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0. Introduction. B. Rouxel [7] and S. J. Li and C. S. Houh [6] have generalised the
notion of an &/-submanifold (Chen submanifold) to an &, -submanifold. In [1] we have
studied the relation between their definitions for the Euclidean case.

In this work we obtain a k-Chen submanifold by considering the product of 1-Chen
submanifolds. Using the definition of k-Chen submanifold given in [6], we show that the
product of two submanifolds M; (p-Chen) and M, (r-Chen) of Riemaniann manifolds M,
and N,, respectively is a k-Chen submanifold for some k e [max{p, r}, p + r]. This result
for k =p +r was obtained by B. Rouxel [7] for the Euclidean case. We also give some
examples.

1. Preliminaries. M is an m-dimensional submanifold of an (m + d)-dimensional
Riemannian manifold N. Let £ be a normal vector field on M. We choose an orthonormal

local basis n,, n,,. .., n, normal to M in N such that n, = ﬁ Then the allied vector field
d
of £ is defined by #(§) = '22 Trace(A A, )n;, where A is the Weingarten map of M in N

([2] p-203]). In particular &/(H) which is the allied vector field of the mean curvature
vector H of M in N is called the allied mean curvature vector. If &/(H) vanishes
identically, then the submanifold M was called in [2] an #/-submanifold of N, which later
became known as a Chen submanifold [4]. It is easily seen that the class of Chen
submanifolds contains all minimal and pseudo-umbilical submanifolds, and also all
submanifolds for which dim N, <1, where N, is the first normal space of M in N, in

particular it includes all hypersurfaces. These Chen submanifolds are said to be trivial
Chen submanifolds. There are many kinds of Chen submanifolds which are neither of the

submanifolds we just mentioned. (cf. [3], [S])
In [6] the definition of a k-Chen submanifold is given as follows. Suppose that H does

H
not vanish on M and n, = m , Ny, ... ,Nyis a local orthonormal normal basis to M in N.
Put of,(H) = o(H). Suppose that of(H)#0. Then the local orthonormal normal basis

H s (H)
——, ny=—————_ In general, o,(H),
= s 8 (H)
S4y(H),. .. are defined inductively. Suppose that o(H)=H, o,(H),..., #-1(H) have
been defined and are nonzero on M. Thus the local orthonormal normal basis
di—l(H) . .
———=—,i=1,2,...,k Then 4 (H) is defined
p G ()
as o (H)= 3 Trace(Ay,_unAn)ni, and thus ((H), &,_(H))=0,i=1,2,...,k. As
i=k+1

ny,n,...,n; is rechosen such that n,=

ny, n,,...,n, is rechosen so that n;, =

in the definition of Chen submanifold we call &/, (H) the k-th allied mean curvature
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vector. The submanifold M is said to be an &;-submanifold if one of
H, s4,(H), ..., d(H) vanishes on the whole M and is said to be a k-Chen submanifold if
M is an &4,-submanifold but not an &, _;-submanifold. All trivial Chen submanifolds with
nonzero mean curvature vector would be considered as trivial 1-Chen submanifolds.

Let TM and T*M denote the tangent and normal bundles of M, respectively. Let
S(M) be the bundle whose fiber at each point p € M is the space of symmetric linear
transformations of T,M — T,M. Then we consider the Weingarten map A and its
transpose ‘A as a cross-section in Hom(7+*M, S(M)) and Hom(S(M), T*M), respectively.
That is, if u € S,(M) and £ e T, M, (A(u), £) =(u,Ay), where for any u,v e §,(M),

m
(u,v)= 3 (ue;, ve), {ey,...,en} is an orthonormal basis tangent to M. Then Simons’
i=1

operator A is given by A =‘A°A [8] and for any normal vector n
d d
A(n) =2 (A°A(n),nn;= Y, Trace(A,A,)n;. (1.1)
j=1 j=1
However, for positive integers s, A*(n) = A < A*~(n), where A°(n) = n.

2, Product k-Chen Submanifolds. Let M be an m-dimensional submanifold of an
(m + k)-dimensional Riemannian manifold N. Assume that H*0 on M and
H -
{nl = m,nz,. .. ,nd} is a local orthonormal normal basis to M. Let us apply A to H.
From (1.1) we have

d d
AH)= E Trace(AyA,)n; = Trace(AyA,)n, + E Trace(AnA.)n;
j=1 j=2

= Trace(A, A, )H + #,(H). 2.1)
Applying Simons’ operator k times to H, we get
k~1
AYH)= 2 a,A'(H) + s (H), (2:2)

i=

where A°(H) = H. For each k, the functions a, are determined (for details see [6]).
In [6], the following result is given.

THEOREM A [6]. Let M be an m-dimensional submanifold of an (m + d)-dimensional
Riemannian manifold N. Then M is a k-Chen submanifold of N for some positive integer
k <d if and only if A*(H) is a linear combination of H,A'(H),...,A*'(H) which are
linearly independent.

In [3], B.-Y. Chen gave the following proposition about the product of two
&4-submanifolds.

ProrosiTioN B [3]. Let M; (i=1,2) be m;-dimensional submanifolds of (m;+d,)-
dimensional Riemannian manifolds N; with nowhere zero mean curvature vector H;. The
product M, XM, is an s-submanifold of NyXN, if and only if M, and M, are
A-submanifolds of N, and N, respectively, and the second fundamental forms at
n;=H,/|H;|| of M, in N, satisfy Trace(A, A, ) = Trace(4,,A,,).
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Also, S. J. Li and C. S. Houh [6] generalised this result to the product of two
#>-submanifolds. In this work we obtain the following results.

THEOREM 2.1. Let M; be m;,-dimensional 1-Chen submanifolds of (m;+d;)-
dimensional Riemannian manifolds N; with nowhere zero mean curvature vector H;,
i=1,2,...,ksuchthatrd, +...+d,>k. Then the product manifold M =M, X ... X M, is
an I-Chen submanifold of N = N, X ... X N, for some positive integer | <k if and only if
rank(D,) = rank(D;: E;) =1 where E,=col((b,)’, (bz)’ ooy (b)), Dy is the kX1 matrix

with entries d; = (b;), b; = Trace(A,A,), n;= Lk, j=0,1,...,1-1 and

_H;
(Dy:E)) is the augmented matrix. "H I’

Proof. Since the M,’s are 1-Chen subma}nifolds, then from (2.1) we get A(H,) = b;H,,
i=1,...,k Applying Simons’ operator to A(H;), we obtain

Al(H)=(b)yH, j=1,2,.... (2.3)

1
For the mean curvature vector H of M we have H =—(mH,,...,mH,), where
m

m=m,+...+m,. So, for any positive integer r, using (2.3) we get
1 - . 1
A(H) =~ (mAH, .. ,mA (H) =~ (G Hy, oG H. (24)

For a positive integer s, suppose that A*(H) is a linear combination of

H,A(H),...,A* '(H) which are linearly independent, that is, A*(H)= 2 x;,A/(H).
Thus, from (2 4) for r =5 and r = j we have

(ml[(bl)’ —:g xj(bl)’]Hl,. ey mk[(bk)’ —zxj(bk)j]Hk) =0.

Since H;# 0, then we obtain
s—1 )
bi=2 (b)Y, i=1,...,k (2.5)
j=0

This is a system of linear equations with respect to variables x,...,x,_;. We write it as
DX, = E,, where X, =col(xy,...,x,_,) and, for  =s, D, and E; are as in the hypothesis.
Considering Theorem A,

the product submanifold M is an /-Chen submanifold

& Al =S x,A(H)

j=0
& for s =1(2.5) has a unique solution
& rank(D,) = rank(D,:E) = 1. a

Note that for k =2 and / =1 this theorem reduces to Proposition B. From the above
theorem we get the following corollary.
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CoROLLARY 2.2. Let M; be m;-dimensional 1-Chen submanifolds of (m,+ d,)-
dimensional Riemannian manifolds N; with nowhere zero mean curvature vector H,,
i=1,...,k such thatd,+...+d, > k. Then the product manifold M=M, X... XM, isa
k-Chen submanifold of N =N, X... XN, if and only if b;#b; for i #j,i,j=1,2,... ,k,
Hx

where b; =Trace(A, A,), n; =
(AnAnd i =1

Proof. For | =k considering Theorem 2.1, D, is the k X k matrix and rank(D,) =
rank(D,:E,) =k if and only if det(D,)#0, where D, and E, are as in Theorem 2.1.
According to the entries d; = (b)),i=1,...,k,j=0,1,...,k —1, of D, its determinant
is obtained as

D)= 11 (ti-b).

1Lj>)=1
Therefore, det(D,)# 0 if and only if b; # b, for i #j,i,j=1,... k. O
We now construct an example which is a k-Chen submanifold as follows.
ExaMmpLE 2.3. Let SP(g;) be a p;-dimensional hypersphere of R**! with radius ;. Put
g;= p_; . Let

M=SP@) X. .. X P(a) c R X X RO =R =1,k

d; times

where m; = p,d;. Then the product submanifold M, X... X M, of RM*dix X R™t g
a k-Chen if and only if g, # q; for i #j,i,j=1,... ,k

Proof. Since the M;’s are m;-dimensional pseudo-umbilical submanifolds of R™*%,
H;
they are trivial 1-Chen submanifolds. Calculating b; = Trace(A,A,), n; = m we obtain

b,=gq;. Thus b,,..., b, are all different. Therefore, the proof is an immediate result of
Corollary 2.2.

THEOREM 2.4. Let M, and M, be p-Chen and r-Chen submanifolds of Riemannian
manifolds N, and N,, respectively. Then for some k, max{p,r}<k<p +r, the product
M, X M, is a k-Chen submanifold of N, X N,.

Proof. First, we will show that k=max{p,r}. Let r=<p. Suppose that k<

max{p, r} =p. Since M; X M, is a k-Chen submanifold we can write A*(H) = Z x,A'(H),
where H is the mean curvature vector of the product M; X M,. Since

1
=;(’"1Hl,m2Hz), m=m;+m;
we have

k-1

'1' [mIAk(Hl)’ mzAk(Hz)] = '1' 2 xi[mlﬁi(Hl)! mzl‘il(Hz)]
m m=o
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and then

A*(H,) = kil x;A'(Hy).

i=0

However, as M, is p-Chen and &k <p,
() + L(H, A'(H), AYH)), ... A (H) = X xA'(H),
i=0

where %, is a linear combination of H,, A'(H,),A*(H,),...,A* '(H,). Since o (H,) is
independent of H,, A'(H,), A¥(H,),...,A*\(H,), we get ,(H;)=0. By hypothesis,
&,_1(H,)#0. Then this is a contradiction to our assumption k <p. Therefore, k =
max{p, r}.

We will now show that k <p +r. For this, we have to prove that if &/,., ,(H)#0,
then &,.,(H) =0. Let r =p and put g =p —r. Since M; and M, are, respectively, p-Chen
and r-Chen and considering (2.2), we have

p—1 . - r—1 -
AP(H) =3 bA'H), A'(H)=2 cA'(H,). (2.6)
i=0 i=0
Applying Simons’ operator to A”(H,), we get
- ~ p-l - p-2 ~ . i~
A(AP(Hy))=AP*\(H) = X b,A™\(HY) =D bA™'(H,)+b,,AP(H,).
i=0 i=0
USlng (2 6) we have AP+I(H1) bob lHl + 2 (b 1+bbp 1)A (H]) Put Bo— bObp -1

and B}=b,_;+bb,_, i=1,...,p—1. Thus, A””(Hl)’“ E BlA'(H,)). If we apply
Simons’ operator again, we obtain A”**(H,)= 2 BZA‘(H,), where Bj= B, b, and

B}=B} \+B, b, i=1,...,p—1. When we keep on applying Simons’ operator, we
get
APHS(H) =D BIAYH,), s=1,2,...,r. 2.7
i=0

For each s, we can define the functions Bf inductively as By = B3Z1bo, Bf = Bi_ T+ B, b,
i=1,...,p—1(fors=1, B=b).
Similarly, for the submanifold M, we obtain

Ar+.\‘(H2) = rE—l CfA‘(HZ)v 5= 19 2s Y 2 (28)
i=0

The functions C; are determined as Bj.
Suppose that for some j, j=1,2,...,r, the product manifold is a (p +j)-Chen
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submanifold of N, X N,, that is, &,.;-1(H)#0 and o, ;(H)=0. Therefore, APH(H) =
pHi-1 . ptj-1 -

2 yA'(H), and then we have APY/(H,))= .20 yA'(H)) and, A°Y(H,)=

p+l

E y,A'(H,). So, for A”*/(H,), we obtain

Ay =S, BIAY(H,)

i=0
p=1 ) -

= 20 YA (HY) + y, AP (Hy) + yp i APV (HY) + .+ ypu - APV (HY).
i=

Considering (2.7) and, since H,, A'(H,), A*(H,),. .., AP '(H,) are linearly independent,
we get

B'§=yi+ypbl+yp+]B}+- « +yp+/_1B{'_l, i=0, 1,... ,p _1- (2.9)

Similarly, for the submanifold M, we obtain
CIY =y 4 3,6+ Y1Cl o Yoaguyn G, i=0,1,...,r—1.  (210)
Considering (2.9) and (2.10), we have a system of linear equations D,, Yp+j = Ep4j, where
Ypuj = COl(Yos Vis - - - » Ypaj-1)s Epsj=col(Bh, Bi,... B ,,C{™,CI",...,Ci) and D, .,
]1 Bp+1
L Cp+i

p Xp and r Xr identity matrices and, B,,; and C,,; are, respectively, the p X and
r X (g +j) matrices as following

is the (p +r) X (p +j) matrix as D,,,; = ( ), where I, and , are, respectively, the

bo By B} ... B! c© €&y ¢ ... ¢!

B = b, BY B} ... B! c.-|e ¢ ¢ ... ¢t
P+ : : : M P+ : : : ’
2 j—1 2 +j-1

bp_] Bp 1 Bp—l e B;,..] Cr-1 Cl—l Cr—] e Cg_{

From (2.9) and (2.10) it is easily seen that D, ;. = (Dy+;:E,.)).
Considering Theorem A,

the product manifold is a (p +j)-Chen submanifold of N, X N,
& D,.;Y,.; = E,,; has a unique solution for Y, ,;
& rank(D,,;) =r1ank(D,,;:E,.;) =r1ank(D,.;41) =p +]j.

(Since &, ;_1(H)#0, rank(D,.;)=p +j.)

Conversely, we can say A,.;(H)#0&rank(D,.;)=p +j#rank(D,.;:E,.;)=
rank(D, ;) =p +j+1. So, for j=r-—-1, let Hpsr-1(H) #0. Then
rank(D,.,_,:E,,,_1) =rank(D,.,) = p +r. Therefore det(D,.,)#0.

Finally, suppose that &,.,_,(H)#0. Then, for j =r, the system of linear equations
D,..Y,.,=E,,, has a unique solution because of det(D,.,,)# 0. Therefore the product
manifold M; X M, is a (p + r)-Chen submanifold of N; X N,, that is, k = p +r. Thus the
proof is completed. O

Using Example 2.3 we give the following example for Theorem 2.4,
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ExamprLE 2.5, Let M,=$”‘(a)>< ><§P(a,) q,—a—; i=1,...,p (and M, =

d; times

i”"(ﬁ,) X...X §ﬂ(a,) g;= -2 ,i=1,. ) be as in Example 2.3. Let M = M; X... XM,
3 umes

and M =M, X... X M, be p-Chen and r-Chen submanifolds of R™*¢=R™*%x, ., X

R™*h and R = RA+a x| . X R™*% with codimension d=d;+...+d,=p and

d=d,+...+d, =r, rcspectlvely, where m; =pd;, m,=pd,, m= m1+ +m,, and

m= m1+ .+, Let g,=g,; i=1,...,s, such that s <min{p,r}. Then the product

manifold M XM is a (p+r—s)- Chen submamfold of R™*¥x R"*? and max{p,r}<
ptr—s<p-+r.

Proof. Since M (resp. M) is p-Chen (resp. r-Chen) then gq,,...,q, (resp. 15_{ ,
g,...,q,) are all different, Since, for i=1,2,...,s, g, =§,, then the products M; X M,
are pseudo-umbilical, namely, they are trivial 1-Chen submanifolds. Also, the functions

b;=trace(A,A;)=q,=4§,; where ¢ = -Ié- , H’s are mean curvature vectors of
MXMi=1,2....s IH

Therefore, for each i belonging to {1, ..., s}, we consider M; X M, as one factor in the
product M X M. Since q,(=§,),. .. ,q:(=ds)s Gs+15- - - +gp» Gs+1s- - -, are all different,
then, according to Example 2.3, the product M XM is a (p +r—s)-Chen. Thus
max{p,r}<p+r—s<p +r,since s <min{p, r}.

I would like to express my hearty thanks to Dr. Sheila Carter for valuable
conversations about this work.
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