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0. Introduction. B. Rouxel [7] and S. J. Li and C. S. Houh [6] have generalised the
notion of an jrf-submanifold (Chen submanifold) to an .stf*-submanifold. In [1] we have
studied the relation between their definitions for the Euclidean case.

In this work we obtain a &-Chen submanifold by considering the product of 1-Chen
submanifolds. Using the definition of Ac-Chen submanifold given in [6], we show that the
product of two submanifolds Mi (p-Chen) and M2 (r-Chen) of Riemaniann manifolds Nx

and N2, respectively is a A:-Chen submanifold for some k e [max{p, r},p + r]. This result
for k^p +r was obtained by B. Rouxel [7] for the Euclidean case. We also give some
examples.

1. Preliminaries. M is an m -dimensional submanifold of an (m + d)-dimensional
Riemannian manifold N. Let £ be a normal vector field on M. We choose an orthonormal

local basis nu n2,... , nd normal to M in N such that n, = ——. Then the allied vector field
d lib II

of £ is defined by J^(4t) = 2 Trace(y4^/ln.)/i,, where A is the Weingarten map of M in N
([2] p. 203]). In particular sl(H) which is the allied vector field of the mean curvature
vector H of M in N is called the allied mean curvature vector. If sd(H) vanishes
identically, then the submanifold M was called in [2] an j^-submanifold of N, which later
became known as a Chen submanifold [4]. It is easily seen that the class of Chen
submanifolds contains all minimal and pseudo-umbilical submanifolds, and also all
submanifolds for which dimNj^l , where Nx is the first normal space of M in N, in
particular it includes all hypersurfaces. These Chen submanifolds are said to be trivial
Chen submanifolds. There are many kinds of Chen submanifolds which are neither of the
submanifolds we just mentioned, (cf. [3], [5])

In [6] the definition of a it-Chen submanifold is given as follows. Suppose that H does
LJ

not vanish on M and nx = ——-, n2,..., nd is a local orthonormal normal basis to M in N.
\\H\\

Put $£](H) = s4(H). Suppose that s$(H)¥=0. Then the local orthonormal normal basis

nun2,...,nd is rechosen such that " i = — , w2= ' . In general, d2{H),
W" II II "S»u") II

S£T[H),... are defined inductively. Suppose that sio(H) = H, si]{H),...,dk-\{H) have
been defined and are nonzero on M. Thus the local orthonormal normal basis

0̂  (h1\

nun2,...,nd\s rechosen so that n, = ' " ' „ > . . , / = 1 ,2 , . . . , /c. Then dk(H) is defined
\\AAn)\\d \\A

as sik{H) = 2 TraceO4^_l(//y4n>(, and thus (sik(H), jtf(-i(tf)> = 0, i = 1,2,..., k. As

in the definition of Chen submanifold we call s£k(H) the A;-th allied mean curvature
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vector. The submanifold M is said to be an ^-submanifold if one of
H, s$i(H),..., sik{H) vanishes on the whole M and is said to be a /c-Chen submanifold if
M is an jtf*-submanifold but not an ^_rsubmanifold. All trivial Chen submanifolds with
nonzero mean curvature vector would be considered as trivial 1-Chen submanifolds.

Let TM and T±M denote the tangent and normal bundles of M, respectively. Let
S(M) be the bundle whose fiber at each point p e M is the space of symmetric linear
transformations of TPM^TPM. Then we consider the Weingarten map A and its
transpose 'A as a cross-section in Hom(TxM, S(M)) and Hom(S(M), T±M), respectively.
That is, if ueSp(M) and geT^M, {'A(u),0 = (u,A(), where for any u,veSp(M),

m

(u,v)= 2 (uehwe,), {eu...,em} is an orthonormal basis tangent to M. Then Simons'

operator A is given by A = 'A °A [8] and for any normal vector n

A(n) = t ('A °A(n),nfrn, = 2 Trace(>l,A,K (1.1)
; = 1 y = 1

However, for positive integers s, As(n) = A °As~1(n), where A°(n) = n.

2. Product it-Chen Submanifolds. Let M be an m -dimensional submanifold of an
(m + /:)-dimensional Riemannian manifold N. Assume that H ^ 0 on M and

1 "i = TTTTT > M2> • • •»nd f is a local orthonormal normal basis to M. Let us apply A to H.

From (1.1) we have

= *Z Trace(AHAni)nj = T r a c e ^ ^ , , , ^ , + 2 Trace(i4Wi4,,)ny

= Trace(>lni>lni)// + ^ ( / / ) . (2.1)

Applying Simons' operator k times to H, we get

Ak(H) = 2 M ' W + J**(#), (2-2)
i=0

where v4°(//) = //. For each /:, the functions a, are determined (for details see [6]).
In [6], the following result is given.

THEOREM A [6], Let M be an m-dimensional submanifold of an (m + d)-dimensional
Riemannian manifold N. Then M is a k-Chen submanifold of N for some positive integer
k<d if and only if Ak(H) is a linear combination of H,A\H),... ,Ak~\H) which are
linearly independent.

In [3], B.-Y. Chen gave the following proposition about the product of two
^-submanifolds.

PROPOSITION B [3]. Let A/, (i = l,2) be mrdimensional submanifolds of (m( + dt)-
dimensional Riemannian manifolds Nt with nowhere zero mean curvature vector H(. The
product M] X M2 is an d-submanifold of Nx X N2 if and only if Mx and M2 are
si-submanifolds of Nx and N2 respectively, and the second fundamental forms at
n, = HJWHiW ofM, in N, satisfy Tiace(AniAni) = Trace(An2/ln2).
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Also, S. J. Li and C. S. Houh [6] generalised this result to the product of two
j#2-submanifolds. In this work we obtain the following results.

THEOREM 2.1. Let M, be m,-dimensional 1-Chen submanifolds of
dimensional Riemannian manifolds Nt with nowhere zero mean curvature vector //,,
/ = 1,2,.. . , k such that dt + ... + dk> k. Then the product manifold M = Mi X.. .X Mk is
an l-Chen submanifold of N = N^X... XNk for some positive integer l<k if and only if
rank(D,) = r a n k ( D , : £ , ) = / where E ^ c o l ^ f c , ) ' , (b2)',. ••, (bk)'), D, is the kxl matrix

H-
with entries dtj = (b,)1, bt = T r a c e ^ A , ) , n, = —j-, i = 1 , . . . , k , j = 0 , 1 , . . . , / - 1 and
(D,: Et) is the augmented matrix. " '"

Proof. Since the M/'s a re 1-Chen submanifolds, then from (2.1) w e get A(Hi) = 6,/ / , ,
i = 1 , . . . , k. Applying Simons ' opera to r to A(Hj), we obtain

A'(Hl) = (b,)iHl, 7 - 1 , 2 (2.3)

For the mean curvature vector H of M we have H = — (mxHu... ,mkHk), where
m

m = m 1 + . . . + mk. So, for any positive integer r, using (2.3) we get

Ar(H) = - M W ) , . . . , mkA'{Hk)) = - (m,(b,YHu... , mk{bk)
rHk). (2.4)

m m

For a positive integer s, suppose that AS(H) is a linear combination of

H,A ( / / ) , . . . ,A S~\H) which are linearly independent, that is, A'(H) = 'f, ^
Thus, from (2.4) for r = s and r =j we have / = 0

^ \(m, U , ) 1 - 2 Xjib^Hu..., mk\(bky - 2 Xj(bk)>]Hk) = 0.

Since Ht ¥* 0, then we obtain

b'i=2ibiycJ, i = l,...,fc (2.5)
/=o

This is a system of linear equations with respect to variables xo,...,xs-\. We write it as
DSXS = Es, where A'j = col(*0, • • • ,*s_i) and, for l = s, Ds and Es are as in the hypothesis.
Considering Theorem A,

the product submanifold M is an /-Chen submanifold

Oii'(#)=2 */'(#)

O for s = I (2.5) has a unique solution

<=> rank(D,) = rank(D,: E,) = I. D

Note that for k = 2 and / = 1 this theorem reduces to Proposition B. From the above
theorem we get the following corollary.
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COROLLARY 2.2. Let M, be mrdimensional l-Chen submanifolds of (m, + d,)-
dimensional Riemannian manifolds N, with nowhere zero mean curvature vector //,,
i = 1 , . . . , k such that dx +... +dk>k. Then the product manifold M = MXX.. .xMk is a
k-Chen submanifold of N = NXX.. .xNk if and only if bt *£ bj for i ¥>), i, j = l,2,...,k,

LJ

where bt = Trace(y4njy4n,), «, =

Proof. For / = k considering Theorem 2.1, Dk is the kxk matrix and rank(Z)*) =
iank(Dk:Ek) = k if and only if dtt(Dk)^0, where Dk and Ek are as in Theorem 2.1.
According to the entries dy = (bi)J, i = 1 , . . . , k, j = 0 , 1 , . . . , k - 1, of Dk, its determinant
is obtained as

det(D,)= fl (b,-bj).

Therefore, det(Z)*) ^ 0 if and only if b, ¥> bj for i ¥> j , i , j = 1 , . . . , k. D

We now construct an example which is a /c-Chen submanifold as follows.

EXAMPLE 2.3. Let SP'(at) be a p,-dimensional hypersphere of RPl+1 with radius a,. Put

,,-a.Le,

Mt = S p ' ( q f ) X . . . x 5 p ' ( a , ) , c : R " ' + 1 X . . . x UPi+l • Um'+di, i = l,...,k
dj times

where m, =p,d,, Then the product submanifold Mx X... x Mk of Rm'+ d l X . . . X Rm»+<'* is
a /c-Chen if and only if qt ¥* qs for / ¥>j, i,j = 1 , . . . , k.

Proof. Since the M,'s are m,-dimensional pseudo-umbilical submanifolds of Rmi+*,
/ / •

they are trivial l-Chen submanifolds. Calculating 6, = Trace(/4rt y4n), «, = — 7 - , we obtain

II«/II
bt = q(. Thus 6 ^ . . . , bk are all different. Therefore, the proof is an immediate result of
Corollary 2.2.

THEOREM 2.4. Let Mx and M2 be p-Chen and r-Chen submanifolds of Riemannian
manifolds N, and N2, respectively. Then for some k, max{p,r}s/c<p + r, the product
Mx X Mz is a k-Chen submanifold of Nx X N2.

Proof. First, we will show that k^ma\{p,r}. Let r^p. Suppose that &<

max{/7, r} = p. Since Mx X M2 is a /c-Chen submanifold we can write Ak(H) = 2 XiA'(H),
where H is the mean curvature vector of the product Mx x M2. Since

H = —
m

we have

- [miA'M), m2A
k(H2)] = - *f x^A^H,), m2A'(H2))

m m /=o

1=0
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and then

1=0

However, as Mx is p-Chen and k < p ,

,) Ak~\H,)) =
* - i

/=o

where SSk is a linear combination of Hx,A^(Hx),A2(Hx),... ,Ak~^(Hx). Since $&k(Hx) is
independent of Hu A\HX), A2(HX) Ak~\Hx), we get s4k(Hx) = 0. By hypothesis,
sip _i(//i) 7=0. Then this is a contradiction to our assumption k<p. Therefore, k S:
maxjp, r}.

We will now show that k ^ p + r. For this, we have to prove that if s&p+r-x(H) ^ 0 ,
then s£p+r(H) = 0. Let r<p and put q=p -r. Since A/j and A/2 are, respectively,p-Chen
and r-Chen and considering (2.2), we have

p-\ r-\

AP{H])= ^ biA'{Hx), Ar(H2)= 2 CiA'(H2). (2.6)
/=0 1 = 0

Applying Simons' operator to Ap(Hj), we get

p-l p-2

<=o (=o

p-i
Using (2.6), we have Ap+\Hx) = bobp^H1+ 2 (&,_, + b,bp-i)A'(Hi). Put B\=bobp-X

and flj = fe,_i + 6,6p_i, i = 1 , . . . ,p - 1. Thus, Ap+1(//i) = 2 Bjyi'(//i). If we apply

Simons' operator again, we obtain Ap+2(Hi)= 2 B2A'(HX), where Bo = Bp-ibo and
1=0

B] = flj_! + Bp-^bi, i = 1 , . . . ,p - 1. When we keep on applying Simons' operator, we
get

Ap+S(HX) = 5 fltf'(tf,), s = 1,2,..., r. (2.7)
(=0

For each s, we can define the functions B] inductively as fl0 = BpZ\b0, B\ = B'l] + BpZ\bh

Similarly, for the submanifold M2 we obtain

s = l , 2 , . . . , p . (2.8)
/=o

The functions C, are determined as B\.
Suppose that for some /, / = 1,2,...,r, the product manifold is a (p+/)-Chen
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submanifold of NtXN2, that is, <s^+y_1(//)?*0 and stp+j(H) = 0. Therefore, AP+'(H) =
p+y-i . _ p+/-i .

2 y^'(H), and then we have Ap+i(H1) = 2 yj/l'tf/,) and, Ap+i(H2) =

2 y(>4'(//2). So, for A"+'(//,), we obtain
/ o

<=o

Considering (2.7) and, since / / ^ ^ ' ( / / i ) , ^ 2 ^ ) , . . . ,Ap~l(Hx) are linearly independent,
we get

Bi = yl + ypbl+yp+iB} + ...+yp+J-lB
ir\ i = 0 ,1 , . . . ,p - 1. (2.9)

Similarly, for the submanifold M2 we obtain

\ i = 0 , l r - 1 . (2.10)

Considering (2.9) and (2.10), we have a system of linear equations Dp+jYp+j = Ep+J, where
Y l ( ) £ + y = col(5|,,5^,... ,B'p.uCl+iXV\... ,C?_+0 and

is the (p + r) x (p +/) matrix as Dp+j = ( ' J j , where /] and /2 are, respectively, the

pXp and rxr identity matrices and, Bp+j and Cp+J are, respectively, the p X ; and
r X (q +j) matrices as following

!>o Bl Bl ... B o - ! \ / c 0

'i B\ B\ ... B{-' \ „ I cj C\ C?

From (2.9) and (2.10) it is easily seen that Dp+j+1 = (Dk+j:Ep+J).
Considering Theorem A,

the product manifold is a (p +/)-Chen submanifold of N, x J
OZ)p+yy^+; = £p+7 has a unique solution for Yp+j

«>rank(£>p+y) = rank(Dp+,:£p+;) = rank(Dp+7+i) =p +/.
(Since J^p+y_i(//) ^ 0 , rank(Dp+;) = p +/.)

Conversely, we can say ^p+y(//)^0<^>rank(Dp+;) =p +;Vrank(Dp+y:£'p+y) =
rank(Dp + ; + 1 )=p+; + l. So, for ;' = r - l , let j^ p + r _ , ( / / )^0 . Then
rank(Dp+r_i:£p+r_!) = rank(Dp+r) = p + r. Therefore det(Z)p+r) *0.

Finally, suppose that sdp+^^H)^^. Then, for / = r, the system of linear equations
Dp+rYp+r = Ep+r has a unique solution because of det(Dp+r) ^ 0. Therefore the product
manifold A/, x M2 is a (p + r)-Chen submanifold of N, x 7V2, that is, k=p + r. Thus the
proof is completed. D

Using Example 2.3 we give the following example for Theorem 2.4.
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EXAMPLE 2.5. Let M, = §"(«,-) x . . . x S ^ a , ) <?< = ^ , i = l,...,p ( a n d M,=

ta, times

a,) X . . . x §*(a,) 9i = ? i , i = 1, • • •, rj be as in Example 2.3. Let A/ = Afi x . . . x Mp
=T̂ l i a i
a, times

and A? = A?, X.. ._x A?* be p-Chen and r-Chen submanifolds of Um+d •= R""+rf2 x . . . x
Rmp+dp a n d Kjm+d^jjm.+d.x x Rmr+dr w i t h C O ( j i m e n s i o n d = dt +... + dp>p and

flf = 3i + . . . + dT s r, respectively, where m, = p,d(, /fi/ = p,3M m=mi +... +mp and
m =/n1+ . . . + m r . Let 9, = ^,, i = l , . . . , j , such that s<min{p,r}. Then the product
manifold A/xM is a (p + r -s)-Chen submanifold of Um+dxUr>i+3 and max{p,r}<

Pr<?o/. Since M (resp.A?) is p-Chen (resp. r-Chen) then q\,.-.,qp (resp. A7,
9 I , . . . , 9,) are all different, Since, for i - 1,2,..., s, qt = qh then the products M, x Mt

are pseudo-umbilical, namely, they are trivial 1-Chen submanifolds. Also, the functions
//•

bi = tiace(A(A() = qi = cji, where 6 = ] ^ : . #i ' s a re mean curvature vectors of
A^xMi i = l , 2 , . . . ,5. ' ''

Therefore, for each i belonging to { 1 , . . . , s}, we consider A/, X A/, as one factor in the
product M x M. Since <7i(=9i), •• •, qs{=q~s), q*+\, • • •. <3>, <L+i, • • •. <?V are all different,
then, according to Example 2.3, the product MxM is a (p + r — *)-Chen. Thus
max{p,r}<p + r-s<p + r, since s<min{p,r).

I would like to express my hearty thanks to Dr. Sheila Carter for valuable
conversations about this work.
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