Can. J. Math., Vol. XXXIII, No. 4, 1981, pp. 826-839

DILATIONS AND HAHN DECOMPOSITIONS
FOR LINEAR MAPS

D. W. HADWIN

Suppose .7 is a C*-algebra and H is a Hilbert space. Let CP (%7, H)
denote the set of completely positive maps from .2/ into the set B(H) of
(bounded linear) operators on H. This paper studies the vector space
v (/, H) spanned by CP (&7, H), i.e., the linear maps that are finite
linear combinations of completely positive maps. From another view-
point, a map ¢ is in ¥ (7, H) precisely when it has a decomposition
¢ = (¢1 — ©2) + i(es — @s) wWith @1, @3, @3, ¢4 in CP (LQ/, H); this de-
composition is analogous to the Hahn decomposition for measures
(8, I11.4.10] (see also Theorem 20). The analogous class of maps with
“‘completely positive’’ replaced by “positive’” was studied by R. I. Loebl
[11] and S.-K. Tsui [17], and when .27 is commutative, this latter class
coincides with?” (7, H), since every positive linear map on a commuta-
tive C*-algebra is completely positive [16].

Completely positive maps were introduced by W. F. Stinespring [16],
who showed that CP (&7, H) consists of precisely those maps that are
compressions of (have dilations to) representations. We show that
v (&, H) consists precisely of those maps that are compressions of
homomorphisms that are similar to representations. We show that a
bounded homomorphism from .27 into B(H) is in ¥ (%7, H) if and only
if it is similar to a representation.

In the case when .7 is the C*-algebra C(X) of continuous complex
functions on a compact Hausdorff space X, R. 1. Loebl {11, Theorem 4.4]
has shown that the set of maps satisfying a certain ‘“bounded variation”
condition is included in ¥ (%7, H). We provide an example that shows
that the inclusion is usually proper. The set of bounded linear maps
from C(X) into B(H) can be identified with certain B(H)-valued
measures on X, and we show that a map is in ?” (%7, H) if and only if
its associated measure is a linear combination of positive operator-valued
measures. We also show that a bounded operator-valued measure is a
linear combination of positive operator-valued measures if and only if
it can be dilated to a bounded (non-self-adjoint) spectral measure.

The key new ideas are the following two relatively simple lemmas;
the first is a factorization theorem for pairs of operators 4, B for which
AB =1, and the second says that any two operators have dilations that
are inverses of each other.
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LEmMA 1. If A, B € B(H) and AB = 1, then there is an isometry V and
a positive invertible operator S such that A = V*S—Yand B = SV.

Proof. Let P be the orthogonal projection of H onto (ran A*)L, let
e=1/2]|4]?), let ¢ = ||BB*||*/e, and let Q = BB* + (¢t + ¢)P.
Clearly Q 2 0. We will show that Q is invertible by proving that
(Of, f) 2 e for every unit vector f in H. Suppose f ¢ H and || f | = 1.
Since B*4* = 1, we know that 4* is bounded from below; thus ran 4*
is closed. Write f = # 4+ v with # € ran 4* and v € (ran A*)+, and write
u = A*h. Note that [[u] < |[|4*||||k]] = ||4]]||k]] implies that [|A]% =
2¢|lulf2. Thus

Of. /) = (BB*u, u) + (t + ¢)||v|* + 2 Re (BB*u, v) + (BB*v,v)
2 (BB*u,u) + (t + ¢)[vl]* — 2| BB*|| [lu] [v].

Since
(BB*u,u) = [|[B*ul* = [|[B*4*R[]* = [[h]* Z 2¢ul?,
we conclude that

(01, 2 2elull* + @ + ) o]* = 2 BB*| || [1o]
e(llull® + [loll2) + (e 2[lul = 02]])? 2 e

Thus Q is invertible. Let S be the positive square root of Q. Then S is
positive and invertible and

S?2A* = (BB* 4 (t 4 €)P)A* = B.

Let V = SA* = S—1B. Then V*V = (4S)(S—'B) = 1; whence V is an
isometry, and 4 = V*S-!, and B = SV. This completes the proof.

LemwmaA 2. If A, B € B(H), then there is a Hilbert space Hy D H and
an invertible operator S in B(H,) such that if P 1is the projection from H,
outo H, then PS~H = A and PS|H = B.

Proof. If

4 1 . ( B 1
S = (I—BA —B) then 574 = (I—AB —A)'

The preceding 2 X 2 matrix argument, which replaces the author’s
original 8 X 8 version, is due to Man-Duen Choi.

Suppose ¢:4 — B(H) is a linear map. For each positive integer =
let M, denote the n X n complex matrices and let

™4 @ M, — B(H) @ M,

be the linear map defined by ¢™ (¢ ® b) = ¢(a) ® b. The map ¢ is
positive if ¢(a) = 0 whenever a € & and ¢ = 0. The map ¢ is completely
positive if o™ is positive for n = 1,2, ..., and ¢ is completely bounded if
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sup,|le™ || < 0. We also define ¢*: o7 — B(H) by ¢*(a) = ¢(a*)*, and
we define

Reg = (¢ + ¢*)/2 and Ime = (¢ — ¢*)/2:.
We are now ready for the main results.

THEOREM 3. If ¢: o/ — B(H), then the following are equivalent:

(1) 4 E’V(M,H),

(2) there 1s a positive integer n, Hilbert spaces H,;, completely positive
maps i F — B(H;), and operators A, H,— H, B;:H— H,, for
i=1,2,...,nsuchthat ¢(a) = 2 Aapi(a)B, for every a in

(3) there is a representation =/ — B(H,), a positive invertible operator
S in B(H.), and an isometry V:H — H,. such that

e(a) = V*[S~ 7 (a)S]V
for every a in /.

Proof. Clearly (3) = (2). To prove (2) = (1) assume that (2) holds.
There is no harm in assuming # = 1, since ¥ (%, H) is closed under
addition. Write ¢(+) = Ay (-)B* with ¢ completely positive. Since
Cy(-)C* is completely positive for every operator C, we can conclude
¢ € ¥ (&, H) from the polarization identity.

ela) = 1[(4 + B)y(a)(4 + B)* — (4 — B)y(a)(4 — B)*
+1(4 + iB)¥(a) (4 + iB)* — i(4 — iB)¢¥(a)(4 — iB)¥)
for every a in %7
We next prove (1) = (3). Suppose ¢ = a1 + ... + a,¥, where
aiy,...,a, are scalars and ¥y, ..., ¢, € CP (&, H). It follows from
Stinespring’s theorem [16] that there are Hilbert spaces H;, representa-
tions w,:.%/ — B(H,), and operators W,:H — H, for i = 1,2,...,n
such that

e(a) = aWi*n (@)W + ... + o, W, m,(a) W,
for every a in/. Define A:H —H, ® ... ® H, by

Ah = aiWih ® ... @ a,W,h,
and define B:H,® ... ® H, — H by

Bl ® ... ® k) = Withs + Werhs + . . . + Wirh,.

Let p=m @ ... @ m, Then p is a representation of & and ¢(a) =
Ap(a)B for every a in 7. Since we are trying to prove that ¢ can be
dilated to a map that is similar to a representation, there is no harm in
replacing ¢ by some dilation of ¢. In particular, we can replace ¢ by a
direct sum of arbitrarily many copies of ¢. Thus we can assume that H
and H; @ ... @ H, have the same dimension. Hence there is no harm in
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assuming that H =H,; ® ... ® H,. Thus A4,B € B(H), and, by
Lemma 2, there is a Hilbert space H, D H and an invertible operator I°
in B(H,) such that PT—'H = A4 and PT|H = B, where P is the projec-
tion from H, onto H. Let T = US be the polar decomposition of 7" with
U unitary and S positive (and invertible). Define r:% — B(H,) by

7(a) = U*(p(a) ® 0)U,

and define V:H — H, by Vh = h. Then = is a representation, V is an
isometry, and

ela) = V*S~x(a)SV
for every a in.oZ. This completes the proof.

Note that the representation = in the preceding theorem is not neces-
sarily nondegenerate. In fact, if 1 € &/, and = is nondegenerate, then
7w(1) = 1, which would imply that ¢(1) = 1 for every map ¢ that is a
compression of a map that is similar to «. It turns out that if ¢(1) = 1,
then the representation = in the preceding theorem can be chosen so that
w(l) = 1.

THEOREM 4. If ¢ € ¥ (&, H) and ¢(1) = 1, then there is a representa-
tion w4 — B(H,), a positive invertible operator S in B(H,), and an
isometry V:H — H, such that

e(a) = V¥[Sir(a)S]V
for every a in & and such that =(1) = 1.

Proof. If we follow the proof of (1) = (3) in the preceding theorem,
we can reduce the present proof to the case when there is a representation
7./ — B(H) such that #(1) = 1 (this follows from [16]), and operators
A, B in B(H) such that ¢(a) = Aw(a)B for every a in%Z. Since ¢(1) =
1 = =(1), we conclude AB = 1. Thus, by Lemma 1, there is a positive
invertible operator S and an isometry 1V such that 4 = V*S-! and
B = SV. This completes the proof.

In [1, Theorem 1.2.3] W. Arveson proved that if . is a norm closed
self-adjoint linear subspace of & with 1 € .%, and if ¢ € CP (¥, H),
then ¢ = Y|.¥ for some ¢ in CP (&7, H). Clearly Arveson’s extension
theorem implies its analogue for ¥ (&7, H).

LEMMA 5. If ¥ is a normed closed self-adjoint linear subspace of & with
1€.%,andif o € V(¥, H), then ¢ = Y|S for some y in? (&, H).

The next lemma shows that the class of maps that are finite linear
combinations of completely positive maps is closed under composition.

LEMMA 6. If ¢ € ¥ (&, H), H, is a Hilbert space, and
¢ E,V(C*(‘P(‘M))yHl)v
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then
yooe €Y (A, Hy).
Proof. It follows from the preceding lemma that we can assume that
Vv € ¥ (B(H), Hy). Write
¢ = (p1— ¢2) +iles — 1) and ¢ = (Y1 — ¥2) + 1(¥s — ¥4)

where ¢, € CP (&, H) and ¢, € CP (B(H),H;) for j=1,2,3,4.
Clearly ¢ 0 ¢ is a linear combination of the completely positive maps
Y00, (1 =S4,k =4).

COROLLARY 7. Suppose ¢/ — B(H) is a bounded linear map and
T C*(p(H)) — B(H,)
is a one to ome x-homomorphism. Then ¢ €V (&, H) if and only if
roe €YV (A, H,).
Proof. This follows from Lemma 6 and the fact that ¢ = 7 0 (7 0 ¢).

The following example shows that ¥ (&7, H) is generally not closed
under norm limits (and a posteriori limits in the standard notions of
pointwise convergence). This example relies on the observation of Loebl
[11] that every map in ¥ (&7, H) is completely bounded.

Example 8. Let

@

Let 4 ‘ denote the transpose of a complex matrix 4. Define ¢:/ —.%7 by
e({da}) = {4, /n' 2.

For each positive integer k define ¢, :%/ —.7 by
er({4a}) = {B,}

where

B — A,/nt? i1 £n =k
"\ du/nt? if > k.

If o7 C B(H), then clearly ¢, ¢ ¥ (&/,H) for k = 1,2,.... Since
llex — @]l 0 (since |lox — | < 2/kY2 for B =1,2,...), we know
that ¢, — ¢ in all of the familiar (point-norm, point-strong, point-weak)
topologies. However, ¢ ¢ ¥ (&, H) because ¢ is not completely bounded.
To see this, note that Arveson [1, p. 144] shows that if %2 is a positive
integer and ¢ : I, — M, is defined by ¢ (4) = A, then ||[¢®]| = k. Thus
(by looking at kth coordinates)

lo®| = [ly® /B2 = k12 for k=1,2,....
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In spite of the preceding example we define a norm || ||y on ¥ (&7, H)
that makes ¥ (.27, H) into a Banach space. First note that if ¢ €
CP (7, H) and r is a non-negative number, then ry € CP (&7, H).
Thusif 2, ..., 2, arescalars and ¢4, . . ., ¥, € CP (&7, H), then we can

write
s+ . 2, = )\l‘zlw’l +...+ )\n‘zn(‘l/n
where M| = ... = |\ ] = 1.

We define the norm || ||, on ¥ (.7, H) by

lely = inf{ﬁ1 lyll: o = Z=jl Nsi ¥ - ¥ € CP (A, H);

j=

Ml =...=N| =1},

It is easily seen that || ||y is indeed a norm on ¥ (.27, H) that domi-

nates || ||. Furthermore, it is clear that |l¢]| = |¢|ly for every ¢ in
CP (<7, H).

It is useful to compare || ||y with some other numerical quantities that
arise naturally from the preceding characterizations of the elements of
v (&, H). Define functions , 8, v:% (&, H) — [0, ©0) by

a(e) = inf{gl leill: o = (o1 — @2) +i(es — 4);
Ply « « +y P4 E CP(My H)}!
B(e) =inf {||A] ||B|l:¢(+)= An(-)Bforsomerepresentationof &},

() = inf {||S]| IS~ :¢(-) = V*S~1x(-)SV for some isometry V
and some representation = of &/, and S invertible}.

The following lemma is based on very crude estimates involving the
proofs of Lemma 2 and Theorem 3. The main significance of these esti-
mates is contained in the corollary and in Theorem 11.

LEMMA 9. For each ¢ in? (S, H) we have
@) llelly £ ale) = 2lelly,

(2) B(e) = lelly = 48(¢),

(3) B(e) = v(e) =41 + B(e))%

Proof. (1) is obvious.

A key idea in the proofs of (2) and (3) is that the added restriction
Il4]] = ||B]|| in the definition of 8(¢) does not alter 8(¢p).

(2). The inequality B8(¢) = [¢|ly follows from the proof of (1) = (3)
in Theorem 3. The inequality ||¢|ly < 48(¢) follows from the proof of
(2) = (1) in Theorem 3.
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(3). The inequality 8(¢) =< v(¢) is obvious. The inequality v(¢) =
4(1 4+ B(¢))? follows from the proof of Lemma 2.

CoROLLARY 10. Suppose {¢,} is a net in ¥ (o, H). If one of the nets
Henllyts {alen)ts 1B(en)}s 17 (@n)} is bounded, then so are the others.

In view of Example 8, the following theorem seems a little surprising.

THEOREM 11. If {¢,} is a || ||y-bounded net in¥” (., H) and ¢,(a) —
¢ (a) in the weak operator topology for every a in S, then ¢ € ¥V (A, H).

Proof. Since {a(g,)} is bounded, we can find || ||-bounded nets {¢,},
{@n2), {@ns), {@na} in CP (&, H) such that, for each #, we have

on = (@u1 — @n2) + 1(0ns — @ne).

By replacing {¢,} by an appropriate subnet if necessary, we can assume
that there are maps ¥1, Y2, ¥3, ¥4 in CP (97, H) such that ¢, (a) — ¢, (a)
in the weak operator topology for & = 1, 2, 3, 4 and every a in.%/. Hence
¢ €V (S, H) since o = (Y1 — %) + 1(¥s — ¥a).

COROLLARY 12. Suppose ¢:4 — B(H), & s a dense subset of &, and
D is a dense subset of H. Then ¢ € ¥ (&, H) if and only if there is a
positive number M such that for each € > 0, each finite subset F of Z, and
each finite subset F of H there is a representation =:%/ — B(H,) and
operators A, B:H — H, such that

14 1Bl = M and [(4*r(a)Bf, g) — (e(a)f, g)| < €
for each a in ¥ and each f, g in F.

THEOREM 13. With the norm || ||y the space ¥ (S, H) is a Banach
space. Furthermore, ¥ (B(H), H) is a Banach algebra with composition
as multiplication.

Proof. The only part of the proof that is not completely elementary
involves completeness. To this end suppose that {¢.} is a sequence in
¥V (&, H) such that D, |lea]ly < 0. Since D, a(e,) < o, we can find
sequences {¢n1}, {ena}, {@ns}, {ons} in CP (&7, H) such that

Or = ((pnl - Q"nZ) + l(@nl} - (Pn4) fOr n = 1, 2, ... and
S llowl < o0 fork =1,2,3,4.

Since | || and || ||y agree on CP (%7, H), it follows that Y, ¢u is
|l |ly-convergent for k = 1,2,3,4. Thus D, ¢, is || |ly-convergent.
Hence? (&, H) is complete.

The question of R. V. Kadison [10] that asks whether every bounded
unital homomorphism from a C*-algebra .2/ into B(H) is similar to a
*-homomorphism is still unanswered, although significant progress has
been made (5], [6], (2], (7], [18]. (Theorem 16 shows that the answer is
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affirmative whenever the homomorphism is in ¥ (%, H)). We first need
two lemmas; the first is due to Sarason [15], and the second is probably
well known.

LemMma 14. Suppose S is a unital subalgebra of B(H) and P s a projec-
tion in B(H) such that the mapping S — PSP is a homomorphism on . If
Q s the smallest S -invariant projection (i.e., (1 — Q)FQ = 0) whose
range contains ran P, then Q — P is an & -invariant projection.

LEMMA 15. Suppose w:/ — B(H) is a unital representation of the
C*-algebra o/ and 7™ = m @ m relative to H = H, ® H,. Suppose M
is a (closed) subspace of H such that M (\ Hy = Qand M + H, = H. Let
P be the non-orthogonal projection of H onto M along H., and define
0: — B(M) by p(a) = Pr(a)|M. Then there is an invertible operator
S:Hy — M such that p(a) = Swy(a)S-! for every a in .

Proof. Actually, the required operator .S is P|H,. Since ker P = H,,
we can write P = (8 fi) relative to H = Hy @ H,. f T = ((1) /i),
then T-' = ((1) ’”‘i). Clearly, TIH, = P|H,. Let S = T|H,. Since

T(H;) = P(H;) = M, it follows that S-' = T-!|M. A simple matrix
calculation shows that

Tx(a)T'P = Pr(a)P for every ain .
Thus
Sma(a)S™t = S(w(a)|H2)S™t = Tw(a)T-YM
= Pr(a)|M = p(a) for every a in &/.

THEOREM 16. Suppose p: A — B(H) is a bounded unital homomorphism.
Then p is similar to a x-homomorphism if and only if p € ¥V (S, H).

\

Proof. First suppose that p € ¥ (&7, H). It follows from Theorem 4
that there is a Hilbert space H, O H, an invertible operator .S in B(H,),
and a *-homomorphism 7 :% — B(H,) such that if P is the projection
of H, onto H, then

p(a) = PS~'r(a)S|H for every a in &/.

It follows from Lemma 14 that there is a subspace M of H, that contains
H such that M and M © H are invariant for S~z (%/)S. There is no
harm in assuming that M = H,, since the mapping ¢ — S~'w(a)S|M is
similar to the mapping ¢ — 7(a)|S(M), which is a *-homomorphism
(because S (M) is (&7 )-invariant and thus = (%/)-reducing). Thus we
can assume that HL = H, © H is invariant for S~z (.%7)S. Let H, =
S(HY) and H, = Hy1, and let Q = SPS-!. Since H' is invariant for
S-17()S, we know that H, is invariant for (and thus reduces) = (.%/).
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Write 7 = 7, @ 7, relative to H, = H; ® H,. Clearly (Q is the non-
orthogonal projection of H, onto S(H) along H;. It follows from Lemma
15 that m, is similar to the map a — Q= (a)|S(H), which is clearly similar
to p. Thus p is similar to a x-homomorphism. The other half of the theorem
follows from Theorem 3. This completes the proof.

COROLLARY 17. Suppose p:/ — B(H) and 7:C*(p()) — B(H,). If
p and T are both similar to x-homomorphisms, then so is o p. If T is a
one to one x-homomorphism and T o p is similar to a x-homomorphism, then
50 1S p.

COROLLARY 18. Suppose p:/ — B(H) is a bounded homomorphism,
{72} 15 a net of representations of &, and {A,}, {B,} are bounded nets of
operators such that A,m,(a)B, — p(a) in the weak operator topology for
each a in . Then p is similar to a x-homomorphism.

Note that the preceding corollary implies Theorem 7 in [10].

Stinespring’s theorem [16] can be viewed as an extension of a theorem
of Naimark [13] about dilating certain positive operator-valued measures
to self-adjoint spectral measures. Accordingly, our results show that cer-
tain operator-valued measures can be dilated to non-self-adjoint spectral
measures.

Suppose that X is a compact Hausdorff space. A B(H)-valued measure
on X is a map E from the Borel sets of X into B(H) that is countably
additive with respect to the weak operator topology on B(H). A B(H)-
valued measure E is

(a) bounded if ||E|| = sup {||E(M)||: M a Borel set} < oo,

(b) regular if the complex measure E,, defined by E;,(M) =
(E(M)f, g) is regular for every f, g in H,

(c) self-adjoint if E(M)* = E(M) for every Borel set M,

(d) positive if E(M) = 0 for every Borel set M,

(e) spectral if E(M M N) = E(M)E(N) for all Borel sets M and N.

Let meas (X, B(H)) denote the set of all bounded regular B(H)-
valued measures on X. If E is a B(H)-valued measure on X, define the
measure E* by E*(M) = E(M)*. Each measure E in meas (X, B(H))
uniquely determines a bounded linear mapping @®z:C(X) — B(H)
defined by

(®x(e)f, 8) = [x ¢dE,,

for ¢ in C(X) and f, g in H.
The author was unable to find the following proposition in the litera-

ture. The main ideas of the proof (which is omitted) appear in [8, VI.7.,
XVII.2.5] and [3, Theorem 19].

ProposITION 19. Suppose X is a compact Hausdorff space. The mapping
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E — &5 from meas (X, B(H)) to the set of linear operators from C(X) to
B(H) is a Banach space isomorphism. In addition

1) |E|| = || @zl £ 4| E|| for every E in meas (X, B(H)),

(2) ®g+x = ®5* for every E in meas (X, B(H)),

(3) @5 is (completely) positive if and only if E 1s positive.

Thus bounded linear mappings from C(X) to B(H) correspond to
measures in meas (X, B(H)), and self-adjoint (completely positive)
mappings correspond to self-adjoint (positive) measures. Furthermore,
bounded homomorphisms from C(X) to B(H) correspond to spectral
measures in meas (X, B(H)) [8, XV.6.2]; if the homomorphism is a
x-homomorphism, then the measure is self-adjoint. The theorem of
Naimark [13] mentioned earlier says that a positive measure E in
meas (X, B(H)) with ||E|| £ 1 can be dilated to a self-adjoint spectral
measure. (Note that we do not require that E(X) = 1.) Naimark’s
theorem is a special case of Stinespring’s theorem [16], which says that
completely positive maps can be dilated to *-homomorphisms. In the
same circle of ideas, the following theorem is a reformulation of Theorem
3 in the case when &/ = C(X).

TuEOREM 20. Suppose X is a compact Hausdorff space and E € meas
(X, B(H)). The following are equivalent.

(1) E has a Hahn decomposition E = (E, — Es) + 1(E; — E,) where
E,, Ey, E;, Eq are positive measures in meas (X, B(H)),

(2) @z € 7 (C(X), H),

(3) there is a Hilbert space H, containing H and a spectral measure F in
meas (X, B(H)) such that if P is the orthogonal projection of H, onto H,
then PF(M)|H = E(M) for every Borel subset M of X.

Note that it follows from Theorem 4 that if £(X) = 1 in the preceding
theorem, then the measure F can be chosen so that F(X) = 1. Note also
that the measure F in the preceding theorem is (see Theorem 3) similar
to a self-adjoint spectral measure. In fact, every spectral measure in
meas (X, B(H)) is similar to a self-adjoint spectral measure [8, XV.6.2];
perhaps Theorem 16 can be used to reprove this result by showing that
every spectral measure in meas (X, B(H)) has a Hahn decomposition.

Each measure E in meas (X, B(H)) can be uniquely written as a sum
Re E + 7 Im E where Re E and Im E are Hermitian-valued measures.
The condition that a measure E in meas (X, B(H)) have a Hahn de-
composition is a sort of bounded variation condition in that it is clearly
equivalent to the condition that there is a positive measure F in meas
(X,B(H)) such that £Re E, &=Im E = F. Unfortunately, the exis-
tence of such an F does not seem to lead to the existence of some canoni-
cally defined total variation measure for E. In [11] R. I. Loebl defines a
notion of bounded variation for linear maps; i.e., a linear map ¢ :% —
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B(H) has finite total variation if

sup{| 5 1ot

(Here |4| = (4*4)'/2)

Loebl [11, Theorem 4.4] proved that if E € meas (X, B(H)), E = E*,
and &g has finite total variation, then &5 € ¥ (C(X), H). The following
example shows that the converse of this result is false.

Example 21. Let X = {n/n!in =20,1,...}, and let {e;, ...} be an
orthonormal basis for H. Let 49 = By =0, and for n =1,2,...,
define operators A, and B, on H by

A,f = (l/n)[(f, e1)e, + (f, e.)er] and
B.f = (1/n®) ([, e1)es + (f, e.)e, for fin H.

A matrix calculation shows that E({n/n!}) = A, defines a self-adjoint
measure E in meas (X, B(H)). Since »_, |4,| does not converge in the
weak operator topology, it is clear that &, does not have finite total
variation in the sense of Loebl. However, F({n/n!}) = B, defines a
positive operator-valued measure F in meas (X, B(H)) such that
+Re E, £Im E = F. To see this, note that for n = 0, we have
B, + A, hasrank 1 and positive trace; whence B, = 4, = 0 forn = 0.
Thus &z € ¥ (C(X),H) (because E has a Hahn decomposition),
although & does not have finite total variation.

Complete boundedness is also related to this discussion. In [11] Loebl
proved that every map in ¥ (&, H) is completely bounded, and this
author knows of no example of a completely bounded linear map from a
C*-algebra .7 into B(H) that is not in?” (.%7, H). The following example
gives an idea of some of the relationships involved.

Example 22. Let X be as in Example 21. Suppose E({n/n!}) = D,
defines a measure in meas (X, B(H)) and that &z is completely bounded.
Claim: >, D,*D, converges weakly to a bounded operator. To prove
this, let a, be the (continuous) characteristic function of {n/n!} for
n=12....Leto = &z and let

:ngl,Oéal,...,aneﬂ,Zai§l}<oo.

s =sup {|le®]:n =1,2,...}.
For each positive integer #n, define T, in C(X) ® I, by

aiy 0O ... 0
a, O 0

Then ||7°,|| = 1 implies that

1/2
=[e™@T)l €5 forn = 1.

Y. D*D,
k=1
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Thus Y Dy*D; < s This proves the claim. Note that the claim does
not imply that &z € ¥ (C(X), H).

Let CB (%7, H) denote the set of completely bounded linear maps
from & into B(H). The space CB (&7, H) is a Banach space with the
norm ||| ||| defined by

[llelll = supx [[¢™].

Conjecture 1. CB(/, H) =¥ (&, H) and the norms ||| ||| and || ||+
are equivalent.

To prove the preceding conjecture one needs to consider only certain
finite-dimensional cases.

Conjecture 11. If ¢:%/ — M, is a bounded linear map, then B(p) =
o™ 1.

To see that Conjecture I1 implies Conjecture I, assume that Con-
jecture II is true and suppose that ¢ € CB (&7, H). Let {P,} be a net
of finite rank projections in B(H) that converges strongly to 1. For each
n define ¢,:/ — B(H) by

en(a) = Puo(a)P,.

It follows from Conjecture II that sup, 8(¢.) = |||¢|||. Since ¢,(a) —
e(a) in the weak operator topology for every a in %7, it follows from
Theorem 11 that ¢ € ¥ (&7, H). It follows from the proof of Theorem 11
that

a(e) = 4lim sup, a(e,);

thus, by Lemma 9, [¢[ly = 8|ll]| since [[¢®[ = B(¢®) = B(e) for
k=1,2,.... Thus the norms || [y and ||| ||| are equivalent.

It is clear from the preceding argument that Conjecture I is equivalent
to the statement:

sup {B(p) ip:4 — M, linear, |||¢||] = 1} < ©.
We next prove Conjecture II in the case when n = 1.
LEMMA 23. If ¢ is a continuous linear functional on S, then there is a

representation w:/ — B(H,) and vectors f, g € H, such that || f || |lg]| =
lell and o(a) = (x(a)f, g) for every a in 7.

Proof. 1t follows from Proposition 1.17.1 in [14] that ¢ € ¥ (7, H).
It follows from Theorem 3 that there is a representation p:2/ — B(H,)
and vectors u,v € H, such that ¢(a) = (p(a)u,v) for every a in .

Clearly we can assume that p is unitarily equivalent to p @ p @ .. ..
Thus p(%7) has “property C'’ as defined in [9]. Thus p(.27) has “property
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D(1)"” as defined in [9]. Hence there are sequences {u,}, {v,} in H, such
that

luall = lloall = (el + 1/n)*2 forn =1,2,...

and such that ¢(a) = (p(a)u,, v,) for all @ in.o/ and for n = 1,2, ....
We define H, to be a ‘‘Berberian space’ [4] obtained from H, by first
defining a sesquilinear functional ( , ) on the space X of all bounded
sequences in H, by

<fnv gn> = ghm (fnr 2)

where “glim” denotes a Banach limit. If
M=1{hecX:(hh)=0}

then M is a linear subspace of X and ( , )induces an inner product ( , )
on X/ M. We define H, to be the completion of X /M with respect to this
induced inner product. For each a in.27, the mapping on X that sends a
sequence {h,} to the sequence {p(a)h,} induces an operator w(a) on H.,.
Clearly 7:%/ — B(H,) is a representation. Let f, ¢ be the respective
images of {u,}, {v,} in H,. Then

£ =lell = lle?] and
(r(a)f, g) = glim (p(a)u,, v,) = ¢(a) for every a in .

COROLLARY 24. If ¢:%/ — B(H) is a bounded linear map and o(Z)
1s finite-dimensional, then ¢ € ¥ (Z, H).

Proof. If {Sy,...,S,} is a linear basis for ¢(.%), then there are con-
tinuous linear functionals ¢, . . ., ¢, on.%/ such that
e(a) = ¢1(@)S1 + ... + ¢,(a)S,
for each a in /. The preceding lemma implies that ¢, ..., ¢, €

v (&, H). Thus, by Theorem 3, ¢ € ¥ (&7, H).

Another consequence of Conjecture Il is a Hahn-Banach theorem
type theorem whose validity (or lack of it) could be used to test the
validity of Conjecture II.

LEMMA 25. Suppose Conjecture II is true. If /1 is a unital C*-sub-
algebra of &/, € > 0, and ¢: 1 — I, is a bounded linear map, then o can
be extended to a linear map :Z — M, such that ||| < [le™] + e

Proof. 1t follows from Conjecture II that there is a representation
7 of &/, and operators 4, B such that [|4] [|B]| £ [l¢®™] + ¢ and
¢(a) = Aw(a)B for every a in 7;. We can extend = to a completely
positive map p on .o/ with |[|p|| = 1. Define ¢:97 — M, by ¢(a) =
Ap(a)B.

https://doi.org/10.4153/CJM-1981-064-7 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1981-064-7

DILATIONS AND HAHN DECOMPOSITIONS 839

Another consequence of Conjecture II is that |||¢||| = |¢™] for every
bounded linear map ¢:% — M, and #» = 1,2,..., which was con-
jectured by Loebl [12].

The author wishes to express his deepest gratitude to Man-Duen Choi
for simplifying the proof of Lemma 2, for offering many helpful sugges-
tions, and mainly for pointing out a serious error in the original version
of this paper that incorrectly purported to prove that characterizing the
maps in ¥ (.&/, H) could be reduced to the case when %7 is commutative.

Addendum. The author has recently learned the Uffe Haagerup has
proved that every completely bounded homomorphism from 2/ into
B(H) is similar to a *-homomorphism. His results therefore subsume most
of our results on bounded homomorphisms. Also Haagerup has proved
that every bounded homomorphism from .2/ into B(H) that has a cyclic
vector is similar to a *-homomorphism.
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