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ABSTRACT 

In t h i s paper we have t e s t e d some n o n - s t a n d a r d numeric 
ca l methods t o i n t e g r a t e t h e two-body problem. The i n t e g r a ­
t i o n has been performed w i t h B e t t i s me thods , a symplec t i c 
a l g o r i t h m and s p e c i a l s p h e r i c a l l y exac t scheme. The r e s u l t s 
have been compared wi th t h o s e o b t a i n e d w i t h t r a d i t i o n a l i n ­
t e g r a t o r s . 

INTRODUCTION 

The problem of c h o o s i n g a s u i t a b l e i n t e g r a t o r from 
v a r i o u s numer ica l methods i s q u i t e a d i f f i c u l t t a s k because 
t h e i r e f f i c i e n c y depends s t r o n g l y on t h e dynamical n a t u r e of 
a p a r t i c u l a r dynamical system and t h e r e q u i r e d a c c u r a c y . 

In 1989 K i n o s h i t a and Nakai ( [ 7 ] ) p u b l i s h e d It he r e s u l t s 
of a q u e s t i o n n a i r e t h e y sent t o members of IAU Comission 7 
( C e l e s t i a l Mechan ics ) t o check what kind of i n t e g r a t o r s t h e y 
u s e . The answers show t h a t c l a s s i c a l methods such a s l i n e a r 
m u l t i s t e p a l g o r i t h m s : Adams-Bashfor th , Adams-Moulton, Stormer, 
C o w e l l , . . . o r Runge-Kut ta methods a r e w i d e s p r e a d . Other 
us ing t h e idea of Tay lo r s e r i e s o r s i m i l a r o n e s a r e a l s o 
popu la r . Al though much e f f o r t has been made i n t h e l a s t 20 
years t o deve lop more e f f i c i e n t s p e c i a l a l g o r i t h m s t o be used 
in C e l e s t i a l Mechanics p rob lems , t h e a fo rement ioned e n q u i r y 
shows t h a t many of t h e s p e c i a l c o d e s a r e not much known and 
t h e i r u s e i s not e x t e n d e d . 

Sometimes i t i s not t h e e f f i c i e n c y but o t h e r p r a c t i c a l 
c o n d i t i o n s t h a t d e t e r m i n e which method i s chosen . C l a s s i c a l 
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methods have some advantages from the point of view of t h e i r 
usage. Almost a l l of them are implemented in popular s o f t ­
ware packages e a s i l y ava i l ab l e and ready to use . Besides, 
t h e i r me r i t s and demeri ts have been much discussed and can 
be found in many textbooks . On the o ther hand, in most cases, 
special a lgori thms must be implement by the use r . This i s 
not so easy if we t ake into account t h a t often the papers in 
which these methods appear do not give t h e i r e x p l i c i t form. 
Perhaps tha t could be the reason why they have so l i t t l e dif­
fusion and a re scarcely appl ied . 

Nevertheless, we a re of t h e opinion t h a t special a l g o ­
ri thms tha t can be used with l e s s ef for t do e x i s t . In t h i s 
work we have chosen a few special methods and compared t h e 
r e s u l t s when applied to the two-body problem. This,we think, 
can con t r ibu te to shedding some l i g h t on the problem of c r i ­
t e r i a for se lec t ion of i n t e g r a t o r s . 

Besides the special a lgor i thms, we have used c l a s s i c a l 
f i n i t e di f ference methods, more p r e c i s e l y a p r e d i c t o r - c o r r e c ­
to r scheme where the p r e d i e t o r s are e x p l i c i t Adams-Bashforth 
and the c o r r e c t o r s impl ic i t Adams-Moulton. Among t h e t r a d i ­
t i ona l i n t e g r a t o r s the Adams schemes are reputed to be high­
l y e f f i c i en t and much documentation e x i s t s on the subjec t . 
The selected special methods are symplectic i n t e g r a t o r s , Bettis 
algori thms and sphe r i ca l l y exact methods. 

Symplectic or canonical i n t e g r a t o r s a re numerical i n t e ­
gra t ion schemes for Hamiltonian systems, which conserve the 
symplectic 2-form exac t ly ; a s a consequence, t he numerical 
so lu t ions have a proper ty of a rea -p rese rv ing . Another impor­
tan t proper ty i s t ha t they do not have a secular term in the 
d i s c r e t i z a t i o n e r ror of the energy i n t e g r a l . Recently some 
symplectic i n t e g r a t o r s have been developed ( [ 8 ] , [ 1 2 ] ) , and 
a lso i t has been proved ( [12]) tha t some Runge-Kutta schemes-
Gauss-Legendre, for ins tance - a re canonica l . Many works on 
the subject a re appearing l a t e l y , some of them by Ce l e s t i a l 
Mechanics au thors . The symplectic i n t e g r a t o r s t e s t ed in t h i s 
paper have some add i t iona l p r o p e r t i e s such a's conservation of 
of the angular momentum vector of the n-body problem or time 
r e v e r s i b i l i t y ; but they r e s t r i c t to a Hamiltonian with the 
form H(p,q) = V(p) + U(q). Their e x p l i c i t expression appears 
in [ 1 4 ] , f . i . . 

Together with t h i s kind.of a lgor i thms, another c l a s s of 
special i n t e g r a t o r s applying to problems Hamiltonian or not 
can be found. In 1969 B e t t i s [ 1 ] developed some non-standard 
methods, obtained as a modif icat ion of c l a s s i c a l d i f ference 
schemes, to solve numerically perturbed problems and s a t i s f y ­
ing the requirement t h a t they produce t h e exact so lu t ion 
a f t e r per turbing terms are switched-off i , e , t hese special 
methods i n t eg ra t e c e r t a i n products of an ord inary polynomial 
and a Fourier polynomial without t runca t ion e r r o r . The Be t t i s 
methods are becoming almost c l a s s i c for some u s e r s . They can 
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be handled e a s i l y , s i n c e t h e y do not d i f f e r much from t h e 
t r a d i t i o n a l m u l t i s t e p o n e s . In f a c t i t s u f f i c e s t o modify 
c o n v e n i e n t l y t h e l a s t two c o e f f i c i e n t s . In 1990 an improved 
v e r s i o n of B e t t i s methods has been i n t r o d u c e d by F e r r a n d i z 
and Novo (C3] ) , f i t t e d fo r l o n g - t e r m p r e d i c t i o n . 

B e s i d e s , some k i n d s of g e o m e t r i c a l l y des igned a l g o r i t ­
hms can be a p p l i e d t o p rob lems of C e l e s t i a l Mechanics . In 
1987 F e r r a n d i z and Pe rez ( [ 4 ] ) i n t r o d u c e d t h e f i r s t s p h e r i ­
c a l l y exac t scheme and t h e n deve loped a whole f ami ly of met ­
hods wi th t h e same p r o p e r t y ( [ 5 ] ) , t h a t i m p l i e s t h a t t h e 
n u m e r i c a l l y computed p o i n t s of t h e s o l u t i o n c u r v e l y i n g on 
t h e s p h e r e do remain on i t . That f a c t can be u s e f u l for t h e 
i n t e g r a t i o n of u n i t a r y v e c t o r s o r , i n o t h e r c a s e s , means 
t h a t t h e energy i s p r e s e r v e d . As t h o s e p r e s e n t e d e a r l i e r , 
t h e s e methods have s imple e x p r e s s i o n s so t h e i r implementa t ion 
i s not c o m p l i c a t e d a l t h o u g h t h e y a r e no l o n g e r l i n e a r . They 
f o l l o w t h e l i n e of t h o s e d e s i g n e d by Lambert and McLeod (L9]). 
These a l g o r i t h m s a r e of s p e c i a l i n t e r e s t f o r t h e a u t h o r b e ­
cause our p r e s e n t work i s be ing deve loped in t h i s f i e l d . 

DESCRIPTION OF THE EXPERIMENTS 

In t h i s s e c t i o n we summarize t h e r e s u l t s of t h e i n t e g r a ­
t i o n performed w i t h t h e a l g o r i t h m s ment ioned in t h e former 
s e c t i o n . Some f i g u r e s a r e i n c l u d e d r e p r e s e n t i n g t h e p o s i t i o n 

10E + 8m 

10E + 6m 

F i g u r e 1 : Keple r problem i n C a r t e s i a n v a r i a b l e s , e = 0, 1 = 0, 
Order = 4 
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error and the decimal logarithm of the energy e r ror versus 
the r evo lu t i ons . The pos i t ion e r r o r s measure the devia t ion 
of the so lu t ion computed with a desired number of s teps per 
revolu t ion from a reference o r b i t . This reference i s a nume­
r i c a l J so lu t ion of the problem obtained with the same integra­
t o r . I t has been selected sa t i s fy ing strong requirements on 
conservat ion of t h ree independent i n t e g r a l s and s t a b i l i z a ­
t i on of a number of d i g i t s in the computed so lu t ions while 
the s teps ize i s being reduced. Nevertheless, i t s v a l i d i t y 
has:been assured using o ther c l a s s i c a l i n t e g r a t o r s , more p r e ­
c i s e l y a Ruhge-Kutta-Felhberg of adap ta t ive s t ep s i ze . 

10E + 8m 

10E + 6m 
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Figure 2: Main problem in Car tes ian v a r i a b l e s , e=0, 1=0, 
J2= 0.001, Order = 4 . 

The special c h a r a c t e r i s t i c s of the method's force us to 
use d i f f e ren t s e t s of v a r i a b l e s . Thus, t he required form of 
the Hamiltonian for t h e symplectic i n t e g r a t o r s ob l ige us to 
use Car tes ian coord ina tes while for t h e spher ica l ly exact me­
thods K-S v a r i a b l e s a re p re fe r red , (see [ 5 ] , [ 6 ] ) . Thus we 
have two d i f f e ren t blocks of experiments. 

In the f i r s t one, t h e two-body problem in Car tes ian var­
i ab l e s has been in tegra ted by means of two symplectic i n t eg ­
r a t o r s of o rde r s four and s ix , two p red i c to r - co r r ec to r p a i r s 
in PBCE mode, - e x p l i c i t Adams-Bashforth, impl ic i t Adams-Moul-
t o n - of order four and six and two Be t t i s schemes correspond­
ing to the modif icat ion of the former Adams p a i r s . Notice 
t h a t , although the equat ions of motion in Car tes ian va r i ab l e s 
are not perturbed o s c i l l a t o r s , the a n a l i t i c a l expression of 
the solut ion for the c i r c u l a r Kepler problem al lows to use 
successful ly B e t t i s methods. The r e s u l t s with a lgor i thms of 
the same order a r e compared in f i gu re s 1 to 4 . 
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10E + 8m 

Figure 3 : Kepler problem in Car tes ian v a r i a b l e s , e=0, 1=0 
Order = 6 . 

Figure 4 : Main problem in Cartes ian v a r i a b l e s , e=0 1=0 
J2 = 0.001, Order = 6 . ' 
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The r e s u l t s of the in tegra t ion of the Kepler problem 
with zero e c c e n t r i c i t y and i n c l i n a t i o n are shown in f igure 1 
and f igure 3 . In the f i r s t one the algori thms are of order 
four and in the second of order s ix . In t h i s case the s t e p -
s ize i s fixed corresponding to 144 s t eps per revolut ion for 
Adams ( s o l i d ) and B e t t i s (dashed) schemes. For the symplec-
t i c one (dot ted) we have chosen the so lu t ion tha t needs the 
same number of eva lua t ions of the funct ion. 
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F i g u r e 5: Kepler problem i n C a r t e s i a n v a r i a b l e s , e=0, 1=0, 

Order = 4 . 

In f i g u r e s 2 and 4 t h e former problem has been p e r t u r b ­
ed w i t h J 2 = 0 . 0 0 1 . The r e s t of t h e c o n d i t i o n s a r e t h e same a s 
d e s c r i b e d in f i g u r e 1 and 3 , r e s p e c t i v e l y . 

F i g u r e s 5 t o 8 show t h e o p p o s i t e of t b e 1 decimal l o g a ­
r i t hm of t h e r e l a t i v e e r r o r i n energy v e r s u s t h e independent 
v a r i a b l e ove r a span of 100 r e v o l u t i o n s performed i n t h e 
four e x p e r i m e n t s d e s c r i b e d above . As be fo re t h e s o l i d g r a p h 
c o r r e s p o n d s t o Adams, t h e dashed t o B e t t i s and t h e d o t t e d t o 
t h e s y m p l e c t i c i n t e g r a t o r s . 

The second b lock of e x p e r i m e n t s co r r e spond t o t h e Kep­
l e r problem in K-S v a r i a b l e s . As in t h e f i r s t g roup , i t has 
been i n t e g r a t e d wi th p r e d i c t o r - c o r r e c t o r p a i r s i n PECE mode, 
bo th a g a i n of Adams t y p e , but t h i s t ime of o r d e r four and 
seven . The s p e c i a l a l g o r i t h m s used h e r e a r e s p h e r i c a l l y e x ­
ac t o n e s ( s e e [ 6 ] ) . They a r e n o n - l i n e a r a l g o r i t h m s o b t a i n ­
ed by means of a p r o j e c t i o n from t h e Adams. In t h i s s ense 
t h e y a r e s t i l l p r e d i c t o r - c o r r e c t o r p a i r s in PECE mode. 
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Figure 6: Main problem in Car tes ian v a r i a b l e s , e=0, 1=0, 
J2=0.001, 0rder=4. 
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F i g u r e 7 : Kepler problem in C a r t e s i a n v a r i a b l e s , e=0, 1=0, 

Order = 6. 
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F i g u r e 8 : Main problem i n C a r t e s i a n v a r i a b l e s , e=0, 1=0, 
J2= 0 . 0 0 1 , Order = 6 . 

We do not want t o g i v e h e r e an e x h a u s t i v e s t u d y of t h e 
behaviour of t h e s e s p e c i a l i n t e g r a t o r s , but o n l y t o show 
some e x p e r i m e n t s t h a t make f e a s i b l e t h a t f u r t h e r i n v e s t i g a t ­
ion cou ld p r o d u c e new more i n t e r e s t i n g f r u i t s . More r e s u l t s 
c o n c e r n i n g e x p e r i m e n t a t i o n w i t h s p h e r i c a l l y exac t me thods can 
be found in [ 5],C 6 ] o r [ 1 1 ] 
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In f igu res 9 and 10 the dashed and dotted upper curves 
represent the pos i t ion e r ro r for the Adams in tegra tor with 
16 and 200 po in t s per r evo lu t ion , r e s p e c t i v e l y . The lower so­
l id graph shows the e r ro r of the spheric method for stepsize 
corresponding to only 16 po in t s per r evo lu t ion . The r e s u l t s 
for the l a s t one a re remarkable, s ince i t performed almost a 
round-off e r ror while the c l a s s i c Adams algorithm turned out 
to be highly i ne f f i c i en t for long s t eps i ze and not very s a t ­
i s fac tory with smaller s t e p s . 
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F i g u r e 10 :Kep le r problem i n K-S v a r i a b l e s , e = 0 , 1 = 0 , Order=7 . 

The s p h e r i c a l l y exac t methods p r e s e r v e s t h e energy a s 
shown i n f i g u r e 1 1 . 
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F igu re 1 1 : Kepler problem i n K-S v a r i a b l e s , e = 0 , 1 = 0 , 0 r d e r = 4 . 
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FINAL REMARKS 
The B e t t i s a l g o r i t h m s have proved t o be t h e most e f f i c ­

i e n t of t h e t h r e e methods u sed t o i n t e g r a t e t h e n e a r l y c i r c u ­
l a r two-body problem in C a r t e s i a n v a r i a b l e s . A d d i t i o n a l e x p e ­
r i m e n t a t i o n con f i rms t h i s a s s e r t a t i o n and shows t h a t t h e y a r e 
more e f f i c i e n t t h a n t h e Adams a l g o r i t h m s wi th a l ong s t e p s i z e , 
but t h i s advan tage i s g r a d u a l l y l o s t when t h e s t e p s i z e i s r e ­
duced. T h i s behav iour i s due t o t h e way t h e y have been d e r i ­
ved, which d e t e r m i n e s t h a t when t h e s t e p s i z e t e n d s t o z e r o 
t h e modi f ied c o e f f i c i e n t s of B e t t i s t e n d t o t h o s e of Adams. 
These comments can be ex tended t o a l l t h e c a s e s where B e t t i s 
i s a p p l i c a b l e . 

The s y m p l e c t i c i n t e g r a t o r s w i t h t h e same c o s t g i v e worse 
r e s u l t s t h a n t h e l i n e a r schemes. The d i f f e r e n c e between bo th 
of them - n o t i c e t h a t t h e e r r o r fo r t h e o r d e r four method, 
compared wi th Adams, i s s m a l l e r t h a n t h a t f o r t h e s ix o r d e r 
o n e - can be e x p l a i n e d by t h e d i s t i n c t number of e v a l u a t i o n 
per s t e p t h a t t h e y need . The f i r s t scheme e v a l u a t e s V(p) 
four t i m e s and U(q) t h r e e t i m e s a s opposed t o t h e t e n and 
n ine e v a l u a t i o n s t h a t t h e s ix o r d e r one r e q u i r e s , which means 
a high c o s t compared w i t h t h e l i n e a r schemes. 

However, t h e e r r o r i n energy e x h i b i t s a wide o s c i l l a t i o n 
d u r i n g each r e v o l u t i o n , i n such a way t h a t , i n g e n e r a l , t h e 
maximal e r r o r s a r e g r e a t e r and t h e minimal o n e s a r e s m a l l e r 
t h a n t h o s e g iven by t h e B e t t i s me thods . In t h i s c a s e t h e c o n ­
s e r v a t i o n of t h e energy i s not a good c r i t e r i o n fo r t h e e r r ­
o r of p o s i t i o n s i n c e a dephase can be o b s e r v e d i n t h e i n t e g ­
r a t i o n . T h i s a g r e e s w i t h t h e r e s u l t s of e x p e r i m e n t s shown i n 
[ 8 ] . 
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