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Abstract

In this work, we prove a version of the Sylvester—Gallai theorem for quadratic polynomials that takes us one
step closer to obtaining a deterministic polynomial time algorithm for testing zeroness of =BInzn circuits.
Specifically, we prove that, if a finite set of irreducible quadratic polynomials Q satisfies that for every two
polynomials Q1,Q> € Q there is a subset L c Q such that 0,0, ¢ K and whenever O and Q, vanish, then
[1;exc Qi vanishes, then the linear span of the polynomials in Q has dimension O(1). This extends the earlier result
[21] that holds for the case || = 1.
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1. Introduction

This paper studies a problem at the intersection of algebraic complexity, algebraic geometry and
combinatorics that is motivated by the polynomial identity testing problem (PIT for short) for depth 4
circuits. The question can also be regarded as an algebraic generalization and extension of the famous
Sylvester—Gallai theorem from discrete geometry. We next describe the Sylvester—Gallai theorem and
some of its many extensions and generalizations. For the relation to the PIT problem, see e.g. [20].

Sylvester-Gallai-type theorems:

The Sylvester—Gallai theorem asserts that, if a finite set of points in R" has the property that every line
passing through any two points in the set also contains a third point in the set, then all the points in the
set are colinear [16, 10]. Kelly extended the theorem to points in C" and proved that, if a finite set of
points satisfy the Sylvester—Gallai condition, then the points in the set are coplanar. Many variants of
this theorem were studied: extensions to higher dimensions, colored versions, robust versions and many
more. For more on the Sylvester—Gallai theorem and some of its variants, see [4, 1, 8].

There are two extensions that are highly relevant to this work: The colored version, proved by
Edelstein and Kelly, states that, if three finite sets of points satisfy that every line passing through points
from two different sets also contain a point from the third set, then all the points belong to a low-
dimensional space. This result was further extended to any constant number of sets. The robust version,
obtained in [ 1, 8], states that, if a finite set of points satisfy that, for every point p in the set, a ¢ fraction
of the other points satisfy that the line passing through each of them and p spans a third point in the set,
then the set is contained in an O(1/6§)-dimensional space.

Although the Sylvester—Gallai theorem is formulated as a geometric question, it can be stated in
algebraic terms: If a finite set of pairwise linearly independent vectors, S c C”, has the property
that every two vectors span a third vector in the set, then the dimension of S is at most 3. It is not
very hard to see that, if we pick a subspace H, of codimension 1, which is in general position with
respect to the vectors in the set, then the intersection points p; = H N span{s;}, for s; € S satisfy the
Sylvester—Gallai condition. Therefore, dim(S) < 3. Another formulation is the following: If a finite set
of pairwise linearly independent linear forms, £ ¢ C[xy,...,x,], has the property that, for every two
forms ¢;, {; € L, there is a third form £; € £, so that, whenever ¢; and ¢; vanish, then so does £, then
the linear dimension of £ is at most 3. To see this, note that it must be the case that £; € span{¢;,{;}
and thus the coeflicient vectors of the forms in the set satisfy the condition of the (vector version of the)
Sylvester—Gallai theorem, and the bound on the dimension follows.

The last formulation can now be extended to higher-degree polynomials. In particular, the following
question was asked by Gupta [12].

Problem 1.1 (Restatement of Conjecture 2 of [12]). Can we bound the linear dimension or algebraic
rank of a finite set P of pairwise linearly independent, irreducible, homogeneous polynomials of degree
at most  in C[x1, . .., x,] that has the following property: For any two distinct polynomials P;, P, € P
there is a third polynomial P3 € P such that, whenever P, P, vanish, then so does P3.

A robust or colored version of this problem can also be formulated. As we have seen, the case r = 1,
that is, when all the polynomials are linear forms, follows from the Sylvester—Gallai theorem. For the
case of quadratic polynomials, that is, r = 2, [20] gave a bound on the linear dimension for both the
noncolored and colored versions. Recently, Oliveira and Sengupta solved the case » = 3 [7]. In [18, 11]
a bound for the robust version for » = 2 was proved. For degrees, r > 4, the problem is still open.
Gupta [12] also raised more general questions of a similar form. As Gupta’s general question is for a
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colored version of the problem, we state a version of his Conjecture 32 that is in the spirit of this work
and that is still open for degrees r > 3.

Problem 1.2. Can we bound the linear dimension or algebraic rank of a finite set P of pairwise linearly
independent irreducible polynomials of degree at most »in C[xy, . . ., x,,] that has the following property:
For any two distinct polynomials Py, P, € P, there is a subset Z C P such that P, P, ¢ 7 and whenever
Py, P; vanish, then so does []p, ez Pi?

As before, this problem can also be extended to robust and colored versions. In the case of linear
forms, the bound for Theorem 1.1 carries over to Theorem 1.2 as well. This follows from the fact that
the ideal generated by linear forms is prime (see section 2 for definitions). In the case of higher-degree
polynomials, there is no clear reduction. For example, let » = 2 and

Pi=xy+zw , Py=xy—-zw , P3=xw , Pi=yz.

It is not hard to verify that whenever P; and P, vanish, then so does P3 - P4, but neither P3 nor P4
always vanishes when P and P, do. The reason is that the radical of the ideal generated by P; and P, is
not prime. Thus, it is not clear whether a bound for Theorem 1.1 would imply a bound for Theorem 1.2.
The latter problem was open, prior to this work, for any degree r > 1.

The Sylvester—Gallai theorem has important consequences for locally decodable and locally cor-
rectable codes [1, 8], for reconstruction of certain depth-3 circuits [19, 14, 21] and for the polynomial
identity testing (PIT for short) problem, which was the main motivation for Gupta [12]. While a solution
to Problem 1.1 would not yield new PIT algorithms, the following ‘colored’ version of it would [2, 12].

Conjecture 1.3 (Conjecture 30 of [12]). There is a function A : N — N such that the following holds
for every r,n € N. Let R, B,G be finite disjoint sets of pairwise linearly independent, irreducible,
homogeneous polynomials in C[xy, ..., x,]| of degree < r such that for every pair Q1, Q, from distinct
sets it holds that, whenever both Q1 and Q, vanish, then so does the product of all the polynomials in
the third set. Then, the algebraic rank of (R U B U G) is at most A(r).

1.1. Subsequent work

In [17], we gave a positive answer to Conjecture 1.3 for the case of degree-2 polynomials (r = 2). This
implied the first polynomial time PIT algorithm for depth-4 circuits with quadratic polynomials at the
bottom (see [17] for a definition). While we do not know whether Conjecture 1.3 or Problem 1.1 imply
the other, the proof technique in [17] is greatly influenced by the proof in this paper, and in particular,
Theorem 1.5 played an important role in [17].

In[18, 11] arobust version of [20] was obtained, that is, a robust version of Theorem 1.1 for the case
r = 2 was proved.

1.2. Our result

Our main result gives a bound on the linear dimension of homogeneous polynomials satisfying the
conditions of Theorem 1.2 when all the polynomials are irreducible of degree at most 2. Specifically,
we prove the following theorem.

Theorem 1.4. There exists a universal constant ¢ such that the following holds. Let Q = {Q;}ie1
Clx1,...,xn] be a finite set of pairwise linearly independent homogeneous quadratic polynomials such
that every Q; € Q is either irreducible or a square of a linear form. Assume that, for every i # j,
whenever Q; and Q ; vanish, then so does [1xe(1, . my\ (i,j) Qk- Then, dim(span{Q}) < c.

An interesting aspect of our result is that, while the conjectures of [2, 12] speak about the algebraic
rank, we prove a stronger result that bounds the linear dimension (the linear rank is an upper bound
on the algebraic rank). As our proof is quite technical, it is an interesting question whether one could
simplify our arguments by arguing directly about the algebraic rank.

.....
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An important algebraic tool in the proof of Theorem 1.4 is the following result characterizing the
different cases in which a product of quadratic polynomials vanishes whenever two other quadratics
vanish.

Theorem 1.5. Let {Qf}rexc, A and B be n-variate, homogeneous, quadratic polynomials, over C,
satisfying that, whenever A and B vanish, then so does [ cxc Qk- Then, one of the following cases must
hold:

(prime-case): There is k € IC such that Qy is in the linear span of A and B.

(product-case): There exists a nontrivial linear combination of the form a A + BB = ab, where a and b
are linear forms.

(linear-case): There exist two linear forms a and b such that when setting a = b = 0 we get that A and
B vanish.

The statement of the result is quite similar to Theorem 1.8 of [20] that proved a similar result when
|KC| = 1. Specifically, in [20] the second item reads “There exists a non trivial linear combination of the
form @A + BB = a2, where a is a linear form.” This difference in the statements (which is necessary) is
also responsible for the harder work we do in the paper.

It was pointed out by Rafael Mendes de Oliveira and by one of the reviewers that a more general
statement of Theorem 1.5 was obtained in [5, Section 1] and [13, Chapter XIII]. We discuss the
similarities and differences from our theorem in subsection 1.5.

1.3. Proof'idea

Our proof has a similar structure to the proofs in [20], but it does not rely on any of the results proved
there.

Our starting point is the observation that Theorem 1.5 guarantees that unless one of {Qy} is in the
linear span of A and B then A and B must satisfy a very strong property, namely, they must span a
reducible quadratic or they have a very low rank (as quadratic polynomials). The proof of this theorem
is based on analyzing the resultant of A and B with respect to some variable. We now explain how this
theorem can be used to prove Theorem 1.4.

Consider a set of polynomials Q = {Q1,...,Q,} satisfying the condition of Theorem 1.4. First,
consider the case in which for every Q € Q, at least, say, (1/100) - m of the polynomials Q; € Q, satisfy
that there is another polynomial in Q in span{Q, Q;}. In this case, we can use the robust version of the
Sylvester—Gallai theorem [1, 8] (see Theorem 2.7) to deduce that the linear dimension of Q is small.

The second case we consider is when every polynomial Q € Q that did not satisfy the first case now
satisfies that for at least, say, (1/100) - m of the polynomials Q; € Q, there are linear forms a; and
b; such that Q, Q; € (a;, b;). We prove that, if this is the case, then there is a bounded dimensional
linear space of linear forms, V such that all the polynomials in Q that are of rank 2 are in (V). Then we
argue that the polynomials that are not in (V) satisfy the robust version of the Sylvester—Gallai theorem
(Theorem 2.7). Finally, we bound the dimension of Q N (V).

Most of the work, however, (section 5) goes into studying what happens in the remaining case when
there is some polynomial Q, € Q for which at least 0.98m of the other polynomials in Q satisfy
Theorem 1.5(product-case) with Q,. This puts a strong restriction on the structure of these 0.98m
polynomials. Specifically, each of them is of the form Q; = Q, + a;b;, where a; and b; are linear forms.
The idea in this case is to show that the set {a;, b;} is of low dimension. This is done by again studying
the consequences of Theorem 1.5 for pairs of polynomials Q, + a;b;, Q, + a;b; € Q. After bounding
the dimension of these 0.98m polynomials, we bound the dimension of all the polynomials in Q. The
proof of this case is more involved than the cases described earlier. An outline of the proof is described
in section 5.

1.4. On the relation to the proof of [20]

In [20], the following theorem was proved.
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Theorem 1.6 (Theorem 1.7 of [20]). Let {Q; }ic[m| be homogeneous quadratic polynomials over C such
that each Q; is either irreducible or a square of a linear function. Assume further that for every i # j
there exists k & {i, j} such that whenever Q; and Q ; vanish Qy vanishes as well. Then the linear span
of the Q;’s has dimension O(1).

As mentioned earlier, the steps in our proof are similar to the proof of Theorem 1.7 in [20].
Specifically, [20] also relies on an analog of Theorem 1.5 and divides the proof according to whether all
polynomials satisfy the first case above (in our terminology, the prime case) or not. However, the fact
that Theorem 1.5(product-case) is different than the corresponding case in the statement of Theorem 1.8
of [20] makes our proof significantly more difficult. The reason for this is that, while in [20] we could
always pinpoint which polynomial vanishes when Q; and Q; vanish, here, we only know that this
polynomial belongs to a small set of polynomials. This leads to a richer structure in Theorem 1.5 and
consequently to a considerably more complicated proof. To understand the effect of this on our proof,
we note that the case corresponding to Theorem 1.5(product-case) was the simpler case to analyze in
the proof of [20]. The fact that a; = b; when || = 1 almost immediately implied that the dimension of
the span of the a;s is constant (see Claim 5.2 in [20]). In our case, however, this is the bulk of the proof,
and section 5 is devoted to handling this case.

In addition to being technically more challenging, our proof gives new insights that may be extended
to higher-degree polynomials. The first is Theorem 1.5, which extends a similar theorem that was proved
for the simpler setting of [20]. Our second contribution is that we show (more or less) that either the
polynomials in our set satisfy the robust version of the Sylvester—Gallai theorem (Theorem 2.6) or the
linear functions composing the polynomials satisfy the theorem. Potentially, this may be extended to
higher-degree polynomials.

1.5. The structure theorem

As mentioned above, Rafael Mendes de Oliveira and an anonymous referee turned our attention to
[5, Section 1] and [13, Chapter XIII]. Both classify ideals generated by two quadratics, a result that is
more general than what we prove in Theorem 1.5. Nevertheless, Theorem 1.5 is enough for us to obtain
our results, and it has the added advantage that its proof is elementary.

Specifically, [5, Lemma 1.3] corresponds to the case where the ideal (A, B) is prime, which is covered
in our Theorem 1.5(prime-case).

Theorem 1.5(product-case) was studied in Lemmata 1.6, 1.7 and 1.10 in [5]. For example, the
subspace Hp, Hy in Lemma 1.6 is the set of zeros of @ and b from Theorem [.5(product-case) and
the rank-2 form of Lemma 1.7 is ab. Lemma 1.10 covers the case a = b.

Lemmata 1.2 and 1.4 in [5] correspond to the case where the ideal is contained in a linear subspace
of codimension 2, which is covered in our Theorem 1.5(linear-case).

The proofs in [5] rely on cycle decomposition of the variety {& € C" | A(@) = B(a@) = 0}, while
our proof only relies on simple properties of the resultant.

1.6. Organization

The paper is organized as follows. section 2 contains basic facts regarding the resultant and some other
tools and notation used in this work. section 3 contains the proof of our structure theorem (Theorem 1.5).
In section 4, we give the proof of Theorem 1.4. This proof uses a main theorem which will be proved
in section 5. Finally, in section 6, we discuss further directions and open problems.

2. Preliminaries

In this section, we explain our notation and present some basic algebraic preliminaries.
We will use the following notation. Greek letters a, 3, . . . denote scalars from C. Noncapitalized letters
a,b,c,... denote linear forms and x, y, z denote variables (which are also linear forms). Bold-faced
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letters denote vectors, for example, x = (xy,...,x,) denotes a vector of variables, @ = (a1, ...,a,)
is a vector of scalars and 0 = (0,...,0) the zero vector. We sometimes do not use a boldface notation
for a point in a vector space if we do not use its structure as a vector. Capital letters such as A, Q, P
denote quadratic polynomials whereas V, U, W denote linear spaces. Calligraphic letters Z, 7, F, Q, T
denote sets. For a positive integer n, we denote [n] = {1,2,...,n}. For a matrix X, we denote by | X|
the determinant of X.

A commutative ring is a ring in which the multiplication operation is commutative. We mainly use
the multivariate polynomial ring, C[xy,...,x,]. An Ideal I C C[xy,...,x,] is an additive subgroup
that is closed under multiplication by ring elements. For S c C[xy,...,x,], we denote with (S) the
ideal generated by &, that is, the smallest ideal that contains S. For example, for two polynomials QO
and Q», the ideal (Q1, Q») is the set C[xy,...,x,]01 + C[xy,...,x,]Q>. For a linear subspace V, we
have that (V) is the ideal generated by any basis of V. The radical of an ideal I, denoted by VI, is the
set of all ring elements, r, satisfying that for some natural number m (that may depend on r), ¥’ € I.
Hilbert’s Nullstellensatz implies that, in C[x, ..., x,], if a polynomial Q vanishes whenever Q; and Q»
vanish, then Q € (01, Q2) (see, e.g., [6]). We shall often use the notation Q € /(Q1, Q) to denote
this vanishing condition. For an ideal I C Clxy,...,x,], we denote by C[xy,...,x,]/I the quotient
ring, that is, the ring whose elements are the cosets of / in C[x, . . ., x,] with the proper multiplication
and addition operations. For an ideal I C C[xy,...,x,]|, we denote the set of all common zeros of
elements of I by Z(1).

For Vi,..., Vi linear spaces, we use Zf.;l V; to denote the linear space Vi + ... + V. For two
nonzero polynomials A and B, we denote A ~ B if B € span{A}. For a space of linear forms
V =span{vy,...,va}, we say that a polynomial P € C[xy,...,x,] depends only on V if the value
of P is determined by the values of the linear forms vy, ...,vs. More formally, we say that P de-
pends only on V if there is a A-variate polynomial P such that P = P(vy,...,va). We denote by
C[V] =CJvi,...,va] € C[x1,...,X,] the subring of polynomials that depend only on V.

Another notation that we will use throughout the proof is congruence modulo linear forms.

Definition 2.1. Let V c C[x,...,x,] be a space of linear forms, and P,Q € C[xy,...,x,]. We say
that P =y Qif P — Q € (V).

Fact 2.2. Let V C C[xy,...,x,] be a space of linear forms and P, Q € C[xy,...,x,]. If P = [} _, P«
and Q = HZ:] Oy satisfy that, for all k, P, and Qy are irreducible in C[xy,...,x,]/(V), and P =y
0 #y 0, then, up to a permutation of the indices and multiplication by scalars, Py =y Qy forall k € [¢].

This follows from the fact that the quotient ring C[xy, ..., x,]/(V) is a unique factorization domain.

2.1. Sylvester—Gallai theorem and some of its variants

In this section, we present the formal statement of the Sylvester—Gallai theorem and the extensions that
we use in this work.

Definition 2.3. Given a set of points, vi,...,v,, we call a line that passes through exactly two of the
points of the set an ordinary line.

Theorem 2.4 (Sylvester—Gallai theorem [ 16, 10]). If m distinct points vy, . . ., v, in R™ are not colinear,
then they define at least one ordinary line.

Theorem 2.5 (Kelly’s theorem [15]). If m distinct points vy, . .., vy, in C" are not coplanar, then they
define at least one ordinary line.

The robust version of the theorem was stated and proved in [1, 8].

Definition 2.6. We say that a finite set of points {vy, ..., v,,} € C"is an §-SG configuration if for every
i € [m] there exists at least om values of j € [m] such that the line through v;, v; is not ordinary.
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Theorem 2.7 (Robust Sylvester—Gallai theorem, Theorem 1.9 of [8]). Let V = {vy,...,v;,} CC" be a
6-SG configuration. Then dim(span{vy, ..., v, }) < % +1.

The following is the colored version of the Sylvester—Gallai theorem.

Theorem 2.8 (Theorem 3 of [9]). Let T;, for i € [3], be disjoint finite subsets of C" such that for every
i # j and any two points p1 € T; and p, € T; there exists a point p3 in the third set that lies on the line
passing through py and p>. Then, any such {7T;} satisfy that dim(span{U;7;}) < 3.

We also state the equivalent algebraic versions of the Sylvester—Gallai theorem.

Theorem 2.9. Let S = {sy,...,S} C C" be a set of pairwise linearly independent vectors such that
foreveryi # j € [m] there is a distinct k € [m] for which s € span{s;,s;}. Then dim(S) < 3.

Theorem 2.10. Let P = {{y,...,n} C Clxy,...,x,] be a set of pairwise linearly independent linear
forms such that for every i # j € [m] there is a distinct k € [m] for which whenever {;, {; vanish so
does ). Then dim(P) < 3.

In this paper, we refer to each of Theorem 2.5, Theorem 2.9 and Theorem 2.10 as the Sylvester—
Gallai theorem. We shall also refer to sets of points/vectors/linear forms that satisfy the conditions of
the relevant theorem as satisfying the condition of the Sylvester—Gallai theorem.

2.2. Resultant

A tool that will play an important role in the proof of Theorem 1.5 is the resultant of two polynomials.
We will only define the resultant of a quadratic polynomial and a linear polynomial as this is the case
relevant to our work.! Let A, B € C[xy,...,x,]. View A and B as polynomials in x; over C[x», ..., x,],
and assume that deg, (A) = 2 and deg,, (B) = 1, namely,

A:ozx%+ax1+A0 and B = bx; + By.

Then, the resultant of A and B with respect to x; is the determinant of their Sylvester matrix

Ayg By 0
Resy, (A,B):=||a b By
a 0 b

A useful fact is that, if the resultant of A and B vanishes, then they share a common factor.

Theorem 2.11 (See, for example, Proposition 8 in $5 of Chapter 3 in [6]). Given F,G € F[xy,...,x,]
of positive degree in x1, the resultant Resy, (F, G) is an integer polynomial in the coefficients of F and
G. Furthermore, F and G have a common factor in F[xy, . .., x,] if and only if Resy, (F,G) = 0.

2.3. Rank of quadratic polynomials

In this section, we define the rank of a quadratic polynomial and present some of its useful properties.

Definition 2.12. For a homogeneous quadratic polynomial Q, we denote with ranks(Q) the minimal
such that there are 2r linear forms {ay }i’: , satisfying Q = ket @2k - a2k—1. We call such representation
a minimal representation of Q.

This is a slightly different definition than the usual way one defines rank of quadratic forms,? but it
is more suitable for our needs. We note that a quadratic Q is irreducible if and only if ranks(Q) > 1.
The next claim shows that a minimal representation is unique in the sense that the space spanned by the
linear forms in it is unique.

1For the general definition of resultant, see Definition 2 in $5 of Chapter 3 in [6].
2rank (Q) is the minimal 7 such that there are ¢ linear forms {ay }221 , satisfying Q = 22:1 ai.
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Claim 2.13. Let Q be a homogeneous quadratic polynomial, and let Q = X_ as-y - az and
Q = Xi_ b1 - by be two different minimal representations of Q. Then span{ay,...,az} =
span{by, ..., by }.

Proof. Note that, if the statement does not hold, then, without loss of generality, a; is not contained in
the span of the b;’s. This means that when setting @; = 0 the b;’s are not affected on the one hand, thus

Q remains the same function of the b;’s, and in particular ranks(Q|,,=0) = r, but on the other hand,
rank,(Qlq,=0) = r — 1 (when considering its representation with the a;’s), in contradiction. O

This claim allows us to define the notion of minimal space of a quadratic polynomial Q, which we
shall denote Lin(Q).

Definition 2.14. Let Q be a quadratic polynomial such that ranks(Q) = r, and let Q = 3 azi—1 - az;
i=1
be some minimal representation of Q. Define Lin(Q) := span{aj,...,as -}, and also denote

k
Lin(Ql, P Qk) = ;1 Lin(Qi).

Theorem 2.13 shows that the minimal space is well defined. The following fact is easy to verify.

Fact 2.15. Let Q = Y™, asi—i - a» be a homogeneous quadratic polynomial, then Lin(Q) C
span{ai, ..., azmn}.

We now give some basic claims regarding ranks.

Claim 2.16. Let Q be a homogeneous quadratic polynomial with rank,(Q) = r, and let V C

Clx1,...,xn] be a linear space of linear forms such that dim(V) = A. Then rank,(Qly =) = r — A.

Proof. Assume without loss of generality V = span{x|,...,xa}, and consider Q €
Clxa41s--->Xxn][x1,...,xa]. There are ay,...,apn € C[xy,...,x,] and Q' € C[xa41,...,Xn] such
that Q = Z,-Azl a;x; + Q’, where Qly—o = Q’. As rankS(ZiA:1 a;x;) < A, it must be that rank(Q|y ) >
r—A. |

Claim 2.17. Let Py € C[xy,...,x¢], and P, = y1y2 € C[y1, y2]. Then ranks(P; + P;) = rank,(Py) + 1.
Moreover, y1,y, € Lin(Py + P3).

Proof. Denote rankg(P;) = r, and assume towards a contradiction that there are ay, . . ., ap, linear forms
r r
inC[x1,...,Xk, y1,y2] such that Py + Py = 3 azi_1a;. Clearly, 3, asi_1a2 =y, P1. Asranks(P) =,

= =
this is a minimal representation of P. Hence, for every i, a;|y,-0 € Lin(P1) C Cl[xy, ..., xx]. Moreover,
from the minimality of r, a;|y,-o # 0. Therefore, as y; and y, are linearly independent, we deduce that
all the coeflicients of y; in all the a;’s are 0. By reversing the roles of y; and y,, we can conclude that
ai,...,az C C[xy,...,x;] which means that P, + P, does not depend on y; nor on y», in contradiction.
Consider a minimal representation P; = Z%; | b2i—1b2;, from the fact that ranks (P1+P2) = r+1 it follows
that Py + P = Z?:rl byi—1by; + y1y, is a minimal representation of P + P, and thus Lin(P; + P;) =
Lin(Py) + span{y1, y2}. O

Corollary 2.18. Let a and b be linearly independent linear forms. Then, if ¢, d, e and f are linear forms
such that ab + c¢d = e f, then dim(span{a, b} N span{c,d}) > 1.

Corollary 2.19. Let a, b, ¢ and d be linear forms such that a and b are linearly independent, and V be
a linear space of linear forms. Assume {0} # Lin(ab — cd) C V then span{a,b} NV # {0}.

Proof. Let Q € C[V] be such that ab — cd = Q. As ranky(Q — ab) = ranks(—cd) = 1, Theorem 2.17
implies that span{a, b} NV # {0}. m|
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Lemma 2.20. Let Py € C[V] be a polynomial defined over a linear space of linear forms V, and let
¢y, ¢y satisfy ¢y € V and ¢, ¢ span{cy, V}. If there are linear forms e, f such that

ci(ercr +vi) +ca(e2c2 +v2) +ef = Py,

then, without loss of generality, e € span{cy, cy,V} and e ¢ span{cy,V} U span{c,, V}.

Proof. First, note that e ¢ V as otherwise we would have that ¢ =y ¢», in contradiction.

By our assumption, e f = Py modulo ¢, c;. We can therefore assume without loss of generality that
e € span{cy, ¢z, V}. Assume towards a contradiction and without loss of generality that e = Ac| + v,
where A # 0 and v, € V. Consider the equation cj(gjcy + v) + c2(g2¢2 +v2) + ef = Py modulo c;.
We have that c¢a(€2¢2 + v2) + v f =, Py which implies that &, = 0. Consequently, we also have that
f=uca+ncy+vy, forsome u # 0 and vy € V. We now observe that the product cc; has a nonzero
coefficient Au in e f and a zero coefficient in Py — ¢3(g3¢2 +v2) + ¢ (g1¢1 +vy), in contradiction. O

2.4. Linear algebra facts

Claim 2.21. Let V = 31", V; where V; are linear subspaces, and for every i, dim(V;) = 2. If for every
i # j € [m], dim(V; N V;) =1, then either dim(NZ, V;) = 1 or dim(V) = 3.

Proof. Let w € Vi N V,. Complete it to basis of V; and V,: V| = span{u;,w} and V, = span{u,, w}.
Assume that dim(ﬂﬁ] V;) = 0. Then, there is some i for which w ¢ V;. Let x; € V; NV}, and so
X1 = aqu; + Biw, where a; # 0. Similarly, let x, € V; N V,. Since w ¢ V;, xo = axup + Bow, where
as # 0. Note that x; ¢ span{x,}, as dim(V; N V,) = 1, and w is already in their intersection. Thus, we
have V; = span{x,x,} C span{w,u,us}.

Now, consider any other j € [m]. If V; does not contain w, we can apply the same argument as we did
for V; and conclude that V; € span{w, u1, u>}. Onthe otherhand, if w € V;, thenletx; € V;NV;.Itiseasy
to see that x;, w are linearly independent and so V; = span{w, x;} C span{w,V;} C span{w,u,us}.
Thus, in any case V; C span{w, u1, u2}. In particular, 3 ; V; C span{w, u, u>} as claimed. O

Lemma 2.22. Let V be a linear space of dimension < 4, and let V,V,,V3 C V each of dimension > 2
such that Vi € Vo and V3 £ Vo + Vi thenV = Vi + V, + V3.

Proof. As V| ¢ V,, we have that dim(V; + V,) > 3. Similarly, we get 4 < dim(V) + V, + V3) <
dim(V) = 4. O

The following corollary is an easy consequence of Theorem 2.22.

Corollary 2.23. Let Q be an irreducible quadratic polynomial. Let {Pi}l{‘: be irreducible quadratic
polynomials such that dim(Lin(Q)) < 4, and for every i € [k], dim(Lin(Q) N Lin(P;)) > 2. Assume
further that Lin(Py) ¢ Lin(Q), Lin(P,) ¢ Lin(Q) + Lin(Py), ..., Lin(Py) ¢ Lin(Q) + Lin(Py) + ... +
Lin(Py_y). Then, k < 3.

2.5. Projection mappings

In this section, we present and apply a new technique which allows us to simplify the structure of
quadratic polynomials. Naively, when we want to simplify a polynomial equation, we can project it on
a subset of the variables. Unfortunately, this projection does not necessarily preserve pairwise linear
independence, which is a crucial property in our proofs. To remedy this fact, we present a set of
mappings, which are somewhat similar to projections but do preserve pairwise linear independence
among polynomials that are not in C[V], where V is the space being projected.

Definition 2.24. Let V = span{vy,...,va} C span{xj,...,x,} be a A-dimensional linear space of
linear forms, and let {uj,...,un,_a} be a basis for V. For @ = (a1,...,aa) € C*, we define
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Tov : Clx1,...,x,] = Cl[x1,...,xp,2], where z is a new variable, to be the linear map given by
the following action on the basis vectors: Ty, v (vi) = @;z and Ty v (u;) = u;.

Observation 2.25. Ty, v is a linear transformation and is also a ring homomorphism. This follows from
the fact that a basis for span{xi, . .., x, } is a basis for C[x1, . ..,x,] as a C-algebra.

In the remaining claims in this section, we shall always assume that V = span{vy,...,va} C
span{xy,...,x,} is a a A-dimensional linear space of linear forms. We define 7, y with respect to this
basis.

Claim 2.26. Let V C span{xi,...,x,} be a A-dimensional linear space of linear forms. Let F and G be
two polynomials that share no common irreducible factor. Then, with probability 1 over the choice of
@ € [0,1]2 (say, according to the uniform distribution), Ty v (F) and Ty.y (G) do not share a common
factor that is not a polynomial in z.

Proof. Let {ujy,...,u,_o} be a basis for V1. We think of F and G as polynomials in
C[Vl, ceas VAL UL, ... ,Mn_A]. As Ta',V : C[Vl, s VAL UL, . ,un_A] — C[z,ul, ‘e ,un_A], Theo-
rem 2.11 implies that, if 7, v (F) and To v (G) share a common factor that is not a polynomial in
z, then, without loss of generality, their resultant with respect to u is zero. Theorem 2.11 also implies
that the resultant of F' and G with respect to u; is not zero. Observe that, with probability 1 over the
choice of @, we have that deg, (F) = deg,, (To,v (F)) and deg, (G) = deg,, (To,v (G)). As Tpv is a
ring homomorphism, this implies that Res,,, (To,v (G), To,v (F)) = To,v (Resy, (G, F)). The Schwartz—
Zippel-DeMillo-Lipton lemma now implies that sending each basis element of V to a random multiple
of z, chosen uniformly from (0, 1), will keep the resultant nonzero with probability 1. This also means
that 7, v (F) and Ty, v (G) share no common factor. O

Corollary 2.27. Let V be a A-dimensional linear space of linear forms. Let F and G be two linearly
independent, irreducible quadratics such that Lin(F), Lin(G) € V. Then, with probability 1 over the
choice of @ € [0, 112 (say, according to the uniform distribution), T,y (F) and Ty v (G) are linearly
independent.

Proof. As F and G are irreducible they share no common factors. Theorem 2.26 implies that 7, v (F)
and Ty v (G) do not share a common factor that is not a polynomial in z. The Schwartz—Zippel—
DeMillo-Lipton lemma implies that, with probability 1, T,.v (F) and T, v (G) are not polynomials in
z, and therefore, they are linearly independent. O

Claim 2.28. Let Q be an irreducible quadratic polynomial and V a A-dimensional linear space. Then
for every @ € C2, ranky(Ty.v (Q)) > ranks(Q) — A.

Proof. rank(Ty v (Q)) = ranks(Ty, v (Q)|;=0) = ranks(Q|v=0) > ranks(Q) — A, where the last inequal-

ity follows from Theorem 2.16. O
Claim 2.29. Let Q be a set of quadratics and V be a A-dimensional linear space. Then, if there are
linearly independent vectors, {a',...,a®} c C? such that, for every i,’ dim(Lin(T,: v (Q))) < o,
then dim(Lin(Q)) < (o + 1)A.
Proof. As dim(Lin(T,: (Q))) < o, there are u'y,...,u'; C V* such that Lin(7,: v (Q)) C
span{z,u'1, ..., u’,}. We will show that Lin(Q) c V+span{{u‘y, ..., uig}f:] }, which is of dimension
at most A + oA.

Let P € Q, then there are linear forms, ai,...,an C V* and polynomials Py € C[V] and

P’ € C[V*] such that

P=Py+

A
’
Clej+P.

j=1

*Recall that Lin(T,,: y, (Q)) is the space spanned by UgeoLin(T,i v, (Q)).
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Therefore, after taking the projection for a specific 7,,: y , for some y € C,

A
Tyiv (P) =y2" + Za}aj z+ P
=

A
Denote bp; = 2} a';.aj. By Theorem 2.27, if ay,...,aa are not all zeros, then, with probability 1,
j=1

bp; # 0.
If bp; ¢ Lin(P’), then from Theorem 2.17 it follows that {z, bp ;, Lin(P’)} C span{Lin(Z,: y (P))}.
If, on the other hand, bp; € Lin(P’), then clearly {bp;,Lin(P")} C span{z,Lin(Zyi v (P))}. To

conclude, in either case, {bp ;, Lin(P’)} C span{z,u'y, ..., u'»}.

Applying the analysis above to T,iy,...,Tyay, we obtain that span{bpi,---bpa} C
span{{uil,...,uia}?:l}. As a',...a” are linearly independent, we have that {a,...,apx} C
span{bp 1, - bpa},and thusLin(P) C V+{ay,...,ar}+Lin(P’) C V+span{{u'y,... ,ui(,}iA:l}. O

3. Structure theorem for quadratics satisfying [[; O; € v/(A, B)

An important tool in the proofs of our main results is Theorem 1.5 that classifies all the possible cases

in which a product of quadratic polynomials Q; - Q3 - ... - Q is in the radical of two other quadratics,
V{A, B). To ease the reading, we repeat the statement of the theorem here, albeit with slightly different
notation.

Theorem 3.1. Let {Qr}rexc, A, B be homogeneous polynomials of degree 2 such that [|jcx Qr €
V{A, B). Then one of the following cases hold:

(prime-case): There is k € IC such that Qy, is in the linear span of A, B.

(product-case): There exists a nontrivial linear combination of the form aA + BB = ¢ - d, where ¢ and
d are linear forms.

(linear-case): There exist two linear forms ¢ and d such that when setting ¢ = d = 0 we get that A, B
and one of {Qk }xex vanish.

The following claim of [12] shows that we can assume |K| = 4 in the statement of Theorem 3.1.

Claim 3.2 (Claim 11 in [12]). Let Py,...,P4,01,...,Qr € C[x1,...,x,] be homogeneous and the
degree of each P; is at most r. Then,

k rd
]_[Ql- e (P1,...,Pg) = iy, ....ia} C [k] such that I_IQ,»_,. e V(PL,... . Pa).
i=1 j=1

Thus, for r = d = 2 it follow that there are at most four polynomials among the Q;s whose product
is in 4/(A, B).

Before proving Theorem 3.1, we explain the intuition behind the different cases in the theorem.
Clearly, if one of Q1, ..., Q4 is a linear combination of A, B, then it is in their radical (and in fact, in
their linear span). If A and B span a product of the form ab, then, say, (A + ac)(A + bd) is in their
radical. Indeed, \/ (A,B) = \/ (A, ab). This case is clearly different than the linear span case. Finally, we
note that, if A = ac + bd and B = ae + b f, then the product a - b - (cf — de) is in \/{(A, B).* This case
is different than the other two cases as A and B do not span any linear form (or any reducible quadratic)
non trivially.

4If we insist on having all factors of degree 2, then the same argument shows that the product (a2+A) - (b2 +B) - (¢ f —de)

isin /(A, B).

https://doi.org/10.1017/fms.2022.100 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2022.100

12 S. Peleg and A. Shpilka

Thus, all the three cases are distinct and can happen. What Theorem 3.1 shows is that, essentially,
these are the only possible cases.

Proof of Theorem 3.1. Following Theorem 3.2, we shall assume in the proof that |C| = 4. By applying
a suitable linear transformation, we can assume that for some » > 1

r

We can also assume without loss of generality that x% appears only in A as we can replace B with any
polynomial of the form B’ = B — @A without affecting the result as (A, B) = (A, B’). Furthermore, all
cases in the theorem remain the same if we replace B with B” and vice versa.

In a similar fashion, we can replace Q; with Q] = Q| — @A to get rid of the term x% in Q. We can
do the same for the other Q;s. Thus, without loss of generality, the situation is

A=xi-A
B=x,-b-B 3.1
Qi =X bi - Ql/ for ie {1,2,3,4},
where A’,b,B’,Q},b; are homogeneous polynomials that do not depend on x;, the polynomials
A’, B’, Q" have degree < 2 and b, b; are linear forms. The analysis shall deal with two cases according

to whether B depends on x; or not, as we only consider the resultant of A and B with respect to x; when
it appears in both polynomials.

Caseb £ 0:
Consider the resultant of A and B with respect to xy. It is easy to see that

Resy, (A, B) = B> — b2 - A’.

We first prove that, if the resultant is irreducible, then Case (prime-case) of Theorem 3.1 holds. For
this, we shall need the following claim.

Claim 3.3. Whenever Resy, (A, B) =0, it holds that I—[?zl(B’ “bi—b-Q7)=0.

Proof. Let @ € C" ! be such that Res,, (A, B)(a@) = 0 then either b(a) = 0, which also implies
B’(@) = 0 and in this case the claim clearly holds, or b(a@) # 0. Consider the case b(a) # 0, and set
x1 = B’(a)/b(a) (we are free to select a value for x; as Resy, (A, B) does not involve x;). Notice that
for this substitution we have that B(a) = 0 and that

Aly=8'(a) b(@) = (B'(@)/b(@))* = A’(@) = Res, (A, B)(e)/b(@)* = 0.

Hence, we also have H?:l Oilx,=B'(@)/b(a) = 0. In other words that
14
ﬁ]_[(B'-bi—b.Q;) (@) =0. D
i=1
It follows that

4
l_[(B’ -bi—b - Q) € \Resy, (A, B).
i=1
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. k
In other words, for some positive integer k we have that Res,, (A, B) divides (I—[i=1 (B"-bi—b- Ql’.)) .

4
i=

k
As every irreducible factor of (H (B -bj=b- Ql’.)) is of degree 3 or less, we get that, if the resultant

is irreducible, then one of the multiplicands must be identically zero. Assume without loss of generality
that B’b; — bBi = 0. It is not hard to verify that in this case either Q is a scalar multiple of B and then
Theorem 3.1(prime-case) holds, or that B’ is divisible by b. However, in the latter case it also holds that
b divides the resultant, contradicting the assumption that it is irreducible.

From now on we assume that Res,, (A, B) is reducible. We consider two possibilities. Either
Resy, (A, B) has a linear factor or it can be written as

ReSx] (Ql’ Q2) =C-D,

for irreducible quadratic polynomials C and D.

Consider the case where the resultant has a linear factor. If that linear factor is b, then b also divides
B and Theorem 3.1 (product-case) holds. Otherwise, if it is a different linear form ¢, then when setting
€ = 0 we get that the resultant of A|,-¢ and Bl,~q is zero, and hence, either B|,~q is identically zero and
Theorem 3.1 (product-case) holds or they share a common factor (see Theorem 2.11). It is not hard to
see that, if that common factor is of degree 2, then Theorem 3.1 (product-case) holds, and if it is a linear
factor, then Theorem 3.1 (linear-case) holds.

Thus, the only case left to handle (when b % 0) is when there are two irreducible quadratic
polynomials, C and D, such that CD = Resy, (A, B). As C and D divide two multiplicands in
H?:l (B’-b;—b-Q7), we can assume, without loss of generality, that (B”-b3~b-Q%)-(B"-bs—b-Q}) €

(Resy, (A, B)). Next, we express A’, B, C and D as quadratics over b. That is,
A =ab®>+ab+A” (3.2)
B’ = Bb*> +ayb + B”
C=vyb*+a3b+C"
D =6b>+ashb+ D",

where ay, ..., D" do not involve b (nor x;). We have the following two representations of the resultant:

Res, (A,B) = B> —b> - A’ (3.3)
=B%-b* +2Bay - b> + (2BB" +a3) - b* +2a3B” - b+ B"* — ab* — a1b® — A”b?
= (B -a)b*+ (2Bar—ai) - b> + (2BB" +a> — A”) - b* +2a,B” - b+ B"*
2

and

Resy, (Q1,02) =CD (3.4
= (yb* +a3b+C") - (6b* + asb + D")
= y6b* + (yas + 6az3)b> + (yD” + azas + 6C”)b* + (a3D"" + asC")b + C"'D".

Comparing the different coefficients of b in the two representations in equations (3.3) and (3.4), we
obtain the following equalities:

B//Z =c”"Dp"” (35)

2azB" = a3D" + a4C". (36)

We now consider the two possible cases giving equation (3.5).
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1. Case 1 explaining equation (3.5): After rescaling C and D, we have that B”” = C”" = D"”’. Equation
(3.2) implies that for some linear form u, v we have that

C=bv+B and D=bu+B.
We now expand the resultant again:
B?+b(v+u)B +b*vu=(bv+B’)-(bu+B')=CD
=Res,, (A, B) = B> - b*A’.
Hence,
(v+u)B’ +bvu = —bA’. 3.7

Thus, either b divides B’ in which case we get that b divides B and we are done as Theorem 3.1
(product-case) holds, or b divides u + v. That is,

u+v=ceh 3.8)
for some constant € € C. Plugging this back into equation (3.7), we get
ebB’ + bvu = —bA’.
In other words,
eB’ +vu=-A".
Consider the linear combination Q = A + £B. We get that
Q=A+¢&B= (x%—A’)+8()C1b—B,)
= x% +ex1b+vu
=x%+x1(u+v) +uv
= (x1 +u)(x1 +v), (3.9)

where the equality in the third line follows from equation (3.8). Thus, equation (3.9) shows that some
linear combination of A and B is reducible which implies that Theorem 3.1 (product-case) holds.

2. Case 2 explaining equation (3.5): B”” = u-v and we have that, without loss of generality, C"” = u* and
D" = v? (where u, v are linear forms). Consider equation (3.6). We have that v divides 2a> B” —az D"’
It follows that v is also a factor of a4C”’. Thus, either u is a multiple of v and we are back in the
case where C”” and D"’ are multiples of each other, or a4 is a multiple of v. In this case, we get from
equation (3.2) that for some constant §’,

D =6b* +ash + D" =6b> +6"vb + 2.

Thus, D is a homogeneous polynomial in two linear forms. Hence, D is reducible, in contradiction.

This concludes the proof of Theorem 3.1 for the case b # 0.

Case b =0:

To ease notation, let use denote x = x;. We have that A = x2 — A’ and that x does not appear in A’, B.
Let y be some variable such that B = y?> — B’, and B’ does not involve y (we can always assume this is
the case without loss of generality). As before, we can subtract a multiple of B from A so that the term
y? does not appear in A. If A still involves y, then we are back in the previous case (treating y as the
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variable according to which we take the resultant). Thus, the only case left to study is when there are
two variables x and y such that

A=x>-A" and B=y*-B,

where neither A’ nor B’ involve either x or y. To ease notation, denote the rest of the variables as z.
Thus, A’ = A’(z) and B’ = B’(z). It is immediate that for any assignment to z there is an assignment to
x, y that yields a common zero of A, B.

By subtracting linear combinations of A and B from the Q;s, we can assume that for every i € [4]

Qi = aixy +a;(2)x + b;i(z)y + Q;(z).

We next show that, under the assumptions in the theorem’s statement, it must be the case that either
A’ or B’ is a perfect square or that A’ ~ B’. In either situation, we have that Theorem 3.1 (product-case)
holds. We first show that, if A” and B’ are linearly independent, then this implies that at least one of
A’, B’ is a perfect square.

Let Z(A, B) be the set of common zeros of A and B, and denote by 7, : Z(A,B) — C"2, the
projection on the z coordinates. Note that m, is surjective; as for any assignment to z, there is an
assignment to x, y that yields a common zero of A, B.

Claim 3.4. Let Z(A,B) = f'(zl Xy be the decomposition of Z(A, B) to irreducible components. Then
there exists i € k] such that n,(X;) is dense in C"~2.

Proof. \UX, 7,(X;) = n,(Z(A, B)) = C"2, as m, is a surjection, it holds that [~ | ,(X;) = C"~2. We

i=1
also know that C"~2 is irreducible, and thus, there is i € [k] such that 7,(X;) = C"~2, which implies
that 7, (X;) is dense. )

Assume, without loss of generality, that 7, (X) is dense. We know that X; C Z (I—[?=1 Q;), so we can
assume, without loss of generality, that X; C Z(Q). Observe that this implies that Q| must depend on
at least one of x, y. Indeed, if Q| depends on neither, then it is a polynomial in z, and hence, its set of
zeros cannot be dense.

Every point £ € X| is of the form & = (6,/A’(B), 62+/B’(B), B), for some B € C"*2, 61,6, € {+1}
(61, 62 may be functions of B). Thus, Q;(&) = Q1(61VA’(B),62+/B’(B), B) = 0, and we obtain that

@16162VA’(B) - VB'(B') + a1 (B)0 1WA (B') + b1(B)02VB'(B') + Q1 (B) = 0. (3.10)

As we assumed that O depends on at least one of x, y, let us assume without loss of generality that
either @ or a; are nonzero. The next argument is similar to the proof that V2 is irrational. Note that we
use the fact that 67 = 65 = 1.

(310) = BB (e VAB) +1(8)) = (0](8) + a1 (85 VAB))
— B'(8)(e}A"(B) + 2610151 (B)WA'(B) + b1 (B')?) =
Q1 (B)* +261a1(B)Q1 (B WA (B) +ar(B)*A'(B)
= 61VA'(B)) (21b1(B))B'(B') - 2a1(B)Q}(B)) = (3.11)
Q[(B)? +ai (B4 (B) - B'(B)(a?A(B) + b1 (B)?)
= A'(B)(2a1b1(B)B'(B') - 2a1(B)Q}(B)’ = (3.12)

2

(Q1(8)? + a1 (B)?4'(8) - B'(B) (e} A" (B) + b1 (8'))
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This equality holds for every 8 € m,(X), which is a dense set, and hence holds as a polynomial identity.
Thus, either A’(z) is a square, in which case we are done or it must be the case that the following
identities hold

0| +a1(1)*A’(2) - B'(2) (034 (1) + b1 (2)?) = 0 (3.13)
and
1b1(2)B'(2) - a1(2)Q] (2) = 0. (3.14)
By symmetry, if B’(z) is not a square (as otherwise we are done), we get that
ajai(z)A’(z) - b1(z)Q}(z) = 0. (3.15)
If @1 = 0, then we get from (3.14) that Qi = (. Hence, by (3.13),
ai(z)*A’(z) = B' ()b (2)°.

Since we assumed that A” and B’ are independent, this implies that A” and B’ are both squares. If 0 # 0
(and in particular, a; # 0), then either a;(z) = b;(z) = 0, in which case Equation (3.13) implies that
o] (z)? = afA’(z)B’(z), and we are done (as either both A’ and B’ are squares or they are both multiples
of Q1), or equations (3.14) and (3.15) imply that a%A’(z)B’(z) = 0] (z)? which again implies the claim.

This concludes the proof of Theorem 3.1 for the case b = 0 and thus the proof of the theorem. O

4. Sylvester—Gallai theorem for quadratic polynomials
In this section, we prove Theorem 1.4. For convenience, we repeat the statement of the theorem.

Theorem 1.4. There exists a universal constant ¢ such that the following holds. Let Q = {Qitieq1,...my C
Clx1,...,xn] be a finite set of pairwise linearly independent homogeneous quadratic polynomials such
that every Q; € Q is either irreducible or a square of a linear form. Assume that, for every i # j,
whenever Q; and Q ; vanish, then so does [1xei,.. my (i,j3 @k- Then, dim(span{Q}) < c.

.....

Remark 4.1. The requirement that the polynomials are homogeneous is not essential as homogenization

does not affect the property Qx € 1/(Q,-, (0] j>.

Remark 4.2. Note that we no longer demand that the polynomials are irreducible but rather allow some
of them to be squares of linear forms, but now we restrict all polynomials to be of degree exactly 2.
Note that both versions of the theorem are equivalent as this modification does not affect the vanishing
condition.

Remark 4.3. Note that from Theorem 3.2 it follows that for every i # j there exists a subset K C
[m] \ {i, j} such that || < 4, and whenever Q; and Q ; vanish, then so does [];cx Ok-.

In what follows, we shall use the following terminology. Whenever we say that two quadratics
01,0, € Q satisfy Theorem 3.1(prime-case), we mean that there is a polynomial 03 € O\ {Q1, 0>} in
their linear span. Similarly, when we say that they satisfy Theorem 3.1(product-case) (Theorem 3.1(lin-
ear-case)), we mean that there is a reducible quadratic in their linear span (they belong to {a;, as) for
linear forms ap, ay).

Proof of Theorem 1.4. Partition the polynomials to two sets. Let £ be the set of all squares, and let Q be
the subset of irreducible quadratics, thus Q = QU L. Denote |Q| =m, |L| =r.Letd = Wlo’ and denote

© Pprime = {P € Q | There are at least 6m polynomials in Q such that P satisfies
Theorem 3.1(prime-case) but not Theorem 3.1(product-case) with each of them}.
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0 Plinear = {P € Q | There are at least m polynomials in Q such that P satisfies
Theorem 3.1(linear-case) with each of them}.

The proof first deals with the case where Q = Pprime U Plinear- We then handle the case that there is
Q € Q \ (Pprimc U ,Plinear)o O

4.1. The case Q = Pprime Y Plinear-

Assume that Q = Pprime U Plincar. For our purposes, we may further assume that Pprime N Plinear = @ by
letting 7)prime = Fprime \ Plinear-

This is the simplest case in the analysis. The next claim shows that there is a small-dimensional linear
space V such that Pipear € (V). The intuition is based on the following simple observation.

Observation 4.4.If 0,0, € Q satisfy Theorem 3.1(linear-case), then dim(Lin(Qy)),
dim(Lin(Q7)) < 4 and dim(Lin(Q1) N Lin(Q»)) = 2.

The observation shows that if O € Pjjpear and we add to V a basis for Lin(Q), then any P that satisfies
Theorem 3.1(linear-case) with Q now belongs to (V). Choosing several such Q’s cleverly, we manage
to cover all of Pjipear-

Claim 4.5. There exists a linear space of linear forms, V, such that dim(V) = O(1) and Pjipear C (V).

Thus, we have many small-dimensional spaces that have large pairwise intersections, and we can
therefore expect that such a V may exist.

Proof. We prove the existence of V by explicitly constructing it. Repeat the following process: Set
V = {0}, and P’ = 0. At each step, consider any Q € Pjipear such that Q ¢ (V), and set V = Lin(Q) +V,
and P’ = P’ U {Q}. Repeat this process as long as possible, that is, as long as Piipear € (V). We show
next that this process must end after at most % steps. Namely, |P’| < %. It is clear that at the end of the
process it holds that Plipear C (V).

Let O € Q and B C P’ be the subset of all polynomials in PP’ that satisfy Theorem 3.1 (linear-case)
with Q. Observe that, if Py, . . ., Py are the first k elements of 3 that were added to P’, then Q, P4, ..., Pi
satisfy the conditions of Theorem 2.23. In particular, this implies that |B] < 3.

For Q; € P/, define T; = {Q € Q | O, Q; satisfy Theorem 3.1(linear-case)}. Since |T;| > dm and as
by the discussion above each Q € Q belongs to at most 3 different sets, it follows by double counting
that |P’| < 3/6. As in each step we add at most 4 linearly independent linear forms to V, we obtain
dim(V) < 2.

This completes the proof of Theorem 4.5. O

So far V satisfies that Plpeasr € (V). Next, we find a small set of polynomials Z such that
Q c (V) + span{Z}. The construction of Z is quite simple. Roughly, we iteratively add to Z any
P € Pyrime \ {{V) + span{Z}}. This is done in Theorem 4.6. We then show in Theorem 4.7 that each
such polynomial P spans many other polynomials in Ppime \ {{V) + span{Z}}, and hence, this process
terminates after a few steps. Interestingly, this may not cover all polynomials in Q. We show how-
ever, that the remaining polynomials satisfy the conditions of the robust Sylvester—Gallai theorem and
hence are contained themselves in a low-dimensional space. Theorem 4.8 is where we the complete
proof.

Construction 4.6. Set T = 0 and B = Piinear- First, add to B any polynomial from Ppime that is
in (V). Observe that at this point we have that B c Q N (V). Consider the following process: At
each step, pick any P € Ppyrime \ B such that P satisfies Theorem 3.1(prime-case), but not Theorem
3.1(product-case),” with at least gm polynomials in B, and add it to both T and to B. Then, we add to

5By this, we mean that there are many polynomials that together with P span another polynomial in Q but not in L.

https://doi.org/10.1017/fms.2022.100 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2022.100

18 S. Peleg and A. Shpilka

B all the polynomials P’ € Ppyime that satisfy P’ € span{(Q N (V)) U L}. Note that we always maintain
that B c span{(Q N (V)) U Z}. We continue this process as long as we can.

Next, we prove that at the end of the process we have that |Z| < 3/6.

Claim 4.7. In each step, we added to B at least %m new polynomials from Pprime. In particular,
|Z| < 3/6.

Proof. Consider what happens when we add some polynomial P to Z. By the description of our process,
P satisfies Theorem 3.1(prime-case) with at least gm polynomials in B. Any Q € B that satisfies
Theorem 3.1 (prime-case) with P must span with P a polynomial P’ € Q. Observe that P’ ¢ £ as Q, P
do not satisfy Theorem 3.1(product-case), and thus, P’ € Q. It follows that P’ € Ppime since otherwise
we would have that P € span{8} C span{(Q N (V)) UZ}, which implies P € B in contradiction to
the way that we defined the process. Furthermore, for each such Q € B the polynomial P’ is unique.
Indeed, if there was a P # P’ € Pprime and Q1, Q> € B such that P’ € span{Q, P} Nspan{Q», P}, then
by pairwise independence we would conclude that P € span{Q, Q>} C span{3}, which, as we already
showed, implies P € B in contradiction. Thus, when we add P to Z we add at least gm polynomials to
B. In particular, the process terminates after at most 3/§ steps and thus |Z| < 3/6. O

We are now ready to complete the construction of Z.
Claim 4.8. There exists a set T C Q such that Q C (V) + span{Z} and |Z| = O(1/96).

Proof. Let 1 and B be as above. Consider the polynomials left in Ppime \ B. As they ‘survived’ the
process, each of them satisfies the condition in the definition of Ppime With at most gm polynomials in
B. From the fact that Pinear € B and the uniqueness property we obtained in the proof of Theorem 4.7,
we get that Pprime \ B satisfies the conditions of Theorem 2.6 with parameter 6/3, and thus, Theorem 2.7
implies that dim(Pprime \ B) < O(1/6). Adding a basis of Pprime \ B to Z, we get that |Z| = O(1/6) and
every polynomial in Q is in span{(Q N (V)) UT}. O

We are not done yet as the dimension of (V), as a vector space, is not a constant. Nevertheless, we
next show how to use Theorem 2.10 to bound the dimension of Q, given that @ c span{(Q N (V)) UZ}.
To achieve this, we introduce yet another iterative process: For each P € Q \ (V), if there is quadratic L,
with rankg (L) < 2, such that P+ L € (V), then we set V = V +Lin(L) (this increases the dimension of V
by at most 4). Since this operation increases dim({V) N Q), we can remove one polynomial from Z, and
thus decrease its size by 1, and still maintain the property that Q c span{(Q N (V)) UZ}. We repeat
this process until either Z is empty, or none of the polynomials in Z satisfy the condition of the process.
By the upper bound on |Z|, the dimension of V grew by at most 4|Z| = O(1/6), and thus, it remains
of dimension O(1/6) = O(1). At the end of the process, we have that Q C span{(Q N (V)) UZ}
and that every polynomial in P € Q \ (V) has ranks(P) > 2, even if we set all linear forms in V
to zero.

Consider the map 7,,v as given in Theorem 2.24, for a randomly chosen @ € [0, 1]4m(V) Each
polynomial in @ N (V) is mapped to a polynomial of the form zb, for some linear form b. From
Theorem 2.16, it follows that every polynomial in Q \ (V) still has rank larger than 2 after the mapping.
Let

A = {b | some polynomial in Q N (V) was mapped to zb} U Ty v (L).

We now show that, modulo z, A satisfies the conditions of Theorem 2.10. Let by, b, € A such that
by ¢ span{z} and b, ¢ span{z, b;}. As Q satisfies the conditions of Theorem 1.4, we get that there are
polynomials Qy,...,Q4 € O such that I—[;‘=1 Tov (Qi) € \(b1, ba) = (b1, by), where the equality holds
as (b1, by) is a prime ideal. This fact also implies that, without loss of generality, 7,,.v (Q4) € (b1, b2).
Thus, Ty, v (Q4) has rank at most 2 and therefore Q4 € LU (Q N (V)). Hence, T, v (Q4) was mapped to
zbg or to bi. In particular, b4 € A. Theorem 2.26 and Theorem 2.27 imply that b4 is neither a multiple
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of by nor a multiple of b5, so it must hold that b4 depends nontrivially on both b and b,. Thus, A
satisfies the conditions of Theorem 2.10 modulo z. It follows that dim(.A) < 4.

The argument above shows that the dimension of 7, v (L U (Q N (V))) = O(1). Theorem 2.29
implies that if we denote U = span{L U Lin(Q N (V))} then dim(U) is (4 + 1) - dim(V) = O(1/§). As
Q ¢ span{(Q N (V)) U T}, we obtain that dim(Q) = dim(L£ U Q) = 0(1/6) = O(1), as we wanted to
show.

This completes the proof of Theorem 1.4 for the case Q = Pprime U Plinear-

4.2. The case Q # Pprime Y Plincar-

In this case, there is some polynomial Q, € Q\ (P; UP3). In particular, Q,, satisfies Theorem 3.1(pro-
duct-case) with at least (1 — 28)m of the polynomials in Q; of the remaining polynomials, at most 6m
satisfy Theorem 3.1 (prime-case) with Q,,; similarly, at most m polynomials satisfy Theorem 3.1(lin-
ear-case) with Q,,. Let

© Qprod = {P € Q| P,Q, satisfy Theorem 3.1 (product-case) } U {Q,}

© Q-prod = {P € Q| P,Q, do not satisfy Theorem 3.1 (product-case)}

om+1= |Qpr0d|’ my = |Q—\prod|-

As Qo ¢ Pprime U Plincar, we have that my < 26m and my > (1 — 26)m. These properties of Q, and Q
are captured by the following definition.

Definition 4.9. Let Qpoa = {Q0,01,-..,0m} and Q-pr0a = {P1,..., Pp,} be sets of irreducible
homogeneous quadratic polynomials. Let £ = {a? 2

: SRRTRRRP ;.4 + be a set of squares of homogeneous
linear forms. We say that Q = Q U L, where Q = Qproq U Q-prod is a (Qo, m1, mp)-set if it satisfies the

following:

1. O satisfy the conditions in the statement of Theorem 1.4.

2. mp > sz +2.

3. For every j € [m], there are linear forms a;, b such that Q; = Q, +a;b;.

4. For every i € [m;], every nontrivial linear combination of P; and Q,, has rank at least 2.
5. At most m; of the polynomials in Q satisfy Theorem 3.1 (linear-case) with Q,,.

By the discussion above, the following theorem is what we need in order to complete the proof for
the case Q # Pprime YU Plinear-

Theorem 4.10. Let O satisfy the conditions of Theorem 4.9, then dim Q= o(1).

We prove this theorem in section 5 to conclude the proof of Theorem 2.11. O

5. Proof of Theorem 4.10

Using the notation of Theorem 4.9, we denote, for Q; = Q, + a;b; € Qprod, Vi := span{a;, b;}, and for
Ok =aj € L, weletV; = span{ay}.°

The main idea is (roughly) proving that £ U |JV; satisfies the conditions of the Sylvester—Gallai
theorem (or its robust version). To this end, we first show, in subsection 5.1, that the different spaces
V; satisfy some nontrivial intersection properties (Theorem 5.2). We then show in subsection 5.2 that
there is a small-dimensional V' that contains ‘most’ of the {a;, b;} when Q-poq # @ (Theorem 5.4).
Then in subsection 5.3, we prove that there exists a constant-dimensional linear space of linear forms V
(if Q-proa # 0, then this is the V' that we found in subsection 5.2) such that, for some @ € {0, 1}, every
polynomial F € Q (more or less) has the form F = aQ, + F’ +c(ec+v), where c is a linear form, & € C,
v € Vand F’ € C[V] (Theorem 5.6). This structure is already very close to the claim of Theorem 4.10,

6Sometimes, it will be convenient to denote Qy € L as Qr = axby for by = ay in order to use the same notation for all
polynomials.
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and we conclude the proof in subsection 5.4 by showing that the different linear functions c satisfy the
robust Sylvester—Gallai theorem (Claims 5.7 and 5.9). One case that we omitted from the description
above is that, when the rank of Q,, is small, We can also have F' € (V). In the proof of Theorem 5.9, we
handle this case using projection mappings (recall subsection 2.5).

5.1. Intersection properties of the V;s

We start by proving that the spaces V;s that were defined above intersect nontrivially under some mild
condition. The proof follows almost immediately from Theorem 3.1.

Claim 5.1. Let O = QU L be a (O, my.m»)-set, and let Q; = Q, + a;b; and Qj =0, +ajb; be
polynomials in Qpoq such that for every o # 0, ranky(Q, + aa;b;) > 3.

1. Ifthere exists k € [my +r] \ {i, j} such that Qy € span{Q;, Q,}, then, for some a, 8 € C\ {0}
aaib; + Ba;jb; = axby. 5.1
2. If Q; and Q satisfy Theorem 3.1(product-case), then there exist two linear forms c and d such that
aibi —ajb;=cd. 5.2)

3. Q; and Q; do not satisfy Theorem 3.1 (linear-case).

Note that the guarantee of this claim is not sufficient to conclude that the dimension of
ai,...,am;,b1,..., by, is bounded. The reason is that ¢ and d are not necessarily in the union of V;s
(or in £). For example, if for every i, a;b; = x% - x%, then every pair, Q;, O satisfies Theorem 3.1(pro-
duct-case), but the dimension of {ay, ..., am,, b1, ..., by, } is unbounded.

Proof of Theorem 5.1. If, for k € [mi+r]\{i, j}, O € span{Q;, O}, then there are constants &, 5 € C
such that a(Q, + a;b;) + B(Qo +a;jbj) = aQ; + O = Ok = arQ, + axby.” Rearranging, we get
that

Bajbj —axbi = (ax — (@ +p))Qo — aa;b;.
As a # 0 (since Q@ + Qy), ranks(Q, + aa;b;) > 3, which implies that ax — (a + ) = 0. Hence,
aa;b; +ﬁajbj =ayby 5.3)

and equation (5.1) holds. As before, @, 8 # 0 since otherwise we will have two linearly dependent
polynomials in Q.

If Q;, Q; satisfy Theorem 3.1(product-case), then there are a, 8 € C and two linear forms ¢ and d
such that @(Q, + a;b;) + 8(Q, +ajb;) = cd, and again, by the same argument, we get that 8 = —a,
and that, without loss of generality,

aibi — ajbj =cd.

As rankg(Q;) > 3 they cannot satisfy Theorem 3.1 (linear-case). |

Corollary 5.2. Let Q be a (O, my,m>)-set. If for some i € [m1] we have that dim(V;) = 2 and
Q; satisfies that for every a # 0, rank,(Q, + aa;b;) > 3, then for every j € [my] it holds that
dim(V; N'V;) > 1. In particular, it follows that, if dim(V;) = 1, then V; C V;.

Proof. This follows immediately from Theorem 5.1 and Theorem 2.18. O

If Qy € L, then ay =0.
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5.2. Constructing V using Q-_proq

In this section, we show that, if Qﬂpmd # 0, then we can use any polynomial in it to define a linear
space of linear forms V that contains many of the V;s. We first prove a simple claim showing that every
polynomial in Q-0q is a linear combination of Q,, and a quadratic polynomial of rank 2.

Claim 5.3. Let O be a (Q,,my,my)-set. Then for every i € [my], there exists y; € C such that
rank(P; —¥;Q,) = 2.

Proof. Consider any P; for i € [m;]. We shall analyze, for each j € [m], which case of Theorem 3.1
Q; and P; satisfy.

If P; satisfies Theorem 3.1 (linear-case) with any Q; € Qprod, then the claim holds with y; = 0. If P;
satisfies Theorem 3.1 (product-case) with any Q; € Q, then there exist linear forms ¢ and d and nonzero
a, 3 € C such that

1 - 1
Pi= Led=pl0s ) = Lo+ (Lea-Eayn). 64

[0

Observe that the rank of cd — Ba;b; cannot be 1 by Theorem 4.9. Hence, the statement holds with

7i=—E

=.
Thus, the only case left to consider is when P; satisfies Theorem 3.1(prime-case) with all the Q;’s

in Qprod. We next show that in this case there must exist j # j* € [m ] such that Q;» € span{Q;, P;}.

Observe that this would imply that there are @, 8 € C \ {0}, for which P; = @Q; + SQ - and then

P; = (a+ﬂ)Qo+aajbj +ﬁ(lj'bj’,

and the statement holds with y; = S+a, where we know by Theorem 4.9 thatranks(ea ;b ;+Baj b)) = 2.

So, let us assume that, for every j € [m], there is 7; € [my] such that P,; € span{Q;, P;}. As
5my +2 < my, there must be j* # j” € [mi] and t' € [my] such that Py € span{Q, P;} and
P, € span{Q;~, P;}. Since Q is a set of pairwise linearly independent polynomials, we can deduce that
span{P;, P} = span{Q -, Q j»}. In particular, there exist &, 8 € C, for which P; = @Q; + SQ -, which,
as we already showed, implies what we wanted to prove. O

For simplicity, rescale P; so that P; = y;Q, + L; with ranks(L;) = 2 and y; € {0, 1}. Clearly, Q still
satisfies the conditions of Theorem 4.9 after this rescaling as it does not affect the vanishing conditions
or linear independence.

Claim 5.4. Let O be a (Qo,mi,my)-set, where Q—,roq # 0. Let P = yQ o+ L € Q_roq. Let V be defined
as

o Ifrank;(Q,) > 100, then V = Lin(L) and in particular dim(V) < 4.
o Ifrank,(Q,) < 100, then V = Lin(Q,) + Lin(L), so dim(V) < 202.

Then, for at least mi—2my indices j € [m] it holdsthata;,b; € V. Furthermore, for Q; = a;Q,+a;b; €
Qprod the only cases in which {a;, b;} £V are

1. Ifrank,(Q,) > 100, then it must be the case that Q; and P span a polynomial P; € Q- proq.
2. Ifrank(Q,) < 100, then either Q; and P span a polynomial P; € Q-py,q or there are two linear
Sfunctions c,d such that P,Q,,Q; € {c,d).

Remark 5.5. When ranks(Q,) > 100, we actually get the result for m; — m; many indices.

The idea of the proof is to study for each Q; € Qproq U £ what case of Theorem 3.1 it satisfies with
some P € Q-proq. If ranks(Q,) is high, then Q, must ‘disappear’ from the equations and we trivially
geta;,b; € V =Lin(P). When the rank of Q, is low, the argument is slightly different. In this case, we
let V also contain Lin(Q,,), and using this, we show a;,b; € V.
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Proof. Let P = yQ, + L € Q-prod, Where ranks(L) = 2. Let V be defined as in the statement of the
theorem: We set V = Lin(L) when ranks(Q,) > 100 and V = Lin(Q,,) + Lin(L) otherwise.
Let Q; = a;jQ, +a;b; € Qpod. We consider which case of Theorem 3.1 P and Q ; satisfy.

P and Q; satisfy Theorem 3.1(product-case):
In this case, there are two linear forms ¢ and d, and nonzero «, 8 € C, such that aP + SQ; = cd.
Hence,
Ba;Q,+aP =-Ba;b; +cd.

As Ba;Q, + aP is anontrivial linear combination of Q,, and P, we get from property 4 of Theorem 4.9
that 2 < rank,((ay + Ba;)Q, + «L). It follows that

2 < rank((@y + Ba;)Qo + L) = ranks(—Ba ;b +cd) < 2.
If rank,(Q,) > 100, then ay + Ba; = 0. Thus, regardless of rank,(Q, ), we get from Theorem 2.15 that
{aj,bj,c,d} C Lin(—a;b; +cd) =Lin((ay +B)Q, +aL) CV,

and in particular a;,b; € V.

P and Q; satisfy Theorem 3.1(linear-case):

If rank,(Q,) > 100, then it must hold that @; = 0 and Q; = a?. By the rank condition on Q,,, it also
follows that y = 0, and therefore, a; € Lin(L) = V.

Consider the case ranks(Q,) < 100. There are two linear forms ¢ and d such that Q;, P € +/{c, d).
This implies that span{c, d} C Lin(P) C V.

If Q, is zero modulo ¢ and d, then Q, Q,, satisfy Theorem 3.1(linear-case), and from property 5 of
Theorem 4.9, we know that there are at most m5 such Q;’s. Furthermore, as ¢, d € Lin(Q,) c V, we
obtain that Q; € (V). Denote by K the set of all Q; that satisfy Theorem 3.1 (linear-case) with Q,,, and
recall that || < ms.

If O, = Qj—a;bjis not zero modulo ¢, d, then we obtain that Q, =. 4 —a ;b ;. Thus, there are linear
forms v, vo € Lin(Q,) such that aj =. 4 vi and b = 4 v,. In particular, as Lin(Q,) U {c,d} C V, it
follows thata;,b; € V.

P and Q; satisfy Theorem 3.1(prime-case):

Let P and Q; satisfy Theorem 3.1(prime-case) but not Theorem 3.1(product-case) (as we already
handled this case), that is, they span another polynomial in Q \ £. If this polynomial is in Qprod, then
there exists j° € [m] such that Q;» € span{P, Q;}. In this case, P = aQ; + BQ -, and as before, we
conclude thata;,bj,a;,b; €V.

All that is left is to bound the number of j € [m1] so that P and Q; span a polynomial in Q-proq. If
there are more than m, such indices j, then, by the pigeonhole principle, for two of them, say j, j’, it
must be the case that there is some i € [m3] such that P; € span{P,Q;} and P; € span{P,Q;/}. As our
polynomials are pairwise independent, this implies that P € span{Q;, Q -}, and as before, we get that
aj/,bjr,(lj,bj eV.

It follows that the only case where aj, b; ¢ V and P and Q ; satisfy Theorem 3.1(prime-case) is when
Q; and P span a polynomial in Q-r0d, and no other Q j» spans this polynomial with P. Therefore, there
are at most my such ‘bad’ j’s.

To conclude, the only j’s for which a;, b; ¢ V can come from Q; € K (when ranks(Q,) < 100) and
P and Q; satisfy Theorem 3.1 (linear-case)), or it is one of the bad Q; when P and Q; satisfy Theorem
3.1(prime-case), so in total there are at most 2m, bad indices. This also shows the ‘furthermore’ part of
the claim. O
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5.3. Global structure

Our goal in this subsection is proving that there exists a constant-dimensional linear space of linear
forms V such that, for some @ € {0, 1}, every polynomial F € 0) (more or less) has the form F =
aQ, + F' + c(ec +v), where c is a linear form, e € C,v € Vand F’ € C[V].

We remark that @ = 1 if ranks(Q,) > 100 and @ = 0 otherwise (as in the low-rank case we construct
V so that Lin(Q,) C V).

Formally, we prove the following claim.

Claim 5.6. Let O be a (Q,,my,my)-set. There exists a linear space of linear forms V such that

o Ifranks(Q,) = 100, then dim(V) = 4, and
o Ifranks(Q,) < 100, then dim(V) < 202,

and the following hold: Every polynomial F € Q satisfies at least one of the following:

1. F eC[V], or

2. F =2, for a linear form c, or

3. F € (V) (only when rank,(Q,) < 100), or

4. F = aQ, + F’ + c(ec + V), where c is a linear form, ¢ € C, v € V and F’ € C[V]. Furthermore,
a = 1 ifranks(Q,) > 100 and a = 0 otherwise.

The proof of the claim depends on the rank of Q,, (we use different arguments in the high-rank case
and in the low-rank case) and on whether Q- roq is empty or not. When Q-proq # 0, we show that the
space V that we constructed in Theorem 5.4 is the required space. The idea is that V already ‘explains’
so much of the structure of Q that we can expand it to all polynomials in Q. When Q-prod = 0, the
argument is different and does not rely on Theorem 5.4. Here, since all polynomials are of the form
Qo + a;b; (ignoring squares of linear functions), using the conclusion of Theorem 5.1 that the V;s
intersect nontrivially, and Theorem 2.21 we easily get the claimed structure.

Proof. We analyze two cases: when Q09 = 0 and the case Q-proq # 0.

The case Q-prod = 0:
Let

T ={i € [m1] | dim(V;) =2 and for every @ # 0, ranks(Q, + @a;b;) > 3}.

Observe that, if ranks(Q,) > 100, then Z simply contains all V;s of dimension 2.

If Z = 0, then we can take V = {0} when rank;(Q,) > 100 or V = Lin(Q,,) in the case ranks(Q,) <
100. Indeed, Theorem 2.18 implies that in this case every polynomial is of the form F = aQ, + F’ +¢?,
with & = ¥rank,(0,) =100

Assume then that 7 # (. Combining Theorem 5.2 and Theorem 2.21, we get that either
dim(Ujez Vi) <3 ordim((;ez Vi) = 1.

If dim(|J;c7 Vi) < 3, then we define V'’ = | ;7 V;. If ranks (Qg) < 100, then we let V = V’+Lin(Q,,)
so that dim(V) < 201, and when ranks(Qg) > 100, we let V = V' and dim(V) = 3. It is clear that V
satisfies the requirement when ranks(Q,) > 100. So assume ranks(Qg) < 100. Clearly, every Q; such
that i € 7 has the claimed structure as Lin(Q;) € V. Consider any polynomial Q; = Q, + a;b; € Qprod
such thati ¢ 7. Asi ¢ Z, we either have that dim(V;) = 1, in which case Q; has the claimed form, or for
some nonzero B3, ranks(Q, + Ba;b;) < 3. In the later case, as ranks(Q,) > 2, Theorem 2.17 implies that
span{a;, b;} N Lin(Q,) # {0} and in particular span{a;, b;} NV # {0}. Thus, in any of these cases, V
has the required property.

Consider now the case dim((;, V;) = 1. Let w be such that span{w} = dim(}Z, V;). As before, it
is not hard to see that, if we define V as V = span{w} in the high rank case and V = span{w} + Lin(Q,)
in the low rank case, then V has the required property.
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The case Q-prod # 0:

Let P =yQ+ L € Q_poq and V be as in the statement of Theorem 5.4. We next show that V satisfies
the claim. Let 7 = {Q; | j € [mi] and a;, b; € V}. Theorem 5.4 implies that | 7| > m| — 2m, (and if
ranks(Q,) > 100, then | 7| = m| — my).

We first note that every P; € J satisfies the claim with P} = a;b; and v; = ¢; = 0, and clearly the
claim trivially holds for Q; € L.

Consider Q; € Qproa \ J. By the ‘furthermore’ part of Theorem 5.4 one of two cases must happen:
Either Q; and P span a polynomial P; € Q-p0q Or, when ranks(Q,) < 100, there are two linear
functions ¢, d such that P, Q,,Q; € {c,d). Observe that, in the latter case, as ranks(Q,) < 100, we
have that span{c,d} C Lin(Q,) C V. In particular, Q; € (V), and the claim follows. So assume that
Q; and P span a polynomial P; € Q4. Namely, there are a, 8 € C\ {0} such that P; = aP + B0O;.
Theorem 5.3 implies that P; = y;Q, + L;, where ranks(L ;) = 2, and thus,

(a"y -B- yj)Qo +aL + Baib; = Lj.

From property 4 of Theorem 4.9, we conclude that rank,((ay — 8 — v;)Qo + L) > 2 = rank(L;).
Theorem 2.17 implies that span{a;, b;} NV # {0}, and therefore, there is v; € V such that, without loss
of generality, b; = g;a; +v;, for some constant &;. Thus, the claimed statement holds for Q; with ¢; = a;
and Q: = 0. That is, Qi = Qo +0+ a,-(g,»a,- + Vi)-

Consider apolynomial P; = y;Q,+L; € Q-proa. Itis clear that, if P; satisfies Theorem 3.1 (linear-case)
with any polynomial in 7, then P € (V) (observe that in this case we must have ranks(Q,) < 100).

Next, assume that P; satisfies Theorem 3.1(product-case) with at least 2 polynomials whose indices
are in J. Let Q;, Q- be two such polynomials. There are four linear forms, ¢, d, e and f and scalars
&j, & such that

Pi+8ij=Cd and Pl-+gj/Qj,=ef.
Therefore,
(Sj - 8jf)Q() + (sjajbj - é‘jfaj'bj/) = Sij - SJ'/QJ" =cd - ef. (55)

Asegjajb; —gpapbj € C[V], rank arguments imply that Lin(cd — ef) € V. From Theorem 2.19
and equation (5.5), we get that, without loss of generality, d = ec + v for some v € V and ¢ € C. Thus,
Pi=cd-¢€;0;=c(ec+v)—¢g;0Q, —¢&ja;b;, and itis clear that it has the required structure.

The only case left is when P; satisfies Theorem 3.1 (prime-case) with all (except possibly one of the)
polynomials whose indices are in 7.

If P; and Q;, for j € J span another polynomial Q j» such that j* € 7, then, as before, Lin(P) C V.
Similarly, if P and Q; span a polynomial Q- € £, then P = aQ; + ,Baﬁ,, and hence, it also satisfies the
claim.

Hence, for P to fail to satisfy the claim, it must be the case that every polynomial O, for j € 7, that
satisfies Theorem 3.1 (prime-case) with P, does not span with P any polynomial in {Q; | j € J} U L.
Thus, it must span with P a polynomial in {Q; | j € [m1] \ J} U Q-proa. Observe that by pairwise
linear independence, if two polynomials from 7 span the same polynomial with P, then P is in their
span, and we are done. However, notice that

|{Qj|j€ [ml]\J}UQ—\prod|S(m1_|J|)+m2§3m2<m1_2m2_25|J|_2-

As P; satisfies Theorem 3.1(prime-case) with at least | 7| — 1 polynomials whose indices are in 7,
we get from the pigeonhole principle that there is some polynomial F € Q and two indices j, j’ € J
such that F' € span{P;,Q;} N span{P;,Q;}. As before, pairwise linear independence implies that
P; € span{Q;, 0}, and we are done. O
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5.4. Completing the proof

Now that we know that all polynomials in Q satisfy the structure of Theorem 5.6, we can finish the
proof of Theorem 4.10.

The main remaining step is proving that all linear polynomials ¢ appearing in the statement of
Theorem 4.10 form a Sylvester—Gallai configuration, and we will be done.

There is a small issue though. When the rank of Q,, is small, some polynomials can belong to (V) and
are not captured by the outlined approach. This difference requires us to handle the low- and high-rank
cases separately.

Theorem 4.10 follows from Corollaries 5.8 and 5.10 below.

5.4.1. The case ranks(Q,) > 100
Consider the representation guaranteed in Theorem 4.10, and let

S ={c; | there is P; € O such that either P; = c% or, for some Plf defined over V,
Pi = Qo + P: + Cl'(SiCi + Vi)}-

Clearly, in order to bound the dimension of 0, itis enough to bound the dimension of S. We do so by
proving that S satisfies the conditions of Sylvester—Gallai theorem modulo V and thus have dimension
at most 3 + dim(V) =7.

Claim 5.7. Assume that ranks(Q,) > 100, and let S be defined as above. Let c;,c; € S be such
that ¢; ¢ V and c; ¢ span{c;,V}. Then, there is ¢y € S such that ci € span{c;,c;,V} and c ¢
span{c;, V} U span{c;, V}.

Proof. Following the notation of Theorem 5.6, we either have Q; = Q,+Q/+c;(g;c;+v;),for Q; € C[V],
or Q; = c%. We consider which case of Theorem 3.1 Q; and Q; satisfy and what structure they
have.

Assume Q; = Q, + Q] +ci(gic; +v;) and Q; = Q, + Q} +cj(gjcj +vj). As argued before,
since the rank of Q,, is large, they cannot satisfy Theorem 3.1(linear-case). We consider the remaining
cases:

o Q,;,Q; satisfy Theorem 3.1(prime-case): There is Qy € O such that Oy € span{Q;, Q;}.By
assumption, for some scalars @, 8 we have that

Ok =a(Qo + QO +ci(gici +vi)) + B(Qo + Q) +cj(gjcj +v))). (5.6)

If O« depends only on V, then we would get a contradiction to the choice of ¢;, c¢;. Indeed, in this
case, we have that

(@+P)Qo = Qk —a(Q; +ci(eici +vi)) = B(Q; +cj(ejcj +v))).
Rank arguments imply that @ + 8 = 0, and therefore,
aci(gic; +vi) + Bej(ejcj +v;) = Qr —aQf - pQ; € C[V],
which implies that ¢; and c; are linearly dependent modulo V in contradiction.
If Oy = ci, then Theorem 2.20 implies that ¢, € span{c;,c;, V}.

We therefore assume that Oy is not a function of V alone, and it is not a square of a linear
function. Denote Qx = yx Qo + Q) + ck(&rck + vi). Equation 5.6 implies that

(yk —a =P)Qo = aQ + PO — Q) +aci(eic; +v;) +fcj(ejcj +v)) — ck(exck +Vvi).
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As aQ] + ,BQ;. — Q) is a polynomial defined over V; its rank is smaller than 4, and thus, combined
with the fact that ranks(Q,) > 100, we get that (y;, —a — ) = 0 and

Q0 —aQ; —,BQ} =aci(gici+v;i) + Becj(gjcj +vj) — ci(exck +vi).

We conclude again from Theorem 2.20 that ¢ € span{c;,c;, V}.
o Q;, Qj satisfy Theorem 3.1 (product-case): There are linear forms e, f such that for nonzero scalars

a,B,aQ; +BQ; = ef. In particular,
(@+PB)Qo =ef —aQ; - B —aci(eic; +vi) — Bcj(ejc; +vj).

From rank argument, we get that @ + 8 = 0, and from Theorem 2.20, we conclude that, without loss
of generality, e = pc; +nc;j +v,., where u,n # 0. We also assume without loss of generality that
Qi=Qj+ef.

Since rank(Q,) > 100, it follows that Q ; is irreducible even after setting e = 0. It follows that, if
a product of irreducible quadratics satisfy

l:IAk € \/(Qian> = \/(ef’ ;).

then, after setting e = 0, some Ay is divisible by Q |.=o. Thus, there is a multiplicand that is equal to
vQ; + ed for some linear form d and scalar y. In particular, there must be a polynomial

Or € 0\ {0, Q;} such that O = yQ; +ed. If y = 0, then it must hold that Oy = ai = ed and thus
ay ~ e, and the statement holds. If y = 1, then we can assume without loss of generality that

Qr = Qj +ed. Thus,

Qo+ Q) +ci(exck +vi) =Qr =Qj+ed =0, +Q +cj(gjcj+v)) + (uci +nc; +ve)d.
Rearranging, we get
cr(exck +vi) = (Q;- - Q) +cj(gjcj+vi)+ (uci+ncj+ve)d.

As the right-hand side vanishes modulo span{c;, c;, V}, it follows that ¢ € span{c;,c;,V}.
Observe that, if cx € span{c;, V}, then this implies that

(pei+mcj+ve)d € C[V, ¢j].

However, since d # 0 (as otherwise we would have Qi ~ Q ), this stands in contradiction to the fact
that u # 0 and ¢; ¢ span{c;,V}. As Q; = Q; + ef, we get that

ck(exck +vi) = (Q — Qp) +cieici +vi) + (uci +ncj +ve)(d = f).

We cannot have d = f as this would give Q; = Q. Thus, a similar argument implies that
ck ¢ span{c;, V}. In conclusion, cx € span{c;, c;, V} \ (span{c;, V} Uspan{c;, V}) as claimed.

Now, let us consider the case where without loss of generality, Q; = Q, + Q; + ¢;(g;c; +v;) and
Q;= c?. In this case, the polynomials satisfy Theorem 3.1(product-case) as 0- Q; +Q; = ci. Similarly
to the previous argument, it holds that there is Qy such that Qy = yQ; + cje. If y = 0, then Qy is
reducible and therefore a square of a linear form which is a multiple of ¢}, in contradiction to pairwise
linear independence. Hence, we have that y # 0. If Qy is defined only on the linear functions in V, then
it is of rank smaller than dim(V) < 4, which will result in a contradiction to the rank assumption on
Qo- Thus, Qx = Qp + Q) +cr(erck +vi) and y = 1. It follows that

Qo +Qp +cr(exck +vi) =0k = Qi +cje = Qo+ Q) +ci(sici +vi) +cje.
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Hence,
O — 07 —ci(sici +v;i) —cje = —cr(gxck + V).

An argument similar to the last one shows that ¢; € span{V,c;,c;} and that ¢x ¢ span{V,c;} U
span{V, ¢;}, as we wanted to show.
The last structure we have to consider is the case where Q; = cf, Q; = c?. In this case, the ideal

<c?, c%> = (¢;,c;) is prime, and therefore, there is Qi € (c;, ¢;). This means that ranks(Q) < 2. If

ranks(Q) = 1, then Oy = ci and the statement holds. If ranks(Qy) = 2, then Theorem 5.6 implies that

Qy is in C[V], from which we get that ¢;, ¢; € V in contradiction to our assumptions. O
Corollary 5.8. Let Qbea (Q,,m.m>)-set, where rank;(Q,) > 100. Then dim( Q) < 29.

Proof. Observe that definition of S and Theorem 5.6 imply that dim(Q) < 1 + (dim(SpaH{zv+S})+1). As
Theorem 5.7 implies that dim(S + V) < 7, we get that dim(Q) < 29. O

5.4.2. The case ranks(Q,) < 100

Observe that Theorem 5.6 implies that when rank(Q,) < 100 then Lin(Q,) C V, and thus, any
polynomial Q; € Q satisfies that either Q; € (V) or there is a linear form a; such that Lin(Q;) C
span{V,a;}.

Let A = dim(V) < 202. Fix some basis of V, V = span{vy,...,va}. Let @ € CA (recall Theorem
2.24) be such that, if two polynomials in 7.y (Q) share a common factor, then it is a polynomial in z.
Note that by Theorem 2.26 such « exists. Thus, each P € Q satisfies that either T, v (P) = ap12 or
Lin(Ty,v (P)) C span{z, ap}, for some linear form a p independent of z. It follows that every polynomial
in T,y (Q) is reducible. We next show that S = {ap | P € O} satisfies the conditions of Sylvester—
Gallai theorem modulo z.

Claim 5.9. Let S be defined as above. Let ay,a; € S such that a; ¢ span{z} and a, ¢ span{z,ay}.
Then, there is az € S such that as € span{ay, ay,z} \ (span{ay, z} U span{ay, z}).

Proof. Let Q; be such that Lin(7y v (Q1)) € span{z,a;} yet Lin(Ty,v (Q1)) ¢ span{z}. Similarly,
let Q> be such that Lin(7,.v (Q2)) € span{z,a>} and Lin(To v (Q2)) & span{z}. As aj,az € S,
there must be such Q1, Q2. By choice of Qi, there is a factor of T, v (Q1) of the form y;z + d;ay,
where 6; # 0. Similarly there is a factor of T, v (Q2) of the form y2z + d2a2, where 62 # O.

It follows that \/<Ta,V(Q1),Ta,V(Q2)> C (yiz+d1a1,y2z+ 62az). Indeed, it is clear that, for

i € {1,2}, To,v (Qi) € (yiz+6;a;). Hence, \/(Ta,V(Ql)’Ta,V(Q2)> C V(yiz+61a1, 722+ 62a2) =
(y12 4+ d1a1, Y22 + 62a2), where equality holds since (y;z + 81a1,y2z + 52a) is a prime ideal.
We know that there are Q3, Q4, Q5, Qg € O such that

03-Q4-0s- Qs € V(Q1,02).

As T, v is a ring homomorphism, it follows that

T (Q3)  Taw (04) T (05) - Ty (Q6) € (T (Q1). Tav (Q2)) € (12 + 101,722 + 620

Primality of (y;z+d1a1,y22+ 62a) implies that, without loss of generality, To v (Q3) €
(y1z +81a1,y2z + 62a3). It cannot be the case that Ty.y (Q3) € (y;iz +0d;a;) for any i € {1,2} be-
cause otherwise this will imply that Ty v (Q3) and Ty v (Q;) share a common factor that is not
a polynomial in z, in contradiction to our choice of 7j . This means that there is a factor of
Tw,v (Q3) that is in span{aj, as, z} \ (span{ai, z} U span{as, z}). Consequently, a3 € span{a;, as,z} \
(span{ay, z} U span{ay, z}) as we wanted to prove. O
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Corollary 5.10. Ler O be a (Q,,my, m>)-set, where rank,(Q,) < 100. Then dim(Q) < 8dim(V)?,
where V is as in Theorem 5.6.

Proof. Theorem 5.9 shows that S satisfies the conditions of Theorem 2.10, and therefore, dim(S) < 3.
Repeating the analysis of the claim for linearly independent @, ..., @, we conclude from Theorem
2.29 that dim(Lin(9)) < (3 + 1)A, and thus dim(0) < (*%) + A < 8A2. O

6. Conclusions and future research

In this work, we solved Theorem 1.2 in the case where all the polynomials are irreducible and of degree
at most 2. This result directly relates to the problem of obtaining deterministic algorithms for testing
identities of ZBITTI4IXIT112] circuits. As mentioned in section 1, to get a PIT algorithm a colored version
of this result is required. Such a result was obtained in [17].

Our proof of Theorem 1.4 used the robust version of the Sylvester—Gallai theorem of [1, 8] (Theo-
rem 2.7). We believe that in order to extend our results to higher degrees a similar robust version for
quadratic polynomials may be useful.

Problem 6.1. Let 6 € (0,1]. Can we bound the linear dimension (as a function of &) of a set of
polynomials Qi,...,Qm € C[xi,...,x,] that satisfy the following property: For every i € [m], there
exist at least m values of j € [m] such that for each such j there is K; c [m], where i, j ¢ K; and

[kerc, Ok € +/(Qi,Q;)?
In subsequent work [18, 11], the following simpler version of Problem 6.1 was proved.

Theorem 6.2. Let § € (0,1]. Let Q = {Q1,...,0Qm} € Clx1,...,x,] be irreducible polynomials
of degree at most 2 satisfying the following property: For every i € [m], there exist at least ém

values of j € [m] such that for each such j there is k € [m] \ {i,j} with Qy € ,/(Qi,Qj>. Then,
dim(span{Q}) = 0(1/6'°).

Another interesting question is giving a tight bound in Theorem 1.4. A careful analysis of the proof
shows that we can bound the dimension of the set 7 satisfying the conditions in Theorem 1.4 by
¢ < 20,000. This is a very loose bound, and we believe that it can be improved. It is also an interesting
task to present examples with as large dimension as possible.

In our opinion, the most interesting problem is extending our result to higher degrees. Another
important problem is to extend Theorem 3.1 to the case where [[pcx Ok € V(A1,...,A.), for a
constant e > 2.

In this paper, we only considered polynomials over the complex numbers. However, we believe
(though we did not check the details) that a similar approach should work over positive characteristic as
well. Observe that over positive characteristic we expect the dimension of the set to scale like O (log | Q|),
as for such fields a weaker version of Sylvester—Gallai theorem holds.

Theorem 6.3 (Corollary 1.3 in [3]). Let V = {vy,..., v} C ]Fg be a set of m vectors, no two of which
are linearly dependent. Suppose that, for every i, j € [m], there exists k € [m] such that v;,V;, vy are
linearly dependent. Then, for every &€ > 0

dim(V) < poly(p/e) + (4 +¢&)log, m.
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