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ABSTRACT

We construct an Euler system attached to a weight 2 modular form twisted by a
Grossencharacter of an imaginary quadratic field K, and apply this to bounding Selmer

groups.
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1. Introduction

1.1 Main result
The main result of this paper is as follows. Let f be an elliptic modular newform of weight 2
that is not of CM type, and p > 5 a prime not dividing the level of f. Let K be an imaginary
quadratic field in which p is split, L a sufficiently large number field (containing K and the
Fourier coeflicients of f), and B a prime of L above p at which f is ordinary (i.e. v(a,(f)) = 0).
Then one can define two p-adic L-functions Ly (f/K, ™M) and Ly(f/K, S®) (§6.1), which
are functions on the space of characters of the ray class group of K modulo fp*° (for some integral
ideal f coprime to p and the level of f). In particular, one can evaluate these p-adic L-functions
at any algebraic Grossencharacter of K of conductor dividing fp™°.

THEOREM (Theorem 7.4.2). Let ¢ be a Grossencharacter of conductor dividing f and infinity-
type (—1,0). Suppose that the L-values Ly (f/K, M) () and Ly(f/K,%?) () are not both
zero, and the following technical conditions hold:
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— atp(p) # 1 mod P and py(p) # p, where o and [ are the unit and non-unit roots of the
Hecke polynomial of f at p, and p is the prime of K below 3;

— a(p)/p & ppee;

— p is unramified in the coefficient field L.

Then the Bloch-Kato Selmer group of the Gal(K /K )-representation Vi, (f)(1)(1) is finite.

Under some slightly stronger technical assumptions, we can extend this result as follows. We
define in § 7.6 two groups Sel(K, TV (1), %), for i = 1,2, which we call ‘critical Selmer groups’,
each of which contains the Bloch-Kato Selmer group. These critical Selmer groups can be viewed
as ‘analytic continuations’ of the Bloch—Kato Selmer groups attached to twists of f which are
critical in the sense of Deligne. We show that for each i, if the value Ly (f/K, X)) (%) is non-zero,
then Sel(K, TV (1),2®) is finite (Theorem 7.6.4). Moreover, we obtain explicit bounds on the
orders of these Selmer groups in terms of the valuations of the corresponding L-values.

1.2 Relation to our earlier work

In [LLZ14] we proved a result on the finiteness of the strict Selmer group over Q attached to
the Rankin—Selberg convolution of two modular forms f, g, under rather strong ‘large image’
assumptions on f and g. The proof of this result relied on an Euler system constructed from
generalizations of the Beilinson—Flach classes in K7 of products of modular curves.

The Selmer groups we study in the present paper can also be interpreted in terms of Rankin—
Selberg convolutions: they are the Selmer groups over Q of the convolution of f with the theta-
series modular form arising from . However, the main theorem of [LLZ14] does not apply
in this situation, as the Galois representation attached to a theta series will be of dihedral
type, and thus does not have large image. So we shall extend the Euler system by constructing
additional cohomology classes, corresponding to abelian extensions of K which are not abelian
over Q. In order to construct these classes, we use maps similar to those appearing in the
Taylor—Wiles method in modularity lifting theory, allowing us to patch together cohomology
groups arising from modular curves of different levels. This gives an Euler system over K for
the Galois representation of f twisted by 1 (Theorem 5.3.2); and applying the ‘Euler system
machine’ of [Rub00] over K, rather than over Q, then gives a bound for the strict Selmer group
when the corresponding p-adic L-value is non-zero (Theorems 7.3.1 and 7.3.2).

The second new ingredient in this paper is that we bound the Bloch—Kato Selmer group,
rather than the (generally smaller) strict Selmer group. To obtain this stronger result, we make
use of an extra property of our Euler system classes: that they are in the Bloch—-Kato H}
subspaces at the primes above p (which is a non-trivial condition since the Hodge—Tate weights
of our representation are not all greater than or equal to 1). We show in this paper how to
modify the Euler system machine to take this additional local input into account; this allows us
to bound the Bloch-Kato Selmer group (Theorem 7.4.2), and the two slightly larger groups we
call ‘critical Selmer groups’.

1.3 Relations to other work

A number of previous works [BD05, How06, Casl4] have explored a rather different kind of
Euler system attached to modular forms over an imaginary quadratic field, arising from Heegner
points or Heegner cycles, and applied these to prove bounds for Selmer groups. Our approach is
somewhat different than these works, since the geometric input in our work comes from classes
in K7 of modular surfaces, rather than Kj; in particular, the existence and non-triviality of our
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classes is not reliant on any root number phenomena, so we can bound Selmer groups attached
to twists of f which are not necessarily self-dual.

The existence of these two approaches raises the natural question of whether the
specialization of our Euler system to the self-dual twists coincides with the ‘big Heegner point’
Euler system of Howard and Castella. Sadly, the methods of the present paper do not provide
enough information about these specializations to answer this question. We hope to return to
this matter in future work.

A third approach to the study of Selmer groups for modular forms over imaginary quadratic
fields is to be found in the work of Skinner and Urban [SU14]. Their approach relies on
establishing a lower bound on the size of the Selmer group, and then using the upper bounds
given by Kato’s Euler system over Q to show that this bound is sharp. This second step in their
strategy is only applicable when the Gréssencharacter v is congruent modulo p to a character
factoring through the norm map to Q. However, in order to apply our methods we need precisely
the opposite assumption; our methods require that ¢ is not congruent to any such character,
since this would violate the ‘non-Eisenstein’ condition of Definition 4.1.2. Thus our upper bounds
for the Selmer group are complementary to the results of [SU14].!

2. Asymmetric zeta elements

We begin by attending to some ‘unfinished business’ from our earlier paper [LLZ14], proving
some norm-compatibility relations for motivic cohomology classes extending those of [LLZ14,

§3).

2.1 Definitions

Recall that in [LLZ14, §2.7] we have defined classes .=, n; € CH*(Y1(N)? ® Q(um), 1), for
m > 1, N > 5 integers, j € Z/mZ and ¢ > 1 coprime to 6mN. In the present work, it will be
convenient to extend this construction, in a rather trivial way, to give elements of higher Chow
groups of products Y7 (N) x Y1 (N'). We thus make the following definition:

DEFINITION 2.1.1. For m > 1, N,N' > 5, j € Z/mZ, and ¢ > 1 coprime to 6mNN’, we define
E(m, N,N',j) € CH?(Y{(N) x Yi(N") x Spec Q(pim), 1)

as the image of .Z,, g j, for some R divisible by N and N’ and having the same prime factors
as NN', under pushforward via the natural degeneracy map

Y1(R)? = Yi(N) x Y1 (V).
When m =1 we omit m and j from the notation and write
E(N,N') := Z(1,N, N’ 1).

Note that .Z(m, N, N’ j) is independent of the choice of R, as a consequence of [LLZ14,
Theorem 3.1.2].

! The method of [SU14] gives lower bounds on the Selmer group in much greater generality, and it would be
an interesting project to compare these lower bounds with the upper bounds proved in this paper; we hope to
investigate this in a future work.
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2.2 Norm-compatibility

In addition to the norm-compatibility relations proved in [LLZ14, § 3], we shall need a few more
similar statements, describing the behaviour of the .Z(m, N, N', j) for fixed m and N and varying
N’, allowing both standard and ‘twisted’ pushforward maps. In order to state these relations we
first introduce some notation.

Notation 2.2.1. We use the following notation.
~ For d € (Z/mZ)*, we let 04 € Gal(Q(tm)/Q) be the automorphism given by ¢ + (¢ for
each ¢ € .
— For each d € (Z/NZ)*, we let (d) denote the diamond bracket operator on Y;(N).
— The operator T (for a prime £{ N) or U, (for £ | N) is the Hecke operator defined in [LLZ14,
§3.2], [Kat04, §2.9]. (These are the transposes of the more familiar Hecke operators Ty, Uy.)

If NN’ > 1 and T, T are Hecke correspondences acting on Y1(N) and Y7 (N') respectively, then

the product of T and T” defines a correspondence on Y1(N) x Y1(N'), which we shall write as
(T.7).

THEOREM 2.2.2. Let m > 1, N, N’ > 5 be integers, { a prime, j € Z/mZ, and ¢ > 1 an integer
coprime to 6/mN N'. Let pry, pry be the two degeneracy maps Y1 (¢(N') — Y1(N'), corresponding
to z — z and z — {z respectively.

(a) We have

= ] CEm?N7N/7- if ¢ mNN/7
(1% pry)(cE(m, N,EN', j)) = { ( 7) |

[ (7Y, ()07 %] - cE(m, N, N',j) if (fmNN'.
(b) (i) If¢| N, then
(1 % pry)s(cE(m, N,IN', j)) = (U, 1) - E(m, N, N', £5);
(i) if 1N but ¢ | N’', then
(1 x pra)u(cE(m, NN, j)) = (T}, 1) - E(m, N, N, ) = ((¢1),U}) - E(m, N, N', £2j);
(iii) if £+ mNN’, then
(1 % pra)u(cE(m, N, N, 5)) = (T}, D)oy ' = ((¢71), T))o %) - E(m, N, N', j).

Remark 2.2.3. There is also a version of the above theorem with N varying instead of N,
i.e. describing the degeneracy (m, N¢, N') — (m, N, N’). This can be deduced immediately from
the above theorem using the fact that the symmetry map Y7 (N) x Y1(N') = Y1 (N') x Y1 (V)
interchanges .Z(m, N, N’ j) and .ZE(m, N', N, —j).

In the statement of the theorem we have excluded the case where £ | m but £4 NN'. This is
not because it is any more difficult, but simply because the answer is more complicated to write
down; see Remark A.4.2 below.

The proof of Theorem 2.2.2 will be given in Appendix A below, as the proof requires the
consideration of certain auxiliary modular curves and cohomology classes which will not be used
elsewhere in the paper.
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3. Euler systems in motivic cohomology

In this section, we will use the asymmetric zeta elements introduced above to construct a family of
motivic cohomology classes attached to a modular form and a Gréssencharacter of an imaginary
quadratic field, indexed by ideals of the field, and satisfying a compatibility relation involving
Euler factors. However, this is not quite an ‘Euler system’ in the strict sense, since our elements
for different n live in motivic cohomology groups of different varieties (rather than of one variety
over extensions of the base field).

3.1 Setup

Let K be an imaginary quadratic field, and ¢ a Grossencharacter of K of co-type (—1,0) and
some modulus § (not necessarily primitive, i.e. f need not be the conductor of ), taking values
in a finite extension L/K. We write x for the unique Dirichlet character modulo N q(f) such
that ¢((n)) = nx(n) for integers n coprime to N ,q(f)-

THEOREM 3.1.1 (See, for example, [Miy06, Theorem 4.8.2]). The formal q-expansion
> d(a)gre),
a

where the sum is over integral ideals of K coprime to f, is the g-expansion of a Hecke eigenform

g € S2(I'1(N), xex),

where N = N /q(f) - disc(K/Q) and e is the quadratic Dirichlet character attached to K. This
eigenform is new of level N if and only if 1 is primitive of conductor f.

3.2 Definitions: Hecke algebras
We now define a quotient of cohomology which describes the Galois representations attached to
twists of 1 by finite-order characters.

Let n be an integral ideal of K, which we assume to be divisible by f, and let N = NK/Q(n) .
disc(K/Q), which is a multiple of Ny = Ng/q(f) - disc(K/Q). Let H, be the ray class group of
K modulo n, and for [ an ideal of K coprime to n, let [[] denote the class of [ in H,.

Let Ty denote the subalgebra of Endz H'(Yi(N)(C),Z) generated by the diamond
operators, the Ty for ¢ t N, and the U, for ¢ | N. It will be convenient to use the notation
Ty, for £ | N, to denote the same operator as Uy, so we can say that Ty is generated by the
diamond operators and the 7} for all primes /.

PROPOSITION 3.2.1. There exists a homomorphism ¢, : Ty — O [H,| acting on the generators
as follows: for ¢ prime,

da(Ty) = > [0w(1)

[

where the sum is over the (possibly empty) set of ideals [ {n of norm ¢; and

Pu((d)) = x(d) e (d) [(d)]-

Proof. Each of the systems of eigenvalues obtained by specializing at characters of H,

corresponds to a non-zero eigenform in So(I'1(IV), L), so the morphism is well defined. O
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DEFINITION 3.2.2. Define
H1(¢> n, DL) = DL[HH] ®TN7¢n Hl (Yl(N)(C)v Z)*7

where the star subscript indicates that we use the covariant action of Hecke operators (rather
than the usual contravariant action).

We shall also need to discuss a quotient of motivic cohomology attached to ¢ and another
eigenform (not necessarily CM), over a cyclotomic field Q(,,). To define this, let f be a cuspidal
modular form of weight 2 and some level Ny (not necessarily a newform) which is an eigenform
for all Hecke operators. Assume L is sufficiently large that the Hecke eigenvalues of f lie in Oy,
so we have a morphism ¢7 : Ty, — Of.

DEFINITION 3.2.3. We define

Hglot(fa¢7m7nag[z(2)) = DL[HH] ® Hglot(Yl(Nf) X Yl(N) X SpeCQ(Mm)aZ(2))*
(TN ; QTN ¢y @bn)

(Again, the star subscript signifies that we use the covariant rather than contravariant action of
Hecke correspondences.)

3.3 Definitions: degeneracy maps
Let us now consider two moduli n and n’ = nl, with [ prime. Let N = Ng q(n) - disc(K/Q) as
before, and N’ = N - Nk q([). Let £ be the rational prime below [, and let

A — DL[Hn] if[‘ﬂ,
O\ OulHN[L/] if .

We also consider the formal double coset space
Ry, = Z[1(N)\ GL; (Q)/T1(N')].

Elements of Ry, n induce correspondences Yi(N') — Yi(N).

Let Tn denote the commutative subalgebra of Ry n generated by the Hecke operators T,
and (d); then (by definition) Ty surjects onto Ty, so we may regard ¢, as a homomorphism
TN — An'

The space Ry n/ is both a left Ty-module and a right 7Ty-module. We may regard the
degeneracy maps pr; and pry as elements of Ry nv, corresponding to the matrices ((1) (1)) and

(g (1)); if [ is an inert prime (so N’ = £2N) there is a third such map pr; corresponding to (%2 (1])

DEFINITION 3.3.1. Let N denote the element of

Aw ® Ry
N7¢n
given by the following formulae:
— if [ | n, then
Ny =1®pry;
— if [4n and [ is ramified or split in K/Q, then
/ (o(l
Ny =1®pr; Hi() @ pra;
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— if [{nand [ = (¢) is an inert prime, then

N,?/ =1®pr; — [[]Zé([) ® prs3.

PROPOSITION 3.3.2. For any A € Ty, we have

/

N - A= r(w(A)) - Y
where 7 is the natural surjection Op[Hy] — Op[Hy]. In particular, N} induces maps

H'(,0', O1)[1/€] — H'(¢,n,01)[1/4]

and

mot(fv 7;[)7 1‘1 DL)[l/E] - HI?]Ot(f? ¢7 H,DL)U/@’
and the 1/¢ may be omitted when [ | n.

Proof. When [ | n this is immediate, since we have a commutative diagram of algebras

Py
TN’ E—— DL[HH’]

Tn —2"w O, [Ha]

where the left vertical map o sends each generator of Tys to the corresponding operator in Ty;
and we have pry - A = o (A) -pr, for all A € Ty (i.e. pr; commutes with all Hecke operators), so
we are done.

When [ { n, the same argument works if we replace 7T+ with the subalgebra 75 generated
by all the operators except U;. So we must only prove the equivariance property for U, which
follows by a case-by-case check.

For instance, if [ is a split prime and its conjugate [ does not divide n either, then we have

N Ui=16 (on U1) — T g (or, 1)

l
o (1 pry —(0) - pry) — D00 g,

1

— (6n(T) — [090) @ pr, —6a((E1)) @ 1y
(1] ()®pr1 [[{]3 (M) o pry

[y (D - N,

The other cases (where [ is split with [ {n but [ | n, or when [ is inert or ramified) follow
similarly. O

We extend the definition of ./\/;?/ to any pair of moduli n | n’ in the obvious way, by composing
the above maps for each prime divisor [ of n’/n, using the multiplication maps R[N, N'] @ R[N,
N"] — R[N, N"]. This is well defined, since pry - pry = pry-pry as elements of R(N, N¢?), and
similarly for prs, and Proposition 3.3.2 extends immediately to this case.
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3.4 Definitions: classes
We are now in a position to construct our compatible family of motivic cohomology classes. Let

[, K,m,n, % be as before. Note that Ny and N = Ng/q(n)-disc(/K/Q) are the levels of weight 2
cusp forms, so, in particular, they are both at least 5.

DEFINITION 3.4.1. Let ¢ > 1 be an integer coprime to 6m/NNy. Let c_mn be the image of the
element

E(m, Ny, N) = Z(m, Ny, N, 1) € B3, (Vi(Ny) x Yi(N) x Spec Qpim), Z(2))
in the space

H3 oo (fo 0, m,n,O1(2)) = Op[H,] ® HY o (Yi(Ny) x Y1(N) x Spec Q(ttm), Z(2))«.
(TNf®TN,¢f®¢n)

3.5 Norm-compatibility
THEOREM 3.5.1. The elements C_fnqﬂ enjoy the following compatibility property. Let n | 0’ be
two ideals of K divisible by f, and let A be the set of primes dividing n' but not n. Suppose that

no prime in A divides m. Then

N (=) = (T A v ) =k

leA

as elements of

H oy (f, 0, m.m, O1(2)) @, DL[Nl([) e A},

where P, denotes the Euler factor of f ® ¢ at I, and oy € Gal(Q(um)/Q) is the element ( +—
N/,

Proof. 1t suffices to consider the case where n’ = [n for [ a prime. As usual, write N = N q(n)-
disc(K/Q), and similarly N' = N /q(n') - disc(K/Q).
If [ | n, then A" is the map induced by

1 x pry : Yi(Ny) x Yi(N') — Yi(Ny) x Yi(N)

and NyN and NyN’ have the same prime factors, so we are done, by the first case of part (a) of
Theorem 2.2.2.

Hence we may assume that [ 1 n. In this case we have ¢ { m, where ¢ is the rational prime
below I; and oy is the usual arithmetic Frobenius oy at ¢ if [ is split or ramified, and o = o7 if |
is inert.

We now have eight cases to consider (since [ may be ramified in K, inert, split with [{n, or
split with [ | n, and ¢ may or may not divide N¢). Each of these can be handled using different
cases of Theorem 2.2.2. We describe the argument in the case where [ is split, [{ n, and £ { Ny:

NI =/ ) = [1 ® (1 X pry)s — vl ® (1 x prQ)*} cZ(m, Ny, {N)

C=m,n ¢

— [1 ® (1= ((€) x (£))xo,?)

_ O

75 © (T x Doy = ((0) x Tg)*0[2)] E(m, Ny, N)
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— [1 _ 65<f)wg([[)‘7£_2
_ w(?[q(aé(f)ael _ 55(f)0;2(¢([)[[] + (N1 @ Z(m, Ny, N))

= {1 - ae(f)a;”b(zm + leg(f)oy (Wg([))z] S

The other cases, which are very similar, we leave to the reader. O

Remark 3.5.2. In the remainder of this paper, we shall in fact only use the elements CE{ﬁ% for
m = 1. We have worked with general m above since we intend to use the classes for m = p* in a
future work to study the Iwasawa theory of f over the Zg—extension of K.

4. Hecke algebras and Thara’s lemma

We now gather together some results on the Hecke action on the integral cohomology groups of
modular curves. Modulo minor modifications, all of the results below can be found in [Wil95,
ch. 2].

We adopt the shorthand notation H'(Yy(N)) for H'(Y1(N)(C),Z).

4.1 Freeness results
Let N > 5 be an integer. Note that H'(Y1(NV)) is a free Z-module, since for N > 5 the group
I'1(N) has no torsion.
As above, let
Ty C Endz H (Y1(N))

be the commutative Z-subalgebra generated by the operators (d) for d € (Z/NZ)*, T, for primes
¢+ N, and Uy for primes ¢ | N.

Remark 4.1.1. Note that there are ‘covariant’ and ‘contravariant’ actions of Hecke operators
on H'(Y1(N)); but the two actions are interchanged by the Atkin-Lehner involution, so the
subalgebras of Endz H'(Y1(N)) generated by the two actions of Hecke operators are isomorphic.
We shall generally regard H!'(Y;(N)) as a Tx-module via the contravariant action of Hecke
operators; if we mean to regard it as a T y-module via the covariant action, we shall write it as
H'(Y1(N)).« (star subscript for pushforward).

DEFINITION 4.1.2. A maximal ideal Z of T of residue characteristic p > 2 is said to be non-
FEisenstein if there exists a continuous and absolutely irreducible representation

Pr - GQ — GLQ(TN/I)
such that for £+ Np we have
Trﬁz(ae_l) =TymodZ

and
det pr(o; ') = £(¢) mod Z.

Given such an ideal, we write (T y)z for the Z-adic completion of the localization of Ty at Z,
which is a finite-rank free Z,-algebra. Similarly, we write H'(Y;(N))z for the completion of the
homology group at Z. As p € Z, this is a free Z,-module, and is isomorphic to the corresponding

étale cohomology group Hj (Y1(N), Z,)z; in particular, it has a (T y)z-linear action of Gal(Q/Q).
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ProPOSITION 4.1.3. Let Z be a non-Eisenstein maximal ideal of T ;. Then the maps
H;(Y1(N))z — H'(X:(N))z — H' (Y1(N))z
are isomorphisms.

Proof. This is essentially the Manin—Drinfeld theorem: we can always find a supply of primes
¢ such that 1 + ¢ — T, annihilates the boundary cohomology group H!(9X7(N)), but non-
Fisensteinness guarantees that we can find some such £ with 14 ¢ — Ty not in Z, so it is invertible
after localizing at Z. O

We now invoke the following deep theorem of Wiles and others, originating in Mazur’s work
on the Eisenstein ideal.

THEOREM 4.1.4. If T is a non-Eisenstein maximal ideal and pt N, then (Tx)z is a Gorenstein
ring, and H*(Y1(N))z is a free (T y)z-module of rank 2. The same also holds if we replace Y1 (N)
with Y (I') for any subgroup intermediate between I'1(N) and I'o(NV).

Proof. See, for example, [Wil95, Theorem 2.1]. (The result is stated there in terms of the
Hecke module Hom(J; (N)[p™], Qp/Zyp)z, which is isomorphic to H(X;(N))z, but the preceding
proposition shows that we may replace X (V) with Y7(N).) O

4.2 Degeneracy maps
We now compare Hecke algebras and Hecke modules at different levels. Throughout this section,
N will be an integer at least 5 and ¢ will be a prime not dividing N. We write Y7 (N; /) for the
modular curve of level I'y (N) N Tg(¢).

We begin by recalling some standard results:

LeMMA 4.2.1 (Thara). The map
(pry)s @ (pra)s : Hi(X1(N;0)) = Hy(X;(N))®?
is a surjection. O

LEMMA 4.2.2 (Wiles). For any odd prime p # ¢, and any r > 1, there is an exact sequence
Hi(Y1(Ne o+, Z,) — H(Y1(NC"), Zp)692 —— Hy (Y1 (N1, Zy),

where the maps are respectively x — ((pry)«x, (pra).«z) and (u,v) — (pry).(u) — (pry)«(v). O

(We have stated these lemmas slightly differently from Wiles, who formulates IThara’s lemma
in terms of morphisms of Jacobians, and Lemma 4.2.2 in terms of group cohomology with Q,/Z,
coefficients; for the formulations above, see [DDT97, Lemma 4.28].)

COROLLARY 4.2.3. The following sequence is exact for any odd prime p # { and any r > 1:

(pry)=—(Ue/€)(pra)« (pra)«

Hy (Y (N€; 071), Z,) Hy(Yi(NE7), Zp) 222 Hy (Vi (NE7Y), Zy).

Proof. By applying the matrix (é _Ulf /t

we deduce the exact sequence

) to the middle term of the exact sequence of Lemma 4.2.2,

((pr1)«—=(Ue/£)(pra)«,(pra)«)

Hy(Yi(Nem;0m+1) Z,,) Hy(Y1(N(), Z,)®?

((proz)*)

Hy(Y1(NC1), Zy),

which implies the exactness of the desired sequence. O

1594

https://doi.org/10.1112/50010437X14008033 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X14008033

EULER SYSTEMS FOR MODULAR FORMS OVER IMAGINARY QUADRATIC FIELDS

LEMMA 4.2.4. The pushforward map
Hl(Yl(N£r+1)) — Hl(}/l(Ner;ngrl))
is surjective for any r > 0.

Proof. We prove the dual version of the statement: the cokernel of the pullback map

Hy (Y{(NC: ) — Hy (Yi(NE™)
is torsion-free. This follows from the ‘modular symbol’ isomorphism

H} (Y (")) = Homp(Div®(Pg), Z),

valid for any torsion-free congruence subgroup I', which implies that we have an isomorphism
HXYi(N; 0th) = HY (Y1 (Ne1)2, where A is the kernel of (Z/¢"1Z)* — (Z/¢"Z)*. O
Remark 4.2.5. Compare [DDT97, Lemma 4.30(b)], which shows that the cokernel of the map
Hy{(X1(N),Z,) - Hi(Xu(N),Z,) is Eisenstein for H any subgroup of (Z/NZ)*.

LEMMA 4.2.6 (Ribet, cf. [Wil95, Lemma, p. 492]). Let X be any finite set of primes not dividing
N, and let Tx, (n) be the quotient of Ty that acts faithfully on H'(X1{(N)). Then the subalgebra
of Tx, (n) generated by the diamond operators and the T, for ¢ ¢ ¥ has finite index in T x, (n),
and this index is 1 if 2 ¢ ¥ and a power of 2 otherwise. O

In order to apply all of these results at once, we will need to localize at a non-Eisenstein
maximal ideal, after which there is no difference between H' and H;i, or between Yi1(N) and
X1(NV). We now define some Hecke algebras that we shall need.

DEFINITION 4.2.7. For r > 1, let TS, be the subalgebra of T generated by the diamond
operators and the Tj for ¢ # £ (including the operators T, = U, for ¢ | N), but not Uy.

We write Ty for the ring T [X]/(X? — Ty X + £(()).

There is a commutative diagram

Ty A Ty

where the top horizontal arrow is the natural map, and the map A is defined by \(U;) = X.
Let Z be a non-Eisenstein maximal ideal of Ty of residue characteristic p { N¢. We can regard
7 also as a maximal ideal of T%. By Lemma 4.2.6, the morphism of completions (T%,)z = (Tn)o
is a surjection.
We can now proceed to the first main result of this section, which asserts the surjectivity of
an ‘f-stabilization” map.

THEOREM 4.2.8. The map
B (Ty)z @1y, H (Y1(NE))s — (Tn)z @1, H (Y1(N))s
defined by

T,— X
f (pr2)*

(pry)s —

is an isomorphism.
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Proof. Firstly, we note that 3 is well defined, since the map v : H(Y;(N0)), — (Tn)z ®T
HY(Y1(N))s defined by (pry)« — ((Ty — X)/€)(pry)« satisfies v o U, = X~ (cf. Proposition 3.3.2
above). Moreover, 3 is an isomorphism after inverting p; and its source and target are both free
(T n)z-modules by Theorem 4.1.4, and free Z,-modules in particular, so § is injective.

It remains to check that 3 is surjective. This is essentially a lightly disguised form of Thara’s
lemma. We do this by constructing a module for the (somewhat artificial) algebra T (following
the argument used by Wiles to prove an analogous statement for £ = p; cf. [Wil95, p. 490]): we
let Ty act on the module H'(Y;(N))®? with Ty acting via the covariant action and X acting
by the matrix (7;4’ _é@). The map

(pry)« @ (pro)« : Hl(Yl(Ng))* N Hl(Yl(N))SBQ

is then a morphism of T y,-modules, and Thara’s lemma (combined with Lemma 4.2.4) shows that
after localizing at Z it is surjective. However, H'(Y1(N))$? is isomorphic to Ty @1, H(Y1(N))s,
and, unravelling the definitions, we find that the composite map is exactly 5. O

Our second result of this section concerns ‘¢-depletion’ of eigenforms of level divisible by ¢.
We first introduce a little more notation. Let r > 1. There is a map

&r : Tprpr+1 = Ther,

which maps the (d) operators and the T, for ¢ # ¢ to themselves, and which maps U to zero.

THEOREM 4.2.9. For any r > 1, and any non-FEisenstein maximal ideal Z of T nyr, the map

Br: (Typr)z ©  HY(YUNCTY), = (Tye)z @ HYYL(N)),
(TN€T+1’¢) TNer

is a bijection.

Proof. As in the previous theorem, we first note that the map f, is well defined (by the same
calculation as in Proposition 3.3.2), its source and target are free Z,-modules of finite rank, and
it is a bijection after inverting p. Thus 5, is injective.

We now prove the surjectivity of 5,.. We know that

Br(H (Vi (NCH)g) = H' (R (N )
by Corollary 4.2.3. So it suffices to show that the submodule Hl(Yl(NE’"))(Iprz)*:O spans
HY(Y1(N7))z as a (T e )z-module, or equivalently as a Z,[Uy]-module.
We prove this by induction on 7. Let x € H'(Y;(N/"))z be arbitrary. We want to write
x:a0+Uga1+~-+U[ar

for some aq,...,a, € Hl(Yl(NZT))(IPrQ)*:O. Equivalently, we want to find elements aq,...,a, €
H (Y1 (Ner) P70 such that

(pry)«(z — (Ugar + -+ - + Ufay)) = 0.
However, we have

(pry)s(z = (Ugar + -+ + Ujar)) = (pro)u(x) — [(pry)«(ar) + -+ UL (pry)s(ay))-
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By the induction hypothesis, there exist bg,...,b._1 € H' (Y} (NE”*l))(IprZ)*ZO such that
(pra)«(z) = by + -+ U, *b,_1. (This statement is trivially true for r = 1, if we understand pr,
as the zero map.) So if we can choose the a; such that (pry)«(a;) = £~1b;_1, we are done.

So it suffices to show that

(prl)* . Hl(Yl(NE”))(IprQ)*:O N Hl(Yl(Nfr_l))(IprQ)*zo

is surjective for all » > 1 (where, again, we understand the right-hand side as the whole of
HY(Y1(N€—1)z if » = 1). This is immediate from Ihara’s lemma if » = 1; for r > 2 it follows
from Lemma 4.2.2. O

COROLLARY 4.2.10. For any non-FEisenstein maximal ideal Z of Ty, the map

(Tn)z  ® H'(Yi(N?)). — (Ty)z @ H' (Yi(N))
(T np2:9) Ty

given by
(pri)« — %(sz)* + <?(PT3)*
is a bijection.
Proof. This follows directly from Theorem 4.2.8 and case r = 1 of Theorem 4.2.9: combining
these theorems gives the bijectivity of the above map after tensoring with Ty, but Ty is free of

rank 2 over Ty and hence faithfully flat. Alternatively, a direct argument using Ihara’s lemma
and Lemma 4.2.2 is given in [Wil95, (2.14)] (see also [DDT97, §4.5]). O

4.3 Hida theory
We now prove an analogue of the above results in the case setting of Hida theory, where we
consider a limit over all p-power levels. Here p will be an odd prime not dividing N.

DEFINITION 4.3.1. Let

led(Yl(Npoo)) = €ord @Hl(yl(Npr)? Zp)*a

o
r>1

where egpq 1= limnﬁoo(Up)”! is Hida’s ordinary projector.

Remark 4.3.2. Note that we are using the covariant action of the Hecke algebra here, and the
covariant action of U, coincides with the contravariant action of UJ{)7 so this is the same module
as the one denoted €/ ;- GES,(N,Zy) in [Oht00] and in our previous paper.

We let Ty be the subalgebra of Endg, HY ,(Y1(Np™)) generated by the (d) and T,
operators.

DEFINITION 4.3.3. Let Z be a characteristic p maximal ideal of the Hecke algebra T y,,r, for r > 1.
We say T is p-ordinary if U, ¢ Z. We say T is p-distinguished if it is ordinary and non-Eisenstein,
and the restriction of the Galois representation pz to a decomposition group D, at p satisfies

— ~ [ X1 *

with x1 and x» distinct characters of D,.

The following theorem summarizes some of the major results of Hida theory.
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THEOREM 4.3.4. The module H! (Y1(Np™)) is a finite-rank free module over the Iwasawa
algebra A = Z,[[(1 + pZ,)*]] (with the module structure given by the diamond operators). The
algebra T npec Is a finite flat A-algebra, and its maximal ideals biject with the p-ordinary maximal
ideals of T .

If T is a p-distinguished maximal ideal, then (T np~)z is Gorenstein, and the (T npe)z-

module H! ,(Y1(Np™))z is free of rank 2.

Proof. For the first part of the theorem, we refer to [Oht00, §1]. The finiteness and freeness of
H! (Y1 (Np™)) over A is [Oht00, Theorem 1.3.5]; the fact that Tnpee (denoted by e*H*(N; Z,)
in [Oht00]) is finite and flat over A is Theorem 1.5.7. Moreover, since T ype is a finite flat algebra
over a complete local ring, its maximal ideals biject with the maximal ideals of the Artinian ring
T npeo/J where J = (p, X) is the maximal ideal of A; [Oht00, Theorem 1.5.7(iii)] shows that

Tnpo/J = €ord - Tnp/p, whose maximal ideals are precisely the p-ordinary maximal ideals of

Tnp-
For the statement on freeness, we refer to [EPWO06, Proposition 3.1.1], where the result is
deduced from [Wil95, Theorem 2.1]. O

ProposiTIiON 4.3.5. If T is p-distinguished, then Theorems 4.2.8 and 4.2.9 hold with Np" in
place of N, for any r > 1.

Proof. The only ingredient of the proofs of the two theorems which required the assumption
pt N was the freeness result of Theorem 4.1.4. However, if Z is p-distinguished, then we know
that H'(Y1(Np™))z is free over (T npe)z by Theorem 4.3.4, and the control theorem [Oht00,
Theorem 1.5.7(iii)] then implies that H'(Y1(Np"))z is free over (T nypr)z. O

We also have a companion result relating forms of level prime to p and level divisible by p.

PRrROPOSITION 4.3.6. Let Z be a non-FEisenstein maximal ideal of ’T‘N of residue characteristic
p{ N, such that X ¢ Z. Then the ideal of T y,, corresponding to T is ordinary and p-distinguished;
we have T, — X € p- (Tn)z; and the morphism 3 of Theorem 4.2.8 gives an isomorphism

(Tn)z @1y, H (Y1(ND))s = (Tn)z @1 H (Y1(N))..

Proof. This is clear by the same argument as Theorem 4.2.8. (The only subtle point is that Z
is p-distinguished as an ideal of T; but it is ordinary since X ¢ Z, and of the two characters
appearing in the semisimplification of pz|p,, one is unramified at p and the other is the product
of an unramified character and inverse of the mod p cyclotomic character, so they are certainly
distinct.) O

5. Euler systems in étale cohomology

We now use the Hecke algebra theory of the previous section to show that if we apply the p-adic
étale regulator map to the Euler system of §3 and localize at a suitably chosen prime ideal of
the Hecke algebra, the resulting family of classes, all living on different modular curves, can
be ‘massaged’ into an Euler system in the more conventional sense, a family of classes in the
cohomology of one fixed Galois representation over varying extensions of the field K.
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5.1 CM ideals of Hecke algebras
Let K, L,%,f be as in §3.1 above. We fix primes B | p | p of L, K and Q respectively, with p > 5,
p unramified in K, and (f,p) = 1.

For convenience we shall write E for the field Ly, O = Op g for its ring of integers, and
k = 9O /P for its residue field.

Let us write v for the continuous E-valued character of K X\Alxgﬁ][1 defined by

Pyp(z) =z, ')(x).

DEFINITION 5.1.1. Let n be any ideal of K divisible by f, and let N = Ng/q(n) - disc(K/Q) as
before. Let Z,, be the maximal ideal of the Hecke algebra T given by the kernel of the composite
map
o
Ty ——9Op[Hy] —= 9O, — O/,
where ¢, is as defined in § 3.1 and the map O [H,] — O, is the augmentation map.

ProprosITION 5.1.2. For any n as above, the ideal Z, is a non-Eisenstein maximal ideal in the
sense of Definition 4.1.2. If p is split and p | n, but p { n, then Z, is ordinary and p-distinguished.

Proof. We can interpret g as a character of Gal(K/K) via class field theory.? Then
Ind%(wqg mod P) is the unique semisimple Galois representation with values in Ty /Z, = O /B
satisfying the trace and determinant condition of the pr of Definition 4.1.2. By Mackey theory,
this induced representation is irreducible if and only if ¢ and its conjugate are distinct modulo
pLs

If p is split, then ¢y is ramified at p (its restriction to inertia at p is the inverse cyclotomic
character) but ¢ oo is not; hence these two characters are not even congruent locally at p. Thus
7, is non-Eisenstein; and if p | n (so that p | N and ¢,(U,) = ¢(p) mod Zy) then it is ordinary
and p-distinguished.

If p is inert, then the restriction of iy to D;{,p is the direct sum wy lg wy P'; where wo is the
Teichmiiller character of (Ox/p)* = FZQ. The characters wy and wh are distinct, and they are

interchanged by the conjugation action of the Frobenius element of D, /I,. Hence Ind[% (1 mod
B) is irreducible as a representation of D,, and, in particular, it is irreducible as a representation
of Gal(K/K). O

Remark 5.1.3. If p is split, then Proposition 5.1.2 also holds if p | f, as long as we assume that
p1fand | ox is not congruent to the Teichmiiller character modulo 3.
P

5.2 Patching CM Hecke modules
We now apply the integral Hecke theory results of §4 to show that we can patch together the
modules H'(,n,9Or) after localizing at Z,, and identify them (non-canonically) with Galois

modules induced from abelian extensions of K. We continue to assume that n is an integral ideal
of K divisible by §.

DEFINITION 5.2.1. Let ng ) denote the largest quotient of H, whose order is a power of p, and
let A¥ = O[HP).

2 We normalize the global Artin map A /K* — Gal(K/K)® in the geometric fashion, so uniformizers map to
geometric Frobenius elements.
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The ring A(,? is a finite, flat, local O-algebra. We let
oF Tn ®Zy — AF
be the composition of the map ¢, defined above with the natural map O [H,] — A?.
DEFINITION 5.2.2. For each n as above, define

H' (1, n,P) == AT ®

(Tyoz, o) Ha(V1(N), Zp(1))s,

where the star subscript signifies that we consider H}, (Y1(N),Z,(1)) as a T y-module via the
covariant action.

PROPOSITION 5.2.3. Suppose either that p is inert and (p,n) = 1, or p is split and (p,n) = 1.
Then the module H' (), n,B) is free of rank 2 over A} .

Proof. Since A?l3 is a complete local ring, and the preimage of its maximal ideal under qﬁ? is
the ideal Z,, the map HZ (Y1(N),Z,y(1)) = H'(¢,n,P) factors through the completion at Z,.
However, since 9P is assumed to be non-Eisenstein, the completion of HJ (Y1(N),Z,(1)) at Z,
is free of rank 2 over the completed Hecke algebra Tz,, by Theorem 4.1.4 (or Theorem 4.3.4,

respectively), so the tensor product is free over A?. O

THEOREM 5.2.4. For any modulus n divisible by §, the module H'(1,n,*B)[1/p] is isomorphic
as a AY[1/p]-linear representation of Gal(Q/Q) to the induced representation Indg(n)(E ()",
where K (n) is the largest abelian p-extension of K of conductor dividing n (i.e. the ray class
field corresponding to ngp )).

Proof. This statement is unaffected by enlarging L, so we may assume Lsg is sufficiently large
that all characters H{" — Q; take values in Lg. Then AP[1/p] = Ly [Hép )] is a product of copies

of Ly, indexed by the characters of H,Ep ); so it suffices to check that for n such a character, the

Lep-vector space

Loy, H" (0. n B[/ M)
is two-dimensional and isomorphic to the n-isotypical component of Indg(n) VLm(w)*, which is

Ind Vi, (¥n)*.
However, this vector space (1) is the maximal quotient of H} (Y1(N), Ly(1)) on which the
covariant Hecke operators act via the character of Ty corresponding to the level-IN eigenform

gun =Y (@n(@)g"®.
a:(a,n)=1

By the multiplicity-one theorem, the corresponding quotient of H} (Yi(N),Ly) is two-
dimensional, and realizes the Galois representation Vi, (Gyn) attached to the complex conjugate

eigenform gy,). Since we have Vi, (Gyy)(1) = VL (gyn)™ = Indg (vn)*, we are done. O

PROPOSITION 5.2.5. Suppose either that p is inert, p{ n, and [ is a prime not equal to p; or that
p is split, p{ n and [ # p. Then the norm map

Nt AY @, H (. 0, 9) —— H' (1,0, )

is a bijection.
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Proof. We assume first that (p,nl) = 1. Since both source and target of the map concerned are
free Z,-modules, and the map N is an isomorphism after inverting p, it suffices to check that
it is surjective. As before, let N = Ng/q(n) - disc(K/Q) and N = Nk q(nl) - disc(K/Q), and
let ¢ be the rational prime below [.

If [ | n, then V" is the map induced by (pr;). : H (Y1(N')) — HY(Y1(N)), and this is
evidently surjective. (Indeed, since ¢ | N, the map pr; : Y1(N’) — Y1(N) has degree either ¢ or
2, neither of which is divisible by p, so (pry)«(pry)* is even surjective.)

Hence we may assume [{n. There are three cases to consider. Firstly, if [ is a ramified prime,
or if [ is split and [ | n, then ¢ | N and N’ = /N. In this case, comparing Theorem 4.2.9 and
Definition 3.3.1, we see that A" is the map deduced from the map 8 of Theorem 4.2.9 via base
extension along the map ¢, : Ty — AF of Proposition 3.2.1 (mapping U, to ¥ ([)[[]).

Secondly, if [ is a split prime and [{n, then £{ N, and we apply Theorem 4.2.8 instead. We
extend the map ¢, : Ty — A¥ to Ty by mapping X to ¢(I)[l]. Since this is also the image of
Uy under ¢y, and Ty — X maps to 9 (I)[l], the map 3 of Theorem 4.2.8 again gives rise to A"

Finally, if [ = (¢) is inert in K then we apply Corollary 4.2.10, and the calculation proceeds
similarly, using the fact that ¢, maps Ty to 0 and (¢) to —(€)[¢]/¢.

If p is split, p | n, and [ # p, then we argue similarly using Proposition 4.3.5 in place
of Theorems 4.2.8 and 4.2.9, using the fact that Z, is p-distinguished. If [ = p and p | n,
then the result is immediate from Ohta’s control theorem; and if [ = p and p 1 n, we use
Proposition 4.3.6. O

COROLLARY 5.2.6. Let A be the set of ideals of K coprime to p and divisible by f. Then we may
find a family of isomorphisms

vo t H (0, 9P) —=Tnd2, | O(ug")

of A?[Gal(Q/Q)]—modules, for all w € A, with the property that for any two moduli n,n’ € A
with n | v/, the diagram

HY(3, w, %) —2=Tnd 2, ) Ot
Ny

Hl(wa n, 513) %) Ind%(n) 0(1/}{]_31)
commutes.

Proof. Let (n;);>1 be a sequence of ideals in A such that:

_— nl — f-
— ny41 = Lin; for all ¢ > 1, where [; is prime;

— every n € A divides n; for some i > 0.

Let A; be the finite set {n € A :n | n;}. Since |J;, Ai = A, it suffices to show that, for each
i > 1, there exists a system of isomorphisms v, for n € A; such that the compatibility diagram
commutes when n,n’ € A;. We shall prove this claim by induction on i.
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We let 15 be any choice of isomorphism

H' (¢, ,9) = Ind ) O(")

(which exists by Proposition 5.2.3 and Theorem 5.2.4). As A; = {f}, this proves our claim for
1=1.

Now suppose that v, is defined for all n | n;. Let 2/ be any choice of isomorphism H* (1), n;41,
B) = IndK(n (%_31) (which exists, again, by Proposition 5.2.3 and Theorem 5.2.4). There

is a unique a € Af,ﬁ such that the isomorphism H'(v, n;, ) = IndQ (%3 ) induced by v/ is
equal to a - vy,.

Since the morphism (A;43 )= (A?i) is surjective, we can choose a lifting b of a to Ay
and define vy, , = b1/

We now define vy, for any n € A;y1, to be the morphism induced by vy, ,. This agrees with
the existing definition of v, for n € A; C A;1, and the diagram now commutes for all n,n’ € A; 4
as required. |

Ni4+10

5.3 Etale cohomology classes
We now bring the eigenform f back into the picture. We assume henceforth (largely for
convenience) that p{ Ny.

Recall the motivic cohomology space H3 . (f,1,m,n, O (2)) constructed above. The étale
regulator map

rege; + Hynor (Y1(Ny) x Y1(N) x Spec Q(um), Z(2))
— HY(Q(pm), Hey(Y1(Ny), Zy(1)) @z, H,(Yi(NV), Zp(1)))

is compatible with correspondences, and therefore descends to a map

Hyor (f,,m,n,O1(2)) = HY(Q(um), To(f)* ® H' (1, n, )

where To(f)* is the quotient of H} (Y1(Ny), O(1)) defined as in [LLZ14], and H'(¢),n,B) is as
defined above.

We now choose a set of isomorphisms {v, : n € A} as in Corollary 5.2.6. By Shapiro’s lemma,
we have a canonical isomorphism

HY(Q,Ind, O ") = H'(K(n),0(¢").
DEFINITION 5.3.1. For ¢ > 1 coprime to 6NNy, and n € A, let
2 € H'(K(n), To(f)* (v ™)

be the image of .= cal n ¥ under the above map.

If n is an ideal coprime to p, but not divisible by f, we define czgw as the image under

corestriction of Czif

We first show that we may get rid of the factor c. Let ¢ = €5 - x - ex be the product of the
Nebentypus characters of f and gy. Let us write Ny = Ng/q(f) - disc(K/Q), which is coprime
to p.

We know that if n is divisible by f and ¢, d are two integers greater than 1 and coprime to
6Ny N, where N = N /q(n) - disc(K/Q) as usual, then

(¢ —e(e) [ ?)azd”

is symmetric in ¢ and d (cf. [LLZ14, Proposition 2.7.5(5)]).
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Since p > 3 and p does not divide NyNy, there exists some d > 1 such that d? # 1 mod p
and d = 1 mod NyN,. We may also assume that d is coprime to 6N. We have £(d) = 1, so

d? — £(d)~1[d] ! is invertible in A¥; and if we define
a = (@ —e(d) ' d ) arl Y € H' (K (n),T),
then z{’w is independent of d and we have Cz£’¢ =
THEOREM 5.3.2. Let N' = pNyf. Then the elements
{2l (n,N) = 1)}

form an Euler system for (T,IKC,N') in the sense of [Rub00], where K is the composite of the
K (n) for all n coprime to N.

(2 — ()] "2)z{ for any valid choice of c.

Proof. By Theorem 3.5.1 (and the compatibility of the étale regulator with correspondences),
these elements satisfy the Euler system compatibility relation. a

5.4 Local properties

We now show that the classes z,{’d’ have good local behaviour. We recall the following definition,
due to Bloch and Kato [BK90].

DEFINITION 5.4.1. If V is any continuous Q,-linear representation of Gal(L/L), where L

is a finite extension of Qp, the Bloch-Kato Selmer subspace H}(L,V) is defined as follows
(cf. [BK90]):

— if £ # p, then H}(L, V)= HY(L™/L,V't), where Iy, is the inertia subgroup of Gal(L/L);
— if ¢ = p, then H}(L,V) = ker(HY(L,V) — H'(L,V ® Beys)) where Be;s is Fontaine’s
crystalline period ring.
For T C V a Gal(L/L)-stable Z,-lattice, we define H}(L,T) and H}(L, V/T) as the preimage
(respectively, image) of H'(L, V).
Notation 5.4.2. For convenience we will use the shorthand 7" := T@(f)*(i/}%l).
PRrROPOSITION 5.4.3. Suppose that one of the following conditions holds:

(i) p is split in K/Q, and the polynomial

()

p
does not vanish at any p-power root of unity;
(ii) p is inert in K/Q and vy (ap(f)) < 3.
Then for any n coprime to N, and any prime v { p of K(n), we have

loc, (z)¥) € H}(K(n)v, T).

Proof. In case (i), to show that z,{’d’ lies in the local H}, we compare it with the class z,{,’gw. We

know that z,];;w is a universal norm from the tower K (np>)/K (np), which is a Z,-extension in

which no finite prime splits completely. Hence it is automatically in H} at all primes away from
p, by [Rub00, Corollary B.3.5]. However, we have

Nl = 1, (M)
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If no root of P,((¢(p)/p)X) is a root of unity of order dividing #H,Sp), the element P,((¢(p)/p)[p])
is a unit in A?[l /p]; but the action of A?[l /D] preserves H}, so we are done.

In case (ii), we use [LLZ14, Corollary 6.7.9]. This shows that for f, g of level prime to p, the
class z{’g is in H}c if there exist p-stabilizations « of f and 7 of g such that v,(ay) < 1 and none
of the elements

are equal to 1. We apply this with g = g, for each character 7 of H,Sp); then we have vp(a) < %,

vp(B) > %, and vp(y) = vp(d) = %, so none of these four quantities can be a PB-adic unit. a
Remark 5.4.4. We take the opportunity to note that there is a small gap in the proof of [LLZ14,
Proposition 6.6.2] (on which the cited Corollary 6.7.9 relies). The argument actually only proves
that z{’g is in H} if aray # 1, since z{’g = (afay—1) normg(“”) z{;’g. It can actually happen that
arag =1 (e.g. if f and g both correspond to elliptic curves with split multiplicative reduction
at p). However, we are interested in the case when f and g are the p-stabilizations of eigenforms
of level prime to p, in which case a oy is a Weil number of weight 2, and thus cannot be equal
to 1.

We now consider the local properties of our Euler system at the primes of K above p. This
is very straightforward® from the construction of the Beilinson-Flach elements.

PROPOSITION 5.4.5. If (p,n) = 1, then we have
locy(z]¥) € Hj(K(n)y,T)
for all primes w | p of K(n).

Proof. It suffices to check the result for n = 1 with @ replaced by vmn, for each character n of
H,Ep ). This is immediate from [LLZ14, Proposition 6.5.4] applied to the modular forms f and
9yn, which both have level coprime to p. O

6. p-adic L-functions

We now gather together some results on p-adic L-functions attached to f over K. We shall
assume throughout that f does not have CM by K, so the base-change of f to an automorphic
representation of GLa(A k) is cuspidal.

6.1 Definition of the L-functions

Let W be any L-valued algebraic Grossencharacter of K, of some arbitrary oco-type (a,b). We
write L(f/K, ¥, s) for the L-function attached to the base-change of f to K twisted by W. Then
the point s = 1 is a critical value of the L-function L(f/K, WV, s) if and only if one of the following
holds:

~ we have a = b = 0 (region X(V);
— we have a < —1 and b > 1 (region X?));
— we have b < —1 and a > 1 (region 2(2'));

See Figure 1.

3 Straightforward, that is, modulo the rather deep fact that the étale regulator maps classes in the K-theory of a
smooth proper Z,-scheme to classes in H}.
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FIGURE 1. Infinity-types of Hecke characters of K.

Remark 6.1.1. Our notation for the critical regions is taken from [BDP13, Definition 4.1], but our
conventions are slightly different, since we work with L(f/K, ¥, 1) rather than L(f/K,¥~1 0).
Thus our Figure 1 is [BDP13, Figure 1] rotated by 180° around the point (3, 1).

The regions &4, £ and ©® in Figure 1 correspond to characters where the archimedean
I-factor Leo(f/K, ¥, s) has a pole at s = 1, of order 1 for £ and ¥ and of order 2 for B4,
Since the completed L-function A(f/K,V,s) = L(f/K,V,s)Lo(f/K,¥,s) is holomorphic on C

and non-zero® at s = 1 whenever the co-type of U does not lie on the line b = —a, it follows that
L(f/K, ¥, s) must vanish at s = 1 to order exactly 1 for ¥ € ) N %) and to order exactly 2
for ¥ € =),

Remark 6.1.2. Beilinson’s conjecture [Bei84] predicts that the vanishing of the L-value L(f/K,
U, 1) is related to the existence of classes in a motivic cohomology group H}(K, M}‘(¢_1)), where
My is the motive of f. When (a,b) = (—1,0) or (0, —1), the conjecture predicts that the motivic
cohomology group should be one-dimensional, and spanned by the Beilinson-Flach classes. It
seems reasonable to expect® that the construction of Beilinson-Flach classes can be generalized
to any (a,b) € 2 ULE). When (a,b) € £* the motivic cohomology should be two-dimensional,

4If a —b > 1 then s = 1 is in the region of convergence of the Euler product and thus the L-value is non-zero; the
case a — b < —1 follows from this via the functional equation. The remaining cases a — b = £1 follow from a deep
global non-vanishing statement of Jacquet and Shalika [JS76].

5 Since this paper was originally written, this predicted extension of the construction has been carried out in the
paper [KLZ14].
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and Beilinson’s conjecture predicts the existence of classes in the group A* H }(K , M}‘(@D‘l)), but
constructing such classes appears to be beyond the reach of present techniques.

We now interpolate p-adically, where, as above, p is a prime greater than or equal to 5
unramified in K and not dividing Ny. Let § be a modulus of K with (p,f) = 1. The ray class
group Hjpeo is a p-adic analytic group, and algebraic Grossencharacters of K of conductor dividing
fp> correspond bijectively with locally algebraic Q,-valued characters of Hipoo .

THEOREM 6.1.3. Assume (Ny, Ny) = 1, where Ny, = N q(f) - disc(K/Q) as usual, and let N
be an integer divisible by N;Ny and having the same prime factors as N;jNy,. Let «, 3 be the
roots of the Hecke polynomial of f.

(i) Suppose f is ordinary at p and « is the unit root. Then there exists an element Ly (f /K,
») e Ag(Hjp) with the property that for Gréssencharacters i of K of conductor dividing f
and oco-type in YW we have

E(f,,1) N
(1—=8/a)(1 = B/pa) 8r*(f, f)n

Ly (f/E, W) (¢hy) = L(f/K,¥,1),

where E(f,1,1) is given by

H(l —p 1BY(v))(1 — a tp(v)Y) if p is split,
g(fv Y, 1) =4 vlp
(L=p 282 ()L —a >¢(p)™")  ifp is inert.
(ii) Suppose p is split in K. Then there exists an element Ly(f/K,%®) € Frac Ag(Hjp~)

with the property that for Grossencharacters v of K of conductor dividing § and oo-type
(a,b) € ©?), we have

EW, f,1)

(1 =9(p)/¥(P)) (1 =2 (p)/pib(p))

20~ bib=a=1pl(p — 1)IN*TOHL
ECOEEI TN

Ly(f/K, 29)(dy) =

’ L(f/Ka % 1)7
where the factor £(v, f,1) is given by

E(, f,1) = (1—p ' ma)1—p W(E)B)A —v@E) a1 —vm) '8,

and gy is the CM eigenform of level Ny and weight 1 — a + b > 3 corresponding to the
Grossencharacter A = 1| - | % of co-type (a — b,0).

We give a brief sketch of the proof below, since it will be important for our purposes to
know how these L-functions are related to the p-adic Rankin—Selberg L-functions considered
in [LLZ14]. We shall not need to consider the case i = 2" explicitly, since complex conjugation
interchanges the critical regions £ and £().

6.2 The case 7 =1
We consider the formal g-expansion

0= Z [a]g" € A(Hypeo)[[g]]

a:(a,fp)=1
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We can regard this as a g-expansion with coefficients that are functions on the formal scheme
W = Spf A(Hjp~) parametrizing characters of Hjjoo.

We choose an integer N coprime to p and divisible by Ny and by Ny = Nk /q(f) - disc(K/Q).
For each a € (1/N)Z/Z, we can consider the family Z0®? (1), —) of g-expansions over W given
by

207 (51, w) = eora[Ealwg', 0)O (W),

where £, (¢1, ¢2) is the family of p-depleted Eisenstein series over Spec A(Z, )2 defined in [LLZ14,
§5], and wq denotes the measure on Z, obtained by composing w with the map Z; — (ODg x
Zp) X e proo .

—ord,p

This defines a measure Zg“*(S(1) on Hjye with values in the finite-dimensional E-vector
space S2(I'1(N) NTo(p), E)°d. We define the p-adic L-function Lg(f/K, »() e Ap(Hjp) by

()P, 2P (D)) Ny
(@, (F) Py

where (,)n, denotes the Petersson scalar product at level I'y (Nf) N T'g(p) (normalized to be
conjugate-linear in the first variable and linear in the second), f* denotes the complex conjugate
of f, and (f*)® its ordinary p-stabilization (whose U,-eigenvalue is p3~'). Tt is clear by
construction that the p-adic Rankin-Selberg L-value Dy ( f, gy, 1/N, 1) considered in our previous
work is given by

Ly(f/K,5W) =

,D‘B(f? 9 1/N7 1) = L‘B(f/Ka E(l))(w‘l})

On the other hand, the specialization of the family © at a finite-order character n of Hj is
the p-stabilization of the classical weight 1 theta series corresponding to 1. Applying [LLZ14,
Proposition 5.4.2] gives a formula for Ly(f/K,~1)(n) in terms of the critical L-value L(f/K,
¥, 1), which simplifies to the formula stated in the theorem above.

Remark 6.2.1. Computing the value of Ly (f/K,~(1)) at a finite-order character 1 which may
be ramified at the primes above p is clearly possible in principle, but the calculations involved
are unpleasant and messy. See [Per88] for a closely related computation.

6.3 The case 1 = 2
In this case we replace © by the p-adic family of ordinary theta series indexed by A(Hjpe ), given
by the formal g-expansion

g= Y lale(a)g" € A(Hjpee)[[q]].
(a,fp)=1
We can write any character of Hj, uniquely in the form Ay where A factors through Hjpe and
p factors through the norm map Hjpee — Hpeo — Z. We define a measure on Hjyeo, with values
in p-adic ordinary modular forms of tame level NV, by

20 (53 A1) = eona[€ali— 1, —1 — Aq — 1) - f].

Note that the weight-character of Zq(Ap)°" P at p is 1 — AqQ, which is the same as that of the
specialization g(\) of the family g at A. The theory of p-adic interpolation of Petersson products
thus gives us a p-adic L-function Ly (f/K, »(?)) € Frac Ag(Hjp~ ) satisfying

()" 1w On) ™)

Lo(f/K,=®@)(\n) = o A)/ 00
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On the one hand, it is clear by construction that Ly (f/K, %)) (1) is the quantity Dy(gy,
fy1/N,1) appearing in [LLZ14].

On the other hand, if we evaluate Ly (f/K,2(?)) at a Gréssencharacter w = Ay of oo-type
(a,b) lying in X(® and having conductor prime to p, then the oo-type of X is (a — b,0), while
p=|-1]° Thus g()\) is the p-stabilization of the classical ordinary CM form gy of level N and
weight k =1 —a + b > 3. Applying [LLZ14, Proposition 5.4.2] with f, g, and j replaced by
gx, f, and 1+ b, we obtain a formula for Ly(f/K,%®))(A\u) in terms of the critical L-value
L(f/K,\,14+b)=L(f/K,1,1) which simplifies to the one given above.

6.4 Relation to the Euler system classes
In [LLZ14, §6.10], following [DR14], we defined, for any two modular forms f, g of weight 2, CM
or otherwise, with f ordinary, a vector n}" @ wg € Fil'! Dar (Ve (f) ® VE(g)).

In our situation, we thus have vectors Ny ®@wg, (if f is ordinary) and n;i Quwy (if p is split),
both lying in the space Fil! Dgr(K ® Q,, V*), where V = Vg(f)*(¢~!) as before.

Theorem 5.6.4 of [LLZ14], which is a very slight variation on the main theorem of [BDR15],
now gives the following result.

THEOREM 6.4.1. If f is ordinary, then

E(f4,1)

Lo (f/ 1, 20) () = — (1=B/a)(1 = B/pa) (logy v (21"), nf" ® wy),

and if p is split, then

g(w’ f, 1) (6] zf’w w ur
0= 00)/0)) (1= o) fpopy) oBry (@1 ) s 1y, ).

Ly (f/K,SP)(1hg) = —

7. Bounding Selmer groups

7.1 Big image results
In this section, we gather together some results we will need regarding the image of Gal(K/K)
acting on the representation 7' = To(f)*(wqgl) and V = T[1/p]. Let K2 be the maximal abelian
extension of K.

We impose the following assumption on f, which will be in force for the remainder of this

paper.
ASssSUMPTION 7.1.1. The modular form f is not of CM type.

Under this assumption, it has been shown by Momose [Mom81] that there exist a number
field F' C L, a quaternion algebra B/F', and an embedding B < Masy2(L), such that for any
prime ‘P of L, the image of Gq in Aut V7, (f)) = GLa(Lg) contains an open subgroup of the

group
{r € (B®r Fp)” :norm(z) € Q' }

(where Fip denotes the completion of F' at the prime below 9, and norm is the reduced norm
map of B).
We now impose a restriction on the prime ‘33:

AssuMPTION 7.1.2. The quaternion algebra B is unramified at B, so (B @ Fip)* = GLa(F).
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Remark 7.1.3. Note that B is split over the field generated by the Fourier coefficients of f; so if
f has rational coefficients, B must be the split algebra and this assumption is automatic. In any
case, the set of primes ramified in B is finite, and it has been shown [GGQO05] that the primes
ramifying in B are a subset of the primes dividing 2N disc Q(f).

PROPOSITION 7.1.4. (i) The representation V is irreducible as a representation of Gal(K / K?P).
(ii) There exists an element T € Gal(K /K?®") (the derived subgroup of Gal(K /K)) such that
V/(r — 1)V is one-dimensional.
(iii) There exists an element v € Gal(K /K®") such that V=1 = 0.

Proof. Because of our two assumptions above, Momose’s theorem shows that there is an Leg-basis
of Vi, (f) such that the image of Gal(Q/Q) in GLy(Lg) with respect to this basis contains an
open subgroup of GL2(Z,). The subgroup Gal(K /K) is open, so its image also contains an open
subgroup of GLy(Z,). However, the derived subgroup of an open subgroup of GLg(Z,) is an
open subgroup of SLa(Z,), so the image of Gal(K /K?) contains an open subgroup of SLa(Z,).

This certainly implies that V' is irreducible restricted to Gal(K /K?"). Moreover, it implies
that the image of Gal(K/K?P) in Aut Ly (V) contains an element of the form (§ ¢) with 2 # 0;
since Gal(K /K?P) acts trivially on the one-dimensional representation Ly (1))*, it follows that a
7 as in (ii) exists.

Finally, the existence of a 7 as in (iii) is rather obvious: we may find y € Z) with y # 1, but

y sufficiently close to 1 that ({ y?l) is in the image of Gal(K /K?P). O

If we impose an additional assumption on f then we have stronger results:

Notation 7.1.5. We say f has big image at *B if the image of Gal(Q/Q) in the group Aut To(f)
contains a conjugate of SLa(Z,).

By a theorem of Ribet [Rib85], since we are assuming that f is not of CM type, it has big
image at almost all primes of L.

PROPOSITION 7.1.6. Suppose that f has big image at 3. Then:

(i) T/T is irreducible as a representation of Gal(K /K?");
(ii) there exists T € Gal(K /K?®) such that T/(t — 1)T is free of rank 1 over O;
(iii) we have

HY(Q/K,T ®z, Qp/Zp) = H'(Q/K,T*(1) ®z, Qp/Zp) =0,

where Q is the smallest extension of K containing K (1)K (up~) and such that Gal(K /Q)
acts trivially on T';

(iv) the O-module H' (K, T) is free.

Proof. For p > 2 the group SL2(Z,) has no normal subgroups of index 2. Thus the intersection
of the image of Gal(K /K) with the conjugate of SLa(Z,) inside Aut Ty, , (f) must be the whole
of SLy(Zy). As SLa(Z,) is equal to its commutator subgroup, we deduce that the image of
Gal(K/K?®) in Aut T also contains a conjugate of SLa(Z,). Thus (i) is obvious, and for (ii) we
can take 7 to be any element mapping to (§1).

We now prove (iii). Let v € Gal(K/K?®) be such that y maps to —1 € SLa(Z,). Then the
subgroup S of G = Gal(2/K) generated by the image of « is in the centre of G and satisfies
HY(S, T®Q,/Z,) = H'(S,T®Qp/Z,) = 0, and similarly for 7%(1). Via the inflation-restriction
exact sequence the required vanishing follows.
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Lastly, we check the freeness statement. From the cohomology long exact sequence arising

from 0> T 2T — T/PBT — 0, where w is a uniformizer of O, we have a surjection
HOY(K,T/PBT) —» HY(K*/K,T)[R]; but we know that H°(K,T/BT) =0, so H'(K,T) is torsion-
free and thus free. a

7.2 Selmer groups: definitions

We now recall the definitions of some Selmer groups we will need. For this section (only), K may
be any number field, and T any O-linear representation of Gal(K/K) unramified at almost all
primes. Let TV = Homp(T, E/O) be the Pontryagin dual of T

DEFINITION 7.2.1 (cf. [Rub00, Definition 1.5.1]). Let ¥ be a finite set of places of K. We define

o , HY(K,,TV(1))
SelE(K7T (1)) = ker<H1(KaT (1) = @-FW)’

vgs

and
Sely: (K, TV (1)) = ker (SelE(K, V(1)) > P H' (K., TV(1))>.
vEY
When ¥ is the empty set, we simply write Sel(K, TV (1)) for Sel? (K, TV (1)) = Sely(K, TV (1)),
the Bloch-Kato Selmer group. We write X, for the set of primes of K above p.

7.3 Bounding the strict Selmer group
Let us use the notation
/Y e HY(K,T)

)

for the image of z{ ¥ under evaluation at the trivial character of H fp .

THEOREM 7.3.1 (Selmer finiteness). Suppose that either:

— p is split in K and P,(¢(p)/p) # 0;
~ or p is inert in K and vyp(ay(f)) < 3.

If 2 # 0, then Sely, (K, TV (1)) is finite.

Proof. This follows by applying [Rub00, Theorem 2.2.3] to our Euler system.

Suppose we are in the inert case. Let ¥ be the set of primes of K dividing N, where N = pNf
as before. Via Theorem 5.3.2 we have an Euler system for (T, K, ) in which the base class over
K is non-torsion. Moreover, Rubin’s hypothesis Hyp(K, V') is satisfied by Proposition 7.1.4. Our
K does not contain a Zj-extension, but by Proposition 5.4.3 every class in our Euler system is
in H} away from p, so we may use the modified version of Theorem 2.2.3 assuming condition
(i")(b) in [Rub00, §9.1]. The element v called for in this case is supplied by Proposition 7.1.4. It
is clear that T¢X(1) = 0, so the modified version of Rubin’s Theorem 2.2.3 applies and we deduce
that Sely, (K,TV(1)) is finite.

When p is split we proceed slightly differently. For each n coprime to N, we replace z,ﬁw with

the element
w = N ().

Our assumption that P,(v(p)/p) # 0 implies that 2/:¥ # 0 if and only if z/¥ # 0. Moreover,
cach class 2" is a universal norm from the Z,-extension K (np>)/K(n), and is therefore in H}
locally away from p. We now proceed as before.
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(Alternatively, we can replace K with the compositum K, of K and K (p); the i{:’w extend
to an Euler system for (T, K’, N), and we can now apply Rubin’s Theorem 2.2.3 in its original
form.) O

We now give a bound for the fine Selmer group.

THEOREM 7.3.2 (Bound for Selmer). Suppose that the modular form f has big image at *J3, and
one of the following hypotheses holds:

— p is split in K and no root of P,((1)(p)/p)X) is a p-power root of unity;

~ pisinert in K and vyp(ay(f)) < 3.

If z/¥ is non-torsion, then we have the bound
lo(Sels, (K, TY(1))) < indo(z"?).

If p is split in K, but P,((¢(p)/p)X) does have a root that is a p-power root of unity, then
we have

lo(Sels, (K, TV (1)) < indo(z"?) + vy P, (‘”;”)

Proof. We now apply [Rub00, Theorem 2.2.2] rather than Theorem 2.2.3. The additional
hypothesis Hyp (K, T') required in this theorem is supplied by Proposition 7.1.6, which also shows
that the quantities ny and ny, appearing in Rubin’s statement are both zero in our setting.
The first statement corresponds to applying Rubin’s theorem to the Euler system for (7, IC,
N) as in the proof of the previous theorem. By Proposition 5.4.3, our slightly stronger assumption
on P, in the split case implies that all the classes in this system are in H} away from p.
If Py((¢(p)/p)X) does have roots that are p-power roots of unity, then we instead use the

modified Euler system iff as in the previous proof. We have
indo(z/%) = indo(2/%) + vp Py <¢(p)>
p

and this gives the weaker Selmer bound in this case. O

Remark 7.3.3. If p is split and P,(¢(p)/p) = 0, then the statement of Theorem 7.3.2 is still
true, but vacuous (the upper bound is co). This should perhaps be understood as a ‘trivial zero’
phenomenon.

7.4 Bounding the Bloch—Kato Selmer group
We now show that the Euler system can also be used to bound the Bloch—-Kato Selmer group
Sel(K,TV(1)). Sadly, we can only do this under very much more restrictive local hypotheses.

ASSUMPTION 7.4.1. The following conditions are satisfied:
(i) p is split in K.
(ii) The modular form f is ordinary at p (i.e. v (ap(f)) =0).

(iii) We have ay(p) # 1 mod P and S¢(p)/p # 1, where o and 8 are the unit and non-unit
roots of the Hecke polynomial of f at p.

(iv) We have ay)(p)/p & pipe.
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THEOREM 7.4.2. Assume that f is not of CM type and Assumption 7.4.1 holds. Then, if z/¥ # 0,
the Bloch-Kato Selmer group Sel(K, TV (1)) is finite.
If, in addition, f has big image at *J3, then we have

Lo (Sel(K, T (1)) < indo(z/Y).

Proof. This follows by applying a modified version of the Euler system machinery which is
summarized by Theorem B.2.2 in Appendix B below. So we must prove that the hypotheses of
that theorem are satisfied.

We need to show that for v = p, p, there is a subspace V.- C V stable under the decomposition
group D, satisfying the conditions of Corollary §B.1.5. Recall that, since f is ordinary, there
exists a unique one-dimensional unramified subrepresentation .Z *Vg(f) C Vg(f) stable under

D,. We define V; by

= (S gt vl -
Meanwhile, we define V;f = V. Then for each v, the space V" is the unique subrepresentation
of V|p, such that V," has all Hodge-Tate weights greater than or equal to 1 and V/V,! has all
Hodge—Tate weights less than or equal to 0.

We set T, = V,m NT. We claim that H°(K,, (T/T,}) @ k) = 0. For v = p this is self-evident,
since Tp+ = T,. For v = p, we know that T/Tgr is unramified, with geometric Frobenius acting
as 1(p) “'a~!; by assumption this quantity is not congruent to 1 modulo p, so the H® vanishes.

The hypothesis that V,© has no cyclotomic quotient follows from the assumptions that
a(p)/p ¢ ppee (so, in particular, this quantity is not 1) and that Sy (p)/p # 1.

Finally, our classes z{:’w for (n,p) =1 have good reduction everywhere, by Propositions 5.4.3
and 5.4.5; this is where we use the assumption ap(p)/p ¢ ppeo. This completes the verification of
the additional hypotheses needed to apply Theorem B.2.2 to the Euler system {z,{’w nt N} O

7.5 Critical Selmer groups: motivation
Our final result on bounding Selmer groups will be an application of Theorem B.2.3 to bound
the Selmer group of TV (1) with even weaker local conditions at p.

Before doing so, we shall briefly explain some ideas from the Iwasawa theory of f over the
Zg—extension of K; these ideas play no role in the proofs, but serve to motivate our choice of
local conditions. Recall the definitions of the regions ¥(?) in Figure 1.

Let us suppose that f is ordinary at p, so Ve(f)|p, has a one-dimensional unramified
subrepresentation .# TVg(f) (on which geometric Frobenius acts as multiplication by the unit
root of the Hecke polynomial). If ¥ is a Grossencharacter with oco-type in (), and the local
L-factors of M;(W)(1) and its dual at p and p do not vanish at s = 1, then for v = p,p we have

H (K, VE(f)(9)(1) = H (Ky, Z V() (¥)(1)).
Meanwhile, whether or not f is ordinary, for ¥ € £ we have

H(Ky, Ve(f)(2)(1)) =0,
Hj (K5, Ve(f)(W)(1)) = H (K5, VB(£)(¥)(1)),

and similarly for () with p and p reversed. In each of these critical regions, the Bloch-Kato
conjecture predicts that the Selmer group Sel(K,To(f)(¥)(1) ® Qp/Z,) is controlled by the

1612

https://doi.org/10.1112/50010437X14008033 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X14008033

EULER SYSTEMS FOR MODULAR FORMS OVER IMAGINARY QUADRATIC FIELDS

algebraic part of the critical L-value L(f/K,¥,1); in particular, for a ‘generic’ character in
these regions the Bloch—Kato Selmer group should be finite.

Passing to a direct limit over extensions of K contained in K (fp*°), we obtain three
Selmer groups Sel(K (fp™®), To(f)(1) ® Q,/Zy, £), which are A(Hjp~ )-modules interpolating
the Bloch—Kato Selmer groups for critical characters ¥ in the corresponding regions. These are
the algebraic counterparts of the three p-adic L-functions defined in the previous section.

The theorem of the next subsection should then be understood as follows. We shall
show, roughly, that if we specialize either of the groups Sel(K (jp™), To(f)(1) ® Qp/Zy, =M)
and Sel(K (jp™), To(f)(1) ® Qp/Zp, X?)) at a character iy of Hjeo corresponding to a
Grossencharacter of conductor prime to p and oo-type (—1,0), thus lying in ¥®) rather than
any of the three critical regions, then this specialization is controlled by the value at i of the
corresponding p-adic L-function.

7.6 Critical Selmer groups: the theorems
Let T = To(f)*(¢¥~1), as before, so that

/(1) = (728 ) W)

Throughout this section we continue to impose Assumption 7.4.1. We shall define two Selmer
groups Sel(K, TV (1), 2M) and Sel(K, TV (1), ).

DEFINITION 7.6.1. (i) The group Sel(K,TV(1),2M") consists of all classes ¢ € Sel*» (K, TV (1))
such that for v = p,p we have

loc,(c) € image H (K,, . Z Ve (f)(1)(1)).
(ii) The group Sel(K,TV(1),%®) consists of all classes ¢ € Sel™ (K,TV(1)) such that
locy(c) = 0 (with no condition on locg(c)).

Note that the Bloch-Kato Selmer group Sel(K,TV (1)) is exactly the intersection of the
groups Sel(K, TV (1), 2M) and Sel(K, TV (1), ).

We now relate these Selmer groups to linear functionals on the local H} defined using the
Bloch—Kato logarithm map. Recall the vectors 77}” ® wy and wy" ® wy appearing in §6 above. In

our situation, for g = g, a CM form and p split, we have Vg(gy) = Ind%(wqg); and thus
Fil' Dar (Ve (f) ® VE(g)) = Fil' Dag (Kp, V*) @ Fil' Dgg (IG, V™),
since V* = Vg (f)(¢g). Clearly we have
N @ wy € Fil' Dar(Ky, V*) = Dar(K,, V*),
and wy ® p* € Fil' Dag (K5, V*).
PROPOSITION 7.6.2. (i) The kernel of the linear functional A1 : H}(Kp, V*) — E given by
z = (logg, v(2), N} ® wy)

is H'(Kp, (Ve(F)/(ZVE(N))*(@71)).
(ii) The linear functional Az : H}(Kﬁ, V*) — E given by

x <10gKF,V(x):wf ®ny")

is injective.
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Equivalently, for i = 1,2, the local condition defining Sel(K,T"(1),%®) is the orthogonal
complement of the kernel of \;.

Proof. Our local assumptions at p imply that the Bloch—Kato logarithm is an isomorphism
of E-vector spaces from H'(K,, V) = H}(Kp, V) to Dgr(K,, V). The orthogonal complement
of n}lr ® wy is the eigenspace of slope 2, which corresponds to Dgr of the subrepresentation
(Ve(H)/(FFtVe(f)*(¥~!). Thus the kernel of A is exactly the cohomology of this
subrepresentation.

Likewise, our local assumptions at p imply that of one-dimensional E-vector spaces

[~=3

H}(Kg, V) — (Fil' Dar (K5, V*))*,

and wy @ 7" is a non-zero element of Filt Dyr (K5, V™), so the linear functional A; given by
pairing with this element is injective. O

Applying Theorem B.2.3 gives the following corollary.

COROLLARY 7.6.3. Let i € {1,2}. If X\;(loc, z/'*) # 0, then the Selmer group Sel(K, TV (1),%(®)
is finite.
If, in addition, f has big image at 3, then we have

Lo(Sel(K, TV (1), 29)) < upi(loc, /%) + ¢, (2)
where ¢; is the integer such that )\Z(H}(K ®Qp,T)) =P+0.

We now relate the right-hand side to an L-value. By [LLZ14, Proposition 6.10.8], the
quantities ¢; and cp are bounded above in terms of the congruence ideals Iy and I, of f and
gy, respectively (cf. [LLZ14, Definition 6.10.4]). On the other hand, Theorem 6.4.1 tells us that

M(@h) = —mw(ﬁ 5) ()

and, similarly,

palal) = -SRI Ly 1.2 ),

Substituting and deleting factors which are obviously in O*, we obtain the following theorem.

THEOREM 7.6.4. If f has big image at *J3, we have the bounds

1—plpat

lo(Sel(K, TV (1), 2M)) < vy (FVW(M

L, z<l>><w>) T o(Iy)

and . .
L—p~ P(p)p(p)~
L —p~l(p)a
Remark 7.6.5. The appearance of the factors vp(ly) and wvyp(ly,) is a consequence of our

normalization of periods: the L-functions Lg( f, Z(i)) are defined by interpolating the quotient of
L-values L(f/K,4,1) for ¢ € () by Petersson norms (of f for i =1, and of the appropriate CM
form gy for i = 2). The congruence ideals Iy and I, are related to the quotients (f, f>/Q;{QJ7,

foSel(R, T (1), 2) < s Ln(FEP)0) ) + ol ).

where ijf are the canonical periods, and similarly for g,; these are essentially the algebraic parts
of critical values of the adjoint L-function.
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Appendix A. Proofs of the norm relations

In this appendix, we give the proof of Theorem 2.2.2.

A.1 Preliminaries

Recall the definition of the modular curve Y (m, N), for integers m > 1 and N > 5 with m | NV,
given in [LLZ14, §2.1]. The curve Y (m,N) is an irreducible variety over Q, but it is not
geometrically connected if m > 3, since there is a surjective map Y (m, N) — Spec Q(pm)
with geometrically connected fibres [LLZ14, Definition 2.1.6]. When we take products such as
Y(m,N)? or Y(m,N) x Y(m,N'), we shall always understand the fibre product to be over
Spec Q) (not over Spec Q).

For m, N as above, ¢ > 1 an integer coprime to 6N, and j € Z/mZ, let .Z(m, N, j) denote
the class in CH?(Y (m, N)2,1) constructed in [LLZ14, §2.6]. (We have made a slight change of
notation from [LLZ14]; in the notation of our previous work this class would be denoted by
ch,N/m,j')

Given integers N, N’ > 5, both divisible by m, we define

<Z(m,N,N’,j) € CH*(Y (m,N) x Y (m, N'), 1)

as the pushforward of .Z(m, R, j) along the natural degeneracy map Y (m, R)?> — Y (m, N) x
Y (m, N’), for some integer R divisible by N and N’ and with the same prime factors as NN'.
As in §2.1 above, this element is independent of the choice of R, by [LLZ14, Theorem 3.1.1].

For ¢ prime, we write pry, pry for the maps Y (m, N¢) — Y (m, N) given by z +— z and z — (z,
as in the Y7 case above.

A.2 Norm relations for symmetric Z
LEMMA A.2.1. We have

(pry X pry)«(cZ(m, N, j)) = {[(Té’ DApr — (1), T Aps] - Z(m, N, j) fLLN,
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where A, for x € (Z/mZ)*, denotes the action of any element of GLy(Z/NZ)? of the form

((g (1)), (g (1))) with y = x mod m, and in the second case ({~!) denotes the action of the element

(¢,%) € SLy(2/NZ).

Proof. Consider the intermediate modular curve Y (m, N(¢)) (notation as in [Kat04, §2.8]). Both
pr; and pry factor through the natural projection a : Y (m, N¥) — Y (m, N({)), and we have the
following commutative diagram.

(G1)

Y (m, N{) ——>Y (m, N{)?

(.G 1)

Y(m, N(€)) ==Y (m, N(£))?

Let Cp, N(¢),; be the image of the lower horizontal map. The pushforward of .go1/n¢ € O(Y (m,
N£))* to O(Y (m, N(£)))* is given by

@Z(cgo,l/N)
if /| N, and by
©i(cgo/N) - (cgo,‘zzfl’/z\/)_1
if £1 N; see [Kat04, §2.13]. Here ¢y is the map Y (m, N(¢)) — Y (m(¢), N) given by z — {¢z. Thus

(Con,N(0),55 2 (c90,1/N)) if £ N,

aXxXa)y(Z(m,NL j)) = . .
( (2 ) {(Cm,N(E),ja(P[(ch,l/N)) = Crn N jr o) HELEN.

Now let m; and 7o be the degeneracy maps Y (m, N(¢)) — Y (m, N), so that pr; = m; o a.
We must study the image of the elements given above under pushforward by the map 7 x ms.
We claim that:

— if £| N, then
(m1 X 72)s(Con N (0).55 P2 (G0, /) = (Up, 1) - cZ(m, N, £7); (A3)
— if £ N, then
(m1 X 72)«(Con N (0).55 P2 (c90,1/N)) = (T4, 1) - cZ(m, N, £5) (Ada)
and

(11 % 7)1 (Con v (014s -1 pv) = (L7, TP - Z(m, N, ) (Adb)

For formulae (A3) and (A4a), we use the isomorphism ¢, : Y (m, N(¢)) = Y(m(f),N) to
write
(11 % 12)+(Con N (0).5> 7 (c90.1/8)) = (T3 X T+ (Cpyy N (), €90,1/N)

where C}, y ; is the locus of points in Y (m(£), N) of the form (2, z + £j), and 7,75 : YV (m(£),
N) — Y (m,N) are given by z — z and z — z/{, respectively. However, one sees readily that
under 1 x my, C/ N(¢),; Maps isomorphically to its image in Y (m(¢),N) x Y(m,N), and this
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image coincides with the inverse image of Cp, v ¢; under the map 7} x 1. Hence

(5 X T)x(Crn(ey. 42 (cG0,1/8)) = (15 X 1)) % 1)*(Con, N, e90,1/N);
and the map (75 x 1),(m] x 1)* is the definition of the operator (Uj,1) or (1,1) in the cases
¢| N or {1 N, respectively.

For formula (A4b), we note similarly that Cp, n; maps isomorphically to its image Y'(m,
N) x Y(m,N({)); and if we temporarily write .Z(m, N, j,a), for a € Z/NZ, for the analogue
of cZ(m, N, j) formed with gy o/n in place of cgg 1/y, then it is immediate from the definitions
that

(71 X 72)u(Con, N (0).j> 0,0~ /n) = (L, T2) - cZ(m, N, j, €7)

(since Ty acts as (m2)«(m1)*). But we also have the relation

.1 1 0 1 0 . 1 1 .
CZ(m7N7]7€ ): (( 0 €1>7< 0 €1>> 'CZ(m7N7]):(<€ >’<€ >)AZ—2‘cz(m’N7j)7
and Ty = (()T) (see [Kat04, §4.9]), hence

(71 X 72) 2 (Con N (0).j> G0 0-17/8) = (L, T0) - Z(m, N, j,£7")
= (LTK) : (<€_1>7 <€_1>)A;2 : CZ(ma N?])
= ((t71), TP A2 - Z(m, N, j)

as required. O

Remark A.2.2. As we shall see in the following subsections, all of the norm relations we use
in both this paper and our previous paper [LLZ14] can be derived from [LLZ14, Theorems
3.1.1 and 3.3.1] and the above lemma, using only elementary identities for Hecke operators and
pushforward maps.

A.3 Norm relations for asymmetric Z
We now state and prove a theorem which is the analogue of Theorem 2.2.2 for the elements
cZ(m, N, N, j).

THEOREM A.3.1. Let m > 1, N, N' > 5 be integers withm | N and m | N’, £ a prime, j € Z/mZ,
and ¢ > 1 an integer coprime to 6/ NN’.

(a) We have

(1 X prl)*(CZ(m7 N7 KN,,]))
Z(m, N, N, j) if 0| NN,

)6 )

where in the latter case ((451 691)’ (3_1 9,)) is considered as an element of GLy(Z/NZ) x

- Z(m,N,N',j) iff NN,

0 ¢!
GL2(Z/N'Z).
(b) We have
(1 X pr2)*(CZ(ma Nv gNlaj))

(UL,1) - «Z(m, N, N', ) ife| N,
= (T}, Vot = (671, Uy ) - Z(m, N,N', j) if 4 N but £ | N',
[(Téa ]-)O-Zl - (<£_1>7Té)022] : CZ(ma Na vaj) if £ + NN/’
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where in the second and third cases o, denotes any element of GLy(Z/NZ) x GLy(Z/N'Z)

congruent to ((¢,"9), (¢, 9)) modulo m.

Proof. Part (i) is immediate from [LLZ14, Theorem 3.1.1] (we have only included it here for
completeness).

We will reduce part (ii) to properties of the ‘symmetric’ zeta elements .Z(m, N, 7). As usual,
let R be an integer divisible by N and N’ and with the same prime factors as NN’. We have a
commutative diagram

Y(m,¢R)?> —=Y (m,N) x Y (m,{N')
pry X pry 1xpry

Y (m,R)? —=Y(m,N) x Y(m,N’)

where the horizontal arrows are the natural degeneracy maps; and the elements .Z(m, N, {N', j)
and .Z(m, N, N’ j) are by definition the pushforwards of .Z(m,¢R,j) and .Z(m, R, j) along
these horizontal maps.

If £] N, then ¢ | R, so we may apply the first case of Lemma A.2.1 to deduce that

(11 X T2)weZ(m, (R, j) = (UL, 1)eZ(m, R, £5).

The assumption that ¢ | N implies that U; commutes with the pushforward map Y (m, R) —
Y (m, N), so we are done in this case.

If /4 N, but ¢ | N’, then the pushforward from Y (m, R) to Y (m,¢N) commutes with Uy, but
from level N to level N we have the commutation relation (pr)so U; = T,o(pr; )« — (¢~ ')o(pry)s.
Thus the pushforward of (Uj,1).Z(m, R,{j) is

(Té7 1)CZ(TTL, Nv ej) - (<£71>7 1)(pr2 X prl)*cz(mv eNa N/,EJ)
Since ¢ | N', we can apply the previously considered case to conclude that
(pry X pry)scZ(m, N, N’ £5) = (1,U}).Z(m, N, N', £*5)

as required.

This leaves only the case £ { NN'. Then ¢ { R, so the pushforward Y (m, R)?> — Y (m, N)
x Y (m,N') commutes with (7,,1) and (1,7;); and we are done by the second case of
Lemma A.2.1. 0

A.4 Norm relations for .Es: proof of Theorem 2.2.2

We now deduce Theorem 2.2.2 from Theorem A.3.1. Let us begin by recalling the relation
between the classes Z(m, N, N', j) of the preceding sections and the classes .Z(m, N, N, j) of
Definition 2.1.1.

Recall the map t,, : Y(m,mN) — Y1(N) x Spec Q(y,) defined in [LLZ14, §2.1]. This map
commutes with the operators T; for £t mN, U, for £ | N, and (d) for all d. Moreover, it intertwines
the action of (g (1)) with the arithmetic Frobenius o,. Moreover, for i = 1,2 we have pr;ot,, =
tm o pr; as maps Y (m,fmN) — Y1(N) x Spec Q(fim)-
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It is immediate from the definitions that we have
Z(m, N, N, §) = (tm X tm)«(cZ(m,mN, mN’, j)). (A5)

Let us now recall the statement of the theorem.

THEOREM A.4.1 (Theorem 2.2.2). Let m > 1, N, N’ > 5 be integers, { a prime, j € Z/mZ, and
¢ > 1 an integer coprime to 6/mN N'. Let pry, pry be the two degeneracy maps Y1(¢N') — Y1 (N'),
corresponding to z — z and z — {z, respectively.

(a) We have
. =(m, N, N, j) if 0| mNN
1 *CE: 7N’£N/) = - (m’ ’ 7 ’
cm)-(=tm ”)ﬂ—wmwmﬂﬁmMMﬂﬁwww
(b) The pushforward (1 x pry)«(.Z(m, N,¢N’, 7)) is given by the following formulae:
(i) if £ | N, then

(1 % pro)a(cE(m, N, EN', §)) = (U}, 1) - (E(m, N, N', 5);
(ii) if £4 N but £ | N',then
(1% pro)u(cE(m, N, EN', §)) = (T}, 1) - Z(m, N, N, £5) — (¢71),U}) - cE(m, N, N', £2j));
(iii) if £ mNN’, then
(1 % pry)s(E(m, NN, j)) = (T}, D)oy ' = ((€71), T))o; 2] - cE(m, N, N', j).

Proof. Using equation (A5), part (a) of the theorem follows directly from Theorem A.3.1(a), and

many cases of part (b) follow from Theorem A.3.1(b): more precisely, all the cases where £{m are

immediate, as are all the cases where ¢ | IV, since in these cases the map (¢, X t,,). intertwines

the relevant Hecke operators on Y (m, mN) x Y (m,mN') with those on Y1 (N) x Y1(N') x Q(pum)-
The only case that remains is (ii) with ¢ | N. In this case, we can argue that

(1 X pr2)*CE(m7N7 EN/?J) (1 X pr2) (prl Xl)*CE(m7£N7 éN,?])
(prl Xl) 1 X pr?)*CE(mveNv KN/,])
= (pry x1)«(Up, 1)E(m, ¢N, N, l5)
= (I3, 1)(pry x1)«cE(m, €N, N', £5)

U 1) (oo XS £, N, ).

Since £ | N’, both of these terms can be calculated using previously considered cases of the
present theorem: the first term is (7,1).Z(m, N, N’,£j) by part (a), while the second term is
(¢4, U}))cE(m, N, N, £%5) by part (b)(i) (with the roles of N and N’ interchanged). O

Remark A.4.2. In the above theorem, we excluded the most awkward case, which is when ¢ | m
but £+ NN’. We briefly indicate how to obtain a formula in this case as well. In this setting,
applying the argument of the final paragraph of the proof above shows that

(1 x pry)sc=(m, N,AN' j) = (T},1).E(m, N, N’ £j) — ((€_1>, 1)(pry x1)xe=(m, LN, N', 7).
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Proceeding inductively, interchanging the roles of N and N’ at each step, we find that for any
h > 0 we have

(1 X pr2)*CE(m7Na KNGJ)
- (TEI? 1) Z (<€_1>7 <€—1>)(a—1)/203(m’ N, vagaj)

1<a<h
a odd
— (1) > (), () D2 E(m, NN )
2<a<h
=12 (= 1YRI2) (1 X pry) 2(m, NN 07 5) if h even,
2
—((e (D2 (=1 (h=D/2) (pry x1). E(m, €N, N',£75) if h odd.

If we take h = v,(m), then .Z(m, (N, N, ") = Z(¢~"m,IN, N', j) etc., and we can now apply
the formulae in the £+ mN N’ case previously studied.

Appendix B. Euler systems with crystalline local conditions

In this appendix we will prove some theorems which are slight variations on the results of [Rub00].
This section is the outcome of an email exchange with Karl Rubin, and we are very grateful to
him for his patient explanations; any mistakes below are, however, ours.

B.1 Local properties of Kolyvagin classes
Let K be a number field, n an integral ideal of K, and K a pro-p extension® of K containing K (q)
for every prime q { n. We consider a finite extension F/Q, with ring of integers O and residue
field k, and a finite-rank free O-module T with an action of Gal(K /K) unramified outside the
primes dividing n. For M € O, let Wy =T/MT.

Let ¢ = {cr : K Cy F C K} be an Euler system for (T, KC,n) in the sense of [Rub00]. Recall
the construction (cf. [Rub00, §4.4]) of ‘Kolyvagin derivative’ classes

Kear) € H (K, War)

for each v € Ry, where Rys = Ry ar is the set of ideals of K defined in [Rub00, Definition 4.1.1].
We shall not need the details of the construction here; let it suffice to note the following

property.
ProOPOSITION B.1.1 (cf. [Rub00, Proposition 4.4.13]). The restriction

res i (o) i (Kfe,v) € H' (K (t), Way)

is the image modulo M of D(ck () € H'(K(x),T), where D is a certain element of the group
ring Z[Gal(K (v)/K)].

We are interested in the local properties of k[ 37 at primes of K not dividing t (but possibly
dividing p). Let v be a prime of K dividing n. We make the following assumption.

AssuMPTION B.1.2. The following conditions are satisfied:

(i) there exists a subspace V' C V stable under G, ;

5 This is perhaps not quite standard terminology: we mean that K is a possibly infinite extension of K which is a
union of finite extensions of p-power degree.

1620

https://doi.org/10.1112/50010437X14008033 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X14008033

EULER SYSTEMS FOR MODULAR FORMS OVER IMAGINARY QUADRATIC FIELDS
(ii) we have
HY(K,,(T/T*) ®k) =0,
where Tt =TNVT.

Remark B.1.3. Note that if assumption (ii) is satisfied, we automatically have the apparently
stronger result that H°(L,(T/T*) ® k) = 0 for any finite Galois extension L/K, of p-power
degree, since if H(L, (T/T") ® k) were non-zero, it would be a finite-dimensional F,-vector
space equipped with an action of the finite p-group Gal(L/K,), so it would necessarily have
non-zero invariants under this p-group, contradicting our assumption (ii).

THEOREM B.1.4. Suppose T satisfies Assumption B.1.2, and the Euler system c has the property
that for every K Cy F C K, and each prime w | v of F,

locy(cr) € HY(F,, V') C HY(F,, V).
Then for any non-zero M € O and any v € Ry, have
locy (ke ar) € H' (Ko, W) C€ H' (Ky, War),

where Wy, is the image of T in Wyy.

(Note that Wy, =T /MT™, since T is saturated in 7'.)
Proof. From the remark above, we know that for every K C; F' C K, and each w | v of F', we
have an injection H!'(F,,T*) — H'(F,,T), and the cokernel is torsion-free, so we have H*(F,,
T+) = HYF,,T)NH'(F,,V"). So our assumption on ¢ implies that loc,(cr) € HY(F,, TT).
Moreover, B, HY(F,,T7") is stable under the action of Z[Gal(F/K)].

Consequently, locy (Dick (y)) € H' (K (t)w, TT) for each v and each prime w | v of K (t); and
thus

locy, [resK(t)/K(n[t’M})} S HI(K(l‘)w, WJ\;)

whenever v € Rj,. This is equivalent to the statement that
m(locy[res g )k (e, ar)]) = 0,

where 7 is the map H' (K (t)y, War) = H' (K (t)y, War/W,;) induced by the projection Wy, —
W /Wy
Equivalently, we have
TES K (1), / i, [T (10Cy (K 11)]) = 0

for each w | v, since m commutes with restriction. But the kernel of the restriction map
TeSK (v), /Ky Hl(Kv,WM/WAZ) — HY(K(t)y, W /W)

is HY(K (t)y/ Ky, HO(K (t)w, War/W;;)), and (again by the remark above) we know that the
space HO(K (v)w, War/Wy;) is zero. Thus loc, (k) € ker(m) as required. O

COROLLARY B.1.5. Suppose that V has a subspace V™ preserved by the decomposition group
D, at v, and satisfying the following conditions:

(i) the residue characteristic of v is p;
(ii) the representation V is de Rham;
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(iii) for every embedding K,, — C,, all Hodge—Tate weights of V't are greater than or equal to
1 and all Hodge—Tate weights of V/V T are less than or equal to 0;

(iv) there is no non-zero quotient of V" on which G, acts via the cyclotomic character;
(v) we have H*(K,, (T/T*)® k) = 0, where T is a lattice in V and TT =T NV ™.

Let ¢ be an Euler system for (T, C,n) and suppose that for all K Cy F C K, and all w | v,
we have loc,, cp € H}(Fw7 T). Then there is a power m of p such that for any non-zero M € O
and any v € Ryrm, we have

IOCU(K)[t’M]) S H}(Kv; WM)a

where H (K., W) is the image of H(K,,T) in H'(K,, Wyr).
Remark B.1.6. If a subrepresentation VT satisfying condition (iii) exists, it is unique. The
existence of such a subspace is sometimes referred to as the ‘Panchishkin condition’.

Proof. Let us first show that H'(K,,T") = H} (K,,T). Both sides are saturated in H'(K,,T);
this is true by definition for H}(Kv7 T), and for H'(K,,T") it is a consequence of the vanishing
of HY(K,,(T/T") ® k). So it suffices to check this after inverting p, i.e. to check that H}(Kv,
V) =HYK,, V).

We recall the formula for the dimension of H} of an arbitrary crystalline Galois
representation:

Dyr (V)

Fil’ Dggr (V)
Comparing this formula for V' and for V*, and noting that H°(K,,V/V ') = 0 (since we

are assuming the stronger statement that the H is trivial after tensoring with k), we see that
H{(K,,V) = Hj(K,,VT), and moreover that

dimp H(K,, V1) = [K, : Q] dimpg(VT) + dimp HO(K,, V).
By Tate’s local Euler characteristic formula, we have Hp(K,, V*t) = H'(K,, V') if (and only if)
H?(K,,V7T) = 0; but we are assuming that VV* has no cyclotomic quotient, so this H? is indeed

zero and the claim follows.
Now, by the previous theorem, for any v € Ry we have k) € HY(K,,W;,). It is not

dimp H}(K,, V) = dimE( >+dimEH0(KU,V).

necessarily true that H'(K,,Tt) — H(K,, W) is surjective; there is an obstruction arising
from the torsion in H2(K,,T"). To circumvent this, we argue as in [Rub00, Corollary 4.6.5]: one
knows that if v € R, we have K ) = Mk prp); and since the torsion subgroup of H 2K, T)
is finite, we may choose m such that the multiplication-by-m map

H*(K,,TT[Mm] - H*(K,,T")[M)]
is the zero, from which it follows that . rs € H} (Ky, Way). O

B.2 Applications to Selmer groups
We now apply the results in the previous section to deduce variants of two of the main theorems
of [Rub00].

DEerFINITION B.2.1. Let K be a number field, n an integral ideal of K, T an O-linear
representation of Gal(K/K) unramified outside n, and K a pro-p extension of K containing
K(q) for all primes q 1 n.

We say an Euler system c for (T, K, n) has everywhere good reduction if for all fields F' with
K Cy F C K, we have cp € Sel(F,T).
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We make the following supplementary hypothesis which we denote by Hyp(y): there exists
v € Gal(K/K) such that T77=! = 0 and v acts trivially on the field K (1)K (ppe, (O )* ) /P™).
We write, as usual, ¥, for the set of primes dividing p.

THEOREM B.2.2. Let ¢ be an Euler system for (T, KC,n) with everywhere good reduction. Suppose
that Hyp(~y) holds, and that for every prime v | p, there exists a subrepresentation V,t C V
satisfying the hypotheses of Corollary B.1.5. Then:

(i) if Hyp(K, V) is satisfied and cyc ¢ H'(K, T)tors, then Sel(K, TV (1)) is finite;
(i) if Hyp(K,T) is satisfied and p > 2, then we have

lo(Sel(K,TV(1)) < indo(ck) + nw + njy
where ny and njy, are as in [Rub00].

Proof. We shall argue as in the modified form of [Rub00, Theorems 2.2.2 and 2.2.3] proved
in [Rub00, §9.1], where it is shown that Hyp(y) and the assumption that the Euler system has
good reduction outside ¥, may be used to dispense with the more usual assumption that K
contains at Z,-extension.

Corollary B.1.5 shows that under our hypotheses, and at the cost of possibly increasing M
by a finite factor, the Kolyvagin classes . 5] are in Sel™ (K, W) (not just in Sel®#* (K, Wyy)).
Hence Rubin’s proofs go through with X, replaced by X, throughout, and we obtain the above
theorem. O

We also have a version with modified local conditions at p, paralleling Rubin’s Theorem
2.2.10. We continue to suppose that Hyp(+y) holds, and that for all primes v | p of K, there exists
a subrepresentation VT C V satisfying the hypotheses of Corollary B.1.5.

Let us choose a non-zero E-linear functional A on the space

Hi (K ®Qp,V) = D H}(K,, V).
vlp

We write H} (K ® Qp, T) for the fractional O-ideal which is the image of H} (K®Qyp,T) under A.

Let Sely (K, TV (1)) C Sel(K,T" (1)) be the Selmer group with local conditions at v | p given
by the orthogonal complement of ker A.
THEOREM B.2.3. Let ¢ be an Euler system for (T, KC,n) with everywhere good reduction.

(i) If Hyp(K,V) is satisfied and A(loc, cx) # 0, then Sel\ (K, TV (1)) is finite.

(ii) If Hyp(K,T) is satisfied and p > 2, then we have

H\(K ®Qp,T)
OX(loc, ck)

Lo(Sely (K, Tv(l))) Sﬁ@( > +nw+n*W.

Proof. This follows from Theorem B.2.2 via exactly the same argument as used to deduce [Rub00,
Theorem 2.2.10] from [Rub00, Theorems 2.2.2 and 2.2.3]. O

Remark B.2.4. The correct context for these results is clearly that of the ‘Selmer structures’
of [MRO04]. The results of [MR04] are only written up for K = Q, whereas in the present paper
we are interested in K a quadratic extension of Q, but the generalization is routine.

The results of the previous section show that if ¢ has everywhere good reduction and the
hypotheses of Corollary B.1.5 hold, then the Kolyvagin system & derived from c is a Kolyvagin
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system for the ‘Bloch—Kato Selmer structure’ Fggk, where Fgk is given by the H } local conditions
at all primes (including v | p).

In the theory of [MR04] a major role is played by a quantity x(7') = x(7,F) attached to
the representation 7" and the Selmer structure F (cf. [MRO04, Definition 5.2.4]). The module of
Kolyvagin systems is zero if x(7') = 0, free of rank 1 over O if x(T') = 1, and not even finitely
generated over O if x(T') > 1.

If we define Fp to be the Selmer structure given by the canonical H} local condition at
primes away from p, and at p by some arbitrarily chosen subspace B of H!(K ® Qp. V), then a
straightforward generalization of [MR04, Theorem 5.2.15] shows that

HY (K ®Q,,V)
B )

X(T, F) = dimp(V ") +dimg H(K ® Q,, V*(1)) — dimE(

where V™ is the minus eigenspace for complex conjugation acting on Ind% V. In our situation,
we have taken B = H}(K ® Qp, V), which has dimension 3; and since K is totally complex,
dimp(V™) = 3[K : Q]dimg(V) = 2. Thus we have x(7T, Fpk) = 1, which explains why one
should expect ‘interesting’ Kolyvagin systems with this local condition at p. Theorem B.2.2 can
then be seen as an instance of [MR04, Theorem 5.2.2], suitably generalized to K # Q.
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