Proceedings of the Edinburgh Mathematical Society (2010) 53, 511-530 ©
DOI:10.1017/S001309150800014X Printed in the United Kingdom

CENTRE MANIFOLD VARIETY FOR EIGHT-PARAMETER
FAMILIES OF POLYNOMIAL VECTOR FIELDS OF
ARBITRARY DEGREE

CLAUDIA VALLS

Departamento de Matemdtica, Instituto Superior Técnico, Avenida Rovisco Puais,
1049001 Lisboa, Portugal (cvalls@math.ist.utl.pt)

(Received 22 January 2008)

Abstract  We characterize the centre variety of the eight-parameter families of real planar polynomial
vector fields given, in complex notation, by # = iz + Az"12J1 4+ Bz"2zi2 4 Cz"3293 4 Dz™4 774 where
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1. Introduction and statement of the main results

We consider planar real analytic differential systems that can be written in complex
notation z = = + iy, as
Z2=1iz+ F(z,2). (1.1)

We are concerned mainly with conditions under which the origin of (1.1) is a centre.
This problem has attracted much attention over the years since the pioneering work of
Poincaré in [17].

In its real formulation, systems like (1.1) are used to model various phenomena such
as crystallization of agates (see [20,25]).

The usual method for looking for non-degenerate centres (i.e. those having purely
imaginary eigenvalues) of planar polynomial vector fields such as (1.1) is to calculate the
successive coefficients v; of the return map of the vector field around the origin. That is,
we choose a segment (0, 2] on the positive z-half-axis transversal to the flow of the vector
field with parameter x, and represent the analytical return map by the series expansion
h(z) =2+ 2122 v;zt. Tt is known that the constants v; are polynomial functions in the
coeflicients of the polynomial vector field. The terms vy are functions of the previous v;,
fori=2,...,k —1, and it is well known (see, for example, [1, Chapter IX, Lemma 5,
p. 243]) that when k is even vy is zero. Therefore, the only interesting functions are
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those of the form v9;41. The functions ve;41 are called the Lyapunov constants of the
polynomial vector field.

When all the ve;11 vanish, the origin is a centre. The set of coefficients for which all
the v; vanish is called the centre variety of the family of polynomial vector fields, which,
by the Hilbert Basis Theorem, is an algebraic set.

In general is very difficult to study centres, requiring a good knowledge not only of
common zeros of the polynomials v; but also of the finitely generated ideal that they
generate in the ring of polynomials with variables that are the coefficients of the poly-
nomial vector field. Furthermore, in general, the calculation of the Lyapunov constants
is not easy, and the computational complexity of finding their common zeros grows very
quickly. A number of algorithms have been developed to compute them automatically
(see [3,6,7,13-16] and the references therein).

The classification of centres in polynomial vector fields started with the quadratic ones
in the works of Dulac, Kapteyn, Bautin, Zotadek and others (see [19] for references). It
continued with symmetric cubic systems (those without quadratic terms) and projec-
tive quadratic systems [12,21,26]. Lyapunov constants are also well known for Liénard
systems [2,27].

Our goal is to study the centres of general eight-parameter families of polynomial vector
fields with arbitrary homogeneous nonlinearities. Despite the fact that nonlinear systems
with quadratic and cubic nonlinearities are well understood [15,18,26], very few families
of centres of arbitrary degree are known. See, for example, [5,11] for the case of four-
parameter families of polynomial vector fields of arbitrary degree and [10,23] for the case
of six-parameter families of polynomial vector fields. We emphasize that in the present
paper we are dealing with general eight-parameter families of polynomial vector fields.
It turns out that the two extra parameters make computations substantially harder and
much more involved. We note that some eight-parameter families were considered earlier,
in [24]; in fact, that paper deals with systems with an arbitrary number of parameters
greater than or equal to six, with nonlinearities of arbitrary degree, but having very
particular structure.

In this paper we shall use complex notation z = x + iy. Then, any real polynomial
differential system having the linear part at the origin of the form & = —y, ¥y = x can be
written as

z=liz+ Z Ai]‘Zizj,
i+j>2
with A;; € C. The dot denotes derivative with respect to the independent variable t.
The complex notation is especially convenient for theoretical work. For instance, the
conditions for which a polynomial vector field is symmetric with respect to a line can be
easily obtained in this notation; later on we shall use this fact.

We consider the family of real polynomial differential equations in (z,y) € R? that in

complex notation can be written

=1z + AZ™M 1 4 B2"2502 4 O™ 308 4 D24 504 (1.2)

with A, B,C,D € C\ {0}, and where ny, j1,n2, j2, n3, j3,n4 and jy are non-negative
integers such that (nq1,j1) # (n2,j2) # (n3,j3) # (n4,ja), nk + jx > 1 for k = 1,2, 3,4,
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ni+j1 =no+jo =ng +js =na+ ja, [1 —ng + js| = [1 —na + j2| # |1 —n1 + j1] and
j4 = N4 — 1.

Note that since j4 = ng — 1, ng + js = 2n4 — 1 is odd and thus system (1.2) is a
nonlinear system with homogeneous nonlinearities of odd degree 2n, — 1. Furthermore,
from the facts that (ny,j1) # (n2,j2) # (ns, js) # (n4,j4), ja = na — 1 and the nonlinear
part of (1.2) is homogeneous, we get that ji # ng — 1 for k= 1,2,3 and

1—n3+j3=—(1—n2+j2):n2+j2—1. (13)

Hence, by (1.3) we can always assume that (1 —ny + j1)(1 — ng + j2) > 0.

We consider the case in which the parameters A, B, C, D are all non-zero since the case
when at least two of the parameters are zero is studied in [11] in the more general case
of the nonlinearity of the vector field not necessarily being homogeneous. Furthermore,
the case in which D =0 and A, B, C # 0 is studied in [23] and the case in which D # 0
and either A =0 or B =0 or C = 0 is studied in [10] also in the more general case of
the not necessarily homogeneous nonlinearity.

For completeness of the present paper, the results in [10,11, 23] are given in the
appendix. The main results are the following.

Theorem 1.1. We consider the family of polynomial differential systems (1.2). Then
the following statements hold:

(a) vg =0 for any k such that k/(ny — 1) ¢ N;
(b) Re(D) = 0 is a necessary condition for system (1.2) to have a centre at the origin;

(¢) Im(BC) = 0 is a necessary condition for system (1.2) restricted to Re(D) = 0 to
have a centre at the origin.

Set N; = |1 — Ny +j1|, K = |1 — N2 +j2|, M, = ng{NhKl}, N1 = M{Ny and
K; = M; Ks. Note that, since No, Ko > 1 and ged{ N3, K3} = 1, Ny + K5 > 3. Moreover,
as pointed out before, n1+j1—1 = 2(ngy—1) iseven, N1, K3 > 1, Ny # K; and ji # nip—1
for k=1,2,3.

Theorem 1.2. We consider the family of polynomial differential systems (1.2) with
Re(D) = Im(BC) = 0. Then vapy1 =0 for k =2,3,...,m with m < (ng — 1)(K2 + Na).

We set
LAzN = AK2ON2 (1)Kt N2 gK2 o2, (1.4)
Theorem 1.3. We consider the family of polynomial differential systems (1.2) with

Re(D) = Im(BC) = 0. Then there exist real constants Ly, k = 0,..., No, such that, for
m = (n4 — 1)(K2 + Ng),

Va1 = LE% N?Z@( ) (1.5)

Furthermore, if n; = 0, then

1 N> k—1 k—1—3 n3 7
K ,N Z Z -
k=1

j=0
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Theorem 1.4. We consider the family of polynomial differential systems (1.2) with
Re(D) = Im(BC) = 0. Then there exist real constants My, k = 0,..., Ny such that, for
m = (n4 — ].)(K2 + NQ + 1),

No B k
Vom+1 = D]Lf:?&Nz ZMk (é) . (17)
k=0

Furthermore, if ny = 0, then

D ron M k=l pk=1-] . j
k =0

=1 7

Theorem 1.5. We consider the family of polynomial differential systems (1.2) with
Re(D) = Im(BC) = 0. Then the following hold.

(a) If ny; # 0 and the constants Ly, and My, in Theorems 1.3 and 1.4 are such that the

unique solution of
No k N k
Z B Z B
P C P c

is B =0, the centre manifold variety of system (1.2) is
{(4,B,C,D) € (C\{0})* : Re(D) = Im(BC) = L{%"* = 0}.

(b) Ifny =0, and the constants Ly, and My, in Theorems 1.3 and 1.4 are such that the
unique solution of

Ny k-1 k—1—j i N2 k—1 k—1—j j
B —ng3 B —ng3
E L E hd s :E M E i T R
g <C> <n2) b2 <C> (n2> 0
k=0 j=0 k=1 =0

is B =0, the centre manifold variety of system (1.2) is

{(A,B,C,D) € (C\ {0})* : Re(D) =0, noB +n3C = 0}
U{(A,B,C,D) € (C\ {0})* : Re(D) = Im(BC) = L5%"* = 0}.

We emphasize that Theorem 1.5 characterizes the centre manifold variety of sys-
tem (1.2).

The proofs of Theorems 1.2, 1.3 and 1.4 are strongly based on algebraic properties of
the Lyapunov constants of the polynomial vector fields. More concretely, to prove that
the Lyapunov constants are zero, we will first see which are the admissible monomials
that appear in vg,,41 for each m. After this, we will compute the coefficients of the
polynomial ve,,+1. To do that we will use our knowledge of several types of centres for
the systems (1.2): reversible centres and Hamiltonian centres (see § 3 for their definition).

The paper is organized as follows. In §2 we illustrate our results with a family of
nonlinear systems with homogeneous nonlinearities of odd degree n. In §3 we present
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some basic results. In § 4 we prove Theorem 1.1 and in § 5 we provide the proof of Theo-
rem 1.2. Theorems 1.3 and 1.4 are proved in §6, while Theorem 1.5 is proved in §7. For
completeness, the case when at least two of the parameters A, B, C, D are zero (studied
n [11]), the case in which D # 0 and either A =0 or B =0 or C' = 0 (studied in [10])
and the case in which D = 0 and A, B, C # 0 (studied in [23]) are given in the appendix.

2. Example

We consider the following linear systems with homogeneous nonlinearities of odd degree
n,n =5
5 =iz 4 (22)""/2(AZ® + B2z 4 C2% 4 D2%3), (2.1)

with n > 5 odd and A, B,C,D € C\ {0}. We note that when n = 3 we are considering
a well-known homogeneous cubic system (for more details see [15,18]). We refer to this
system since it serves as a test for our results for infinitely many examples. Computing
numerically the Lyapunov constants (see [15] for a more detailed explanation of the
numerical method to compute the Lyapunov constants when n = 3 and [9] for a more
detailed explanation of the computation of the Lyapunov constants when n > 5 odd)
and removing the non-zero multiplicative factors, we have that

=0 ifl<k<n-—1landwv,=D+D,
1

v, =0 ifn+1<k<2n—2andve,—1 = BC — BC,
vp =0 if2n <k <3n-3,
B\ . - B

v, =0 H3n-1<k<4n—-4

Vin_3 = — (3 + g)D(AC2 + AC?) ((n —3)+(n+ 1)g>.

In the notation of (1.2), we have that ny = (n—3)/2, j1 = (n+3)/2, ng = (n —1)/2,
jo=Mm+1)/2,n3 =n+3)/2,j3=m=3)/2and ng = (n+1)/2, j4 = (n—1)/2.
Furthermore, N1 = 4, K; = 2 and thus M; =2, Ny =2 and K, = 1.

Then, since ngy — 1 = (n — 1)/2, Theorems 1.1 and 1.2 imply that if Re(D) = 0 and
Im(BC) = 0, then v, =0 for k < 3n — 2 and also that vy =0 for 3n — 1 < k < 4n — 4.
This matches perfectly well with the computed values of vy in (2.2). Furthermore, for
the value vo,,+1 with m = (ny — 1)(Ks + N3), i.e. for vs,_o, from Theorem 1.3 we have
that since system (2.1) has ]L}L{?C = AC? + AC?, and not necessarily n; = 0, using that
BC = BC, B # 0, we obtain

2 2
V3,0 = (AC? + AC?) (Lo + ng + Lg(g) )) )

This is the same as v3,_o in (2.2) taking Lo = 3(n —5), L1 =4(n+ 1) and Ly = 3 +n.
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Furthermore, by Theorem 1.4 and using the fact that D + D = 0, BC = BC, B # 0,
we obtain

. B BY
Vgn_3 = D(AC? + AC?) (MO + M15 + M, <c> )

This matches with vyy,_3 in (2.2) taking My = 3(3 —n), My = —4n and My = —(n+1).

3. Preliminary results

Using polar coordinates r? = 2z, § = arctan(Im(z)/Re(z)), in a neighbourhood of the
origin system (1.1) becomes
g . 7”2P2(9) + ’I"BPS(Q) + -
do 1+ TQQ(G) + T2Q3(9) +

1

where
Pi(0) = Re(e Fi(e, 7)), Qi(0) = Im(e™ ¥ Fy(e, 7)),

and

F(z,2) = Z Fy(z,z) = ZFk(e197e_19)rk.

k=2 k=2
Here F}, denotes the homogeneous part of degree k of F' in the variables z and Z.
Consider the solution r(6, z) of (3.1) that takes the value z at § = 0. Then,
r(0,2) = uy (0)x + ug(0)x? + -+ |

with u1(0) = 1 and ug(0) = 0 for & > 2. Then h(x) = (27, x) is the return map. Assume
that system (3.1) satisfies u,(27) = 0 for k = 2,3,...,2m and ugm41(27) # 0. Therefore,
Vam41 = Uzm+1(27) is the mth Lyapunov constant.

It is known that the Lyapunov constant vs,,41 is a polynomial in the coefficients of
F;,i=2,3,...,2m + 1, and their conjugates. We set

and we will use the notation
Vamt1 = Vomt1(F2, F, .oy Fomg1) = vam1 (A, Agr)-

Some algebraic properties of the Lyapunov constants are established in the following
well-known result. For its proof and additional properties of the Lyapunov constants we
refer the reader to [4,8,22,26] and the references therein.

Proposition 3.1. Let vy, 1 be the mth Lyapunov constant of system (1.1). Then it
satisfies the following properties:

(a) vam1 AT AL AR DAY = w1 (A, Aa);

(D) Va1 (AT AL NHZEA L) = N2 g, 40 (Akr, Arr)-
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Now there is an easy way to list the monomials that appear in vg,,4+1. For K € R let

M:K(HA,TZ)< ﬁ A,:"i;i) (3.2)

i=1 i=r+1

be a monomial of va,,41. Then, Proposition 3.1 (a) implies

r r+s
Z(l —k; + ll)mz = Z (1 —k; + li)mi, (33)
=1 i=r+1

and Proposition 3.1 (b) implies

r4+s
> (ki +1; = 1)m; = 2m. (3.4)
i=1

These last two equalities will be very useful for effective computation of the Lyapunov
constants of system (1.2).

We say that a system (1.1) is reversible if it is invariant under the change of variables
w = €7z, 7 = —t. For system (1.2) we have the following result.

Lemma 3.2. System (1.2) is reversible if and only if A = —Ae”{l-m+i)7 B —
—Be il=mti2)y 0 = _Ce~i1=ms438)Y and D = —D for some vy € R. Furthermore, in
this situation the origin of system (1.2) is a centre.

Proof. The proof follows directly from the definition of reversibility. O

We say that a system (1.1) is Hamiltonian if it satisfies Re(0F/0z) = 0. For sys-
tem (1.2) we have the following result.

Lemma 3.3. Ifn; # 0, system (1.2) is never Hamiltonian. Furthermore, ifn, = 0, then
system (1.2) is Hamiltonian if and only if Re(D) = 0 and nyB + n3C = 0. Furthermore,
in this situation, the origin of system (1.2) is a centre.

Proof. The proof follows directly from the definition of a system being Hamiltonian,
taking into account the fact that A # 0. O

From (3.2) with A,,;, = A, A,,;, = B and A, ;, = C we have that the monomials
which appear in vg,,41 are of the form

NI = K A™ Bm2ms pms Ams Brms Gme pms

with K € R and mq, meo, ms, mg, ms, mg, mrz, mg being non-negative integers satisfying
(3.3) and (3.4), that is,

(1 =n1 +j1)(m1 —ms) + (1 = na + j2)(ma — me) + (1 — nz — j3)(mz —m7) =0, (3.5)
and since ny + j1 = ng + jo =n3 + j3 = Ng + ja = 2ng4 — 1 we get

(ng — 1)[mq + ms + ma + mg + ms + my + my + mg] = m. (3.6)
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From (1.3) and (3.5) we have that
01N1(m1 fm5)+02K1(m2—m6+m77m3) =0, (37)

where, for k= 1,2,

1 if 1 — i > 0,
oy = BT (3.8)
—1 if 1 —ng+jx <O0.
Then, since Ny = M1 Ny, K1 = M1 K>, after dividing by M, (3.7) becomes
O‘1N2(m1 —m5)+02K2(m2 —m6+m7—m3) =0. (39)
Let
S1 = mg + my, So = M3 + Mmg. (310)
Then from (3.9) we obtain
01N2(m1 - m5) = 0'2K2(82 — 81). (3.11)

Now, since gcd{Nz, K2} = 1, from (3.11) we have that there exists r € ZU {0} such that

m1 = ms + o0 Kor and sy = s1 + o1 Nar. (3.12)

4. Proof of Theorem 1.1

Proof of Theorem 1.1 (a). By (3.6), v, = 0 if m is not divisible by n4 — 1. This
finishes the proof of Theorem 1.1 (a). O

Proof of Theorem 1.1 (b). We can assume that m = n4 — 1, since for m < ny — 1
we have that m is not divisible by n4 — 1 and in view of Theorem 1.1 (a) we get v, = 0.
Therefore, we will compute v2,,41 = von,—1. Recall that ny —j1 —1 = 01Ny, ng—jo—1 =
09Ky and ng —js — 1 = —(ng2 — jo — 1) = —02 K7, and thus if we introduce the notation

F4(0) = Re(A) cos(o1N10) — Im(A) sin(o1 N16),

Gp,c(0) = (Re(B) + Re(C)) cos(2N20) — (Im(B) — Im(C)) sin(o2N26),
(6)
(6)

Ha(0) = Re(A) sin(o1N10) + Im(A) cos(o1 N16),
Igc(0) = (Re(B) — RQ(C)) Sin(O'gNga) + (Im(B) + Im(C)) COS(O’QNQ@),

system (1.2) in polar coordinates takes the form

i =¥ (Re(D) + Fa(0) + Gp.c(0)),

0 =1+ r*™=U(Im(D) + Ha(6) + Ip,c(0)),
and thus,

dr 1 (Re(D) + Fa(0) + Gp,c(0))
df 14 r2a=0(Im(D) + Ha(0) + Ip.c(0))’
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Therefore, in a neighbourhood of r = 0, dr/df can be written as

dr

5 =" Re(D) + Fa(0) + Gp.0(0))

— 74 73(Re(D) + Fa(0) + Gp.c(0))
x (Im(D) + Ha(0) + Ip.c(0)) + O(rf™?). (4.1)

We denote by (6, z) the solution of (4.1) such that r(0,2z) = = and write it as

r(0,2) = x + ugp, 1(0)2*™ 7 4

Computing in (4.1) the terms with 2274~ we deduce that
dugp,—1(60
Qanectl0) _ pe(D) + Fa(6) + G c(6) (42)
and thus, since us,,—1(0) = 0, we have that
oy 1(8) = Re(D)0 + 22 G (or i) + T2 g0 10
01N o1 N1
Re(B) +Re(C) . Im(B) — Im(C)
+ BT sin(oaNab) + N, cos(o2Nab)
~Im(4)  Im(B) - Im(C’). (4.3)
O'1N1 0'2N2

Now, writing h(x) = r(2m, ) we have from (4.2) that
h(z) i= & + vap, 12" 1 4 -
= uy (27) T + Ugp, 1 (2m) 2?4
=z + 27 Re(D) + O(z?™).
Therefore, in order that vy, 1 := t2n,—1(27) # 0, Re(D) = 0 must hold, which yields
)

that Re(D) = 0 is a necessary condition for system (1.2) to have a centre at the origin.
This finishes the proof of Theorem 1.1 (b). O

Proof of Theorem 1.1 (c). We restrict (4.1) and (4.3) to Re(D) = 0 and compute
Udn,—3(0). From (4.1) and (4.3), computing the coefficients of z4"41~3 we obtain that

dugn, 3

0 = (2na = Duzn,1(0)(Fa(0) + Gp.c(9))

— (Fa(0) + Gp.c(9))(Ha(0) + Ip,c(0))

and, since w4, —3(0) =0,

™ du na—
’U4n4_3 = u4n4_3(27r) = A 30 3 d0
= Re(B)Im(C) + Im(B) Re(C)

=Im(BC).
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Therefore, to have v4,,—3 = 0 we must have Im(BC) = 0, which means that Im(BC) =0
is a necessary condition for system (1.2) restricted to Re(D) = 0 to have a centre at the
origin. (I

5. Proof of Theorem 1.2

By Theorem 1.1 (a), m = (nq — 1)n, for some positive integer 7. Thus, (3.6) together
with (3.12) imply that

2ms + 281 + myg + mg + (O'QKQ +0’1N2)7“ =m. (5.1)
We consider two different cases.

Case 1 (1 + j1 > nq and 1+ ja > ng). In this case, if 7 < Ko + N, then
the unique solution of (3.12) and (5.1) with 0y = 09 = 1 is r = 0. Indeed, since M <
K5 + Ny and my, s1, ms, mg are positive integers, from (5.1) with oy = o9 = 1, we
have that r < 0. Similarly, from (3.12) and (5.1) with 0y = 02 = 1 we obtain that
2mq + 289 + my + mg — (Ko + No)r = 1 < K3 + No. Now, using the fact that mq, sa,
my, mg are positive integers, we deduce that r > 0. Thus, » = 0 and from (3.12) and
(5.1) we have that m; = ms, so = s1 and 2(ms5 + s1) + my + mg = 7.

Let s3 = my4 + mg, and introduce the set

S = {(ms,s1,83) € N> : 2(ms + 51) + 83 = 1 }.

The expression for vg,,+1 with m = (nqy — 1)1 becomes

s3
V2m+41 = Z (AA)™s Z D™ sz —ma
(ms,s1,s3)€S ma=0

S1 S1

X 3 Brsime.ssma BM2BTCT MO0 T2 (5.2)

ma =0 me =0

with B, me,ss,ms real constants. Let I = ell=m+i)Y and 1, = (1=n2+52)7 From
Lemma 3.2, if A= —AI, B=—BI,, C = —CF{l and D = —D, then vg,,41 = 0, and
thus

0= Z (—1)mstsitss A2ms pms P ss

(ms,s1,83)€S

S1 S1 83
> Z Z (_1)m6_m2F27'n2+mGBm2+m60251_(m2+m6) Z (=1)™ By me.sa.ma-

mao =0 ’rI’L5:O m4:0

(5.3)

Now, we note that (5.3) is valid for any values of the complex numbers A, B, C' and D.
Thus, computing the different powers of A, D and the degree of BC' (which is 2s1), we
have that, for every (ms, s1,s3) € S,

S1 S1 S3
Do D (hyymte g e CRn ) Ry T (1) B, g sgmy =0 (5.4)

mao =0 me =0 may =0
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Let » = ma + mg. Then (5.4) becomes

S1 r 251 S1 $3
(Z Z + Z Z >(_F2)TBT0281_T' Z (=1)"™ Bz ,r—mis,s5,ms =0,

r=0 mo=0 r=s1+1mo=r—s1 ma=0

where we have used the notation

s1 r 251 s1 s1 r 251 S1
(Z > X >m =22 Gt DL DL e
r=0mqo=0 r=s1+1mo=r—s; r=0 mo=0 r=s1+1mo=r—s;

Then, for each degree 2s;, computing the different powers of B and C, we have that, for

T 83
SN (U™ B massams =0

mo =0 m4=0

r=20,...,s1,

and thus,

™ T 83
/80,7",53,0 = - Z ﬁmg,rfmg,s;;,O - Z Z (_1)m4/6m2,r7m2,53,m4' (55)
1

mo= TYLQ:O m,4:1

Furthermore, for r = s; + 1,...,2s; we deduce that

S1 S3
Z Z (_1)m4/6m217"*m2,837m4 = 07

mo=1r—51 m4=0

and thus
S1 S1 83
Bo,r,s5,0 = — Z Brms,r—ma,s3,0 — Z Z (_1)m4/8m2,r7m2,83,m4' (5~6)
mo=r—s1+1 mo=r—s1 mg=1

Now, we write vg,,4+1 in (5.2) as

s3
Vom41 = Z (AA)™s Z D™a DS =™
(ms,s1,83)€S ma=0

231 S1

S1 T
X (Z Z + Z Z )ﬁmz,rm2,337m4BmZBT_m2

r=0 mo=0 r=s1+1mo=s1—171

x CH1LmTtmegsimme - (5.7)
Then, (5.7) together with (5.5) and (5.6) imply

= Y (4D
(ms,s1,83)ES

281 S1

x <Zl Z + > )ﬂmZ,r_mQ,ss,o

r=0mo=1 r=s14+1ma2=s1—7"

X [_Brcsl—rc_«sl 4 BmQBr—m,gCsl—r+mgc_«sl—m2]
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D SRREE0 35 SRS DD ol

(ms,s1,83)€S r=0mo=1 r=s1+1mo=s1—7r
S3
X § ﬁm5¢sl,m2,r7m2,33,m4
m4:l
X [(71)m4+IBr0517r6151 D53 + Bmzé’f’*m2c’51*T+m2051*m2Dm4D53*m4]

(5.8)

Clearly, we can rewrite va;41 in (5.8) as

= > (Ad)D
(ms,s1,53)€8
51 T 2s1 51
3D R S S L

r=0mgo=1 r=si1+1mo=s1—1r

X [=B™2C™ 4 B2 O]

D SRRCEI0 35 DRI DD ol

(ms,s1,83)€S r=0mo=1 r=si1+1mao=s1—r

s3
2 : NRT—Mg (YS1—T F1S1 —M2 T)S3—M4
X ﬂm5781,m277'—m2783,m4B C C D

m4:1

X [(=1)matl gm2gme pma 4 gma me pma). (5.9)

Since by hypothesis Re(D) = Im(BC) = 0, i.e. D = —D and BC = BC, from (5.9) we
conclude that vo,,+1 = 0 for any 2m = (n1 + j; — 1)7h with m < Ny + K. This finishes
the proof of the theorem.

Case 2 (1 + j1 < n1 and 1+ j2 < n2). In this case 1 —ny + j3 = —N; and
1—ng+jo = —K;. The same arguments as were used in Case 1, but working with (3.12)
and (5.1) with 01 = —1, 09 = —1, imply the theorem in this case.

6. Proof of Theorems 1.3 and 1.4

Let m = (ng — 1)(K2 + Na + A), A € {0,1}. We note that when A\ = 0 we are proving
Theorem 1.3 and when A = 1, we are proving Theorem 1.4. We fix A € {0,1}. We consider
two different cases.

Case 1 (1 + j1 > ny and 1 4 ja > ng). In this case, we first note that 1 —
ny+ 71 = N1, 1 —no + jo = Ky and if m = K5 + Ny 4+ A, then the unique solution
of (3.12), and (5.1) with o7 = 09 = 1, is r € {—1,0,1}. Indeed, from (5.1) we get that
2ms + 251 + my + mg + (Ko + No)r = Ko + No + A. Thus, since my, s1, ms and mg are
positive integers, Ko + Ny > 3 and A € {0, 1}, we have that r» < 1. Furthermore, (3.12)
and (5.1) imply that 2my + 2s5 +my +mg — (K2 + No)r = Ko + No + \. Thus, since my,
S9, My, Mg are positive integers, Ko + No > 3 and X € {0,1}, we deduce that r > —1.
Thus, r € {-1,0,1}.
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If r = 1, then (5.1) implies that 2ms+2s1 +my+mg = A, which yields, since A € {0,1},
ms = s1 = 0 and my + mg = A. Therefore, (3.12) with 03 = o3 = 1 and (3.10) yield
mo =m7y =ms5 =0, my +mg = A, and my = Ko, s = mg + mg = No.

If r = 0, proceeding as in the proof of Theorem 1.1, we have that m; = ms, sy = s1
and 2m5+251+m4+m8 :N2+K2+)\

Finally, if r = —1, then (5.1) implies that 2m4 + 285 +my4 +mg = A which, again since
A €{0,1}, yields m; = so = 0, myg + mg = A. Therefore, (3.12) with 01 = 09 = —1 and
(310) yield my =mg =mg =0, my +mg =X and ms = Ko, 51 = mo +m7 = No.

Let s3 = my + mg and set

So = {(ms, s1,83) € N* : 2(m5 + s1) + 53 = Na + Ko + A}

Then vgy,41 becomes

Ny A
Voma1 = AK2 E BkCN27k § (ik7)\Dm4D)\7m4

k=0 ma=0
No A
K k ANo—k ~ mgq A—mM
AT BN S g pm
k=0 m4=0
S1 S1 83
T\ ms
+ Z (AA) Z Z Z ﬁmz,me,ss,m4v\
(ms,81,53)€S0 m2=0me=0m4=0
% Bszm5081—msCS1—szm4DS3_m4, (6.1)
where g x, Ak,x a0d Biny,me,s5,ma,n are real constants. Since Re(D) = 0, i.e. D = —D,

from (6.1) we have that

N2
Voam+1 = D/\ Z[AKzak’/\Bkcj\@—k + AKz,yk’/\BkC«Nz—k]

k=0 S1 s1 S3
+ Z (AA>m5 Z Z Z Brnz,me,ss,ma,h
(ms,s1,83)E€So m2=0me=0mys=0
X B™2 BMeCS1TMe (1 M2 A [hSs M4 - (6,9)
where \ N
Oy = Z (=1)A"™G, , and g = Z (=) ™14 5.
mg=0 mg=0
From Lemma 3.2, if A = —AI, B= —BI, C = fC’F2_1, D = —D, then vg,11 = 0,
and thus
No
0= D)\AKQ Z[ak,k(_l)kFQk + ’}/k,)\(—1)K2+N2_klezF;NZ+k}BkCN2_k
k=0

+ Z (_1)m5+51+S3A2m5['{715137511)53

(ms,s1,53)€80
s3

S1 S1
x Z Z (_FQ)m2+mGBm2+mGC2SI_mz_m6 Z (_1)M4ﬁm2,m6,83,m47>\' (63)

mao =0 me =0 m4:0
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Now we point out that if K5 + N5 is even, since K5 and N, are coprime, then K5 and
Ny are both odd. Thus, for any ms € Sy, A2™5 # AKz Furthermore, if Ky + Ny is odd
and A = 0, then (ms, s1) € Sy satisfy that 2(ms + s1) < Ko+ Ny — 1 and thus the degree
of ABC in the first sum in (6.3) is K3 + No, while the rest of terms in (6.3) have degree
in ABC equal to 2(ms + s1) < Nz + Ko — 1. On the other hand, if Ky + Ny is odd
and A = 1, since s3 € Sy, we have that sz is even. Moreover, the first sum in (6.3) has
degree 1 in the parameter D, while the rest of the terms in (6.3) have degree s3 (even) in
the parameter D. From this discussion, computing the different degrees of A, B, C' and D
in (6.3) and proceeding as in the proof of Theorem 1.2, we have that By, me,ss,max = 0
and
A (—D)FTE oy a (1)Kot Nk pEe otk — g for = 0,... Ny,

Now, using the facts that F1K2F2_N2 =1 and I'} # 0, we obtain
Qg+ (*1)K2+N2'Yk,/\ =0 fork=0,...,No;
that is,
oy = (=1)f Nty for k=0,..., Na. (6.4)

Thus, from (6.2) and (6.4) we have that

N3

Vo1 = D’\ Z’Yk,A[AKQBkCNZ*k _ (_1)K2+N2AKQBkCN27k].
k=0

Now, since Im(BC) = 0, i.e. BC = BC with the notation introduced in (1.4) we have
that

k
Vomg1 = D/\LK2,N2 Z Vi >\< ) , (65)

which finishes the proof of the first statement of the theorem in this case.
Now assume that n; = 0. By Lemma 3.3 with n; = 0, if no B +n3C = 0, we have that
Vam+1 = 0 and thus, from (6.5),

k No k
DMK ~") =0, thati = - —s) . 6.6
Z% A ) at 18, 70,A Z%,,\ " (6.6)

k=1 2

Therefore, inserting (6.6) into (6.5), we obtain

N2 B k
Vomg1 = DALT&NQ {’Yo,,\ + Z Vi, ((7) }
k=1

N3 B k —ng k
— D/\]LKZ,NQ i
iy (e) - ()]
DA N AL k-1 B k—1—j —ng j
— @LA,ZC *(noB +n30);%,Aj§ (C) <nz> )

This completes the proof of the theorem in this case.
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Case 2 (1 +j1 < nq1 and 1+ j2 < n2). In this case 1 —ny + j; = —N; and
1—ng+jo = —K;. The same arguments as were used in Case 1, but working with (3.12)
and (5.1) with 07 = —1 and 02 = —1 (see (3.8)), imply the theorem in this case.

7. Proof of Theorem 1.5

We recall that Re(D) = Im(BC') = 0. We consider two different cases.

Case 1 (ny # 0). In this case we will prove that ]Lf’zéNQ = 0 is a necessary condition

for system (1.2) to have a centre at the origin. We proceed by contradiction. Assume
that the origin of (1.2) is a centre and that ]LfféNz # 0. Then, by hypothesis, together
with the fact that B,C # 0 and making use of (1.5) and (1.7), we have that either

VU(ni441)(K2+N2)+1 #0 or UV(ni+j1)(Ke+Naot1)+1 #0,

a contradiction to the fact that the origin of (1.2) is a centre.

Now, we shall prove that Re(D) = Im(BC) = LIX%NQ = 0 is also a sufficient condition
for system (1.2) to have a centre at the origin. From Lemma 3.2 we know that system (1.2)
has a reversible centre at the origin if and only if, for some «, we have

A= —Ae"(l-mti)a
B = —Be il-natiz)e
— _Cell-nati)a
D= -D.
Thus, we just need to show that
AKaONz — (_1)K2+Na fK2 5N

and Re(D) = Im(BC) = 0 is a sufficient condition for the centre variety. So, since
BC = BC, we have that

-GG

Now let §; and 5 be such that 't = —A/A and €2 = —B/B. Then from (7.1), together
with the facts that Ny = Ny/M; and Ko = K1/M;, we have that

K101 = N102(mod27r). (72)

Now using the fact that Ny = |1 — ny + ji1|, that K1 = |1 — na + j2| and that sgn(1 —
ny + J1)(1 — na + j2) > 0, (7.2) becomes

(1 —ny + j1)91 = (1 — No +j2)92(m0d 27’1’). (73)
Set = 61/(1 —n1 + j1). Then, using (7.3), we have that

ei(l—nl-l—jl)a _ e191 - _ and ei(l—nz-l—jz)a — _

b N
|

(7.4)
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Consequently, the sufficiency of the condition follows from (7.4) and the fact that
Re(D) = Im(BC) = 0. Thus, the theorem is proved in this case.

Case 2 (n1 = 0). In this case we will show that (noB +n3)]Lf,2éNz = 0 is a necessary
condition in order that system (1.2) has a centre at the origin. We proceed by contra-
diction. Assume the origin of (1.2) is a centre and (neB + n3C’)L§_2éN2 # 0. Then, by
hypothesis, together with the fact that B, C' # 0, and making use of (1.6) and (1.8), we
get that either

V(nytj1) (Kot Na)+1 7 0 OT Uy 4y ) (Kot Nat1)41 7 0,

a contradiction to the fact that the origin of (1.2) is a centre. Furthermore, Lemma 3.3
states that Re(D) = naB + n3C = 0 is a sufficient condition in order that system (1.2)
has a centre at the origin and, proceeding as we did in Case 1, we can prove that Re(D) =
Im(BC) = LfféNQ = 0 is also a sufficient condition in order that system (1.2) has a centre
at the origin. Thus, the theorem is proved in this case.

Appendix A.

In this appendix we provide the results in [10,11,23].

Proposition A1 (Llibre and Valls [11]). For system (1.2) with B=C =D =0
the following hold.

(a) If j1 # ny — 1, the centre manifold variety of system (1.2) is the set {A € C\ {0}}.

(b) If j3 = ny — 1, the centre manifold variety of system (1.2) is the set {A € C\ {0} :
Re(A) = 0}.

We set Mg, n, = (n — 1)(K2 + N2)/2 (which can be seen to be always an integer
number) and d = (1 — ny — j1)(1 — ng — j2).

Proposition A 2 (Llibre and Valls [11]). For system (1.2) with C = D = 0 the
following hold.

(a) If j3 = n1 — 1 and jo = ng — 1, the centre manifold variety of system (1.2) is the
set {(A, B) € (C\ {0})? : Re(A) = Re(B) = 0}.

(b) If j1 = n1 — 1 and jo # no — 1, the centre manifold variety of system (1.2) is the
set {(A,B) € (C\ {0})? : Re(A4) = 0}.

(¢) If j1 # mny1 — 1 and jo = ny — 1, the centre manifold variety of system (1.2) is the
set {(A, B) € (C\ {0})? : Re(B) = 0}.
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(d) If j1 # ny — 1 and ja # ng — 1, we have that

(i) vam41 =0 form=1,2,..., Mg, N, — 1,

(ii) there exists a constant K, j, n,j, such that

K, j1na,jo In(AK2BN2) if d > 0 and Ks + N» even,
Koy s maia Re(AK2BN2) if d > 0 and K + N odd,
Ky jyna.jo In(AK2BN2) if d < 0 and K2 + N» even,
Koy iy maia Re(AK2BN2) if d < 0 and Ky + N odd.

Vom+1 =

)
)
)

(iii) If the constant Ky, j, n,;, introduced in statement (ii) is non-zero, the centre
manifold variety of system (1.2) is

{(A,B) € (C\ {0})? : Im(A%2BM2) =0} ifd > 0 and Ko + N, even,

)
{(A,B) € (C\ {0})?: Re(A®2BN2) = 0} ifd >0 and Ko + Ny odd,
{(A,B) € (C\ {0})? : Im(A%2BN2) =0} ifd <0 and Ko + N, even,
{(A,B) € (C\ {0})?: Re(A®2BN2) = 0} ifd <0 and K, + Ny odd.

(IV) For K2 + N2 = 2, Kn1,j1,n2,j2 = —2m and for K2 + N2 = 3,

3r(ny —1)/(L+ 741 —n1)

3m(ny —1—=3j1)/(4(1 +j1 — n))

Jm /(1 + j1 —mn1)

(3j1 —n1 + D)/ (4(1 + jr — 1))
Proposition A 3 (Llibre and Valls [10]). For system (1.2) with D =0, A,B,C €

C\ {0} and j3 = n3 — 1 (note that then n must be odd), the following hold.

ifd <0 and Ky =1,
ifd < 0 and Ky = 2,
ifd>0and Ko =1,
ifd >0 and Ko = 2.

K’ﬂhjl,nz’jz =

(a) Re(C) = 0 is a necessary condition to have a centre at the origin and vap41 = 0 for
k=1,..., Mg,n,.

(b) There exists a constant Ky, j, n,,j, such that
Knlajlan27j2 Im(AK2BN2) ifd > 0 and Ky + N> even,
Kn, jina.jo Re(AK2BN2) if d > 0 and Ky + N, odd,
n1i,j1,m2,j2 Im(AKQBNQ ifd < 0 and K3 + N even,
n1jima s Re(AR2BN?) if d < 0 and Ky + N odd.

Vom+1 =

)
)
)

il

(c) If the constants Ky, j, n,j, introduced in statement (b) are non-zero, then the
centre manifold variety of system (1.2) is the subset of {(A, B,C) € (C\ {0})3}

such that
Im(AX2BN2) =0 ifd >0 and Ko + Ny even,
Re(C) = Re(AK2BN2) =0 ifd >0 and K2 + N, odd,
Im(AK2BN2) =0 ifd < 0 and K2 + Na even,
Re(AX2BN2) =0 ifd < 0 and Ko + Ny odd.
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(d) IfRe(C) = 0, then for Ko+ Ny = 2 we have K, i, ny.j» = —27 and for Ko+ Ny = 3,
we have that

3m(ny —1)/(1+ 71 —ny) ifd<0and Ky =1,
0 ) 3m(ny —1—=351)/(4(1+j1 —ny)) ifd<0and Ky =2,
MHILIEIE N G /(14 1 — ny) ifd>0and Ky =1,

(Bjr—n1+1)w/(4(1+j1—n1)) ifd>0and Ky =2.

Proposition A 4 (Llibre and Valls [23]). For system (1.2) with D =0, A,B,C €
C\ {0}, with js # n3 — 1, the following hold.

(a) v =0 for any k such that 2k/(ny +71 — 1) € N.
(b) Im(BC) = 0 is a necessary condition for system (1.2) to have a centre at the origin.
(c) IfIm(BC) = 0, then vag41 = 0 fork = 2,3,...,m with 2m < (n;+j1—1)(Ka+N3).

(d) If Im(BC) = 0, there exist real constants Ly, k = 0,..., Na, such that, for 2m =
(n1+ 71— 1)(K2 + Na),

k
)

KN X~ (B
v (o)
k=0

1 e No k—1 B\—1- -, j
—=L%* " (ne B C L = — =0.
et s O ny (Z)(5R) ™

J=0

Vom+1 =

(e) If Im(BC) = 0 and for some k = 0,..., Na, the constants Ly, in statement (d) are

non-zero, and Lfé]\b = 0, the origin of (1.2) is a centre.

With the constants Lj introduced in Proposition A 4, we introduce the set

51:{0,360\{0}:§Lk(§>k:0} if ny £ 0,

and
N» k—1 B k—1—j —na
Sl{C,BGC\{O}:ZLkZ(é) <n2‘°’) o} if ny = 0.
k=1 j=0

Proposition A5 (Valls [23]). For system (1.2) with D = 0, A,B,C € C\ {0},
Jjs #nsg — 1 and Im(BC) = 0, the following hold.
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(a) Ifthere exists k1 € {0, ..., Ny} such that the constants Ly, in Proposition A 4 satisfy
that Ly, # 0 and B,C € Sy, then there exist constants D1, Do € C such that for
2m = (m +j1 — 1)(K2 + N2 + 2),

Vom+1 = (Dlezl + D20€)L§?6N2 .

(b) Under the same hypothesis as statement (a), if No + K5 > 5, Dy1,Dy # 0 and
C satisfies DoCC = —D1AA, there exists a constant L such that for 2m =
(n1 +]1 — 1)(N2 + KQ + 4) we have

Vam41 = L(AA)PLEZN:.

Acknowledgements. The author has been partly supported by FCT through
CAMGSD, Lisbon.

References

1. A. ANDRONOV, E. LEONTOVICH, I. GORDON AND A. MAIER, Theory of bifurcations of
dynamic systems on a plane (Halsted Press, Wiley, New York, 1973).

2.  T. BLows AND N. LLOYD, The number of small-amplitude limit cycles of Liénard equa-
tions, Math. Proc. Camb. Phil. Soc. 95 (1984), 751-758.

3. J. CHAVARRICA, Integrable systems in the plane with a centre linear part, Applic. Math.
22 (1994), 285-309.

4. A. Cima, A. GASULL, V. MANOSA AND F. MANOSAS, Algebraic properties of the Lia-
punov and period constants, Rocky Mt. J. Math. 27 (1997), 471-501.

5. A. CiMA, J. LLIBRE AND J. MEDRADO, New family of centers for polynomial vector fields
of arbitrary degree, Commun. Appl. Nonlin. Analysis, in press.

6. J. FRANGOISE AND R. PoONS, Une approche algorithmique du probleme du centre pour
des perturbations homogenes, Bull. Sci. Math. 120 (1996), 1-17.

7. V. KERTESZ AND R. Kool1J, Degenerate Hopf bifurcation in two dimensions, Nonlin.
Analysis 17 (1991), 267-83.

8.  Y.-R. Liu AnND J.-B. L1, Theory of values of singular point in complex autonomous dif-
ferential systems, Sci. China A 33 (1990), 10-23.

9. J. LLIBRE AND C. VALLS, Classification of the centers, their cyclicity and isochronicity
for a class of polynomial differential systems generalizing the linear systems with cubic
homogeneous nonlinearities, J. Diff. Eqns 246 (2009), 2192-2204.

10. J. LLIBRE AND C. VALLS, Centers for a 6-parameter family of polynomial vector fields of
arbitrary degree, Bull. Sci. Math. 132 (2008), 40-53.

11. J. LLBRE AND C. VALLS, Centers for polynomial vector fields of arbitrary degree, Com-
mun. Pure Appl. Analysis 8 (2009), 725-742.

12. N. Lroyp, C. CHRISTOPHER, J. DEVLIN, J. PEARSON AND N. YASMIN, Quadratic-like
cubic systems, Diff. Eqns Dynam. Syst. 5 (1997), 329-345.

13. N. LrLoyD AND J. PEARSON, Computing centre conditions for certain cubic systems, J.
Computat. Appl. Math. 40 (1992), 323-336.

14. N. LLoyD AND J. PEARSON, Five limit cycles for a simple cubic system, Publ. Mat. 41
(1997), 199-208.

15. N. LLoYD AND J. PEARSON, Bifurcation of limit cycles and integrability of planar dynam-
ical systems in complex form, J. Phys. A 32 (1999), 1973-1984.

16. N. LLoyD, J. PEARSON AND V. ROMANOVSKY, Computing integrability conditions for a
cubic differential system, Comput. Math. Appl. 32 (1996), 99-107.

https://doi.org/10.1017/5001309150800014X Published online by Cambridge University Press


https://doi.org/10.1017/S001309150800014X

530

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

C. Valls

H. POINCARE, Mémoire sur les courbes définies par les équations différentielles, Oeuvres
de Henri Poincaré, Volume I, pp. 95-114 (Gauthier-Villars, Paris, 1951).

M. Popra AND K. SIBIRSKII, Focal cyclicity of critical points of a differential system, J.
Diff. Eqns 22 (1986), 1539-1545.

D. ScHLOMIUK, Algebraic particular integrals, integrability and the problem of the center,
Trans. Am. Math. Soc. 338 (1993), 799-841.

V. SHEPLEV, N. BRYXINA AND SLIN'’KO, The algorithm of calculation of Liapunov’s
coefficients by analysis of chemical self-sustained oscillations, Dokl. Akad. Nauk SSSR
359 (1998), 789-792.

K. SiBIRsKII, On the number of limit cycles arising from a singular point of focus or
center type, Dokl. Akad. Nauk SSSR 161 (1965), 304-307 (in Russian; English transl.:
Sov. Math. Dokl. 6 (1965), 428-431).

K. SIBIRSKII, Algebraic invariants of differential equations and matrices (Stiintsa,
Kishinev, 1976; in Russian).

C. VALLs, Bifurcation of limit cycles and integrability conditions for 6-parameter families
of polynomial vector fields of arbitrary degree, Nonlin. Analysis TMA 69 (2008), 256-275.
C. VALLS, New arbitrary-parameter families of centres for polynomial vector fields of
arbitrary degree, Dynam. Sys. Int. J. 23(2) (2008), 163—-166.

Y. WANG AND J. MERINO, Self-organisational origin of agates: banding, fibre twisting,
composition and dynamic crystallization model, Geochim. Cosmochim. Acta 54 (1990),
1627-1638.

H. ZOL.ADEK, Quadratic systems with center and their perturbations, J. Diff. Eqns 109
(1994), 223-273.

C. ZuppA, Order of cyclicity of the singular point of Liénard’s polynomial vector field,
Bol. Soc. Bras. Mat. 12 (1981), 105-111.

https://doi.org/10.1017/5001309150800014X Published online by Cambridge University Press


https://doi.org/10.1017/S001309150800014X

