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CARTAN SUBALGEBRAS OF ZASSENHAUS
ALGEBRAS

GORDON BROWN

1. Introduction. Cartan subalgebras play a very important role in the
classification of the finite-dimensional simple Lie algebras over an algebraically
closed field of characteristic zero. It is well-known [5, 273] that any two Cartan
subalgebras of such an algebra are conjugate, i.e. images of one another under
some automorphism of the algebra. On the other hand, there exist finite-
dimensional simple Lie algebras over fields of finite characteristic p possessing
non-conjugate Cartan subalgebras [2; 3; 4]. The simple Lie algebras discovered
by Zassenhaus [6] also possess non-conjugate Cartan subalgebras, and we shall
give a complete classification of Cartan subalgebras of these algebras in this
paper.

2. Zassenhaus algebras. Let F be an algebraically closed field of character-
istic p > 2. Any non-trivial finite subgroup T of the additive group of F can be
used to index the basis elements D, of a simple Lie algebra L over I known as a
Zassenhaus algebra. Multiplication in L is determined by DoDs = (& — B)Days-
The dimension of L is p” where n is the dimension of T as a vector space over P,
the prime field of F.

For the purposes of this paper it will be advantageous to use a different basis
for L. First, we define

pn—2—k
we= 2, v D,
ver

for k= —1,0,...,p" — 2. The elements w, form a basis for L since the
matrix of transition from the given basis is nonsingular Vandermonde. Inasmuch
as it will later be shown that all Zassenhaus algebras of dimension p”* are iso-
morphic, we shall without loss of generality assume that T is a field, thus
facilitating our computations. For such T we have that 3, v¥is — 1 if kis any
positive integral multiple of p” — 1 and is O for all other non-negative integers
k. Using these relations, one readily computes that

k n_2—l ¢ n_(_)_l
wkwlz(_1)+l[(pk+1 )+2(P 3 )]w““

+ 2[6k,—1810 — Bxob1,—1]wWpn_s
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if (Z) and w,, are defined to be zero when s < 0 or s >7andm = —2or

m > p* — 2 respectively.

The basis B which we shall employ consists of the elements v, for
—1 =k = p* — 2, wherev, = w;, — 26; 1 w,m_s. Multiplication of these ele-
ments is given by 9,9, = N; wx4; where

Nyt = <—1>’°“[(”nk_ff ) o727

for k + 1> —2 and v, is defined to be zero for # < —1 and for & > p" — 2.
One readily computes that N_;; = 1 for/ = 0, Ny, = [, and

_ (P —1—=2)@p"—1—-3)... 0" =1 — (k+1))
Nkl— ('—1)+ (k-l—l)‘

X (" —1+ k) fork > 0.

I't will be helpful to observe some important instances in which Ny, is zero.
Noting that any integer k& such that —1 < k < p* — 2 can be expressed
uniquely in the form & = Y73 kp' where 0 < k; < p — 1 for 4 > 0 and
—1 =k =p—2 weletk=2r3 kiptand I = 25 1,p7. Then Ny, = 0 if
there exists an integer 7 such that 0 £ r < m and Y ;o (k; + L)p* = p™t' — 1
or if 3l kip' = Xicolip' # —1.

We shall denote the space spanned by all 7, for 2 = s by .#, and note that
LaDL DL D . DL s

is a filtration of L.

Although L has infinitely many non-conjugate Cartan subalgebras if n > 1,
we shall show that they all fall into two categories:

(1) those of dimension one, of which the algebra spanned by D, is an example,
and

(2) those of dimension p*!, of which the algebra spanned by all v, for
k = 0(mod p) is an example.

3. Automorphisms. For [ € L, let

p—1 1

exp (adl) = Y o (ad )7
=0 J:
It is well-known that if (ad [)®+V/2 = 0, then exp(ad /) is an automorphism
of L. For Zassenhaus algebras, this result can be sharpened to establish that
if (ad v,)? = 0, then exp(y ad v,) is an automorphism of L for every y € F. In
particular, we have

THEOREM 1. exp(y ad v,) s an automorphism of L for every y € F and every
positive integer r < p* — 2 except p* — 1 for1 =1 =n — 1.
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Proof. Let D = y ad v,. Since exp D — 1, is nilpotent on L, exp D is clearly
nonsingular on L.

-2 p—1 —
< 4 xD" zD"’

(x(exp D)) (s(exp D)) — (xz)(exp D) = 3.

= =kt v (R — )’

From the list of instances in which N,; = 0 it is clear that if » > 1, then
xD’zD¥ = Oforall B = p. If r = 1, then also xD?zD*> = O forall B > p, and
v;D*,D?~* = Q unless s = { = —1(mod p). Even thenv,D*w,D?~* = 0if p > 3
since v,0) = 0if s = —1(mod p). If p = 3 and s =t = —1(mod p), then

p—1 13 y
v, Dy, D"
,; vip — )

Thus in every case (xz)(exp D) = (x(exp D)){y(exp D)), and exp D is an
automorphism of L.

0.

4. Some one-dimensional Cartan subalgebras. Barnes [1] has shown
that every Cartan subalgebra H is a minimal Engel subalgebra, i.e. there exists
an element a € L such that H = E;(a) = {x € Llx(ada)” = 0 for some
integer 7} and E.(b) € Ep(a) only if E;(b) = Ez(a).

If a € .%,, then since ad « is nilpotent, Ez(a) is the entire algebra L, which,
of course, is not a Cartan subalgebra. The elements lying outside of .%; are of
two types, namely, those which are members of .#; and those which are not.
The elements not in %, will be considered in this section.

LEMMA 1. Let I = 3.2"7% \v,, where \_y # 0. Then there exists an element

n
Z’ = )\_1'1)_1 + Z ,U.kvpk_z
k=1

and an automorphism ¢ such that lo = 1'.

Proof. Suppose that no such conjugate exists. Then among all conjugates
Zfi:? N/v, with A_y’ = N\_;, choose one for which the least integer s such that
Ay # 0 and s + 2 is not a power of p is maximal. Since N_; ;41 # 0, there
exists y € F such that exp(yadwv,,) maps Y22} \/v, into an element

P"=2 \v, with A’ = 0 and \,”” = )\, for all » < s, thus contradicting the
maximality of s.

Since for k % 0 ¢ F, E (ka) = E.(a), the lemma implies that if « ¢ %,
E.(a) is conjugate to E;(b), where b is of the form v_1 + X j_; wm¥pt_2. In order
to determine whether these Engel subalgebras are Cartan subalgebras we shall
first deduce some information concerning ad(v_; + X j—; m¥k—2). We shall

denote this mapping by 4.

LeEMMA 2. There extst polynomials

fkl(xly LR 1xl) E ﬁ’[xlv LI vxl] - F[xly .. '1xl—l]
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Jorl =1,2,..., k such that

k
k
Upn_QAp = Z() fkl(#ly ceey /.tl)vpn;z;pk—l
1=

fork =0,1,2,..., n where fro = —1for0 =k =n — 1.

Proof. (Note: We shall usually write f,, rather than f;,(u1, . . ., u,), and we
shall understand f,, to mean zero if / is negative.) The proof is by induction on
k. vpm_2A = —uvm_y, verifying the assertion for £ = 0. In order to facilitate the
proof, it will be useful to establish the formulas given in the following two
sublemmas.

Sublemma 1. If Lemma 2 holds for all & < ¢, if 19, 21, . . . , 7, are non-negative

integers such that 0 < Xy 4, < p — 1, and if m is the least integer such that
i, # 0, then

¢
p(l ~
(1) ”p"~2~21,,p“4 = Z JaWpn—o—siprpi-t + 267;047‘2qu#1va‘2‘2;)1>01' "
=0

- 6im .p—lfq,q—mﬂ7rL+lvp"—3~

Proof. If ¢ < m the computation of vn_s_s,,7A?" parallels that of v,»_,A4?",
thus establishing (1) for this case. If when > )51, = 0, we interpret 8,,, ,1 to
be zero, (1) holds by hypothesis for 3 7,p* = 0, and we may proceed by
induction. Suppose that ¢ > m and that (1) holds for v,n_»_x;,+4?" whenever
>ipr < > ipt (and X4, £ p — 1) and also for v,,n_z_xjv,,tA”k whenever
kE<q(and X5, < p — 1). Since

o
Upn_2- > i,,py+p"'A = 2 _fm l'U,,n,z, 34, p¥pm—pm = P — 26 i0,p—1M10Upn_2,
=0

it follows that
k k - k
3 C o pm &
Upn—2-x iyvap = —Upn_o_ % iyﬂ”_pmAp Ap + Z fm Upn_2—3 1, pYpr—pit 1A P
=1
¢ k
- 25 0 ,p‘lﬂl‘l}pn;gA .

This expression can be evaluated using (1) since it requires the use of only
those cases for which (1) has been assumed valid in the induction hypothesis.
The computation completes the proof of the sublemma by induction.

Sublemma 2. 1f k is an integer for which the formula of Lemma 2 holds, then
D] ATIII" — Z _ 7! 170 Jk,
(2) vpns = S ; ,[fko] R I TR R
jot ot jp=r JO: o o Tkt

+ 267,p~1[ kka_lﬂlvp"‘Z'

Proof. The proot is by induction on 7. If » = 1, (2) is the formula of Lemma 2
and holds by hypothesis. Suppose that it holds for » where » is a positive
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integer less than p — 1. Applying 4?" to both sides of the formula and com-
puting by means of (1) shows that (2) holds for » 4+ 1 and thus for
=1,2,...,p— 1L
Continuing the proof of Lemma 2, we assume its validity as a formula for
vn_sA?’ for all non-negative integers ¢ < k. Then, by Sublemma 2,

— k
Upn_od =Dr* _ Z ( f ]]0 fkk] Upn—2-3j, 0
jote e r=p—1J0! -
+ 2[firl” vy
By Sublemma 1, 47" maps this element onto
k

k
Z Icl vp"—2—pk+l_l + 2M1fkk ,Z; fk lp#k+l—l pn—3-

Thus

k+1
'Upn_zAp

k+1

= E Jer1, Wpn—a—pr+1-1,
1=0

Wherefk+1_l = fklp for 0 é l __S_ k and

13
fk+l.k+1 = 2Illfkkp - Z szp#k+1— 1
1=0

By induction these functions fy11,; fit the description given in the lemma.

LEMMA 3. There exist polynomials

gi(xlr"'vxt) E F[xly"'yxi] - F[xly"'yxi-—l]
forv = 1,..., m such that A" + gl(ul)A’”TH + go(u1, u) AP 4+
gn(“ly ceey I-"n)A = 0.

Proof. Itisaconsequence of Lemma 2 that theelementsv,»_,A? (s = 0,1,...,7)
are linearly dependent by a dependence relation of the form v,n_of(4) =0
where

f(A) = A" + g1 (u) A7 + galuy, w2) A7 72 4 oo+ iy, -, ) A
with g;(xy, ..., %) € Flxy,...,%;] — Flxy, ..., xi-1]. Since vyn_s is in the
null space of f(4), so are the elements v;n_24"(r = 0,1,...,p" — 1). Since

these elements span L, it follows that f(4) =

Several observations concerning properties of 4 as a linear transformation
are easily made. For example, its eigenspaces are one-dimensional. For,
suppose that p € F is an eigenvalue of 4 and that Y>?"”% ¢,v, is a non-zero
element such that

[ piz J [”—1 + Z B Vi z] =p %2 av,.

y=—1 y=—1
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Let g be the least integer such that a, # 0. Comparing coefficients of v,_; on
both sides of the equation yields a contradiction if ¢ > —1. Consequently
a_y # 0. If there existed as many as two linearly independent solutions, there
would be a non-trivial linear combination of them in which the coefficient of v_;
would be zero, a contradiction. Thus the eigenspace corresponding to p is one-
dimensional.

If g, # 0, then h(x) = 2™ + 3%, gx?" " does not have repeated roots, and
consequently the minimum polynomial of 4 does not have repeated roots.
Thus if g,(u1,...,u,) # 0, then 4 is diagonable and has one-dimensional
eigenspaces, k(x) is both the minimum and the characteristic polynomial
of A, and the roots of h(x) are an additive subgroup of F. Also, since
E vy + X wwyi_e) = H is one-dimensional, it is a minimal Engel sub-
algebra, hence a Cartan subalgebra.

Conversely, one can show that for any additive subgroup T of F of order p*,
there exist »y, ..., », € Fsuch that T is the spectrum of

1

ad |:v_1 -+ Z:l V,-Upi_z‘l .

For, IL,e (x — v) is a p-polynominal, i.e., one in which the coefficient of x” is
zero unless 7 is a power of p. This follows by induction since Il.cp (x — ivo) =
x? — v lx, and if Hvero (x —v) = k(x) is a p-polynomial, then

[T G —dvo—7) =] kx —ive) = k@)” — k(vo)” 'k(x),

i€P,yely i€P

which is again a p-polynomial. Since F is algebraically closed and

gi(x1, ..., xy) 4 Flxy, ... ,x1], the equations  g,(xy,...,x;) = ¢;
(¢ =1,...,n) where ¢; € F have a solution. Thus for any p-polynomial
glx) = x" + 31, cix”_n_i there exist vy, . . ., », € Fsuch that ¢(x) = x*" +
RPN R

Continuing to assume that g,(ui, ..., u,) # 0, we shall determine the

product of elements of the root spaces relative to H. Let I' be the set of
characteristic roots of 4. If vy € T, let 1, = Zf:":? «,v, be that characteristic
vector of A4 corresponding to the root v for which «_; = 1. Thus
iy = v_1 — yvy + . ... Since u,u, must be a multiple of u,,, and since
oty = (p — x)v—1 4+ ..., we have u,it, = (p — X)Upiy

For one-dimensional Cartan subalgebras

EL[:v—l + Zl ,U«ﬂ}pi-2:| = E,() and EL[W—l + Z_; #i,vpi~2] = E. (0"

to be conjugate, it is necessary that there exist X ¢ 0 € Fsuch that the set I
of characteristic roots of ad I’ is {\My|]y € T'} where T is the set of characteristic
roots of ad /. This condition is also sufficient since if v\, = Au,, then
B = (A0 — AX)% (ot
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We summarize the foregoing discussion in the following theorem.

THEOREM 1. For each additive subgroup T of F containing p" elements, there
exists a one-dimensional Cartan subalgebra H of L such that L has o basis
{iy]y € T} where uuy, = (p — X)thpry and uy spans H. Two such subalgebras H,
and H, associated with groups T and T, respectively, are conjugate if and only if
there exists N € F such that Ty = {M|y € T4}.

CoRroOLLARY. All Zassenhaus algebras of dimension p" are isomorphic.

We must still consider the algebra Ep(v_1 + X/ u®pi—2) when

2o (i1, o, ) = 0. We shall show that it is not a Cartan subalgebra, The
characteristic polynomial of 4 is a p-polynomial. For, the characteristic
polynomial

xl — ad (v_l + > /J,{Z)pi_g)
=1

is of the form

-1

"+ 20 Biu, oy pa)x’
=

where b (u1, . . ., py) € Flpy, ..., #,). We have previously shown that if j is not
a power of p, then h;(u1, ..., u,) is zero whenever g,(u1, ..., u,) # 0. Thus
By(uay e evy in)Zu(pet, -« -, k) is zero for all choices of pi, . . ., u,. Since Flui, ..., )
is an integral domain, and since g,(m1,...,u,) is not identically
zero, it must be that h;(ui, ..., n,) is identically zero. Similarly,
Uhpi(uay - v vy i) — g5(u1y ooy #5)]gn(ia, . .+, uy) is identically zero, and
hpi (w1, . . ., py) must be identical with g;(u1, ..., u;). Thus kh(x) = x*" +
S gilu, ..., w)x? " is the characteristic polynomial of 4. Thus if
2o(u1y .« ., uy) = 0, the Fitting null component of A4 is more than one-

dimensional, although, as shown previously, the nullity of 4 is one. Therefore
there must exist b € L such that b42 = 0 but b4 # 0. Thus bl must be a non-
zeromultipleof [ = v_; 4+ > /) pw,i_2, and so b is not nilpotent on I. Hence the
Fitting null component of 4 is not a nilpotent algebra, hence not a Cartan
subalgebra.

5. The remaining Cartan subalgebras. If / is an element of .¥, not in ¥,
then / is conjugate to an element of the form & + Y 75" uw,:_,, where h € H,,
the algebra spanned by all v, for s = 0(mod p), and k ¢ . (The automor-
phism accomplishing this is constructed by analogy with the proof of Lemma 1.)
Thus the remaining Cartan subalgebras are to be found among subalgebras
conjugate to algebras of the form E;(h + Y"53" wwpi_1). It will be shown that
all subalgebras of this form are Cartan.

If pp =pe=...=p,1 =0, E,(h) = Hy, which is a Cartan subalgebra.
The space V, spanned by all v; with s = u#(mod p) is a root space relative to H,.
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We shall be able to make profitable use of the mappings exp (¢ ad v,i_;) for
t € Feven though they are not automorphisms. (If they were automorphisms,
the resultant sharpening of Lemma 1 would have diminished the list of charac-
teristic polynomials of ad [ for I ¢ %,.) Let us denote exp (¢ ad v,i_;) by ¢,(¢).
If h = sz()(mod ») bsi}s, and & G gl, i.e., b() # O, then

il 52wl 52) - vea(Z2)

is an element Y252 ¢, where ¢y = by and ¢,i—; = p;. By applying the auto-
morphism mentioned in the first paragraph of this section, one sees that this
element is conjugate to one of the form

Z AsUs + Z MVpi_1

s=0(mod p)

where ay = bpand ag € Flbo, by, . . ., bs] — Flbo, b, . . ., bs—p]. Therefore, since
F is algebraically closed, given any element

n—1
!l = Z avs + Zl WiVpi_1
=

s=0(mod p)
for which ag # 0, there exist elements ¢y, ts, . . ., t,-1 € Fandanelement’Z € H,
(and ¢ &) such that by is conjugate to [, where ¢ = 1 (t)¥2(t2) . . Y1 (1),
It is apparent from its action on the basis {v_i, vy, . . . , ¥,n_2} that ¢ is a non-

singular linear transformation on L.

For the proof of the next theorem it will be convenient to introduce a
function which may be viewed as measuring how near a mapping comes to
being an endomorphism. In particular, let ¢ be a mapping of L into itself, and
define g from L X Lto Lby (x,y)e = (x¢)(ve) — (xy)¢. Thus @ isidentically
zero if and only if ¢ is an endomorphism of L. It is readily established by induc-
tion on 7 that

B) er...e)e1...¢r)
= (xy)e1. ..o+ Zi (P11, Y1+ @) PiPig1 - - PT

where ¢1...¢;-1 =1 if 2 =1. In the case where ¢ = ¢,;(), we have

(cf. [5, p. 9])

(5, = % [‘" 5 xadge) y@(ivij}l))!— }

n=p i=14+n—p 1!

Thus (v,, v,) = 0 whenever » (or u) is not congruent to —1,0,...,
p — 1(mod pt') and also whenever » + p is not congruent to —1,0,...,
p — 2(mod p'*1). Also (v,,9,)¢ = 0 whenever » = p = 0(mod p'**!) since
v,(ad v-1)% = 0. If (v,,v,)p 5 0, then it is a scalar multiple of v, ,4pi+1-,.
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THEOREM 2. Ho 15 a Cartan subalgebra of L, where

‘l/ = \0101)‘#202) e ‘l/n—l(tn—l)
for t; € F.

Proof. We shall show that Hyw is abelian by showing that the terms
®Q1 . . @, YO1 . o . @i1)@iir1 - . - o1 Of (3) are zero if ¢; = Y,(¢;) for
i=1,...,n—1l,and x =v,,y = v, for v = p = 0(mod p). From the list in
§ 2 of instances in which N,; = Oitisapparent thatxe; ... ¢;—1and yor...01-1
cannot contain non-zero terms in v, where A = —1,0,...,p — 1(mod p**')
when expressed in terms of the basis B except for A = 0, p — 1(mod p™*'). But
even then, according to the discussion preceding the statement of the theorem

(x«’l e Qi1 Vo1 .. <Pi—1)¢f<ﬁi+1 s Pp—1

is zero. Thus Hg is abelian. To show that Hgw is its own
normalizer we consider products (v.¢) () where p = 0(mod p). If
(Vo1 « +  Qicly Vu@1 - -« . ©i-1)@iPii1 - - - @p—1 IS NOt zero, then it is a scalar
multiple of v,4,4pi+1p@it1 . . . @o_1, except that if v = —1(mod p*!) and
u = 0(mod p™*1) for ¢ > 1, it is a linear combination of v,y piv1p@if1. .. Ou1
and ¥,y uipit1_1Qit1 - - - @p_1. For those values of » and u such that
W1+« @1, V1 - - - 0i-1)@s # 0, the space spanned by v,4,4,i+1-, (or by
Vytuipi+lep aNd Uyppipi+1_g if v = —1 and p = 0(mod p**1)) is invariant under
@1 ...¢;—1. Thus, in any case, (v,¢) (v,¢) is equal to v,,,¢ plus a linear combina-
tion of elements of the form v,4,1pi+ 1y and v, ypis1pfori = 1,2, ..., n—1,
and, in particular, ad v is a nonsingular linear transformation of the space
spanned by {z,¢|v 2 0(mod p)} onto itself. Hence Hyy is its own normalizer,
and, since it is abelian, a Cartan subalgebra of L.

What Theorem 2 shows usis that E;(k + > p#,i—1) is a Cartan subalgebra.
For, we previously showed that there exist /' € H, (and ¢.¢;) and ¢ such that
h+ > w@yii = W'y, and since ad &'y is 0 on He and nonsingular on the space
spanned by {v,¢|v # 0(mod p)} (since b’ ¢ 1), EL(W¢) = Hypp.

Having examined all the Engel subalgebras of L and having determined
which are Cartan subalgebras, we now have a complete list of the Cartan
subalgebras of L. It would also be of interest to have some information con-
cerning the conjugacy of Cartan subalgebras of the form Hyp. To this end we
establish the following theorem.

THEOREM 3. If n > 2, then L has infinitely many non-conjugate Cartan
subalgebras of dimension p"—. If n = 2, L has exactly two non-conjugate Cartan
subalgebras of dimension p.

Proof. Let Vy be the root space relative to Hop, where ¢ = ¢1(41) . . . Y1 (t—1),
consisting of those elements of L annihilated by some power of (ad vo¢ — 1).
With the aid of some remarks made in the proof of Theorem 2 it is easily shown
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that there exist N; € F,7=1,...,n — 1 such that

n—1

vop(ad oy — 1)2 = & D Nt Pv,ir1 .
=
Therefore vy = v_1 — t; 305" Nt Pvpi1_09 € Vy. It is readily seen that the
nullity of ad #y is one, and we shall show that every element v’ of 7, such that
ad 9" has nullity one is a conjugate of a scalar multiple of v,. To see this, we
note that

g, (Wo¥)vy, (Wop)y, - ., (Wpnp)y)

is a basis for V for V, since Vy is p"'-dimensional and (He) Vy, C Vy, and that
by a proof almost identical to that of Theorem 1 exp(y ad v4) is an automor-
phism, where y € F and s is a positive multiple of p. Any element of 1, of
nullity one is expressible as a linear combination of these basis elements with
the coefficient of vy, being non-zero. Since ad vy maps Hoy onto Vy, application of
the appropriate composition of automorphisms of the form exp(y ad v ) yields
a scalar multiple of v,. Now suppose that Hoy and Hy* are conjugate, where
V¥ = i (t*) .. Y1 (—1®). Then vy must be a conjugate of an element « where
1 is in a root space relative to Hop* and ad « has nullity one. Thus v must be a
conjugate of some scalar multiple of

n—1

Uyx = 71_11,0* — fl* Z Niti*pﬂpia-l_g\&*.
=1

As in Lemma 1, v, is conjugate to an element of the form v_; + > 7| wopk_o.
For k =1,...,n — 1, w is ¢, plus a polynomial in {, ¢, ..., t_1;. Thus
t1, tay . . ., t,—1 (and consequently ¢) can be chosen so as to make uy, us, . . ., p_1
take on any prescribed (n — 1)-tuple of values in F, and as in § 4 to make the
coefficients g1, gs, . . ., g,—1 of the characteristic polynomial % (x) assume any
(n — 1)-tuple of values in F. If h(x) = x*" 4+ 31, g " is the characteristic
polynomial of ad v, then the characteristic polynomial of ad ¢y, where ¢ € F,
is

T gl = c”"h( i—c) .
i=1

Let us define two p-polynomials %, (x) and % (x) of degree p" to be equivalent if
there exists ¢ € F such that hy(x) = ¢®hi(x/c). This gives us an equivalence
relation defined on the set of p-polynomials of degree p”". If Hoy and -Ho* are
conjugate, then the characteristic polynomials of ad vy, and ad vy« must be in the
same equivalence class. For n > 2 the characteristic polynomials of ad v, for
all y = ¢1(t1) - . . ¥p_1(t,—1) lie in infinitely many equivalence classes since g;
and g, may assume any values in F. Thus there are infinitely many non-
conjugate Cartan subalgebras of the form Hoy when n > 2. If n = 2, on the
other hand, then Hw,(¢) and Hew: () are conjugate if tu #% 0 via the auto-
morphism which maps v, (¢) onto civ @, (1) where ¢~ = u. Hy and Hoy(2),
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where ¢ # 0, are not conjugate since ad v is nilpotent for every v € V_;, which
is not true of the elements of the corresponding root space relative to Hop(¢).

(This can be seen from the fact that gi(u1) = —2u” and go(u1, u2) = w2, com-
putations derived from the proof of Lemma 2.) This completes the proof of the
theorem.

Our results are summarized in the following theorem:

THEOREM 4. If T is an additive subgroup of F of order p", then there exists «
basis {u,ly € T} of L such that uu, = (p — X)Upix, and u, spans a Cartan
subalgebra Hr of L. If H, ts the algebra spanned by the elements v, for all
s = 0(mod p), and

n—1
¥ = I_Il exp (¢;ad v,i1)
=
with t; € Ffori=1,...,n — 1, then Hoy s a Cartan subalgebra of L. Every

Cartan subalgebra of L is conjugate either to a subalgebra Hp or to « subalgebra
Hw. For n > 1, there extist infinitely many non-conjugate Cartan subalgebras Hr.
For n > 2, there exist infinitely many non-congugate Cartan subalgebras Hoyp.
For n = 2, there exist two non-conjugate Cartan subalgebras Hop. For n = 1,
(and p > 3), there exist two non-conjugate Cartan subalgebras, Hy and Hp.
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