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Abstract

We give precise asymptotic estimates of the tail behavior of the distribution of the
supremum of a process with regenerative increments. Our results cover four qualitatively
different regimes involving both light tails and heavy tails, and are illustrated with
examples arising in queueing theory and insurance risk.
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1. Introduction

Regenerative processes are a versatile tool in stochastic modeling, as they are general enough
to cover many applications and at the same time provide a natural and tractable extension of
the random walk. In particular, the computation of overflow probabilities in (fluid) queues and
ruin probabilities in insurance can often be reduced to the study of the maximum of a process
of which the increments are regenerative. Specifically, let S(z), t > 0, be a cadlag process
almost surely drifting to —oo, such that S(0) = 0. Suppose that there exists a renewal process
with renewal epochs T;, 0 < Ty < T1 < - - -, such that

(S(Mo<t<ry.  (S(To+1) — S(To))o<t<11-Tp>

are independent and the distributions of (S(Ty +¢) — S(Tx))o<r <71 —Ti» k = 0, are identical.
We call 7,,, n > 0, the regeneration or renewal epochs of S(#), r > 0. If Ty = 0, we say that
(S(2)) is zero-delayed. Define

M = sup S(1), Mpyr = sup  S(t)—S(Tp), n=0,
>0 Ty <t<Tpti
and let X,,11 = S(T,,+1) — S(T) and S, = S(T,), for n > 0. This is strongly related to
the setting considered in [3] and many other papers. Typically, the distribution of M is too
complicated to compute exactly. Therefore, we are often concerned with the tail behavior of
M, i.e. the behavior of P{M > x} as x grows large. This forms the motivation for the present
paper.
In this paper we focus on the zero-delayed case, and thus have the identity

M = sup[S,—1 + M,]. (D

n>1
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The sequence M,,, n > 1, is independent and identically distributed but depends on the random
walk S, n > 1, since M, and X,, are dependent. Note that the sequence of pairs (M,,, X,), n >
1, is independent and identically distributed. Thus, the regenerative setting can be viewed as a
special case of the more general framework of the perturbed random walk, which was considered
in arecent paper by Araman and Glynn [1]. They investigated the tail behavior of M in a variety
of cases.

The main goal of this work is to analyze the tail behavior of M in the perturbed random walk
setting (1), under conditions that are general enough to be applicable to regenerative processes.
For random walk maxima, it is well known (see, e.g. [4], [10], and [20]) that the description
of the tail behavior can be classified into three main regimes: (i) the Cramér case, (ii) the
intermediate case, and (iii) the heavy tail case. Our main results cover these cases for perturbed
random walks. In addition, we identify a fourth main case, in which the perturbations dominate
the tail behavior of M. Specifically, our results are as follows:

e The first scenario we consider is when the Cramér condition holds for X1, i.e. we assume
that there exists a strictly positive solution « to the equation E{eX1} = 1. In addition, we
assume that the tail of M is not too heavy (in a sense we make precise later on). These
assumptions allow us to apply the implicit renewal theory developed by Goldie [14],
to obtain the tail behavior of M. The results of [14] have mostly been applied to
autoregressive processes but have much wider applicability. Special cases of our result
have been derived before, by Araman and Glynn [1] and by Schmidli [25]. We note that
the main result of [1], which covers the case in which the perturbations (M,) form a
stationary sequence independent of the random walk (S},), is not covered in the present

paper.

o A qualitatively different case occurs when M is light tailed but heavier tailed than sup,, S,,.
Again we exploit theory developed for autoregressive processes. In particular, we utilize
stochastic ordering arguments proposed in [16] to extend and unify both Theorem 3 of [1]
and Example 2 of [16].

e We again apply stochastic ordering arguments to analyze the intermediate case, which
also pertains in the case of a standard random walk. We derive the tail behavior of M
under the assumption that the right tail of X is in the class §(«), and that the right tail
of M| is not heavier than the right tail of X;.

e A fourth regime we consider is that in which M{ = max{M, X} has a heavy tail in
a sense we make precise later on. This case has been investigated before, in [1], under
the additional assumption that X is light tailed. We also extend a result of [3], where
it was assumed that the tails of M| and X| asymptotically coincide (note that our M7 is
identical to their M1). Other related papers are [12] and [13], where a class of modulated
random walks and Lévy processes with heavy-tailed increments were considered.

We illustrate our results by considering some specific models that arise in telecommunica-
tions and insurance. We first consider a basic on—off fluid model where S(¢), t > 0, either
increases with rate r — ¢ > 0, or decreases with rate c. Then we investigate an insurance risk
model. More precisely, we consider a Cox-type process which was introduced and motivated
in [26]. We apply our general result to derive an exponential estimate for the ruin probability,
and obtain bounds on the prefactor.
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The rest of the paper is organized as follows. Section 2 contains the main results: the four
different cases are investigated in Subsections 2.1-2.4. Section 3 is devoted to the on—off model.
The insurance risk model is investigated in Section 4. In Section 5 we conclude.

2. General results

In this section we present the main results of this work. We focus on four cases: first, we
consider the situation in which M i“ is heavy tailed, in Section 2.1. Then we assume that both
X1 and M are light tailed. Three further distinctions arise here, and are respectively treated in
Subsections 2.2, 2.3, and 2.4.

We always assume that the joint distribution of (X, M1) satisfies E{X1} € (—o00,0),
E{M1} < oo, and P{M| = —oo} = 0. The last assumption is not restrictive: for regenerative
processes we have the representation M| = sup,¢o ) S(t) > 0. Throughout this section
we use various standard results for the class £ of long-tailed distributions, the class 4 of
subexponential distributions, and the class $(y), y > 0. A standard reference on such
distributions is the textbook [11]. For two functions f(x) and g(x), we write f(x) ~ g(x) if
f(x)=gx)A +o0(1)) asx — oo.

2.1. The heavy tail case

Our first result concerns the case in which M;¥ = max{X,, M,} is heavy tailed.

Theorem 1. IfE{M}} < 0o and min{l, fxoo P{M{ > u}du} is subexponential, then

1 o
P{M>x}~—/ P{M{ > u}du
n

X

as x — oo, with u = —E{X}.

This is an extension of Theorem 3.3 of [2], where it was assumed that P{M} > x} ~
P{X; > x}. In Section 3 we give examples to show that this condition is sometimes too
restrictive. Theorem 1 is also related to Theorem 4 of [1]. There it was assumed that X is light
tailed and that the marginal distribution of M has a hazard rate converging to 0.

Proof of Theorem 1. The proof consists in deriving lower and upper bounds which asymp-
totically coincide.

We start with the lower bound, for which we adapt a standard (see [3], [13], [12], and [28])
technique to our setting. The idea is to identify a way in which the event {M > x} occurs.
Informally speaking, we choose an event on which S,_1 — M,, n > 1, behaves in a typical
way up to some time k for which M}’ | = max{My1, Xk+1} is large. By also including the
event that My is not too small, we ensure that M > x.

Let§, 0 < § < u, be given, and for n > 1 define the event E,, = E, (5, K) by

E, ={Sx € (—k(u+9d) — K, —k(u—96)+ K), k <n}.
In addition, consider the event F,, = F, (8, K), defined by
Fo, ={My <8k + K, k <nj}.
Also define G (x) = P{M,, < x} = P{M; < x},andlet K be suchthat G(K) = 1 —G(K) < %

Since log(1 — x) > —2x if x € (0, %), we see that

logP(F} = 3 log(l — GGk + K)) = -2 Gk + K) = —2E(L(M; — K)*/81),
k=1 k=1
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where y* = max{y, 0}. Since E{M;} < oo, the last expression converges to 0 if K — oo for

any § > 0. Combining this fact with the weak law of large numbers for S,, n > 1, we arrive

at the following conclusion: for every ¢ > 0 there exists a K such that P{E, N F,} > 1 —¢.
For n > 1, we define the event

Gun=F,NE,N{M; | >x+n@+pn +2K}N{M,>>—K}.

Observe that the events G, n > 1, are disjoint and that G,, implies {M > x} for every n > 1.
Consequently,

P{M > x} > P{U Gn} =Y P{Gy)
n=l1

n=1

v

o0
(1—&) Y PMyy ) > x+n(+ )+ 2K} P(M, 5 > —K}
n=1

l1—¢ o0 N
—— P{M; > —K} P{M{| > u}du
S+ p x+K

1—¢ o N
— P{M;| > —K} P{M{ > u}du,
S+ u x

2

¢

where in the last two steps we have used the fact that M} is long tailed. This implies that

L. P{M > x} —¢€
lim inf — > P{M| > —K}.
x—o0 [FP{Mf >u}du ~ §+p

The proof of the lower bound follows by letting K — oo and §, ¢ | 0.

To obtain an asymptotic upper bound, let y > 0 be given and construct the random
walk Sp, n > 0, with §§ = 0. For k > 1, let X; = X if Mj <y and let X; = M} if
M,f > y. Finally, let S,{ =X f +.---+ X ,ﬁ n > 1. Informally, the increments of the random
walk So, n > 0, are the same as those of S,,, n > 0, except when a large value of M} occurs.

Obviously S, < Sy for any y > 0 and n > 1. Moreover, we have the following crucial
bound:

sup[S,_1 + M,] < supS; + y.

n>1 n>0

For x > y, we have P{X] > x} = P{M} > x}, which implies that the integrated tail of X is
subexponential. Thus, we can apply Veraverbeke’s theorem (see, e.g. [27] or [28]), yielding

] o0
P{supS,{ > x} ~ TX{}/X P{M{ > u}du.

n>1

Putting everything together, we conclude that

_ P{M > x} , P{sup,~ S > x — y} 1
lim sup —55 < lim sup = " < T
x—oo [OP{M} >uldu T xooco [ P{M] > u}du —E{X{}

By dominated convergence, it follows that — E{X ly }—> pnasy — oo.
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2.2. Dominating perturbations

We now suppose that M is light tailed. More precisely, we assume that
P{M| > x} = mi(x)e”™", 2

with m 1 (-) such that m(x + y) ~ m(x) as x — oo, for any fixed y. This is equivalent to the
requirement that the right tail of the distribution of exp{ M} is regularly varying with index —v.
To formulate our result, we need to make two more assumptions. The first additional

assumption we invoke is that
Efe"X1} < 1. (3)

Our final assumption is of a more technical nature: let X| be an independent copy of X which
is also independent of M1, and suppose that

P{X| + M| > x} ~ E{e"X1} P{M; > x}. 4)

This assumption is a consequence of (2), (3) and a minor additional regularity condition. In
particular, one of the following three conditions suffices: (i) E{e"X'} < oo for some > v
(Breiman’s theorem), (ii) limy_, oo m1(x) > 0, or (iii) m(x) is decreasing and in §*; see [9]
for details. Moreover, assumption (4) implies that P{X| > x} = o(P{M] > x}).

The following result extends and unifies Example 2 of [16] (where condition (i) was as-
sumed), and Theorem 4 of [1] (where it was assumed that lim,_, o, m1(x) > 0). To prove our
result, we adapt the arguments in [16] to our setting.

Theorem 2. If (2)—(4) hold, then

1

P{M > x} ~ T_EeX Ee%1)

P{M| > x}.

In the remainder of this subsection we assume that (2)—(4) are in force. The proof of
Theorem 2 involves the following lemma.

Lemma 1. Suppose that Y > 0 is independent of (M1, X1) and that
P{Y > x} ~ cy P{M > x}
for a constant cy € (0, 00). Then P{max{M;, X| + Y} > x} ~ (1 + cy E{e"*1})) P{M; > x}.
Proof. An asymptotic upper bound simply follows from the assumptions, the bound
P{max{M, X1+ Y} > x} <P{M; > x} +P{X1+7Y > x},

and the fact that (4) is closed under tail equivalence. To prove that this upper bound is tight,
it suffices to show that P{min{M, X; + Y} > x} = o(P{M; > x}). Note that there exists a
function h(x) — oo such that x — h(x) — oo and P{X| > h(x)} = o(P{M| > x}). Now
distinguish between the two cases X1 > h(x) and X1 < h(x), to obtain

P{M| >x, X1+Y >x} <P{X; =>h(x)} +P{M; > x}P{Y >x —h(x)} =oP{M;| > x}),

which implies the statement.
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Proof of Theorem 2. Asin [16], we use the fact that M = max{M;, X+ M}, where M is an
independent copy of M which is independent of X| and M. In addition, we use the following
stochastic comparison argument. If Yi and Y, T are two random variables independent of
(X1, My), then Yi > M if and only 1f Y >t max{M1 X+ Y }. Similarly, YT <g M if
and only if Y <g max{Mi, X + Y }.

To prove an asymptotlc lower bound, define a sequence of random variables YnT, n>1,
where YlT =M; and Y +1 =max{M,+1, Xp4+1+ Y, }, n = 1. Using the above stochastic
comparison argument # times, we find that P{M > x} > P{Y, A x} for every n. By repeated
application of Lemma 1, we have

1 — E{e"X1}"

0 ~
P{Y, > x} I —E@%]

P{M; > x}.
Consequently,
P(M >x} 11— E{evX1}"
lim inf >
x>0 P{M| > x} 1 — E{evX1}’
which implies the desired asymptotic lower bound by letting n — oo.
To prove an asymptotic upper bound, we again use an idea from [16]. Let C > 1/(1 —
E{e"*1}) and let Y be a random variable independent of (M1, X1) and such that P{Y > x} ~
CP{M; > x}. By Lemma 1, there exists an xo < 0o such that

P{Y > x} > P{max{M, X1 + Y} > x} forx > xo.

Define Y| Y asan independent random variable such that P{Y, Vs x}=P{Y > x}/P{Y > xo}.
As in Lemma 3 of [16], it is easy to verify that Y¢ >s max{My, X1 + Y, } Now define
Yni+ | =max{Mp1, Xpy1 + Y¢} forn > 1. The remamder of the proof is s1m11ar to the proof
of the lower bound. Applying the comparison argument, we see that P{M > x} < P{Y,,¢ > x}.

Set Cop = C/P{Y > xp}. By Lemma 2 and induction, we have

. I—E{ le}n 1 DXyl
P{Yn >x}~ m—l—COE{C } P{M] >x}.

Combining these results, we obtain

P{M > x} 1
lim lim sup )
n—o0 y_o00 P{M| > x} 1 — E{evX1}

which completes the proof of the upper bound.

2.3. The intermediate case

We now consider the case in which X satisfies
P{X| > x4+ y} ~e ¥ P{X| > x} 5)
as x — oo, for every fixed y, and
P{X| + X2 > x} ~ 2E{e*X1} P{X| > x}. (6)

This is equivalent to the condition that X T € 8(a). The case @ = 0 was treated in Subsec-
tion 2.1, so we assume that « > 0. Another assumption we make is that

E{e®X1} < 1, (7
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which implies that Cramér’s condition is not satisfied. Finally, we specify the tail behavior
of M. The case in which M has a heavier tail than X| was covered in the previous subsection.
Motivated by this, we assume that

P{M; > x}
_— <
x—oo P{X| > x}

®)

(we allow the limit to equal 0). Furthermore, we assume that there exists a bounded function f

such that
P{M| > x, X1 <x —a}

Jim PIX; > x) = f(a) &)

for all real values of a. This covers the case in which M and X are independent (in which f is
constant) and the random walk case (in which M| = 0, meaning that f(a) = 0). An example
in the regenerative setting can be found in Section 3.

We are now ready to state and prove our third main result. The method we use is similar
to the one employed in the previous subsection, and also provides a new proof of the random
walk case. As a preliminary result, we need the following lemma, which plays the same role
as Lemma 1 in the previous subsection.

Lemma 2. Suppose that (5)—(9) are satisfied and that Y is independent of (M1, X1) with
P{Y > x} ~ Cy P{X| > x}. Then

P{max{M;, X1 + Y} > x} ~ (E{f(Y)} + E{e*"} + Cy E{e*X'}) P{X| > x].
Proof. Write
P{max{M, X1+ Y} >x}=P{X1+Y >x}+P{M| >x, X1 +7Y <x}.

The first term is asymptotically equivalent to (E{e*Y } + Cy E{e*X1}) P{X| > x}, using a result
of [7]. To estimate the second term, note that (8) allows us to apply the bounded convergence
theorem, which yields

! P{M| > x, X1 +Y < x} . JP{M > x, X1 <x—y}dP{Y <y}
im = lim
X—00 P{X| > x} X—>00 P{X| > x}

=E{f(Y)},

which completes the proof of the lemma.
Theorem 3. Suppose that (5)—(9) are satisfied. Then

E{e"M} + E{ f(M)}

P{M > x} ~ | E(ee¥1)

P{X; > x}.

Proof. As in the proof of Theorem 2, we make use of stochastic ordering arguments. The

sequence (YnT) is defined as before: YlT = M, and YnT+1 = max{M, 1, X,4+1 + YnT}, n > 1.

Using the stochastic comparison argument n times, we find that P{M > x} > P{YnT > x}, which
holds for every n. By repeated application of Lemma 2, we have

P{Y,! > x} ~ C,1 P{X| > x}, n>2,
where C vt is the limit in (8) and
1
\
Cyr =E{f(XDI+E}+Cpr B}, nx>1L
1

yn+ n
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Consequently,
—_— > , n>1.
y—o0o P(X]>x} — ¥ =
Since YnT <st YnT 11 Sa M and YnT 2 M , by bounded and monotone convergence we find that
CYT — Cyu, where Cyy satisfies

n

Cy = E{f (M)} +E{e*™} + Cp E{e*¥"}.

This completes the proof of the asymptotic lower bound.

To obtain an upper bound, we need to construct a random variable Y, ¥ with the property
that Yi > max{Mi, X1 + Yi} Let X be an independent copy of X and letY =(X+T) x
1(X > y), with y and T large constants. Note that P{Y > x} ~e*” P{X| > x} and
E{e*V} = e*T E{e*X1 1(X| > y)}. From Lemma 2 we have

P{max{M;, X1 + Y} > x} ~ (E{f ()} + E{e*"} + *T E{**1}) P{X; > x}.

Using the facts that E{ f (Y)} is bounded and E{e®*X1} < 1, we can choose T and y such that the
prefactor E{ f(Y)} + E{e*"} + e*T E{e*¥1} is smaller than e*”. Consequently, there exists a
value xg such that P{Y > x} > P{max{M, X| + Y} > x} for x > xq.

Now define Y li as a random variable independent of (M1, X1) and such that

P{Y
P{Y1¢>x}=ﬁ=P{Y>x|Y>xo}.

As in Lemma 3 of [16], for x > x( we see that

P{max{M,, X| + Y;'} > x} = P{max{M}, X; + Y} > x | ¥ > xo}
- P{max{M, X1 + Y} > x}
- P{Y > xo}
- P{Y > x}
= P{Y > xo}
= P{YlL > x}.

The inequality is trivial for x < x¢, so we see that Yll > max{X, M| + Yli }. The proof is
now completed by defining Y,,i, n > 2, as in the proof of Lemma 1. Since M <g Y,,i for any n,
by applying Lemma 2 we obtain

P{M > x}
limsup ——— s
r—oo P{X1>x} Yy
with CYT defined in a way similar to that in the proof of the lower bound. Using the same
arguments as in the proof of the lower bound, we find that CYl — Cyy, which completes the
proof.

2.4. The Cramér case

In this subsection we review the extension of the classical Cramér case from random walks
to perturbed random walks and regenerative processes. This problem has also been considered
in [25] and [1]. The result presented here is an extension of these two works, and it follows
from Theorem 5.2 of [14]. Actually, there the equation R 2 max{AR, B}, which can easily be
reduced to our equation for M by taking logarithms, was considered.
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Theorem 4. (Theorem 5.2 of [14].) Assume that there exists a solution k > 0 to the equation
E{e“X1} = 1 such that m = E{X X1} < oco. Assume, furthermore, that X is nonlattice and
that E{e“M} < co. Then

1 " 5
P{M > x} ~ Ke ™ with K = — E{eM —e*M+X0. a0 > M+ X))
Km

It is easy to see that K is bounded from above by K = E{e“™1}/(xm). If M is nonnegative
then K is bounded from below by the prefactor Cy in the Cramér-Lundberg expansion
P{W > x} ~ Cywe™™*, with W = Sup,>o Sn; see [2, Theorem XII1.5.3, p. 365].

3. A fluid model

To illustrate the general theory developed in the previous section, we now investigate a
simple example. Let J(¢),¢ > 0, be an alternating renewal (0—1) process with generic on-
period Ty, and generic off-period Ty, i.e. Toy is the period during which J (s) = 1 and Ty is
the period during which J(s) = 0. Let Y (¢) =r fé J(s)ds, t > 0, be the associated integrated
on—off process. The constant » > 0 is called the on rate. Assume that J(¢) is such that an
on-period starts at time 0. Let the sequence (Ton,;, Toff,i), { > 1, representing on-times and off-
times, be independent and identically distributed with (Ton, 1, Toff,1) 2 (Ton, Tors). We allow
Ton and Tofr to be dependent and assume that Ty + Tofr has finite mean. Assume further that
E{J()} — p € (0, c¢) for some constant ¢ > 0 called the drain rate. Under these conditions,
the process S(¢) = Y (¢) — ct, t > 0, is almost surely convergent to —oo. The renewal epochs
for the process S(), t > 0, are givenby T; = > ;_; (Ton,x + Tofr,k), i > 0. In this setting, the
distribution of M can be viewed as the Palm stationary distribution of the amount of fluid in a
buffer fed by an on—off source. This is a simple and well-known model (see, e.g. [17] and [19]),
and as such it provides simple applications of the theory developed in the previous section. In
the setting of that section, we have X1 = (r — ¢)Ton — cTotr, M1 = (r — ¢) " Ton, and, hence,
M ik = M.

3.1. An application of Theorems 1, 2, and 4

Assume that » > ¢ and that T, and Tofr are dependent in the following way: let Eg, E7,
and E; be independent random variables with finite means, and suppose that 7o, = Eog + E}
and Toff = Eg + E». In this case,

M =0 —c)Ey+ (r —c)Eq, Xi=r—cEi + (r —2c)Ey — CcE>.

Moreover, E{X;} is assumed to be strictly negative. We now focus on two different scen-
arios.

e Assume that P{Ey > x} is long tailed, that | xoo P{Ey > u}du is subexponential, and
that £ has a finite moment generating function in a neighborhood of the origin. Then
P{M > x} ~ P{(r —c)E¢ > x}, implying that the conditions of Theorem 1 are satisfied.
The property P{M| > x} ~ P{X| > x} is clearly not satisfied. If E( has a lognormal or
heavy-tailed Weibull distribution, it can actually be shown that

P{X1 > x} ~ o(P{M1 > x});

we omit the details.
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e Assume that P{Ey > x} ~ cpe™"* and that E{e"F1} < co. Then

VoX

P{M; > x} ~coE{eVOEl}exp{— al x} =: Coe~
r—=c¢

Furthermore, we have E{e"X!} < oo. If this quantity is strictly larger than 1, then we
are in the Cramér case covered by Theorem 4. If the quantity is strictly less than 1, then
the tail behavior of P{M > x} follows from Theorem 2.

3.2. An application of Theorem 3

Assume that r > c, that Ty, and Tof are independent, and that 7oy, is in $(«), o > 0. Then
M isin $(a) as well, and P{X| > x} ~ E{e~*Toi} P{M| > x}. Since the class §(«) is closed
under tail equivalence, we see that X T € 4(a), which implies (5) and (6). Assume further that
(7) holds. To apply Theorem 3, it remains to verify condition (9). To do so, we write

PM{ >x, X1 <x—a}=P{M; >x, M| — cToif < x —a}

o0
:/ Pix <My <x+4+u}dP{cTosf —a < u}
0

o0
~ P{M; > x}/ (1 —e *YdP{cTost — a < u}
0

=P{M; > x}(P{cTorr > a} — E{e *Tot~D) 1(c Ty > a)}),

where we have applied the property (5) for M in the third step. The tail behavior of M now
follows from Theorem 3, with f(a) = E{(1 — e (Tl =) 1(cTogr > a)}/ E{fe~@<Torr},

3.3. A fluid model with noise

In this subsection we provide another application of Theorem 1. Let r = ¢ = 1 and let
St) =Y(@)+W(t)—twith W(z), t > 0, anindependent standard Wiener process. The process
S(t), t > 0, can be interpreted as the net input process of an on—off fluid model perturbed by
Brownian motion, with the additional feature that the on rate equals the drain rate (both are
equal to 1).

The sequence T,,, n > 1, representing the starting points of on-periods, is again a renewal
sequence of the process S(¢), ¢ > 0. It is clear that

ML XD 2 sup WO~ (= T ] WTon + To) = T ).
0<t <Ton+Tosr

Assume that P{T,, > x} is regularly varying of index —v, v > 1. We first state some
preliminary results. Combining Theorem 2.1 and Proposition 2.1(i) of [8] we obtain

P{ NL v+1 l 2
sup W) > x ﬁZ r v—|—2 P{Ton > x°}.

O<t<Ton

Using a famous result of P. Lévy [23, p. 240], we have that

P{ sup W(r) > x} — P{{W(Top)| > x).
O0<t<Ton

By using the symmetry around O of the standard normal distribution, we conclude that

P{W (Ton) > x} = %P{|W(Ton)| > x} ~ %2”1“(\; + %) P{Tyn > x2}.
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In particular, the right tails of the distributions of W (Ton) and supy_,_7, W () are regularly
varying with index —2v. This is an important ingredient in the proof of the following result.

Lemma 3. In the setting of this subsection, we have

P(M} > x} = P{M; > x} ~ P{ sup W(t) > x}, P{X| > x} ~ P{W(Ton) > x}.

O<t<Ton

Proof. First we prove the assertion for M. From the definition of M it immediately follows
that

. P{M; > x}
lim inf >
x=oo P{supg_, .z, W) > x}

To prove an asymptotic upper bound, we use Toff < 00O to obtain

My < sup[W(t) — (t — Ton) "]
t>0

= max| sup [W(O)L W(Ton) + sup [W(0) = W (Ton) = (¢ = Ton)1}

O0<t<Ton t>Ton

< sup [W(@®)]+ sup [W(E) — W(Ton) — (t — Ton)].
0<t<Ton t>Ton
Since the increments of the Wiener process are independent, it is clear that the two terms in the
lastline are independent. Furthermore, the random variable sup,.. 7, [W (@) =W (Ton) — (t—Ton)]
has an exponential distribution with mean %; see, e.g. [2, Example X.3.5, p. 258]. Moreover,

the right tail of supy_,_7, W (?) is regularly varying with index —2v, which leads us to

P{ sup [W(D)] 4+ sup [W(t) — W(Ton) — (t — Ton)] > x} ~ P[ sup W(r) > x}.

O<t<Ton t>Ton 0<t<Ton

Consequently,
. P{M; > x}
lim sup <1,
x—oo P{supg,.z, W) > x}
which implies our first assertion. _
To prove the second assertion, let W be another standard Wiener process, independent of

W, Ton, and Togr. We first prove an asymptotic lower bound. Note that

X1 = W(Ton) + W(Tofr) — Toft-
Consequently, for any y > 0,
P{X| > x} > P{W(Ton) > x + Y} P{W (Toir) — Tor > —y}.

The random variable W (7o) has a right tail which is regularly varying with index —2v. In
particular, its right tail is long tailed. This implies that

. P{X; > x} <

liminf ———————— > P{W (Tofr) — Tofr > —y}.

x—=00 P{W(Ton) > x}
The asymptotic lower bound now follows by letting y — co. We now turn to the upper bound.
Since 3 y

PIW (Tofr) — Totr > x} = PlsuplW(0) = 1] > x| =7,
t>0

the upper bound follows by an argument similar to that made for M.
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Putting everything together, it follows that P{M; > x} ~ 2P{X; > x}, and both tails are
regularly varying with index —2v. Using Theorem 1, this yields

P{M > x} 1 L vtip +1 /OOP{T 21d
> ~ e - > .
N BT} v PTa) ) e

To conclude, it is interesting to note that the tail asymptotics of M in the zero-delayed case
discussed here are regularly varying with index 1 — 2v. This differs significantly from the tail
behavior in the delayed (stationary) case, which is regularly varying with index 2 — 2v; see
Theorem 4.1 of [29].

4. A model from insurance risk
Consider the regenerative process S(¢), t > 0, given by

N(t)

St =Y Ui -t t >0,
i=1

where N (t), t > 0, is a Cox process with an underlying regenerative process R(¢), t > 0, with
renewal epochs 7;, i > 1. That is, there exists a nonnegative measurable function : R —
R4 U {0} with the following property: for a realization r(¢), t > 0, of the process R(¢), t > 0,
the process N (¢), t > 0, has the same law as an inhomogeneous Poisson process with intensity
X(z) = A(r(¢)) at time ¢t > 0. Detailed discussions of Cox processes and their impact on
risk theory can be found in [15], [24], [5], [25], and [3]. The claim sizes U;, i > 1, are
independent, identically distributed random variables independent of the process N (¢), t > 0,
with a common nonlattice distribution function Fy;. Let x be the initial reserve and assume that
S(t) — —oo almost surely, as ¢+ — o0o. The process x — S(¢), t > 0, is known as the surplus
process, and we say that ruin occurs if this process hits 0. The infinite-horizon ruin probability
is then given by
Y(x) =P{M > x}.

4.1. Applications of Theorem 4

We first focus on the Cramér case covered by Theorem 4. That is, we assume that there
exists a constant « > 0 such that

7
E{erS(Ty — Eexp{/ I)L(R(S))ds(l”fiU(K) -1 - /<T1} =1,
0

where my (9) = E{e?V}. In risk theory, « is called the adjustment coefficient. In addition, we
assume that

T T
m= E{n%’U(K)/ l A(R(s))ds — Tl}exp{/ 1 AR(s))ds(my (k) — 1) — KTl} < 00
0 0

and that .
1
E{exp{/ AR(s)ds(my (k) — 1)” < 00.
0

From Theorem 4 we derive the exponential asymptotics

Y(x) ~ Ke ™ . (10)
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Note that the constant K can be bounded from above by

B 1 N(Ty) 1 7
K = —E{exp{/c Z U,-}} = —E{exp{/ AMX () ds(my (k) — l)}}.
Km Km 0

i=1

An important special case is the Bjork—Grandell model, where A(x) = x and R(s) = L;
for Z']_:l] 0j <s< Z'j:l oj, with (L;,0;), 1 > 1, an independent, identically distributed
sequence of vectors with positive components. In this particular case, the adjustment coefficient
k > 0 1is a solution to the equation

E{exp{o L(my (k) — 1) —ko}} =1,
where (o, L) are generic (o;, L;). The upper bound of K satisfies
K = (1/kkm) E{exp{o L(iy () — D}

with
m = E{(my (k)o L — o) exp{o L(ny (k) — 1) — ko}}.

Existence of the exponential asymptotics was first established in [25]. A different upper bound
for K was derived in Theorem 12.5.3 of [24].

We now discuss an example of a Cox process where the intensity process is described by
a diffusion process. A motivating example comes from vehicle insurance, where the intensity
of the claim arrivals may depend on the density of vehicles insured. The latter can randomly
change in time due to the variability of the number of inhabitants, or market share within an area.
A functional of a diffusion process seems flexible enough to take the stochastic variability of the
intensity process into account; we refer the reader to [26] for further discussion and motivation.
We can use the exponential asymptotics given by (10) to obtain an exponential approximation of
the ruin probability in this model. We consider the example of an Ornstein—Uhlenbeck process
R(t), t = 0, which starts at 0 and has generator

" o 1d? b d
( f)(x)—sz(x)— xaf(X),

for some b > 0. The domain of this generator contains all functions f in C2(R). In addition,
we assume that A(x) = x2 + k for k > 0. In [22] it was shown that if E{U} < 2b/(1 + 2bk)
then S(¢) tends to —oo almost surely as ¢ — 00; the inequality E{U} < 2b/(1 4 2bk) will be
assumed to hold from now on. Note that R(¢), ¢ > 0, is aregenerative process with regeneration
epochs Ty, 41 = inf{r > I,,: R(t) = 0}, where I, = inf{r > T,,: |R(¢)| = 1}, n > 0.

Let n > 0. Under Q, the twisted law of R with respect to the martingale

22 .
b /Rz(s)ds—nTb(Rz(t)—Rz(O)—t)}, 1> 0,
0

M) = exp{—n

we obtain an Ornstein—Uhlenbeck process with parameter 5 (see [21]). Let

T T
Z = f AMRG)ds = | (R%(s) + k) ds
0 0
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and & = my (k) — 1. Applying the twisted law with n = /b? — 2, we obtain the following
equation for the adjustment coefficient «: EQ{e_(”+")T1} =1, where j = —(b —n)/2 — &k.
Hence, /) + k = 0 and « solves the equation

. b —\/b* —20hy (k) — 1)

> + (my (k) — Dk.

If the claims are exponentially distributed with mean ¢ and k = 0 then, for ¢ < 2b, we have

by + l< 2(p(2b—<p)>
K= 1- /1—— 1.
2¢ (bp +1)?

To the best of the author’s knowledge, this is the first exact expression for the adjustment
coefficient in a Cox model driven by a diffusion process. In addition, we can obtain an explicit
expression for K, the upper bound of K. Note that 7j is the sum of the exit time from interval
[—1, 1] and the (independent) first passage time into the negative half-line for the Ornstein—
Uhlenbeck process starting from 1. Write D_; for the parabolic cylinder function and set

') 2.2
S, x,y) =~ VUD_ (=)Dt (5) = Dy (OD— (=y))-
Using arguments similar to those in [22] and results from [6, p. 429, p. 434], for n/n > —2 we
obtain 1 1 |
K= —E(e?) = —Eole ") = —H(@.
Km Km Kkm
where

_ SGs/n.4/211.0) + 5(s/n.0, —/2) "2 D_y/ (v/Z1)
S(s/n.~/2n. —/2n) D—/4(0)

H(s)

form = (0/0k)H (@) + «).
4.2. An application of Theorem 2

Consider the Bjork—Grandell model withP{L = A;} = p; > 0,i =0, 1,...,d. Weassume
that A\g > A1 > --- > Ag > 0 and that Ao E{U} < 1. Moreover, let

Plog > x} :=P{o > x | L = Ao} ~ x *y(x)

for a slowly varying function /y, and let there exist a solution vy > 0 to the equation ¢o(6) =
Aoy (0) — 1) — 6 = 0. We assume that iy (0) is finite in a neighborhood of vy. Also define
@i (0) = Ai(my(®) — 1) — 0. Writing t(x) = inf{t > 0: S(¢) > x} for the ruin time, we find
that

d
P{M > x} =P{r(x) <o} =Y P{r(x) <o | L =Aipi.
i=0
Our main goal is to determine the tail behavior of My, and to verify that the conditions of
Theorem 2 are satisfied.

Proposition 1. In the setting of this subsection, we have

X } _¢6 () e~ Vox
B (v0) | ¢y(vo) '

P{M| > x} ~ poP{ao >
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Proof. We first focus on the tail behavior of P{M; > x | L = A¢}. A crucial observation is
that, conditionally upon L = Ao, the risk process evolves according to a standard compound
Poisson process with rate 1 up to time 0. Let Po{-} be the probability measure under which the
intensity equals Ao (we define P;{-} similarly). Then P{M;| > x | L = Ao} = Po{t(x) < o0},
meaning that og is independent of (S(¢)) under Po{-}. We now state two important results,
which directly follow from results of [18]. Define d=1 / ¢6(v0) and let ¢ > 0. Corollary 2.3
of [18] implies that

060 s

Po{z(x) < (d + &)x} ~ Po{r(x) < 00} ~ — (11)
éo(vo)
Moreover, for every ¢ € (0, d ), there exists a constant § > O such that
Po{t(x) < (d — £)x} = o(e~(0tdx), (12)
Therefore, from (11),
Po{z(x) < a0} = Po{t(x) < (d + &)x} P{og > (d + &)x}.
Combining this with the fact that P{M| > x} > po Po{t(x) < 09}, we obtain
o P{M; > x) d \*
lim inf - - ; > | = .
x—=00 poPlog > x/¢y(v0) H—y(0)/dy(vo))e™0* d+e
The proof of the lower bound is now completed by letting ¢ — O.
For the upper bound, observe that
d
P{M| > x} < poPo{t(x) < oo} + ZPi{r(x) < o0}, (13)

i=1

Since A; > Ag for i > 1, and since the moment generating function of U is finite in a
neighborhood of vy, the quantity v; = sup{s: ¢;(s) < 0} is strictly larger than vy for i > 1.
From Lundberg’s inequality, we find that

d d
D Pifr(x) <00} < Y e V¥ =o(e”0HMY) (14)

i=1 i=1
for an appropriate choice of > 0. In addition, observe that
Po{t(x) < 00} < Po{z(x) =< (d —&)x} +Pofoo > 7(x) > (d —&)x} Plog > (d —e)x). (15)

So from (11)—(12), and by substituting the bounds (15) and (14) into (13), we find that

A

. P{M; > x} ( d )“0

lim sup , 5 7 — = | = .

X—00 — —¢
poPloo > x/¢y(v0)} (=, (0)/ P (vo))e—rox d

The proof of the upper bound is now completed by letting & — 0.
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We now derive the behavior of the ruin probability ¥ (x) as x — oo. Since A; < X¢ for
i > 1, it follows that ¢; (v9) < 0if i > 1. Consequently,

d d
Efe"¥1} = B(e"¥@} =) " pi B | L=n} =) piEe?™ | L=} < 1.

i=0 i=0
(16)
Applying Theorem 2 yields

U (x) =P{M > x} ~ Crx™*lp(x)e™ """,
for Cgr = —pog}(0)(B)(v0))*~ 1 /(1 — E{e*S©)}), where E{e"5(*)} is as given in (16).

5. Concluding remarks

We have examined the tail behavior of the supremum of a process of which the increment pro-
cess is regenerative. We identified four different regimes, all exhibiting qualitatively different
behavior for P{M > x}asx — oo. Ourresults focus on the zero-delayed case. Itis not difficult
to extend our results to the delayed case, using the representation M = max{My, Xo + M4}
with M4 a random variable independent of (M, X¢), having the same distribution of M as in
the zero-delayed case, where My = sup, <7, S(t) and Xo = S(Tp).
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