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Adders for the patterned starter
in some non-abelian groups

Philip A. Leonard

Starters with adders in abelian groups of odd order have been
used extensively in the construction and study of Room squares.
It is possible to define these concepts in non-abelian groups,
with similar applicability to Room squares. Examples are given
of adders for the "patterned starter" in the non-abelian groups
of order pq , p and q primes larger than 3, p = q = 3
(mod 4) , ¢ =1 (mod p) .

One fruitful approach to the construction and study of Room squares
has been that based on starters and adders in groups of odd order (see

[z1).

If ¢ is a multiplicative group of order 2n +1 , and H = G\{1} , a

starter in G is aset X = {(x;, y,) | 1 =< =n} of ordered pairs such
that

. - -1 ,
H= {xi, y, |1sisn}= {xiyil, Y [1=1= n} .

If X is a starter in G , an adder for X is an ordered set

A = (a P ) of distinct elements of # such that
1 n

H={za,ya |1=1iz= n} .
Given a starter X with adder AX , a Room square of side 2n + 1

may be constructed as follows: 1let R be a square array, with rows and
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and columns indexed by the elements of G . The cell in position (g, k)

is empty unless h = aig for some % , and in this case it contains the
pair {xiaig’ yiaig} .

This note contains examples 9f starters with adders in certain non-
abelian groups (see [2], Problem 9).

Let p and g be odd primes, larger than 3 , with p =g = 3
(mod 4) and ¢ =1 (mod p) , and let G be the non-abelian group of order

pq defined by & =1 s p? =1 s a_lba =" , where r is an integer of

order p (modulo q) (see [1]). Products in G are given by

U
4
&Y o Y = STRYT Y » 0=x,u=p-1,0=y, v =g-1.
Let Rp (respectively Np ) denote the set of quadratic residues

(respectively non-residues) modulo p , with Rq and Nq defined

similarly. Let

S = {g = a"pY | = € Rp »O0r, =0 and y € Rq} .

3 (mod 4) , we have the following

Since p = q

LEMMA. x = {(g, g-l] | g €5} s a starter in G .

The starter X of the lemma is called the patterned starter in G .
Examples of adders for X are given in the following result. The proof,

which is a routine matter of verification, is omitted.

THEOREM. For m € N \{-1} and n € N \{-1} , define k by k = %

_ntl _ )
(mod p) , and 1 by 1=, (mdgq) . Then 4 = (hg) , g €8, with

hg = akxbly for g = abY , is an adder for the patterned starter X ,

provided 1P 1 (mod q) .
For example, with p =7 and g = 67 , we may take m=n= 3 ,

giving k=1 =2 , which is suitable as o7 = 61 (mod 67) . For the
smallest eligible values of p and ¢ , namely p =7 and q = 43,

1 =2 1is not admissible, but 1 = 3 (corresponding to n =2 ) is, as
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37 = 36 (mod 43).
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