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Abstract. Let f be a continuous map from the circle into itself of degree one, having
a periodic orbit of rotation number p/q # 0. If (p, g) =1 then we prove that f has
a twist periodic orbit of period g and rotation number p/q (i.e. a periodic orbit
which behaves as a rotation of the circle with angle 27p/q). Also, for this map we
give the best lower bound of the topological entropy as a function of the rotation
interval if one of the endpoints of the interval is an integer.

1. Introduction and results

Let S! be the circle. We denote by C,(S') the set of all continuous maps from S’
to itself of degree one. For x € S*, we say that x is periodic if there exists a positive
integer n such that f"(x) = x. The period of x is the smallest integer satisfying this
relation. Let P(f) be the set of periods of f. If xe S’ is a periodic point of period
n, then the orbit of x is the set {f*(x): k=1,2,..., n}. We refer to such an orbit
as a periodic orbit of period n.

Let fe C,(S"), F its lifting to the covering space R and e(X)=exp (27iX) the
natural projection of R—> S'. We note that F is not defined uniquely; nevertheless,
if F and F' are two liftings of f then F=F'+m with me Z. Since deg (f) =1 we
have F(X+1)=F(X)+1 for all Xe€R. If x is a periodic point of f of period n
and e(X) = x,then F"(X)= X + k where k€ Z. We shall call k/ n the rotation number
(or F-rotation number, if necessary) of x and we denote it by p(x) or pg(x). We
denote by L( f) or Lr(f) the set of all rotation numbers of f. The following statements
are known (see [2] and [5]):

(1) p(x) does not depend on the choice of X. Actually, it depends on the periodic
orbit.
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(2) If F=F'+m then pp(x)=pp(x)+m.

(3) pem(x) = mpr(x).

4) If a<k/n<c, a,ce L(f) and k,neZ with n>0, then k/ne L(f) and
ne P(f).

(5) L(f)nZ # O if and only if 1€ P(f).

(6) If a,,e L(f) for m=1,2,... and a=1lim,_ a,, € Q, then a e L(f).

(7) If f has no periodic points, then lim,,_. (F"(X)— X)/n exists for all X it is
independent of X and is irrational.

From the above statements, we can write L(f) =[a, b] n Q for some a, b € R. That
is, L(f) is a closed interval (possibly degenerated to one point) on Q and, from
now on, we shall call it the rotation interval of f. If f has no periodic points, one
can take a = b =1lim,. ., (F"(X)—-X)/n.

From now on for a rational number p/q we always assume g> 0. Let fe C,(S")
and W be a periodic orbit of f of period g and rotation number p/g with (p, q)=1.
Let F be a lifting of f such that p/qge Le(f). Suppose that F is order preserving
on the set e”'(W). Then we say that W is a twist periodic orbit (from now on TPO)
of f of period g and rotation number p/q. Notice that every periodic orbit of period
1is a TPO.

Let x, ye S'. We denote by (x, y) (resp. [x, y]) the open (resp. closed) arc of S*
from x counterclockwise to y. Let W={x,, ..., x,} be a periodic orbit of f of period
g and rotation number p/q with (p, g) = 1. Suppose that either (x;, x;4;) P W=
fori=1,2,...,9-1and (x, x)n W= if p/qg>0, or (x;, x;)n W= for i=
1,2,...,9-1and (x, x,)n W= if p/q<0. To give a geometrical interpretation
of a TPO on the circle, we shall prove that if W is a TPO then

S(X:) = Xitplmod g) fori=1,2,...,q
and the converse is not true (see lemma 1). Note that the notion of TPO of period
g and rotation number p/q characterizes the simplest behaviour of the graph of a
map which has this rotation number.

THEOREM A. Let fe C,(S"). Then the following hold:

(a) If r/s, with (r,s)=1, is an endpoint of L(f), then all periodic orbits of f of
period s and rotation number r/s are TPO.

(b) If p/qe L(f) with (p,q)=1, then there exists a TPO of f of period q and
rotation number p/q.

In the first version of this paper, we assumed in theorem A (b) that also 0€ L(f).
Then this result was generalized by one of the authors (see [6]). The proof given
here is much simpler than the one from [6]; (this theorem has been proved (in
another simple way) independently by A. Chenciner, J.-M. Gambaudo and Ch.
Tresser (C.R. Acad. Sci. Paris, t. 299, Sér. 1 (1984), 145-148). It is based on the
methods used by R. Hall for the case of twist maps of the annulus.

From now on, E(-) will denote the integer part function. Let ceR, ¢ #0. For
z>1 we define

Q(z)=z+1-2 % z E@D,
n=0
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Let B, be the largest zero of the equation Q.(z) =0. If fe C,(S") then h(f) denotes
the topological entropy of f.

THEOREM B. Let fe C,(S') and suppose that L(f) contains either [0,c]1nQ or
[¢,0]1nQ with c# 0. Then h(f)=log B. Moreover, for every ccQ, c #0 there exists
a map f€ C(S") such that L(f) is either [0, c]nQ or [c,01nQ and h(f)=log B.

For a rational number p/q # 0 such that (p, q) =1, >0, we define the following
polynomial

lpl-1 )
Hp/q(z) =299 7-1-2 y ZE(I‘I/|P|)+1.

j=1
We denote by «,,, the largest root of H,,,.

THEOREM C. The following statements hold:

(a) For ¢ #0 the function Q. has a unique root (larger than 1).

(b) Forp/q#0and (p,q)=1wehaveH,,,(z)=(z-1)Q,/,(2). Thena,,, = B,/ 4

(c) The function B.: R\{0}~> (1, 00) is strictly increasing on the positive numbers.
Moreover B_.= B. Hence it is strictly decreasing on the negative numbers.

(d) The function B. is continuous from the left at every ¢ >0 (and from the right at
every ¢ <0).

(e) The function B. is continuous at all irrational points.

(f) The function B. is discontinuous from the right at all positive rational numbers
(and from the left at all negative rational numbers).

(g) For every neN, the jump of B. occurring at n is 1+vn>+2n—+n?+1 which
belongs to the interval (2—1/n, 2—1/(n+1)); the sum of all other jumps occurring
between n and n+1 is 2/(¥n*+2n+Jn*+2n+2)<1/n.

Theorems A, B, and C are proved in §§ 3, 4.
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FIGURE 1(a)

https://doi.org/10.1017/50143385700003126 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385700003126

504 L. Alseda, J. Llibre, M. Misiurewicz and C. Simé

I It

FIGURE 1(b)

FIGURE 1. This shows the graph of the map B.. In (a) ¢ lies in [0, 16], B8 in [1, 16 +v257]. In (b) ¢ lies
in{0,1], B in [1, 2+~/§]. Each large division is equal to one unit.

Remark 1. In [5] the following result is shown. Let f€ C,(S") and L(f) =[a, b]n Q.
Then, there exist s, s,€Nu{2*} such that P(f)=S(qa,s,)u M(a, b)u S(b, s,),

where
M(a,b)={neN: a<k/n<b for some keZ},
&, ifagQ;
{n-2": meNuU{0}and a=k/n with (k, n) =1},
S(a, s,)=! ifae@Qand s, =2%;

{n-s:a=k/nwith (k, n) =1and s is larger than
or equal to s, in the Sarkovskii’s ordering},
if ae @ and s, #2%.

S(b, s,) is as S(a, s,) with b and s, instead of a and s,, respectively. Moreover, for
every set AcN of the above form, there exists a continuous map fe C,(S") with
the corresponding rotation interval and P(f) = A.

From this result it is easy to see that if a€Z or be Z then P(f)=Nif b—a=1
Moreover, suppose that b—ae[1/n,1/(n—1)) with n=2. Then

M(a, byu S(b,s;)={n,n+1,...} ifaeZ,

and

M(a, b)u S(a,s,)={n,n+1,...} ifbeZ.
Clearly, this implies that there are a lot of maps of the circle of degree one with
different rotation interval and the same set of periods. Thus, for fe C,(S") the study
of lower bounds of the topological entropy must be more precise using the rotation
interval than using the set of periods P(f).
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Remark 2. Theorem B gives us the best lower bound of the topological entropy of
a map fe C,(S") depending on its rotation interval if one of the endpoints of the
interval is an integer. Now we improve this lower bound taking into account the
set of periods due to the endpoints of the rotation interval. That is, using the notation
of remark 1 and taking a =0, from theorem 3.2 of [2] we have that

h(f)=(logA,)/2™
if s, =2™q with g =3 odd, where A, is the largest root of the polynomial z? — 229721,
Then we have
h(f)=max {(log A,)/2", log B.},
where either s,=2"q, c=b if a=0, or 5,=2"q, c=a if b=0, and g=3 is odd.
Moreover, if {a, b} nZ # O, then it is easy to see (from theorem B of [1], [4] and
statement (c¢) of theorem C) that

M) "=Aa=8, ifb-a=i
Therefore, if b—a =1} and {a, b} " Z # &, then we only need theorem B to give good
lower bounds of the topological entropy.

Remark 3. From [5] we have that if fe C,(S") and 0€ Int L(f) then h(f)=log3.
On the other hand, from lemma 23 we have that, if |¢| \« 0 (resp. |c| * n, |[c|N n
where neN) we have 8. \ 1 (resp. B. A n+(n*+ 1)}, B, \ n+1+[(n+1)2-1]}).
Therefore, theorem B gives better lower bounds of the topological entropy in the
case that L(f) is of one of the following types:

(a) [0,c] withO<c=1;

(b) [¢, 0] with —1=¢<0; or

(c) [a, b] such that —-1<a=0, and b> 1.

2. Preliminary results

LEMMA 1. Let fe C,(S") and let T ={x,, x,, . . ., x,} be a TPO of period q and rotation
number p/ q. Suppose that either (x, x,. )" T= fori=1,2,...,q9—1and (x4, x,) N
T=@ifp/q>0, or (X110, x)"T=D fori=1,2,...,9~1 and (x,, x,)nT=2 if
p/q<0. Then we have that f(x;) = Xi|pjmeaqy JOr i=1,2,...,49, and (p,q)=1.
Moreover, the converse is not true, i.e. the last assertions do not imply that the periodic
orbit is twist.

Proof. We suppose that p/q > 0. For the case p/q <0 the proof is analogous. Let F
be the lifting of f for which pr(x;)=p/q. We have e (T)={X: ieZ}, with
e X <X <Xe< X, <X, - - - . We may assume that e(X,;) = x,. Then, clearly we
have Xy, = X;+k and e(X,s,) =x;forkeZand i=1,2,..., q. Since Fon e (T)
is one-to-one and order preserving, we have F(X;)=X,,, for some veZ and all i.
But

Xi+tp=FU(X)=Xispg=Xit 0,
and therefore v =p, and f(X;) = X p(moaq for all i. Since T is an orbit (not a union
of several orbits) we obtain (p, g) =1.

To see that the converse is not true, look at figure 2 for an example with p/q =2/5.
O
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From now on we assume that the notions and techniques of [2] are known to the
reader.

LEMMA 2 (see [2]). Let fe C,(SY). If Jy» Jy > -+ - > J,_,> J, is a loop in an A-graph
of f, then there exists a fixed point x of f" such that f'(x)e J; fori=0,1,...,n—1.

Let fe C,(S')and A={a,,..., a,} be an invariant set (i.e. f(A)< A). Let X, < X, <
«+ < X,<X;+1 be such that e(X;)=a; for i=1,2,..., n Let F be a lifting of f
We denote by F the map such that

(1) F(X;+k)=F(X;+k) fori=1,2,...,nand keZ;

(2) F|ix,+kx,.,+x is linear for i=1,2,...,n—1and ke Z;

(3) Flx,+kx,+x+1 is linear for ke Z.
We call F the A-linearization of F. We denote by f the map of the circle of degree
one which has F as a lifting. We say also that f is the A-linearization of f. If F=F,
that is, f = f, then we say that F and f are A-linear.

LEMMA 3. Let g be an increasing map (not necessarily continuous) of a closed interval
I into itself. Then g has a fixed point.

Proof. Take X =sup{Y: g(Y)>Y}. If g(X)> X then for every Ye(X, g(X))
we have g(Y)>g(X)>Y and this is a contradiction. If g(X)<X then for
every Ye(g(X), X) we have g(Y)<g(X)<Y, again a contradiction. Therefore,
g(X)=X. a
Let I be an interval of R. We denote by I+n the set {X +n: X e I}.

LEMMA 4. Let fe C,(S") with lifting F and let A be a finite invariant set under f. Let
f be the A-linearization of f and suppose that f has a TPO T of period s and F-rotation
number r/ s with (r, s) =1, where F is the lifting of f obtained by A-linearization of F.

If T¢ A and F is increasing at every point of e '(T), then f has a TPO of period s
and F-rotation number r/ s.
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Proof. Let X, <X,<::-<X,<X;+1 be such that e({X,, X5,..., X,})=A4, I,=
[X, Xis1] fori=1,2,...,n—1 and I, =[X,, X, +1]. Let U be the partition of R
given by the points of e '(A). Since T# A is a periodic orbit and A is invariant
for f, they are disjoint. Hence, if we choose x € T, then there is a unique i; € {1, ..., n}
such that there exists X € I, with e(X)=x. Analogously, there are unique i€
{1,...,n}and n,e Zsuchthat FF~'(X)e I, +n,j=2,...,s+1.Since F*(X)=X +r,
we have i, =i, and n,,,=r. In such a way we obtain the following path in the
U-graph of F:
L->L,+n,»-»>L+n->1+r

Now we define the following maps (perhaps non-continuous):

Mg L+r->1I +n,

M;: I,
suchthat M;(X) =inf {Y € I, + n;: F(Y)= X}.Since Fisincreasing on every interval
I,+n, j=1,2,..., s these maps are increasing (see, for instance, figure 3, where
Y,=M;(Z;), i=1,2,3). Therefore, the map M:I, +r-1I +r such that M=
M,o M, - o M +ris increasing. By lemma 3, M has a fixed point Z'e I, +r. Let
Z=2Z'-rel,. Obviously, F/(Z)el, +ny, for j=0,1,...,s—1, and F*(Z)=
Z +re I, +r. Therefore {e(Z), f(e(Z)),..., 1 '(e(Z))} is a periodic orbit of period
s and rotation number r/s. To see that it is a TPO, one has to look at {F/(Z): j=
0,...,s—1}+Z and compare it with e '(T). To decide which of two given points
of such a set is to the left and which to the right, one has to check first to which
elements of the U-partition they do belong. If these intervals are different, then the
answer is obvious. If they are the same, then one has to go along the orbits of these
two points and keep checking. Since we only use increasing pieces of the maps F
and F, we have that the procedure and criteria are the same in both cases (i.e. in
the case of {F/(Z):j=0,1,..., s—1}+Z and the case of e '(T)), and the ordering
of these two sets is the same. Hence, since T is a TPO, so is

{e(2),f(e(Z)),....f 7 (e(Z))}. u

+ng-> 1 +n forj=1,2,...,5s—1,

+1

1

\

1

1

-

4 ! i
Y Y, Yi!
' !
]

-« +n—

FIGURE 3

3. Twist periodic orbits
Let fe C;(S") and F be a lifting of f. We define the maps F, and F, as follows (see
figure 4):

F(X)=sup{F(Y): Y=X},
F(X)=inf{F(Y): Y=X}.
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We write f, and f; for the maps of the circle which have as a lifting F, and F,
respectively. Obviously £, fie C,(S").

(n,m+2) (n+2,m+2)

_-./’
(n, m) (n+2, m)
FIGURE 4. --- denotes F,; —— denotes F; -+ denotes F,

LeEMMA 5. Let fe C,(S') and let W be a periodic orbit of f of period q and rotation
number p/ q such that 0<p/q <1 and (p, q) = 1. Suppose that W is not a TPO. Then
the following hold:

(a) fhas a TPO R of period s and rotation number r/ s with (r,s)=1andp/q<r/s.

(b) f has a TPO L of period n and rotation number m/n with (m,n)=1 and

m/n<p/q.
Proof. We prove (a) and (b) in the case when f is W-linear. Also, in this case, we
prove that F is increasing on ¢ '(R) and e '(L). Then we may use lemma 4 and
we obtain (a) and (b) in the general case. We deal with statement (a); the case (b)
is similar.

Let U be the partition of S' by the elements of W. Since f, is onto, for every
Ie U there exists J€ U such that J f,-covers I. Therefore, since the number of
intervals of U is finite, we have a loop of length s in the U-graph of f, with 1=s=<gq.
In addition we assume that this loop is the shortest one of the U-graph of f.
Moreover, since W is not TPO at least one interval I € U satisfies f,|; = constant.
Then s < g. From lemma 2, this loop gives us a periodic orbit R of f, of period s
and rotation number r/s. Since s < g, we have R # W. All intervals on which F, is
constant are mapped to elements of W, and hence F, is increasing at every point
of e”'(R). Consequently F|,-1g)= F,|.-1(r). Since F, is non-decreasing, R is a TPO
for f. Hence, it is a TPO for f. From lemma 1 it follows that (r, s) =1.

To finish the proof of (a) we only need to show that r/s=p/q. Since F, is
non-decreasing and F,= F, we have Fy= F" for all n. Hence, if Xece '(R), Ye
e (W) and X > Y, then

r/s= liqrg(F:'(X)—X)/n= 11»1?o F}YX)/n= an; F}(Y)/n
2l£rgF"(Y)/n=1£1£1°(F"(Y)—Y)/n=p/q. O

Now we consider the space £ of all liftings of maps from C,(S"), with the topology
of uniform convergence. The maps F, G, F,, G, will be liftings of the maps f, g, f,
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g. respectively. We fix pe Z and g€ Z" such that p and q are coprime and denote
the set of all twist periodic orbits (non-twist periodic orbits) of g of period g and
rotation number p/q for G by T(G) (N(G) respectively).

LeMMA 6. Let G € ¥ and assume that both T(G) and N{G) are non-empty. Then
there exist points X;, Y;eR (i=0,1,...,q) such that

(i) X;<Y,fori=0,1,...,q;

(i) X,=Xo+pand Y,=Y,+p;

(iii) G(X;)) <Xz, and G(Y;))> Y., fori=0,1,...,9—1;

(iv) ifj,ke{0,1,...,q—1} and m, ne Z then: either

Y+n<X+m and Y +n<Xi,+m,
or

Yetm<X;+n and Y, +m<X,, +n

Proof. Let Ae T(G), Be N(G). Take as X and Y| two consecutive elements of
e '(A) and define X!=G'(X}), Yi=G(Y}) for i=1,2,...,q. Then for X!, Y}
conditions (i) and (ii) hold, (iii) holds with equalities instead of inequalities, and
(iv) holds with non-strict inequalities. Since the orbit B has the same period and
rotation number as A, but it is not twist, there are j, k€{0,1,..., g~ 1} and points
Ze(X,,Y)ne Y(B) and Te(X}, Yi)ne '(B) such that G(Z)<X}.; and
G(T)> Y., . We set

X;,z{xg .if.i?f{', Y;,Z{YQ .if.i;é k,

zZ ifi=j T ifi=k
fori=0,1,...,9—1 and
X,;=X5+p, Y;=Ys+p.

Then for X7, Y/ conditions (i) and (ii) still hold, (iv) holds with non-strict
inequalities, and instead of (iii) we have G(X{)=X/,;,, G(Y{)= Y., for i=
0,1,...,9—1and G(X})< X/,,, G(Y{)> Y{,. Thus, since G is continuous, we
can find €, £,...,&,>0 such that ¢, =¢, and for the points X;=X/+¢; and
Y; = Y! — ¢, the conditions (i)-(iv) are satisfied. |

LEMMA 7. (a) The set of those G € £ for which there exist points X, Y; satisfying
(i)-(iv), is open.

(b) If there exist points X;, Y, satisfying (i)-(iv) for G € & then T(G) is non-empty.
Proof. (a) If the conditions (i)-(iv) are satisfied for some G €. and some X,, Y,
then clearly they are satisfied for all F from some neighbourhood of G for the same
X, Y.

(b) By (iii) we have G([X, Y;])2[Xi+y, Yiz1] for i=0,1,...,9—1 and con-
sequently there exists a point Ze[X,, Y,] such that G'(Z)e[X, Y;] for i=
0,1,...,9 and G%(Z)=Z+p. Hence, e(Z) is a periodic point for g of period g
and rotation number p/q. By (iv), its orbit is twist. d

LeMMA 8. The set of those G € £ for which T(G) is non-empty, is closed.
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Proof Let G, G as n—> and let A, € T(G,). Taking a subsequence if necessary,
we may assume that we have lim,,_, X, = X for some X, € e '(A,) and X €R. Since
Gi(X,)=X,+p for each n, we obtain G¥(X)= X +p. Hence, e(X) is a periodic
point for g and its rotation number is p/q. Since p and g are coprime, its period
is g. By a continuity argument, G restricted to the orbit of X is non-decreasing,
and since the period of e(X} is g, it is strictly increasing. Hence the orbit of e(X)
is twist. O

LEMMA 9. Each Fye £ with an orbit Be N(F;) may be joined by a curve (F,)o=<;
in & to some F, with T(F,) non-empty in such a way that F,|,- g, = Fy|.-\s, for all
te[0,1].

Proof. We can find a € R such that the set {(k/q)+ a}..z is disjoint from e '(B),
and then deform F, continuously in & to F, (keeping F,l,_,—l( gy unchanged) in such
a way that

k k+
F, <;+a>=—-q—p+a for keZ. 0

Proof of theorem A. (a) If r/seZ then we are done. If not, let F be a lifting of f
such that r/s is the right endpoint of Lr(f). The proof follows similarly when r/s
is the left endpoint. Let F'=F ~ E(r/s). Then

r'/s=r/s—E(r/s)e Lg(f).
Note that (#',s)=1 and r'/s<(0,1). Then, by lemma 5, all the periodic orbits of
period s and F'-rotation number r'/s are TPO. Hence, these orbits are TPO of
period s and F-rotation number r/s.

(b) Suppose that T(F) is empty. Then N(F) is non-empty and we can take a
curve (F,)o=,=; With properties as in lemma 9 (here F,= F). The set of those ¢ for
which T(F,) is non-empty contains 1 by lemma 9, is open by lemmas 6 and 7
(remember that Be N(F,) for all ¢t), and is closed by lemma 8. Hence, T(F,) is
non-empty - a contradiction. O

4. Topological entropy
Let p,geN with (p,g)=1. There exist unique ke{l,...,g—1} and le
{0,1,...,p—1}suchthat kp —lg=1. Foreach ic{l, ..., p—1} there exists a unique
je{1,..., q} such that j= ik (mod q). We denote this j by ¥(p/q, i). This defines
the function ¢(p/q,-):{1,...,p—1}->{1,..., q}. Note that if p < g then it is one-to-
one.

For a rational number p/q # 0 with (p, g) =1, we define the polynomial

Ip|—1 )
H, (2)=29"1—29—7z~1-2 5 z¥WVaD,

i=1

We denote by a),, the largest root of H},,. Note that if =1 then ¢(|p|/q, i) =1
fori=1,...,|p|—1, and hence H,(z)=2z>—-2|p|z-1.

ProPosITION 10. Let fe C(S"). If 0, p/qe L(f) with (p,q)=1 and p/q#0, then
h(f)=log a,/q,.
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Proof. We recall that we are using the notation and the standard techniques of [2].
We divide the proof into four cases.

Case 1. Suppose 0 < p < q. From theorem A there exists a TPO of f of period q and
rotation number p/q. Let A be the set consisting of a fixed point d with rotation
number 0 and all elements of the above TPO, and f be the A-linearization of f. Let
G be the A-graph of f. Since G is a subgraph of the A-graph of f, from lemma 1.5
of [2] it follows that h(f) = h(G). Now we are going to compute h(G).

Let F be a lifting of f such that 0e L(f) and D be a fixed point of F such that
e(D) = d. The points of e '(A) give us a partition of [ D, D+ 1] into intervals and
we call these intervals from the left to the right I,, I,, ..., I,.;. The map F looks
as in figure 5.

(D, D+2)

Yo ..
I”A ........... |:
(D,D+1) S
EA ¢
v SRRV
Al i \ '
S

poyWi 1 lp+1,D

OO T 3T )
FIGURE $§

It is clear that I, f-covers I, with j=1,2,...,p+1; I, f-covers I, with j=
L,2,...,p; Iy_p f-covers I, and I .,, and I f-covers Ly p(moaqy (When dealing
with indices from the set {1,..., g}, by ¢ (mod q) we mean q instead of 0) for j ¢ {1,
g—-p+1,q+1}. Then G has the following subgraph

. |

.’0 .]1 Jz et jq—l

™

Iq+l

where J; = L, 1(moaq). Obviously Jo=1, and J,_;=1,_,.,. With this notation, we
have that J, and I, f-cover, additionally, J; with je B,,,={j:2<j=gq—1 and
Ji=I with2=k=p}={j:2=sj=q-1and 2=<jp+1 (mod q) < p}. Furthermore, J,
f-covers itself. In such a way we obtain the whole graph G.
In order to compute h(G) we take as a rome R={R,, R,} with R,=1, and
R,=1I,.,. Now, we compute the elements a;(z) =Y, w(t)z~"” of the 2 X2 matrix
~ Agr(z), where the summation is over all simple paths originating at R; and terminating
at R;, and w(?) is the width of the simple path t and I(¢) is its length. Then we
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define V(z)=Y% .

j€Bp/q

2’797, Since the length of the paths
J J
0\ / 0
J=>Jhg— = J
N
Iq+l Iq+l
is g—j+1, we have a,(z)=z"'+z74+V(z), ap(z)=z"9+V(z), ay(z)=
2 '+ V(z), ap(z) = V(z).
Now, from theorem 1.7 of [2] it follows that A(G) is the logarithm of the largest
root of the polynomial
-2 z 941
z7'+1 V(z)-1
=29 —z9-2-1-2 ¥ 7.
Jj€By/q

27" det (Ag(z) —id) = z9™!

To finish the proof in case 1 it is enough to establish the following claim: the image
of {1,...,p—1} under ¢(p/gq, ) is B,,, Since both sets have cardinality p—1, it is
sufficient to show that for each ie{1,..., p—1} we have ¢(p/q, i) € B,/,, that is

2=4y(p/q,i)p+1(mod g)=p.
Since ¢(p/q, i) = ik(mod q), where kp —lqg =1, we have y(p/q, i) = nq + ik for some
neZ. Then

Y(p/q i)pt1=(ng+ik)p+i=(nptil)g+i+1i,

and hence

¥(p/q,i)p+1=i+1(mod q).
This proves the claim.
Case 2. Suppose that 0 < g <p with g # 1. In a similar way to case 1, we have that
h(f)= h(G) where G is the A-graph of a piecewise linear map f which has a lifting
F as in figure 6. Therefore G is exactly the same as in case 1 adding the following

arrows: I, and I, f-cover m times Liforj=1,2,...,q+1,where1<p/q=m+r/q
with 0 <r=gq. We define

W(z)=m i 27,

j=1
Then, as above, it follows that h(G) is the logarithm of the largest root of the
polynomial

-2 z77+1

q+1d A o - q+1
z et (Ag(z)—id)=z z7'+1 V(z)+ W(z)-1

=z —z9—z—-1-2m i 7-2 ¥ 7
j=1 j€B.q
We only need to check that each element of {1,2,..., q} is attained by ¢(p/q, )
either m+1 times if it is attained by ¢(r/q, -), or m times if it is not attained by
U(r/q, ). Take ke{l,...,q—1}and I'e{0, 1, ..., r—1} such that kr—I'q = 1. Since
p=mq+r, for I=km+1I' we have O=l'slsgm+r—1=p—1 and kp-lg=
kmq+ kr — kmq—I'q = 1. From the definition of ¢ it follows that if i runs over the
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(D, D+m+1) L {

)
Al
I
|: 1
! ;
1 !
1A !
' |
P ;
1 [ I
(D, D+ m)fp—nut v
| A
P L
: [ [
FARRE.
(D, D+ 1) f— l
' I'
e
( [ '
' " !
SR
[} [ :
(D, Dy  1(D+1,D)
Il ’q el lqu
FIGURE 6

set {sq+1,sq+2,...,(s+1)q} (where 0= s <m) then ¢(p/q, i) runs over the set
{1,2,..., q} and that for ie{mg+1,mg+2,..., mq+r—1} we have ¢(p/q,i)=
Y(r/q, i —mq). This ends the proof of case 2.

Case 3. Suppose that p/q > 0 with g = 1. Let A be the set consisting of a fixed point
with rotation number 0 and a fixed point with rotation number p. Let f be the
A-linearization of f and F be a lifting of f for which 0 and p are the rotation

(D, D+p)

(D, D+1)

(D, D)

FIGURE 7
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numbers of these points. Let D, D' R such that F(D)= D and F(D')= D'+ p, with
D<D'<D+1. Then F is as in figure 7. If G is the A-graph of f, then we have
that I, f-covers I, p+1 times and f-covers I, p times, and I, f-covers I, p times
and f-covers I, p—1 times, where I, =[ D, D'] and I, =[D’, D+1]. Now, if we take
as a rome R={I,, L}, we have
2 |(p+Dz7' =1 pz”

pz’! (p-1)z7'-1
=z7-2pz—1.

2 det (Ag(z)—id) =1z

Case 4. Suppose p/q <0. By replacing F(X) by —F(-X), we obtain one of the
cases 1, 2, 3. O

PrOPOSITION 11. Let p/ q # 0 with (p, g) = 1. Then there exists a map f € C,(S') such
that L(f)=[0, p/q]1nQ (resp. L(f)=[p/q.01n Q) if p/q>0 (resp. p/q<0) and
h(f)=log a,,,.
Proof. We consider the case p/q>0 and g # 1. For the other cases the proof is
similar. Let F: R—> R be the following continuous map:

(1) F(0)=0, F(1)=1;

(2) F(X)=X+p/q forXe[p/2q,1—-p/2q];

(3) F is linear on [0, p/2q] and on [1—p/2q, 1];

(4) F(X+1)=F(X)+1 forall XeR.
Let fe C,(S") such that F is a lifting of £ From [5] (see the proof of the theorem)
it follows that L(f) = [0, p/q] ~ Q. The graph G given in cases 1 and 2 of proposition
10 is the A-graph of such an f, where A is the partition of S' given by
e({0,1/2q,3/2q,...,(29—1)/2q}). Let M be the transition matrix of G. It is well
known (see [3, p. 250]) that the entropy of f is equal to the entropy of the subshift
of finite type with transition matrix M. By the computations made in the proof of
proposition 10, the largest eigenvalue of M is equal to a},,, and hence h(f)=
log ;. O
LEMMA 12. For p,qeN with (p,q)=1 there exists a permutation o,,, of the set
{1,..., p—1} such that y(p/q,i)= E(0,/,(i)q/p)+1 for each ie{l,...,p—1}
Proof. We take ke{l,...,qg~1}and 1€{0,1,..., p—1} such that kp—lg=1. Then
k=Ilq/p+1/p, and hence ik=E(ilp/q)+1 for each ie{l,...,p—1}. We set
0,,4(i)=1i (modp) for ie{l,...,p—1} (notice that /=0 only if p=1). Since
(I, p)=1, 0,,, is a permutation of {1,..., p—1}. We have 1 <1+0,,,(i)qg/p<q+1
and E(ilq/p)= E(0,,,(i)q/p) (mod q). Therefore

E(o,,,(i)q/p)+1=4(p/q, ). a

From lemma 12 it follows immediately that H,,,= H,,,, and a,,,= a,,, (H,,, and
a,,, were defined in the introduction).

LemMMA 13. For p,qeN and z> 1 we have

p—1 i ©
Z zE("’/")H:(zq—l) Z g E(na/p) _ ,q
j=1 n=0
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Proof. We have

=] © p-—1 X
¥ gz E(na/p) D 7~ E(kpti)q/p)
n=0 k=0 i=0

«© p-—1 [+<) r—1
— Z Z 5z~ Elig/p)—kq _ Z 7 ke Z zElia/p)
k=0 i=0 k=0 i=0

b
and hence

o p—1 i
(I"Z—q) Z z~E(na/p) Z Z—E(lq/p)_
n=0 i=0

For ie{1,2,..., p—1} the number ig/p is not an integer, and hence E(ig/p)+
E({(p—i)qg/p)+1=gq. Therefore, using lemma 12, we obtain

p—1 . p—1 p—1 .
Z z~Elia/p) _ 1 4+ ¥ 2 Elka/p)¥1=-q _ ,—q ¥ ZEUa/P)+1
i=0 k=1 j=1
From this relation the lemma follows. O

Recall that” for ¢#0 and z>1, we defined Q.(z)=z+1-2%"_ z 5*/I)_ Then,
from lemma 13 it follows that:

LemMA 14. For p, qeN and z>1 we have H,,,(z) = (29— 1)Q,,,(2).

LEmMaA 15. For every ¢ >0 the function Q.:(1,0)—>R is strictly increasing.

Proof. For every n=0 we have —E(n/|c|) <0 and hence the function zr—» z E(/lh
is non-decreasing. Since the function z— z +1 is strictly increasing, we obtain that
Q. is strictly increasing. O

LEMMA 16. For every ¢ # 0 the equation Q.(z) =0 has a unique root (which, of course,
is larger than 1). If ¢ = p/q with (p, q) =1, then this root is equal to «,,,, the largest
root of H,,,(z).

Proof. We have lim,.; Q.(z) =—0c0 and lim,_,, Q.(z) = 0. Together with lemma 15,
this implies that the equation Q.(z) =0 has a unique root. Let ¢ = p/q. Then, by
lemma 14 the second part of the lemma follows. O

For ¢#0Q we define B, as the unique root of the equation Q.(z)=90. We have
B.:R\ {0}~ (1, ©) such that 8. = B_.. Then, from now on we only study Q, and 8.
for ¢>0.

LEMMA 17. For every z>1 the function Q.(z):(0,0) >R is strictly decreasing.

Proof. Let 0<c,<c,. For every n we have —E(n/c,)=—E(n/c,) and for n such
that 1/c,< k/n<1/c, for some integer k, the inequality is strict. Therefore Q.,(z) <
Q.(z) for all z>1. O

From lemmas 15 and 17 it follows immediately:
LemMa 18. The function B.:(0, 00) - (1, 00) is strictly increasing.

For 0<b, d set k(b,d)=min{n=0: E(n/d)# E(n/b)}.
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LeEmMMA 19. For every y > 1, if b and d are bounded from above and k(b, d) > o, then
|Qs(2) — Qu(2)| = O uniformly with respect to z [y, ).

Proof. For b,d <a and z=y we have

|Q6(2) = Qa(2)| =2 | ¥ (2B D —z7F/E)
n=0
=4 ¥ @
n=kb, d)

=4Z—k(b,d)/a/(1 _Z—l/a).
For k(b, d)= a we obtain
1Q0(2) = Qu(2) =4y ™ 72/ (1= y™/%),
If k(b, d) - o then this tends to zero. |
LEMMA 20. (a) For every b>0, if d / b then k(b, d)-> co.
(b) For every irrational b> 0, if d > b, then k(b, d) > co.

Proof. Take n>0. In both cases, if d is sufficiently close to b, then there is no
fraction with the denominator smaller than n in (1/d, 1/b] or (1/b, 1/d] (depending
on whether b<d or d <b). Then E(m/d)= E(m/b) for all m <n. Consequently
k(b, d) = n. Therefore, in both cases we obtain k(b, d) - 0. O

LEMMA 21. Let ¢,=p/q >0 with (p,q)=1. Then
Q. (2) ~ lim Q.(z) =2(z—1)/(z* - 1).

Proof. We have lim.. . E(n/c)=E(n/c) for all n except for n=kp with
k=1,2,.... For these exceptional n, E(n/¢,)=kq, but lim. . E(n/c)=kq—1.
Therefore,

Qu(2)=lim Qu(z)=2 ¥ (z74*' =z~ ) =2(z—1)/(z7— 1). O
N6 k=1

From lemmas 14 and 21 it follows:

LEMMA 22. If p,qeN, (p, q) =1, then the number lim_.,,, B. is the largest root of
the polynomial H,,,(z)—2z+2.

Since H,(z)=z>—2nz—1 for all neN, from lemmas 18 and 22 it follows:

LEMMA 23. For all neN we have B. 7 n+(n*+1)} and B. \ n+1+((n+1)>—1)},
if ¢ / n and ¢ \: n, respectively.

Proof of theorem C. This follows from lemmas 16, 14, 18, 15, 19, 20, 22 and 23 (to
show that the jump of B. at n belongs to (2—(1/n),2—(1/n+1)), one can use
the inequalities n+(1/(2n+1))<vn*+1<n+(1/2n) and n+1—(1/2n+1))<
Vat+2n<n+1-(1/(2n+2)). O
Proof of theorem B. The first part follows immediately from proposition 10, lemma
12 and (b), (c) and (e) of theorem C. The second part follows from proposition 11,
lemma 12 and (b) of theorem C. O
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Remark 4. In the above proof of theorem B we use theorem A via proposition 10.
But using lemma 5, (c) of theorem C and arguments similar to proposition 10, we
can prove theorem B without the use of theorem A.

Remark 5. If we define By,=1, then the map B. is continuous at zero. This means
that if L(f)={0} then the contribution of the rotation interval to the topological
entropy is zero.

This paper was made possible by an invitation of the Universitat Autonoma de
Barcelona to M. Misiurewicz.
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