic. Then any integral perfectoid big Cohen—Macaulay R-algebra B admits an
R-algebra map B — C such that C is an integral perfectoid big Cohen—Macaulay R-algebra
and C'is an absolutely integrally closed quasi-local domain.

Proof. See [21, Th. 17.5.96]. 0

PROBLEM 5. Let (R,m) be a complete Noetherian local domain of mized characteristic.
Then can one construct a big Cohen—Macaulay R-algebra T such that T has bounded p-power
roots of p or equivalently, the radical ideal \/pT is finitely generated?

So far, big Cohen—Macaulay algebras constructed using perfectoids necessarily admit
p-power roots of p and we do not know if the construction as stated in Problem 5 is
possible.

PROBLEM 6. Let the notation be the same as that of Theorem 5.16. Then under what
L . o . = . —
condition is it true that I&Hpo Ajo — I&Hpo AJ° is an isomorphism

This is connected with the Mittag-Leffler condition (see [21, Cor. 8.2.16] for a relevant
result). The article [21] also introduces and discusses the almost variant of the Mittag-Leffler
condition. Bhatt and Scholze introduced the “perfectoidization functor” over semiperfectoid
rings. While our present article is independent from [11], we are left to investigate the
relationship between T from Theorem 6.5 and (Asog ®a R)pertd-

6.2 A construction of big Cohen—Macaulay modules
We demonstrate a method of constructing a big Cohen—-Macaulay module by using the
R-algebra T from Theorem 6.5.

COROLLARY 6.10. Let the notation be as in Theorem 6.5. Set M := (pg)z%"’T. Then M

is an ideal of T that is (pg)p%’o-almost isomorphic to T, and M is a big Cohen—Macaulay
R-module. In other words, Hi (M) =0 for all 0 <i<dimR—1.

Proof. Notice that T is pg-torsion-free and there is an isomorphism as T-modules:
1
T = (pg)?™ T. Consider the commutative diagram:

_ 1
2

T X(pg)l_% T x(pg)? P T

1 1
ngl x(pg)P l x (pg) P* l

()T —— (pg)?T —— (pg)?**T —— -+,

i

—

where the horizontal arrows in the bottom are natural injections, and the vertical arrows are
bijections. Fix any i < dim R. Applying the local cohomology to this commutative diagram,
the bottom horizontal sequence becomes

limy H}, ((pg) " T) = Hi, (lim (pg) 7" T) = Hi, (M), (6.5)
n>0 n>0
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where the first isomorphism uses the commutativity of cohomological functor with direct
limit. The horizontal upper sequence becomes

1 1_1

P . P p2 .
Hi(T) P2 T iy } ~ 0, (6.6)

P

hﬂ{Hén(T) X(pg)

because the local cohomology modules H{ (T') are annihilated by (pg)? » for any n > 0 and
i <dimR. As (6.5) and (6.6) yield the isomorphic modules, we have the desired vanishing
cohomology.

Since R is a Noetherian local domain, there is a discrete valuation v: R — Z>oU{oco}
with center on the maximal ideal. Then one extends v as a Q-valued valuation on 7. One
can use this valuation to deduce that M # mM and the details are left as an exercise (see
also [5, Lem. 3.15]). 0

87. Appendix A: Almost integrality under finiteness conditions

In this appendix, our aim is to give a proof to the following result (see Proposition 7.1).
As in Corollary 5.9, for a topological space X, we denote by [X] the maximal separated
quotient of X, thus defining the natural epimorphism X — [X].

PRrROPOSITION 7.1. Let Ag be a ring that is integral over a Noetherian ring, and let
t e Ag be a regular element. Then an element a € Ao[%] is integral over Ag if and only if it
is almost integral over Ag. More precisely, for the Tate ring A associated with (A, (t)), we
have

(Ag): =A°= {a cA ‘ lal, <1 for any x € [Spa(A, (Ao)j)}}.

The idea of our proof is to reduce the assertion to the situation of Corollary 5.9, using
Zariskization. Let us recall its definition below (see also [19, Chap. 0, 7.3(b)] or [60,
Defn. 3.1]).

DEFINITION 7.2. Let A be a ring with an ideal I C A. Then we denote by AZ%" the
localization (1+41)71A, and call it the I-adic Zariskization of A.

We will utilize the following properties of Zariskization.

LEMMA 7.3. Let A C B be an integral ring extension, and let I C A be an ideal. Then
the following assertions hold:

1. The induced ring map AZ%" — BZ&" is also integral.
2. Let {Ax}xen be the filtered system of all module ﬁm’te A-subalgebras of B. Then we have

a canonical isomorphism of rings lﬂ (A,\)Z” = BZgr.

Proof. (1): Set B’ = B®4 A%9". Then the map AZ%" — BZA" is given as the composite of
the integral map AZ%" — B’ and the canonical B-algebra map B’ — BZ3". Moreover, since
B’ is IB'-adically Zariskian, we have the B-algebra map BZ8" — B’. Since the composite
BIZ];" — B — BZ 2" is the identity map by the universal property, the map B’ — BZ” i
surjective. Hence the assertion follows.

(2): Since B is integral over A, we have lig)\ Ay = B. For each A € A, the map Ay — B
induces the Ajy-algebra map @ : (AA)IZX: — BZ8". Hence, we have the B-algebra map ¢ :

lﬂ,\(AA)ZaT BZ&" Now, for any x € I B, there exists some A € A such that 1+z € 1+1A4,.
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Hence ¢ is injective. Set C':=lim (Ax)747. Since A7%" — C' is integral by the assertion (1),
C is IC-adically Zariskian. Hence, we obtain the B-algebra map 1 : BZ3" — C’IZC%”, and the
composite o1 is the identity map by the universal property. Therefore ¢ is surjective.
Thus the assertion follows. [

COROLLARY 7.4. Let Ay be a ring with a reqular element t € Ag. Put A:= Ag[L] a

inz S

t
A= (Ag)(Zt‘)”’[ﬂ. Then the inclusion Ag < (Ao)Y induces an isomorphism ((A )(Zt‘)”“)jg
((Ao) ).

Proof. Since integrality of a ring extension is preserved under localization, it suffices to
show that ((Ao)% )(Ztﬁ”“ >~ (Ag)h ®a, (Ag)(Zt‘)". First, we have an isomorphism liﬂ/\(AA)Z‘” =

(t)
((Ao) )(Zt‘)“" by Lemma 7.3(2). Moreover, for each A € A, there exists some m > 0 for which
tmAy C Ag. Then, since 1+t"T1 Ay C 1+tAgy, we have (AA)(Zt‘)” o~ (AA)(t%LH) = A\ ®a,
(AO)(Zt‘)”. Thus the assertion follows. 0

Now, we can complete the proof of Proposition 7.1.

Proof of Proposition 7.1. Set X = Spa(A, (Ap)}). Since we know that
(Ag)h c A°C {a €A ‘ la|, <1 for any z € [X]},

it suffices to show the reverse inclusion. Pick ¢ € A such that |¢|, <1 for any z € [X]. By
assumption, there exists a Noetherian subring R C Ag such that ¢ € R and the filtered
system {Ry)}rca of all module-finite R-subalgebras in Ay satisfies Ay = hﬂ R). Then by
Lemma 7.3, A} := ligl/\(R)\)(ZS’“ is integral over a Noetherian ring R(Ztﬁ”’ Let A’ be the Tate

ring associated with (A}, (t)), and X' = Spa(A’,(Af)%,). Then Corollary 5.9 implies that

(4 = () = {ac 4

la|z <1 for any 2’ € [X/]}.

Moreover, for the continuous ring map ¢ : A — A’, we have |¢(c)|,» <1 for any 2’ € X’
by assumption. Thus, we find that (c) € (4f)},. On the other hand, Af = (Ao)(Zt‘)" by
Lemma 7.3 and hence we have

((Ao)A)ES™ = (Ap) %

by Lemma 7.4. Since the map (Ag)} — ((Ao)} )(Zti”" becomes an isomorphism after ¢-adic
completion, one can deduce from Beauville-Laszlo’s lemma (Lemma 3.1) that the diagram
of ring maps

(Ao) — ((Ao) )2
A A
W
is Cartesian. Thus, we obtain ¢ € (Ag)¥, as wanted. 0

88. Appendix B: Almost vanishing of derived limits

We give a self-contained account of the proof of the Riemann’s extension theorem, as
proved by André and its consequence on the almost vanishing of the derived limits of
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a certain tower of perfectoid algebras. This appendix is also meant to help the reader
understand André’s articles [1] and [2]. See [1, théoréme 4.2.2] and [1, Prop. 4.4.1] for the
following results, respectively.

THEOREM 8.1 (Riemann’s extension theorem for perfectoid algebras). Fiz a perfectoid
K-algebra A, where K is a perfectoid field with a nonzero element w € K° admitting all
p-power roots, and let g € A° be an element that admits a compatible system of p-power
roots {gﬁ}mw, such that g is a (w)p%“—almost reqular element of A°/(w") for any fixed

r € N[L]. Then there is an isomorphism:
p

Proof. Throughout the proof, we fix r € N[%] and for a given j € N, we set

7 o r w] e
AO:A/(?D)[(?)I’ ]
Then the natural ring map n; : AP 5 Al is defined by % - %j and hence {A{)}jeN
forms an inverse system.'* Now, we claim that the natural map

f:A°)(w") %@Ag (8.1)

is a (g)v%“’—almost isomorphism. First, we show that f is (¢g)>-almost injective. But we
remark that the localization map A°/(w") — AO/(w)’”[é] factors as A°/(w") — A} —
A°/ (w)r[é] which is (g)z%“—almost injective by our hypothesis. So it suffices to treat the
cokernel of f. Consider the commutative diagram:

GO

J{ lnjo"‘oanrcfl

A f(w) T Al

For any fixed m > 0, we must show that

, Jre .
00 OMNjite_1 (gW . (w ) ) € Im(f;) in A} for Ve > p™r and i,n > 0. (8.2)

First, assume that p™ < ip". Then as ¢ > p""r, we have w" | w?™ . Hence w” | w?" . This
shows that

witey pm ci T\
() e (2) o
9 Y
which gives (8.2) under the assumption p™ < ip™. Second, assume that p™ > ip™. In this
case, we get the following:
j+C Ln i jit-ci
gﬁ.(w‘g )p :gﬁ_ﬁ'w]pt elm(fr)7

14 Notice that our standing hypothesis on the sequence w,g shows that Aé is (w)v%c—almost isomorphic
to (A°)V] as defined in [1, (4.3)] in view of Lemma 3.13.
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which gives (8.2) under the assumption p™ > ip"™. So we proved that for any given m > 0,
if we choose ¢ such that ¢ > p™r, then it follows that

1

Im (Coker(fj+c) — Coker(fj)) is annihilated by g»™ . (8.3)

So combining (8.1) and [52, Lem. 6.4] together, we find that
A° /(" —>hm< {—} /(@ )
is a (wg)z%"’—almost isomorphism. After taking the inverse limits,

A® = lim A {—}
7>0

is a (wg) > -almost isomorphism. Applying the functor of almost elements (wwg)~ z%"’( ) on

both sides, we obtain the desired isomorphism. U

COROLLARY 8.2 (Almost vanishing of lim'). Let the notation and hypotheses be the
same as in Theorem 8.1 and fix r € N[%]. Set

Ag) :ZAO/(wr)[(E;) D ] for 7 €N.

Then the inverse system {A%}jeN gives a (g)z%"’—almost vanishing
mlAé ~ 0.
J€EN
Proof. Without loss of generality, we may assume that ¢ is a regular element of A°/(w")
for any r € N. Keep the notation as in Theorem 8.1. Then we have a commutative diagram:

0 —— A°)(w") P AT 5 Coker(fipe) — 0

l l??jo"'oﬁwrcfl lfj+c,j

0 —— A°)(@") —s A} —— Coker(f;) —— 0,

where each horizontal sequence is exact.

Fix an integer m > 0. Let us put N; := Coker(f;). Then choose ¢(m) € N according to
(8.3) such that the image of the map N; () — N; is annihilated by gﬁ. Put k(m,n) :=
1+n-c(m). Then for any fixed m > 0, {A’S(m’n)}neN forms a cofinal subsystem of the inverse
system {A)};en. In other words,

1 45 A1 1 gk(m,n)
JEN neN
Moreover, {A°/(w")}nen is a constant inverse system. So we have yLnjeNle/(wr) =0 and

by applying the derived limits to the exact sequence: 0 — {A°/(w") }rnen — {Ag(m’n)}neN —
{Ni(m,n) fnen — 0, we get an isomorphism:

mlAg) = gnlNk(m,n)-

JEN neN
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In particular, the right-hand side does not depend on the choice of m € N. Now, we claim
that

1 .
gr™ - (wlNk(m,n)) =0. (84)
neN
To prove this, we may replace the system {N;};en with {Ny(mn.n)tnen to simplify the
notation.
1
Choose any element (8;)ien € [ ;e N; and set v; := g»™ ;. By using (8.3), the infinite
sum

ak = fix(y)
=k

makes sense, where f;j : N; — Nj is the map given above. Then (ay)reny maps to (Vi)ren
under the mapping:

jEN JEN

defined by the formula A((z;);en) := (a:z - fi+1vi(xi+1))ieN for (z;)ien € HjeN N;, which
gives (8.4). See [62, Prop. 3.5.7] for the Mittag-Leffler condition and its relation to the
derived inverse limits and [20, Lem. 2.4.2] for its almost variants. Since m was arbitrarily
chosen, we conclude that @jeNlAé is (g)z%"”—almost zero, as desired. 0

89. Appendix C: Almost Galois extensions

We make use of Galois theory of commutative rings in making reductions in steps of
proofs of some results in the present article. Let A — B be a ring extension, and let G be
a finite group acting on B as ring automorphisms.

DEFINITION 9.1. We say that B is a G-Galois extension of A, if A= BY and the natural
ring map

B®aB—][]B; bab = (v(0)V)yea
G

is an isomorphism.

Some fundamental results about Galois extensions are found in [1] or [18]. A source of
the definition of almost G-Galois extension is [1]. Here, we cite some related results for the
sake of readers.

DEFINITION 9.2. Let (A, ) be a basic setup, and let B — C be an A-algebra map with
G acting on C as ring automorphisms. Then we say that B — C' is an I-almost G-Galois
extension if the natural map B — C induces an I-almost isomorphism B — C'¢ and

CepC—]][C; cod = (v(c)d)rea
G

is an I-almost isomorphism.

https://doi.org/10.1017/nmj.2023.23 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2023.23

A VARIANT OF PERFECTOID ABHYANKAR’S LEMMA AND ALMOST COHEN-MACAULAY ALGEBRAS 213

PROPOSITION 9.3. Let (A,I) be a basic setup, and let B — C be an A-algebra map with
a finite group G acting on C such that B — C factors as B — C% — C. Then the following
assertions hold:

1. If B— C is I-almost G-Galois, then it is I-almost finite étale of constant rank |G|.
Assume that B — D is an A-algebra map. Let G act on the base change D ®p C through
the second factor. If B — C is I-almost G-Galois, then so is D — D®p C. Conversely,
if D is faithfully flat over B and D — D ®p C' is I-almost G-Galois, then so is B — C.

3. Assume that B — C is I-almost G-Galois and assume that B — D — C' is a factorization
of rings such that D — C' is I-almost H-Galois for a subgroup H C G. Then the canonical
map

DepC— ] C
G/H

is an I-almost isomorphism and B — C' is I-almost finite étale of constant rank |G/H]|.
Proof. See [1, Prop. 1.9.1] for the proof. 0

In the next lemma, S,, will denote the group of permutations of n elements.
LEMMA 9.4. The following assertions hold:

1. Assume that B — C is étale of constant rank r. Then there is an S,.-Galois extension
B — D which factors as B— C — D such that C'— D 1is an S,_1-Galois extension.

2. Let C be a ring on which a finite group G acts as ring automorphisms. Set B := C.
Suppose that there is a factorization B — D — C' such that G(D) =D and B— D is a
G-Galois extension. Then D — C' is bijective.

Proof. See [1, lemme 1.9.2 and 1.9.3] for the proof. 0

Acknowledgment. The authors are grateful to Professor K. Fujiwara for encouragement
and comments on this article. They also thank S. Ishiro for helpful discussions. Finally,
they thank the referee for a meticulous reading of the article.

Dedication. The present article is dedicated to our teachers, Professor Kazuhiro Fujiwara,
and Professor Paul Roberts.

REFERENCES
[1] Y. André, Le lemme d’Abhyankar perfectoide, Publ. Math. Inst. Hautes “Etudes Sci. 127 (2018), 1-70.
[2] Y. André, La conjecture du facteur direct, Publ. Math. Inst. Hautes "Etudes Sci. 127 (2018), 71-93.
[3] Y. André, Weak functoriality of Cohen—Macaulay algebras, J. Amer. Math. Soc. 33 (2020), 363-380.
[4] M. Artin, On the joins of Hensel rings, Adv. Math. 7 (1971), 282-296.
[5] M. Asgharzadeh and K. Shimomoto, Almost Cohen—Macaulay and almost reqular algebras via almost

flat extensions, J. Commut. Algebra 4 (2012), 445-478.
6] A. Beauville and Y. Laszlo, Un lemme de descente, C. R. Acad. Sci. Paris 320 (1995), 335-340.
[7] B. Bhatt, Cohen—Macaulayness of absolute integral closures, preprint, 2008. arxiv:2008.08070.
[8] B. Bhatt, Lecture notes for a class on perfectoid spaces, 2017,
http://www-personal.umich.edu/bhattb/teaching/mat679w17 /lectures.pdf.
[9] B. Bhatt, On the direct summand conjecture and its derived variant, Invent. Math. 212 (2018), 297-317.
[10] B. Bhatt, S. Iyengar, and L. Ma, Regular rings and perfect(oid) algebras, Comm. Algebra 47 (2019),
2367-2383.

https://doi.org/10.1017/nmj.2023.23 Published online by Cambridge University Press


https://arxiv.org/abs/2008.08070
http://www-personal.umich.edu/bhattb/teaching/mat679w17/lectures.pdf
https://doi.org/10.1017/nmj.2023.23

214 K. NAKAZATO AND K. SHIMOMOTO

[11] B. Bhatt and P. Scholze, Prisms and prismatic cohomology, Ann. of Math. 196 (2022), 1135-1275.
[12] K. Buzzard and A. Verberkmoes, Stably uniform affinoids are sheafy, J. Reine Angew. Math. 740
(2018), 25-40.
[13] K. Cesnavicius, Purity for the Brauer group, Duke Math. J. 168 (2019), 1461-1486.
[14] K. Cesnavicius and P. Scholze, Purity for flat cohomology, to appear in Ann. of Math., preprint, 2019.
arxiv:1912.10932.
[15] C. Davis and K. S. Kedlaya, On the Witt vector Frobenius, Proc. Amer. Math. Soc. 142 (2014),
2211-2226.
[16] C. Davis and K. S. Kedlaya, Almost purity and overconvergent Witt vectors, J. Algebra 422 (2015),
373-412.
[17] G. Faltings, p-adic Hodge theory, J. Amer. Math. Soc. 1 (1988), 255-299.
[18] T. J. Ford, Separable Algebras, Graduate Studies in Mathematics, 183, American Mathematical Society,
Providence, RI, 2017.
[19] K. Fujiwara and F. Kato, Foundations of Rigid Geometry I, European Mathematical Society, Helsinki,
2018.
[20] O. Gabber and L. Ramero, Almost Ring Theory, Lecture Notes in Mathematics, 1800, Springer, Berlin,
2003.
[21] O. Gabber and L. Ramero, Almost rings and perfectoid spaces, http://math.univ-lillel.fr/
ramero/hodge.pdf.
[22] R. Gilmer and W. Heinzer, On the complete integral closure of an integral domain, J. Aust. Math. Soc.
6 (1966), 351-361.
| W. Heinzer, Some remarks on complete integral closure, J. Aust. Math. Soc. 9 (1969), 310-314.
| R. Heitmann, The direct summand conjecture in dimension three, Ann. of Math. 156 (2002), 695-712.
[25] R. Heitmann, FExtended plus closure and colon-capturing, J. Algebra 293 (2005), 407-426.
] R. Heitmann and L. Ma, Big Cohen—Macaulay algebras and the vanishing conjecture for maps of Tor
in mized characteristic, Algebra Number Theory 12 (2018), 1659-1674.
[27] R. Heitmann and L. Ma, Extended plus closure in complete local rings, J. Algebra 571 (2021), 134-150.
[28] M. Hochster, Homological conjectures, old and new, Illlinois J. Math. 51 (2007), 151-169.
[29] M. Hochster and C. Huneke, Infinite integral extensions and big Cohen—Macaulay algebras, Ann. Math.
135 (1992), 53-89.
[30] M. Hochster and C. Huneke, Applications of the existence of big Cohen—Macaulay algebras, Adv. Math.
113 (1995), 45-117.
[31] R. Huber, Continuous valuations, Math. Z. 212 (1993), 455-478.
[32] R. Huber, A generalization of formal schemes and rigid analytic varieties, Math. Z. 217 (1994),
513-551.
[33] R. Huber, Etale Cohomology of Rigid Analytic Varieties and Adic Spaces, Aspects of Mathematics,
Vieweg, Brunswick, 1996.
[34] C. Huneke and G. Lyubeznik, Absolute integral closure in positive characteristic, Adv. Math. 210
(2007), 498-504.
[35] Z. Jiang, Closure operations in complete local rings of mized characteristic, J. Algebra 580 (2021),
366—-398.
[36] K. S. Kedlaya, Nonarchimedean geometry of Witt vectors, Nagoya Math. J. 209 (2013), 111-165.
[37] K. S. Kedlaya and R. Liu, Relative p-adic Hodge theory, I: Foundations, Astérisque 371 (2015), 1-245.
[38] L. Ma and K. Schwede, Perfectoid multiplier/test ideals in regular rings and bounds on symbolic powers,
Invent. Math. 214 (2018), 913-955.
[39] L. Ma and K. Schwede, Singularities in mized characteristic via perfectoid big Cohen—Macaulay algebras,
Duke Math. J. 170 (2021), 2815-2890.
[40] H. Matsumura, Commutative Ring Theory, Cambridge University Press, Cambridge, 8 1986.
[41] T. Mihara, On Tate’s acyclicity and uniformity of Berkovich spectra and adic spectra, Israel J. Math.
216 (2016), 61-105.
[42] B. V. Munster, The Hausdorff quotient, Ph.D. dissertation, 2014, June 9, http://www.math.leidenuniv.
nl/scripties/BachVanMunster.pdf.
[43] T. Murayama, Uniform bounds on symbolic powers in regular rings, preprint, 2021, arxiv:2111.06049.
[44] T. Murayama, Closure-theoretic proofs of uniform bounds on symbolic powers in reqular rings, preprint,
2022, arxiv:2205.01153.
[45] K. Nakazato and K. Shimomoto, Finite étale extension of Tate rings and decompletion of perfectoid
algebras, J. Algebra 589 (2022), 114-158.

https://doi.org/10.1017/nmj.2023.23 Published online by Cambridge University Press


https://arxiv.org/abs/1912.10932
http://math.univ-lille1.fr/ramero/hodge.pdf
http://www.math.leidenuniv.nl/scripties/BachVanMunster.pdf
https://arxiv.org/abs/2111.06049
https://arxiv.org/abs/2205.01153
https://doi.org/10.1017/nmj.2023.23

A VARIANT OF PERFECTOID ABHYANKAR’S LEMMA AND ALMOST COHEN-MACAULAY ALGEBRAS 215

[46] M. Olsson, On Faltings’ method of almost étale extensions, Algebraic geometry—Seattle 2005, Part 2,
811-936, Proceedings of Symposia in Pure Mathematics, 80, Part 2, American Mathematical Society,
Providence, RI, 2009.

[47] S. Patankar, Coherence of absolute integral closures, Proc. Amer. Math. Soc. Ser. B 9 (2022), 75-89.

[48] P. H. Quy, On the vanishing of local cohomology of the absolute integral closure in positive characteristic,
J. Algebra 456 (2016), 182-189.

[49] P. Roberts, Almost regular sequences and the monomial conjecture, Michigan Math. J. 57 (2008),
615-623.

[50] P. Roberts, Fontaine rings and local cohomology, J. Algebra 323 (2010), 2257-2269.

[61] A. Sannai and A. K. Singh, Galois extensions, plus closure, and maps on local cohomology, Adv. Math.
229 (2012), 1847-1861.

[52] P. Scholze, Perfectoid spaces, Publ. Math. Inst. Hautes “Etudes Sci. 116 (2012), 245-313.

[53] P. Scholze, On torsion in the cohomology of locally symmetric varieties, Ann. of Math. 182 (2015),
945-1066.

[64] K. Shimomoto, F-coherent rings with applications to tight closure theory, J. Algebra 338 (2011), 24-34.

[655] K. Shimomoto, On the Witt vectors of perfect rings in positive characteristicc Comm. Algebra 43
(2015), 5328-5342.

[56] K. Shimomoto, An embedding problem of Noetherian rings into the Witt vectors, preprint, 2015,
arxiv:1503.02018.

[657] K. Shimomoto, An application of the almost purity theorem to the homological conjectures, J. Pure
Appl. Algebra 220 (2016), 621-632.

[58] K. Shimomoto, Integral perfectoid big Cohen—Macaulay algebras via André’s theorem, Math. Ann. 372
(2018), 1167-1188.

[59] I. Swanson and C. Huneke, Integral Closure of Ideals Rings, and Modules, London Mathematical Society

Lecture Note Series, 336, Cambridge University Press, Cambridge, 2006.

0] H. Tanaka, Zariskian adic spaces, Kodai Math. J. 41 (2018), 652-695.

1] The Stacks Project Authors, Stacks Project, http://stacks.math.columbia.edu/browse.

2] C. Weibel, An Introduction to Homological Algebra, Cambridge Studies in Advanced Mathematics, 38,

Cambridge University Press, Cambridge, 1994.
[63] A. Yekutieli, Flatness and completion revisited, Algebr. Represent. Theory 21 (2018), 717-736.

Kei Nakazato

Graduate School of Mathematics
Nagoya University

Nagoya 464-8602

Japan
keinakazato31@gmail.com

Kazuma Shimomoto
Department of Mathematics
Tokyo Institute of Technology
2-12-1 Ookayama, Meguro
Tokyo 152-8551

Japan
shimomotokazuma@gmail.com

https://doi.org/10.1017/nmj.2023.23 Published online by Cambridge University Press


https://arxiv.org/abs/1503.02018
http://stacks.math.columbia.edu/browse
mailto:keinakazato31@gmail.com
mailto:shimomotokazuma@gmail.com
https://doi.org/10.1017/nmj.2023.23

	1 Introduction
	1.1 Main results on commutative algebra
	1.2 Main results on the decompletion of perfectoids and Riemann's extension theorem

	2 Notation and conventions
	2.1 Almost ring theory
	2.2 Integrality and almost integrality
	2.3 Semivaluation and adic spectra
	2.4 Perfectoid algebras

	3 Preliminary lemmas
	3.1 Some properties of complete integral closure
	3.2 Almost regular sequences and the ring of bounded functions

	4 Finite étale extensions of Tate rings
	4.1 Finite étale extensions of preuniform Tate rings
	4.2 Rational functions associated with regular sequences

	5 A variant of perfectoid Abhyankar's lemma for almost Witt-perfect rings
	5.1 Variants of Riemann's extension theorems
	5.1.1 Zariskian Riemann's extension theorem
	5.1.2 Witt-perfect Riemann's extension theorem

	5.2 Witt-perfect Abhyankar's lemma

	6 Applications of Witt-perfect Abhyankar's lemma
	6.1 A construction of almost Cohen–Macaulay algebras
	6.2 A construction of big Cohen–Macaulay modules

	7 Appendix A: Almost integrality under finiteness conditions
	8 Appendix B: Almost vanishing of derived limits
	9 Appendix C: Almost Galois extensions

