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1. Introduction

The Catalan constant [3]

G =
∞∑

n=0

(−1)n

(2n + 1)2

= 0.915 965 594 177 219 0 · · · (1.1)

is a famous mysterious constant appearing in many places in mathematics and physics.
Using Euler’s dilogarithm

Li2(x) =
∞∑

n=1

xn

n2 ,

G can be written as
G =

1
2i

(Li2(i) − Li2(−i)). (1.2)

The integral representation

G =
∫ 1

0

tan−1(x)
x

dx (1.3)

follows from the expression

tan−1(x) =
∞∑

n=0

(−1)nx2n+1

2n + 1
.
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668 N. Kurokawa

The basic interpretation of G considers it as the special value of the zeta function

G = L(2, χ−4),

where

L(s, χ−4) =
∞∑

n=1

χ−4(n)
ns

(1.4)

is the Dirichlet L-function for the non-principal Dirichlet character χ−4 modulo 4:

χ−4(n) =

⎧⎪⎨
⎪⎩

1 if n ≡ 1 (mod 4),

−1 if n ≡ 3 (mod 4),

0 otherwise.

Then, the algebraic nature of G would be clarified via the K3(Z[
√

−1])-regulator accord-
ing to the Lichtenbaum–Beilinson conjecture, since

G =
ζQ(

√
−1)(2)

ζ(2)
=

6
π2 ζQ(

√
−1)(2).

Recently, Rivoal and Zudilin [19] made progress with the irrationality problem for G:
they proved that one of L(2, χ−4) (= G), L(4, χ−4), . . . , L(14, χ−4) is irrational.

In previous papers [9,11,13] we showed that

G = 2π log(F ( 1
4 )2−1/8), (1.5)

where

F (x) = ex
∞∏

n=1

((
1 − x/n

1 + x/n

)n

e2x

)
(1.6)

is the double sine function defined by Hölder [7] in 1886. This is a quasi-periodic function
satisfying

F (x + 1) = F (x)(−2 sin πx).

We refer to Manin [17] for an excellent survey of multiple sine functions. The formula
(1.5) comes from

∞∑
n=1

sin(2πnx)
n2 =

1
2i

(Li2(e2πix) − Li2(e−2πix))

= 2π log(F (x)(2 sinπx)−x), (1.7)

which is valid for 0 < x < 1 and where the left-hand side is the Clausen function (see [14]
and [18]).

On the other hand, there is a formula due to Smyth [20] for G using the Mahler
measure originating from the theory of transcendental numbers (Mahler [16]):

G = 1
2πm(x + y − xy + 1). (1.8)
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Quantum deformations of Catalan’s constant 669

See [2, 4, 5, 15, 16, 20, 20] for background on the Mahler measure. We recall that the
Mahler measure of a rational function f(x1, . . . , xn) ∈ C(x1, . . . , xn) is given by

m(f) =
∫ 1

0
· · ·

∫ 1

0
log |f(e2πiθ1 , . . . , e2πiθn)| dθ1 · · ·dθn

= Re
∫ 1

0
· · ·

∫ 1

0
log(f(e2πiθ1 , . . . , e2πiθn)) dθ1 · · ·dθn. (1.9)

Thus we have a triangle:

G

������������

������������
1
2πm(x + y − xy + 1)

���������������

���������������

2π log(F (1
4 )2−1/8).

The purpose of this paper is to make a quantum deformation (or a q-deformation) of this
triangle to

Gq

��������������

��������������
1
2πmq

(
x − 1
x + 1

y + 1
)

��������������

��������������

1
2 i log Fq( 1

4 ) (mod πZ)

for 0 < q < 1. (Actually, we treat all q � 0.) When letting q ↑ 1 (the ‘classical limit’) we
recover the original triangle: note that

m

(
x − 1
x + 1

y + 1
)

= m((x − 1)y + x + 1) (since m(x + 1) = 0)

= m(xy − y + x + 1) (taking y �→ −y)

= m(−xy + y + x + 1).

On the other hand, taking the ‘crystal limit’ q ↓ 0 we have

G0

��
��

��
��

��
�

��
��

��
��

��
�

1
2πm0

(
x − 1
x + 1

y + 1
)

�����������

�����������

1
2 i log F0( 1

4 )

with

G0 = 1
4π, m0

(
x − 1
x + 1

y + 1
)

= 1
2 , F0( 1

4 ) = −i.

https://doi.org/10.1017/S0013091505000015 Published online by Cambridge University Press

https://doi.org/10.1017/S0013091505000015


670 N. Kurokawa

The q-deformations are defined as follows. We define

Gq =
∫ 1

0

tan−1(x)
x

dqx (1.10)

by the Jackson integral. For simplicity, we restrict ourselves here to the case 0 < q < 1
(see § 2 for the general case), then the Jackson integral is given as∫ 1

0
f(x) dqx =

∞∑
n=0

f(qn)(qn − qn+1). (1.11)

It is shown that

Gq =
∞∑

n=1

χ−4(n)
n[n]q

=
∞∑

n=0

(−1)n

(2n + 1)[2n + 1]q
, (1.12)

where
[n]q =

1 − qn

1 − q
.

Using the quantum dilogarithm

Li2,q(x) =
∞∑

n=1

xn

n[n]q
(1.13)

(see [8] and [6]) we see that

Gq =
1
2i

(Li2,q(i) − Li2,q(−i)). (1.14)

The q-Mahler measure was introduced in a previous paper [10] as

mq(f) = Re
∫ 1

0
· · ·

∫ 1

0
lq(f(e2πiθ1 , . . . , e2πiθn)) dθ1 · · ·dθn (1.15)

for a rational function f(x1, . . . , xn) ∈ C(x1, . . . , xn) with the q-logarithm

lq(x) =
∞∑

n=1

(−1)n−1(x − 1)n

[n]q
(1.16)

originally defined for |x − 1| < 1 and analytically continued to x ∈ C via

lq(x) = (1 − q)
∞∑

m=0

x − 1
x − 1 + q−m

. (1.17)

Lastly, we put

Fq(x) =
∞∏

n=0

(
1 − qne2πix

1 − qne−2πix

)1−q

, (1.18)
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which can also be expressed as

Fq(x) = exp
(

−2i
∞∑

n=1

sin(2πnx)
n[n]q

)
(1.19)

and

Fq(x) = exp(Li2,q(e−2πix) − Li2,q(e2πix)). (1.20)

In § 4, we also make another deformation of F (x) using the regularized double sine
function F (x, (1, τ)) introduced by Shintani [21] to investigate Kronecker’s Jugendtraum
for real quadratic fields.

Concerning the parameter q, we investigate certain dualities such as Gq ←→ Gq−1 ,
mq(f) ←→ mq−1(f) and Fq ↔ Fq−1 .

Lastly we notice that our result can be generalized to some extent to other polynomials
and rational functions. We refer to the paper [12] for related matters.

2. Quantum Catalan constant

We already defined Gq for 0 < q < 1. In the case q > 1 we also define

Gq =
∫ 1

0

tan−1(x)
x

dqx

via the Jackson integral

∫ 1

0
f(x) dqx =

∞∑
n=1

f(q−n)(q1−n − q−n).

We easily deduce the following properties of Gq.

Theorem 2.1.

(1) Gq =
∞∑

n=0

(−1)n

(2n + 1)[2n + 1]q
for 0 < q < 1 and q > 1.

(2) lim
q↑1

Gq = G.

(3) lim
q↓0

Gq = 1
4π.

(4) lim
q↑+∞

Gq = 1.
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Proof. (1) Let 0 < q < 1.
At this point we must be careful because of the non-absolute convergence of tan−1(1).

We have

Gq = (1 − q)
∞∑

n=0

tan−1(qn)

= (1 − q) tan−1(1) + (1 − q)
∞∑

n=1

tan−1(qn)

= 1
4π(1 − q) + (1 − q)

∞∑
n=1

∞∑
m=0

(−1)mq(2m+1)n

2m + 1

= (1 − q)
∞∑

m=0

(−1)m

2m + 1
+ (1 − q)

∞∑
m=0

(−1)mq2m+1

(2m + 1)(1 − q2m+1)

= (1 − q)
∞∑

m=0

(−1)m

2m + 1

(
1 +

q2m+1

1 − q2m+1

)

=
∞∑

m=0

(−1)m

(2m + 1)[2m + 1]q
.

The case q > 1 is exactly similar.

Parts (2), (3) and (4) follow from (1) by noting the uniform convergence of the series
for Gq on taking the following limits:

lim
q↑1

[n]q = n,

lim
q↓0

[n]q = 1

and

lim
q↑∞

[n]q =

{
1 if n = 1,

+∞ if n > 1.

�

3. Quantum Mahler measure

We prove the following result.

Theorem 3.1. For all q > 0,

Gq = 1
2πmq

(
x − 1
x + 1

y + 1
)

.

We fix the notation by putting

lq(x) =
∞∑

n=1

(−1)n−1(x − 1)n

[n]q
,
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which is absolutely convergent in

|x − 1| < max{1, q},

where

[n]q =

⎧⎨
⎩

1 − qn

1 − q
if q �= 1,

n if q = 1.

The function l1(x) = log(x) is the well-known logarithm. For q �= 1, the analytic contin-
uation of lq(x) to all x ∈ C is given by

lq(x) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

(1 − q)
∞∑

m=0

x − 1
x − 1 + q−m

if 0 < q < 1,

(q − 1)
∞∑

m=1

x − 1
x − 1 + qm

if q > 1.

Both calculations are similar and easy. For example, when 0 < q < 1,

lq(x) = (1 − q)
∞∑

n=1

(−1)n−1(x − 1)n

1 − qn

= (1 − q)
∞∑

n=1

∞∑
m=0

(−1)n−1(x − 1)nqnm

= (1 − q)
∞∑

m=0

(x − 1)qm

1 + (x − 1)qm

= (1 − q)
∞∑

m=0

x − 1
x − 1 + q−m

.

Thus lq(x) is meromorphic on C for 0 < q < 1 or q > 1. We notice that

l0(x) = 1 − 1/x

and

l∞(x) = x − 1

are obtained as limq↓0 lq(x) and limq↑+∞ lq(x).

Proof of Theorem 3.1. We calculate

mq = mq

(
a
x − 1
x + 1

y + 1
)

for 0 < a � 1, and show that

mq =
2
π

∞∑
n=0

(−1)na2n+1

(2n + 1)[2n + 1]q

=
1
πi

(Li2,q(ia) − Li2,q(−ia)). (3.1)
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Then we see easily that

mq

(
x − 1
x + 1

y + 1
)

=
2
π

Gq

from Theorem 2.1 (1). We prove (3.1) for 0 < q < 1. The calculation is similar for q > 1.
By definition,

mq = Re
∫ 1

0

∫ 1

0
lq

(
a
e2πiθ1 − 1
e2πiθ1 + 1

e2πiθ2 + 1
)

dθ1 dθ2

= (1 − q) Re
∞∑

m=0

∫ 1

0

∫ 1

0

ai tan(πθ1)e2πiθ2

ai tan(πθ1)e2πiθ2 + q−m
dθ1 dθ2.

We show that ∫ 1

0

∫ 1

0

ai tan(πθ1)e2πiθ2

ai tan(πθ1)e2πiθ2 + q−m
dθ1 dθ2 =

2
π

tan−1(aq−m). (3.2)

Then, using the absolutely convergent series

tan−1(x) =
∞∑

n=0

(−1)nx2n+1

2n + 1

for |x| < 1, we have

mq =
2
π

(1 − q)
∞∑

m=0

tan−1(aq−m)

=
2
π

(1 − q)
∞∑

m=0

∞∑
n=0

(−1)n(aq−m)2n+1

2n + 1

=
2
π

∞∑
n=0

(−1)na2n+1

(2n + 1)[2n + 1]q
,

which is valid for 0 < a < 1. In the case a = 1 we again take care, because of the
non-absolutely converging series tan−1(1):

mq =
2
π

(1 − q)
∞∑

m=0

tan−1(qm)

=
2
π

(1 − q) tan−1(1) +
2
π

(1 − q)
∞∑

m=1

tan−1(qm)

= 1
2 (1 − q) +

2
π

(1 − q)
∞∑

m=1

∞∑
n=0

(−1)nq(2n+1)m

2n + 1

=
2
π

(1 − q)
∞∑

n=0

(−1)n

2n + 1
+

2
π

(1 − q)
∞∑

n=0

(−1)nq2n+1

(2n + 1)(1 − q2n+1)
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=
2
π

(1 − q)
∞∑

n=0

(−1)n

2n + 1

(
1 +

q2n+1

1 − q2n+1

)

=
2
π

∞∑
n=0

(−1)n

(2n + 1)[2n + 1]q

=
2
π

Gq.

We now return to the calculation of the integral (3.2):

Im =
∫ 1

0

∫ 1

0

ai tan(πθ1)e2πiθ2

ai tan(πθ1)e2πiθ2 + q−m
dθ1 dθ2

= 1 − q−m

∫ 1

0

∫ 1

0

dθ1 dθ2

ai tan(πθ1)e2πiθ2 + q−m
.

Notice that ∫ 1

0

dθ2

ai tan(πθ1)e2πiθ2 + q−m
=

{
qm if |ai tan(πθ1)| < q−m,

0 if |ai tan(πθ1)| > q−m.

Take the number αm in 0 < αm < 1
2 that satisfies

cot(παm) = aqm.

Then,

|ai tan(πθ1)| < q−m ⇐⇒ |cot(πθ1)| > aqm

⇐⇒ 0 < θ1 < αm or 1 − αm < θ1 < 1.

Hence

Im = 1 − q−m

(∫ αm

0
qm dθ1 +

∫ 1

1−αm

qm dθ1

)
= 1 − 2αm

= 1 − 2
π

cot−1(aqm)

=
2
π

tan−1(aqm).

�

Here we introduce a reciprocity: Gq ←→ Gq−1 .

Theorem 3.2. (Gq − 1
4π)/

√
q is invariant under q �→ q−1.

Proof. This can be proved directly from the definition of Gq, but we prefer to obtain
it from a more general reciprocity, mq(f) ←→ mq−1(f), shown in Theorem 3.3 below,
using Theorem 3.1. �
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Theorem 3.3. (mq(f) − m0(f))/
√

q is invariant under q �→ q−1.

Proof. From the definition of mq(f) it is sufficient to show the invariance of

lq(x) − l0(x)
√

q

under q �→ q−1. This is obvious for q = 1. Let 0 < q < 1. Then

lq(x) = (1 − q)
(

1 − 1
x

)
+ (1 − q)

∞∑
m=1

x − 1
x − 1 + q−m

and

lq−1(x) = (q−1 − 1)
∞∑

m=1

x − 1
x − 1 + q−m

.

Hence

lq(x) = (1 − q)l0(x) + qlq−1(x).

Thus
lq(x) − l0(x)

√
q

=
lq−1(x) − l0(x)√

q−1
.

�

4. The quantum Hölder double sine function

Before introducing the quantum double sine function, we recall briefly the expression

F (x) = (2 sinπx)x exp
(

1
2π

∞∑
n=1

sin(2πnx)
n2

)
(4.1)

in 0 < x < 1 for Hölder’s double sine function F (x). There are several ways to reach
this, and we refer to [11,13] for a general treatment containing multiple sine functions;
we note that F (x) = S2(x) in [11,13] and that Sr(x) was treated for integers r � 1.

A simple way to show (4.1) is as follows. From the definition (1.6) of F (x) we have

log F (x) = x +
∞∑

n=1

(
n

(
log

(
1 − x

n

)
− log

(
1 +

x

n

))
+ 2x

)

and

F ′(x)
F (x)

= 1 +
∞∑

n=1

2x

x2 − n2

= πx cot(πx).
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Hence, noting that F (0) = 1, we see that

F (x) = exp
(∫ x

0
πt cot(πt) dt

)

= exp
(

[t log(sinπt)]x0 −
∫ x

0
log(sinπt) dt

)

= exp
(

x log(sinπx) −
∫ x

0
log(sinπt) dt

)
.

Here we use

log(sinπx) = − log 2 −
∞∑

n=1

cos(2πnx)
n

for 0 < x < 1, then, by uniform convergence,

∫ x

0
log(sinπt) dt = −x log 2 −

∞∑
n=1

1
n

∫ x

0
cos(2πnt) dt

= −x log 2 − 1
2π

∞∑
n=1

sin(2πnx)
n2 .

Thus, we obtain (4.1). Hence, letting x = 1
4 we get

G = 2π log(F ( 1
4 )(2 sin 1

4π)−1/4)

= 2π log(F ( 1
4 )2−1/8),

as in (1.5).
Now define the quantum Hölder double sine function:

Fq(x) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∞∏
n=1

(
1 − q−ne2πix

1 − q−ne−2πix

)q−1

for q > 1,

(F (x)(2 sinπx)−x)−4πi for q = 1,

∞∏
n=0

(
1 − qne2πix

1 − qne−2πix

)1−q

for 0 < q < 1,

−e2πix for q = 0.

Theorem 4.1.

(1) Fq(x) = exp
(

−2i
∞∑

m=1

sin(2πmx)
m[m]q

)
= exp(Li2,q(e−2πix) − Li2,q(e2πix)).

(2) Gq ≡ 1
2 i log Fq( 1

4 ) mod πZ.
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Proof. We prove the case 0 < q < 1. The case q > 1 is similar.

(1) From the definition of Fq(x),

log Fq(x) = (1 − q)
∞∑

n=0

(log(1 − qne2πix) − log(1 − qne−2πix))

= (1 − q)
∞∑

n=0

∞∑
m=1

e−2πimx − e2πimx

m
qnm

= (1 − q)
∞∑

m=1

e−2πimx − e2πimx

m(1 − qm)

=
∞∑

m=1

e−2πimx − e2πimx

m[m]q

= Li2,q(e−2πix) − Li2,q(e2πix)

= −2i
∞∑

m=1

sin(2πmx)
m[m]q

.

(2) This follows from (1) by putting x = 1
4 .

�

Theorem 4.2. The function
log Fq(x) − log F0(x)

√
q

is invariant under q �→ q−1.

Proof. This follows from Theorem 4.1 (1) with some calculation. Alternatively, we
may proceed as follows. For a suitable series {a(n) | n = 1, 2, . . . } and 0 � q � ∞ define

Aq =
∞∑

n=1

a(n)
[n]q

with

[n]q =

⎧⎪⎪⎨
⎪⎪⎩

1 − qn

1 − q
for q �= 1,∞,

n for q = 1,

δn,1 for q = ∞.

Then (Aq − A0)/
√

q is invariant under q �→ q−1. Actually, the proof is simple. Let 0 <

q < 1. Then

Aq−1 =
∞∑

n=1

a(n)
[n]q−1

= q−1
∞∑

n=1

qna(n)
[n]q

,
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so

Aq − qAq−1 =
∞∑

n=1

(1 − qn)a(n)
[n]q

= (1 − q)
∞∑

n=1

a(n)

= (1 − q)A0.

�

There is another quantization of F (x) using the regularized double sine function

F (x, (ω1, ω2)) =
Γ2(ω1 + ω2 − x, (ω1, ω2))

Γ2(x, (ω1, ω2))

due to Shintani [21], where Γ2(x, (ω1, ω2)) is the (regularized) double gamma func-
tion of Barnes [1]; we refer to [11] for a general treatment of regularized multi-
ple sine functions Sr(x, (ω1, . . . , ωr)) generalizing S2(x, (ω1, ω2)) = F (x, (ω1, ω2)) and
S1(x, ω) = 2 sin(πx/ω).

Theorem 4.3. Let 0 < q < 1 and put τ = log q/2πi. Then

Gq = 1
2 i(1 − q) log

(
F ( 1

4 , (1, τ))F ( 1
4 , (1,−τ))

(1 + i) sin(π/4τ)

)
.

Proof. From [21, Proposition 5] we have

log F (x, (1, τ)) = −
∞∑

m=1

e2πimx

m(1 − qm)
+

∞∑
m=1

q′me2πimx/τ

m(1 − qm)

+ 1
2πi

(
x2

τ
−

(
1
τ

+ 1
)

x

)
+ 1

4πi + 1
2πi

(
1
τ

+ τ

)
,

where

q = e2πiτ and q′ = e−2πi/τ .

Similarly,

log F

(
y,

(
1,−1

τ

))
= −

∞∑
m=1

e2πimy

m(1 − q′m)
+

∞∑
m=1

qme−2πimy

m(1 − qm)

+ 1
2πi(−τy2 − (−τ + 1)y) + 1

4πi + 1
2πi

(
−τ − 1

τ

)
.
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Hence,

log F (x, (1, τ)) + log F

(
x

τ
,

(
1,−1

τ

))

= −
∞∑

m=1

e2πimx − qme−2πimx

m(1 − qm)
−

∞∑
m=1

e2πimx/τ

m
− πix

τ
+ 1

2πi

= −
∞∑

m=1

e2πimx − e−2πimx

m(1 − qm)
−

∞∑
m=1

e−2πimx

m
−

∞∑
m=1

e2πimx/τ

m
− πix

τ
+ 1

2πi

= −2i
∞∑

m=1

sin(2πmx)
m(1 − qm)

+ log(1 − e−2πix) + log(1 − e2πix/τ ) − πix
τ

+ 1
2πi.

Then letting x = 1
4 and multiplying by 1

2 i(1 − q) we get

1
2 i(1 − q) log

(
F ( 1

4 , (1, τ))F
(

1
4τ

,

(
1,−1

τ

)))

= Gq + 1
2 i(1 − q)

(
1
2 log 2 + 3

4πi − πi
4τ

+ log(1 − eπi/2τ )
)

.

Then, as the homogeneity

F (cx, (cω1, cω2)) = F (x, (ω1, ω2))

proved in [11] implies that

F

(
1
4τ

,

(
1,−1

τ

))
= F ( 1

4 , (τ, −1))

= F ( 1
4 , (−1, τ)),

we obtain Theorem 4.3. �
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St Petersburg, 1883).

4. C. Deninger, Deligne periods of mixed motives, K-theory and the entropy of certain
Zn-actions, J. Am. Math. Soc. 10 (1997), 259–281.

5. G. Everest and T. Ward, Heights of polynomials and entropy in algebraic dynamics
(Springer, 1999).

6. L. D. Faddeev and R. M. Kashaev, Quantum dilogarithm, Mod. Phys. Lett. A9 (1994),
427–434.
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