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KRULL DIMENSION AND TORSION RADICALS

A.K. BoyLe anDp R.J. SERVEN

Let R be a ring with Krull dimension a and let Ta be
defined on a module M, by Ta(M) ={meM: |mR| <a} .
Equivalent conditions for Ta to be a torsion radical are given.

The relationship between Ta—criticals and d-criticals is also

explored.

1. Introduction and definitions

This paper grew out of numerous discussions on the extension of
results in Krull dimension by means of torsion radicals. If R 1is a ring
with Krull dimension « , denoted IRI = a , the natural candidate for a
torsion radical in the Krull dimension setting is Ty ? where Ta is
defined on the module M, by Ta(M) ={m €M : |mR| <a} . This is always
a preradical, but when o is a limit ordinal, this is not known to be a
radical. This difficulty has been noted in several places (see for example

[7] and (3]). The purpose of this paper is to determine when Ty is a

torsion radical and when it is, to see how the torsion theoretic extensions

compare to their Krull dimension models.
The torsion theory generated by the cyclics of Krull dimension less
than o 1is denoted Ta . Specifically for a right module M ,
Zh(M) = {m € M : every nonzero factor of mR contains a nonzero submodule
of Krull dimension less than a} .
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When Ta is a torsion radical, clearly Ta and Ta coincide. If the

Krull dimension of R is a , then R satisfies the descending chain
condition on Ta-closed submodules. A submodule N =M is Ta-closed in
M if M/N is Ta—torsionfree. Using this chain condition on R , we
derive equivalent conditions, in the second section, for Ta to be a
radical, where a = |R| . When R satisfies a stronger chain condition,
namely when R has a critical composition series, we show that Ta is
always a torsion radical.

Unfortunately, even when Ta is a radical, there are major Krull

dimension concepts which do not match-up with their torsion theoretic

counterparts. In particular, Ta—critical and O-critical need not
coincide. A nonzero Ta—torsionfree module is called Ta-critical if for
C#FN=M, MN is T&—torsion. This module is a-eritieal if, in
addition, M has Krull dimension and |M/N| < a . When T, 1is a radical,
Ta—critical and O-critical coincide for cyclic modules but need not

coincide for modules with larger generating sets. 1In the third section, we

consider when Ta-criticals which have Krull dimension are a-critical. We

show that this problem is interlaced with the existence of critical

composition series and maximal submodules of Krull dimension less than o .

All rings in this paper are associative with unit and all modules are
unital. Module will mean right module. A certain familiarity with the
definitions and basic results concerning Krull dimension, as given in [4],
and torsion theory, as given in [7], is assumed. If ¥ is a module with

Krull dimension B , we write IMI = B . Unless otherwise noted, the ring
R 1is always assumed to have Krull dimension a .
2. When Ty is a radical

Let M be a right R-module with Krull dimension o . Then M # 0

is called a-smooth if M is Ta—torsionfree; that is, if every nonzero

submodule has Krull dimension o . We say that a module M , with
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|M| = @ , has enough smooth factors if for any submodule ¥ of M with
|M/N| = a , there exists a submodule N' of M containing N such that
M/N' is o-smooth.

LEMMA 2.1. Let M be Ta-cr'itical with Krull dimension. Then M
is a-critical if and only if M has enough smooth factors.

Proof. If M is oa-critical ana N =M with |M/N| = o , then

N =0 . Since M 1is da-smooth, M has enough smooth factors.

Conversely, if M has enough smooth factors, N =M and IMVNl =,
then there exists N < N’ <M such that M/N' is da-smooth. Since M is

Ta—critical, it follows that N' =0 . Hence M is o-critical.

A collection L of right ideals is said to be cofinally finite if
every element of L contains a finitely generated element of L .

We note that, by [7, 3.4], T is a torsion radical if and only if
Ma ={r = Ry |R/I] < a} is a topology.

THEOREM 2.2. Let R be a ring with Krull dimension o . The
following statements are equivalent:

(1) T, s a radical;

(2) every cyclic module with Krull dimension o has enough

smooth factors;

(3) every cyclic module with Krull dimension o has an

a-critical factor module;
(&) Ma i cofinally finite.
Proof. (1) = (2). It suffices to show that every cyclic module with

Krull dimension a has a smooth factor module. If M = mR has Krull
dimension o , then m § T,(M) . Thus M/t (M) #0 . By (1), M/ (M) is

a-smooth.

(2) = (3). Let |R/I| =a for I a right ideal of R . Then by
(2), there exists I <N < Rp such that R/N is o-smooth. By [6, 1.h4],

R has the ascending chain condition on Ta—closed submodules. Thus there
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exists a maximal proper Ta—closed right ideal N' containing N . Then

R/N' is Zh—critical and, hence, a-critical by Lemma 2.1.

(3) = (1). since Tt (M) =T, (M) for any right R-module M , it
suffices to show that if m € T (M) , then |mR| <& . If not, then mR

has an O-critical factor module, by (3), which is necessarily a nonzero
a-smooth factor module. This contradicts the fact that mR is

T -torsion.
a

(1) = (4). By [6, 1.4], R has the ascending chain condition on
Za-closed submodules. The result now follows from [§, 1.2 and 1.51].

(4) = (1). Since Ty is always a preradical, it suffices to show
that Ta(M/TOL(M)) = 0 for all right R-modules M . Let m € Ta[M/Ta(M)) }
Then there exists I € Ma such that ml < Ta(M) . By (4) we may assume

that I 1is finitely generated. Then mlI 1is finitely generated and
|mI| < @ . Furthermore I € Ma implies that |R/I| < @ and hence that

[mR/mI| <o . By [4, 1.1, |mR| <a . Thus m € T (¥) and m=0 .

The following corollaries provide specific situations in which Ty is
a radical.
COROLLARY 2.3. Let R be a ring with Krull dimension a .

(1) If R is right noetherian, then 1, is a radical.
(2) If a is a nonlimit ordinal, then 71, is a radical.

Proof. (1) This is a direct consequence of Theorem 2.2 ().

(2) Let M be a cyclic module with Krull dimension o . By [4,
4.2], M has a maximal submodule N of Krull dimension less than or equal
to a -1 . Clearly M/N is a-smooth. The result now follows from
Theorem 2.2 (2).

Let R be a ring with Krull dimension o and let N denote the
prime radical of R . Then N is said to be right weakly tdeal invariant
if |N/IN| <a for any I € Ma . Beachy [1] observed that for rings that
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have this property, Ta is a radical.

COROLLARY 2.4. Let R be a ring with Krull dimension o . If the
prime radical of R s weakly ideal invariant, then Ty 28 a radical.

Proof. By [5, Corollary 5], if I € Ma then there exists eR < T
such that cR € Ma . Thus Ma is cofinally finite. Apply Theorem 2.2

(k).

Let M be a module with Krull dimension. Then M has a eritical

composition series if there exists a finite chain

= > > ... >KK =0
M Kn Kn—l 0

with K./K. o.-critical forall ©7 , 1 =7 =mn and
1 1-1 1
> > >
@, zZa .= ... Za .
PROPOSITION 2.5. Let M be a module with a eritical composition
series. If N <M such that M/N 1is TB-torsion, where B = |M| , then

|M/N] < B .

Proof. Let M=K > K > ... >K_ =0 denote a critical
n n-1 0

composition series for M and let J denote the largest integer such that

|Kj| <B . Then |M/N| = sup{|M/(1v+Kj)|, |[N+KJ.]/IVI} . Since

I(IV+KJ.)/1Vl = IKJ./(N n KJ.]| < B , it suffices to show that [M/[[V+KJ_]| <B.
Hence we can consider the case when N D Kj and work in the smooth module
M/Kj . Without loss of generality, we will assume that Kj =0 and,
hence, that M is R-smooth.

The proof is by induction on the length of the critical composition

series for M . If M is B-critical and M/N is TB-torsion, then

N #0 . Thus IM/NI < B . Assume that n > 1 and that the result holds
for modules which have a B-critical composition series of length n - 1

or less. If N 2K, , then IV/Kl < M/Kl and (M/Kl]/(N/Kl] = M/N is

T,-torsion. Then |M/N| < B since M’/Kl has a B-critical composition

B

series of length n - 1 . Thus we may assume that N n Kl < K1 . If
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N n Kl # 0 , then IKl/(N n Kl]l < B , since Kl is PB-critical. Thus
|@V+Kl]/N| <B . since N =N+, , MV(N+K1] is Ty-torsion and hence
|MY(N+K1)| < 8 by induction. Therefore, [M/N| < B8 . Thus we may assume

1}

that N n Kl 0 . However, then there exists an injection of

Kl = (N+Kl]/N into M/N . This is a contradiction since M/N is

TB-torsion and O # K, is B-smooth. Hence |M/N| < B .

COROLLARY 2.6. Let R be a ring with a eritical composition series
and |R| = a . Then T, %8 a radical.

Proof. It suffices to show that if Tu(R/I) = R/I , where I = RR .
then |R/Il < & . The result now follows from Proposition 2.5.

3. ra—cr‘iticals and a-criticals

When R is o-smooth, the converses of Proposition 2.5 and Corollary
2.6 aré tempting since by [2, 1.2] and [6, 1.k] every a-smooth module has

a descending chain in which the factors are Ta—critical, that is, a
Ta—composition series. Regrettably, this need not be a critical
composition series since a Ta-critical is not necessarily a-critical.

See, for example, [3]. The major impediment is the inability to construct
maximal submodules of Krull dimension less than o . In this section we

discuss the relationship between these concepts.

PROPOSITION 3.1. A module ¥ with Krull dimension o has a maximal
submodule of Krull dimension less than o <if and only if every submodule

with Krull dimension o has an a-smooth factor.

Proof. Let T denote the maximal submodule of Krull dimension less
than o . Then M/T is o-smooth. If N <M has |N| = a , then
N/(N n T) = (N+T)/T < M/T is a-smooth. Note that [N| = o implies
N/{(N nT)#£0 .

Conversely, let T denote the intersection of all Ih-closed

submodules of M . Then M/T is a-smooth. If |T| = a , then by
hypothesis, T has a submodule W with T/W o-smooth. This implies that
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M/W is o-smooth and hence W is Ta-closed. Then T <W , so T/W =0,

a contradiction. Thus IT' <a and T is the maximal submodule of Krull

dimension less than a .

The existence of maximal submodules of Krull dimension less than «
in factors of M enables us to construct a critical composition series for
M/Ta(M) .

THEOREM 3.2. Let R be a ring with |R| = o and let M be a right
R-module with |M| = o . The following statements are equivalent:
(1) M/t (M) has a critical composition series and |Ta(M)| <a;
(2) every factor module of M has a maximal submodule of Krull
dimension less than a .

Proof. (1) = (2). Let N =M. If |M/N| <a , we are done.
Suppose |M/N| = a and let S/N = TM/N) . If S=M, then Sz 1, (M) .

If S # M, then M/S is o-smooth which implies that S = ‘ra(M) . If

S = 1,(M) , then S| <o and S/N is the desired submodule. Thus we may
assume S > Ta(M) . Since M/TG(M) has a critical composition series,
every submodule has one and so, in particular, S/Ta(M) has a critical
composition series. Now S/(N+TG(M)) is Ih—torsion and, hence,
Proposition 2.5 applied to S/Ta(M) gives |S/(N+TG(M))| < a . Since
(et () /m) = |t )/ (1 (a0 o W)| < |t (M| <o, then [S/W] <a . mhus
S/N is the desired submodule of M/N .

(2) ® (1). By hypothesis M has a maximal submodule N of Krull

dimension less than o . Necessarily, N = Ta(M) . Then MVTa(M) is
o-smooth. By [6, 1.4] and [Z, 1.2], MVTa(M) has a T -composition

5 = > > ... 0> = i M
series. Let M Kn Kn—l Ko Ta(M) denote such a series. 1If

N/K. such that IKi/NI = a , then M/¥N has a maximal

1-1
submodule S/N of Krull dimension less than a . By Proposition 3.1,

< Ki /1(7:_l

Ki/N has an a-smooth factor. Hence Ki/Ki has enough smooth factors.

1
Thus Ki/Ki-l is oa-critical by Lemma 2.1.
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In particular, for a ring with Krull dimension o , R/Ta(R) has a
critical composition series and ITa(R)l < a if and only if every cyclic

module has a maximal submodule of Krull dimension less than o . In this
case, every cyclic module with Krull dimension a has enough smooth

factors. By Theorem 2.2 (2), we have the following.

COROLLARY 3.3. Let R be a ring with Krull dimension o . If

lTa(R)l <o and R/TQ(R) has a critical composition series, then Ty 18
a radical.

If o is not a limit ordinal, then by [4, 4.1] every module with
Krull dimension o has a maximal submodule of Krull dimension less than

o . Thus, by Theorem 3.2, if |M| = a , then M/Ta(M) has a critical
composition series. Furthermore, as the next result shows, every
Ta-critical which has Krull dimension is o~critical.

COROLLARY 3.4. Let M be a right R-module with |M| =a . If
M/t (M) has a critical composition series and lTa(M)l < o, then every

Ta—critical which is contained in a factor of M <is a-critical.

Proof. If C/N is a Ta—critical submodule of M/N , then C/N can
be embedded in (MYN)/Ta(MVN) . Thus we may assume that M/N is
o~-smooth.

Every factor module of M has a maximal submodule of Krull dimension
less than o by Theorem 3.2. Hence the same is true of M/N . By Theorem
3.2, M/N has a critical composition series and this implies that C/N
has a critical composition series. The result now follows from Proposition

2.5.

COROLLARY 3.5. Let R be a ring with Krull dimension o and let M

be an a-smooth module with Krull dimension. The following are equivalent:
(1) M has a eritical composition series;

(2) every factor of M has a maximal submodule of Krull

dimension less than a ;

(3) every T -critical submodule of a factor of M is
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a-ceritical.
COROLLARY 3.6. Let R be a ring with Krull dimension « .

(1) If every module with Krull dimension o. has a maximal submodule
of Krull dimension less than a , then every Th-critical module which has

Krull dimension is o-critical.
(2) Every T -critical module with Krull dimension is o-critical if

and only if every o-smooth module with Krull dimension has a critical

composition series.

REMARK I|. It would seem appropriate to include an example of a ring

with Krull dimension o for which Ta is not a torsion radical.

Unfortunately, the authors know of no such example. The above results grew
out of attempts to construct such an example and demonstrate the

difficulties which one encounters.
REMARK 2. Although there are examples of Ta-critical R-modules

with Krull dimension which are not O-critical, the ring R does not have
Krull dimension. It would be interesting to know an example where R has

Krull dimension.
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