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1. Introduction

Zones with p gradient in stars have been discussed extensively in recent years in
relation with the so-called ‘semi-convective zone’ which forms in massive stars when
the convective core shrinks.

When the condition V7€ [Vy,, Vi, + (B/4—3u) V,]is satisfied (B is the classical ratio
PGas/Prow, V1o and Vo the adiabatic and actual temperature gradients, Vu the molecu-
lar weight gradient) motions are locally overstable.

A local treatment of this zone led Kato (1966) to the conclusion that these overstable
motions produce an important mixing and that the gradient remains almost adiabatic.

Then Gabriel (1969) and Auré (1970) tried to answer the question whether motions
can settle in the whole star taking into account the stabilizing effect of the large
radiative regions above and below the semi convective zone. Due to the strong stabili-
zation of the outer radiative zones Auré concluded that no motions can be main-
tained in the star and then no mixing will be achieved.

The most favorable situation to excite overstability of the whole star would be
when the zone of varying molecular weight lies very close to the surface, where the
eigenfunction is large. Such a situation could be achieved in white dwarfs. It has
been shown by Schatzman (1958) that large gravity can lead to a sorting of the
elements and to mild thin zones of varying chemical composition. In the case of a
white dwarf with a very thin hydrogen envelope, the zone where hydrogen and helium
separate can be very superficial. If the star is not too hot the condition V;, <V, will be
satisfied. The purpose of this paper is to examine the influence of this zone on the
stability of the star.

2. The Zone of Sorting of Helium in the Envelopes of White Dwarfs

We first estimate the extend of the sorting zone and then the speed of sorting. We will
assume that the hydrogen-helium transition occurs high in the envelope, the charac-
teristic parameters being:

logT =4.12

logP=6

These parameters have been estimated from hydrogen rich envelope models con-
structed by Vauclair (1970).
For the sake of simplicity we assume that only fully ionized hydrogen and helium
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are present. Let us call Z;, ny, my, the charge, number density and mass of hydrogen
ions; Z, n, m the same quantities for helium ions, e,, s the charge and number density
of electrons. We will use the u and v variables defined by:

d
v dz
v kT M
d ’
v_ ey dz
v kT
where g is the acceleration of gravity and y' the electrical potential.
The statistical equilibrium is:
T,
n=ny °uv?
T
T,
nl=n10 Fuv (2)
T _ Ty _
s—so—Tou'""/"" Y, 7?0 !

ng, My, So Ty, being the number density of helium, hydrogen and electrons, and the
temperature at the same reference level.
The extend of the zone of sorting is given by

ldu_ 1dT+4du+2dv 3
ndz  Tdz udz vdz 3)
ldu_ 11 dP“ 1dP

S == =— 4
udz R oT dz #sz @)

The estimate of 1/v dv/dz is obtained using the condition of electrical neutrality
which relates v and .

mZ,+nZ=s (5)
At the reference level one has
nyoZy + noZ = s, (6)
and at any level
2 Mo u*v® + 1o uv® =1 @)
So So

If one chooses the reference level as being the level of half sorting

Q Y
noe=05— nyg=05-—
m 4m, ®)
L) 1 LT
= and =
Sso 6 So
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Equation (7) becomes

u*v® +2u* —3=0 9)
So that 1/v dv/dz can be obtained by
Ldv  1du 4udv + 20° (10)
vdz  udz\ 3uv? + 4u
In the vicinity of u=v=1 this gives
1dv 61du w
vdz  Tudz

Then Equation (3) is

1 dn, 16 \1dp
— =—(Vr+ . : 12
ny dz < T #>pdz (12)

For a typical white dwarf atmosphere

: | ‘ !
1 ,dullf: {lfjp (13)
Uy dz | pdz
So that the extent of the zone of sorting is of the order of half a pressure scale height
i.e. 2 temperature scale heights. In the typical case, this leads to a distance of approxi-
mately 5 x 10 cm.
The velocity of the elements, as given by Chapman and Cowling (1960) is

1d
o=k, - L

pdz

. (14)
ki=24—-i—-1

Ap = 6.62 x 10° T*'?|(n,M ,ia)

A, i, being the molecular weight and the degree of ionisation of the sorted element;
o is a slowly varying factor of the order of 10.
m

My=—- -
m; +m
with the typical values chosen here

V ~ 1073 cm/sec
So that the sorting is achieved in 5 x 107 sec.

If no mixing processes like turbulence occur in the envelope the sorting is completely

achieved during evolution.
The corresponding gradient of molecular weight is of the order of

_dlogr o4

#_d]ogp_
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The extension of the zone V<V, in hydrogen rich envelopes of white dwarfs is
extremely sensitive to the effective temperature and less sensitive to gravity.

In a typical model M=0.88 My L=0.003 L, logT,;=4.12, logp is in the range
[5.44; 6.59] and logT [4.03; 4.45]. Smaller effective temperature leads to strongly
convectively unstable models, and larger effective temperature to strongly radiatively
stable ones.

3. Stability of the Gravity Modes

As the interesting region lies in the very outer layers of the star we assume a plane
parallel medium stratified along the z axis. Equations of continuity, motion, radiative
equilibrium (in the diffusion approximation) and energy lead to the well known
system for the displacement and the perturbations:

! dlo
V-r' + ¢ + 7' ' oBC _ 0
0 0z
' , (15)
O,Zr/ - Vp/ + g Q
Q Q

4 !’
v <- aT3T’> =M (KQ> F
3 c c

' 01 ' 01 Ve—1
PR g (€ P08 S oy
p 0z e 0Oz iop

r’ is the displacement and z’ its component along the z axis; g, p, T density, pressure,
temperature; g gravity, along the z axis; F, y radiative flux and Rosseland mean
opacity.

All perturbed quantities are written in the form

A =A0+A’(Z) eim‘+k,\.x+kyy (]6)

A, is the equilibrium value and A’ the eulerian perturbation, function of z only.
We also assume the perfect gas law, with no contribution of the radiative pressure:

P = RoT/u (17)

4 the molecular weight is assumed to be constant along the motion, the diffusion time
being much longer than the period of the oscillations; so that

Win+z' élogu/dz =0 (18)

As usual we will carry a linear analysis and the system (15) can be written in terms of
the variable w=logp and the reduced functions

¢=2Z/H,, 0=T'|T, n=pp, ¢=FF

Y 2
féz(v,,—1)5+<1—kgf{">n—0 (19)
o

cw
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’H
00
s = (UH KD ViVrE + (L4 16,) Ve + (47 = 5) V0 + Vg 20
oo iopH, k*H;
0P _ _ 1Py _y 1 +Vo,)n—0 Py 22
dw FV,, [(Vr ra) £+ (1 + Vo) 1+ v, (22)

In atmospheres of white dwarfs the three quantities k’gH/c?, 0*H,/g and k*H}/V;
are very small and will be neglected all along.

Auré (1970) has shown that due to the exponential increase of the adiabatic
eigenfunction close to the surface the influence of the radiative layers situated below
the region of varying molecular weight is negligeable. But a large damping comes
from the outer layers. We will assume here that the region of sorting coincides with
the photosphere. This means that the star is composed almost entirely of helium and
keeps only a thin atmosphere of hydrogen.

To be able to proceed further in the analytical calculations we will make two
drastic approximations. In the region of varying molecular weight extending from
z; to z, motions are adiabatic, although in the outer layers from z, to z, they are
isothermal.

The actual eigenfunction is ¢ =&, €' *?" and the damping coefficient is expressed
by (Ledoux and Walraven, 1958)

oT
, J - (V-F) dv

o= (23)
Jgr’-r’ dv
Let us call
5T _ [oT
I =) ~-V-F'dv and L=|- V-F'dv
T T

As the lower zone is unstable I, is negative; but I, is positive. The whole model will
be unstable if I, + I, <O.

4. Excitation of the Sorting Layer

In the adiabatic approximation the eigenfunction can be obtained solving the set
of equations:

?E)=(Vu——1)~fo+n—0 (24)
w

on )

— = Vuéo — 0 (25)
ow

(VT - VTa) 60 + (‘ - VQ«) n—0=0 (26)
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We assume that in the layer the different gradients are constant. The second order
differential equation giving &, is

&+ (2-Vo)éo+ (A—Vo) &, =0 (27)
And the general solution can be written
Eo = Aexp(— w)[1 + exp(Vow + «)] (28)

We set the upper boundary of the layer at w=0 and assume &,=1i.e. =0, 4=1.
And the eigenfunction is

So=4e 1 + %] (29)
In the quasi adiabatic approximation 67/T=0— ¢V, using (26) becomes
OT|T =V, (n = &) (30)

and V- F’ is computed from (21).
The adiabatic expression for = is derived from (24)

Vo —
= — szAQV& e_w + ’ZLF(VQ_”(O (3])
Then
F \Y
V‘F'=H {(—a+bv">e""+a(VQ—l)e‘“’""“} (32)
14 ea,

where @ and b are expressed in terms of characteristic quantities of the layer
a=—1—-x,Vu—r,—(ky —4)Vy

v
b=— "k, — (kK —4) Vp,
Vr
Xw X1> X, being the logarithmic derivatives of y with respect to i, T and p.
The contribution of this layer to the damping integral is:

0

6T
Ii=~ | = V-FH,do (33)

)

Performing the integration one obtains

Vo
I, = FVr —[g (@) — 9 (0)] (34)
2Ve,
where

\Y
a)lzlogpl and g(w)=%<—a+b
Po v

Q e—Zm _ G(VQ - ]) e(VQ—Z)(u
Vo -2

a
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5. Damping by the Outer Layers

The boundary of a possible semi convective zone is situated in the very outerlayers
(t~0.2) so that it is impossible to keep the quasi adiabatic approximation in this
region.

On the other hand, as the temperature relaxation time scale is very short one can
assume that the perturbation has always the same temperature as the mediumi.e. 6 =0.
The eigenfunction can be computed from

0
& = - éo +
ow
or o’H 33
_ _ — p
0 g o
As 0%H,/g <1 the solution is
ta =K+ Kye (rine
—(s?Hplg) (36)
= K,e P
Boundary conditions at w=0 fix the constants. They are
¢ (0) =¢, (0)
m,(0) =7, (0)
where index | and 2 refer to the lower and upper zones respectively
K +K,=1
Vo -V
L
Vo Vo 37)
Kz = ,=1-
2Vo, 2Vo,
V- F’ is computed using (22) with =0
F d¢ iop
V-F)=--~=—=_>[(Vr=V5) &+ (1 —Voa 38
(B = s =g (Vs = V2) €+ (1~ Voa) ] (3®)
keeping only the first term in e~
V-F=— P (V= V;) Kpe™® (39)
VTa
OT/T is estimated from Equation (21) where V,=0 and 6=0
00/0w = (1 + x,) Vo + V7o (40)

This equation is the diffusing approximation of the radiative transfer equation.
In the outer layers it can give only rough orders of magnitude.
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As V- F’ is in quadrature with ¢ and n, we only need the part which is in quadrature
with & in 6T/T i.e.
(OT/T)* = 6* with 00*/dw = V1o (41)
Using the expression of d¢p/dw from Equation (22) and performing two successive
integrations (¢ =60*=0 at p=0) one gets
_ iO’ VT - VTa VT

oz KipoH, 42)

0* -
F VTa (1 - VQ)

and then the contribution of this region to the damping integral is

22

2(Vy—Vq5,)? \Y Vo \?
e [T (Y “

F o va, (1-vor\ ~avg,
i.e.
(Vi = V) Vg Vo \?
L= v T T (1= H?p? 44
PO F VE, (- VQ)2< 2Vaa> pPo02 49

6. Numerical Estimates for I, and /,

The typical model gives

F — 1011.1
oc~10""!
H, ~ 10* cm
po = 107 cgs
We will stop the integration in the outer atmosphere at w, = —3. This boundary is
completely arbitrary but one sees that I, is proportional to w, and so not very

sensitive to the position of this limit. In the outer layer the mean values of the
gradients are:

Vr~0.1
V.~ 0.04

So that I,~107
In the region of varying molecular weight, we assume a Kramer’s opacity law and
the model gives the following mean values

Vu=0.1
V5.=0.4
Vo =0.8
w, =13

So that g (w;)—g(0)=—0.32 and I, ~ — 108 so that I, + I, <O.
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7. Conclusion

The result obtained here that the instability of the whole star could be triggered by
the zone of varying molecular weight is only an indication that such a mechanism
could work actually.

Very rough approximations are necessary to carry all along analytical expressions.
A treatment including a better equation of transfer in the outer layers and a complete
resolution of the differential system is needed to conclude. The region where V,, <V
coincides with the region of second ionization of helium and we have omitted com-
pletely to take into account the variation of the degree of ionisation.

From the expressions obtained from I, and I, one sees that high order modes are
more favorable to instability. If the effective temperature increases H ,2, | F?* decreases
and instability is favored but on the other hand the radiative gradient remains too
small and the condition V, <V is never satisfied. So that only a small interval in T
is favorable to that process.

It also implies that the zone of sorting is very close to the surface which means
that there is very little hydrogen left.
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