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1. Introduction

The Catalan constant [3]
o~ (=1)"
G=> 5—1s
o (2n+1)
=0.9159655941772190- - - (1.1)

is a famous mysterious constant appearing in many places in mathematics and physics.

X .n
. T
Liy(z) = Z w2
n=1

Using Euler’s dilogarithm

G can be written as )
G = E(Lig(i) — Lig(—1)). (1.2)

The integral representation

B U tan—!(z)
G_/o — dz (1.3)

follows from the expression

0 (_1)nl,2n+1

1 o
tan (o) = ) S

n=0
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668 N. Kurokawa
The basic interpretation of G considers it as the special value of the zeta function
G= L(27 X—4)7

where

n

Lis x_a) = 32 X (1.4

is the Dirichlet L-function for the non-principal Dirichlet character y_4 modulo 4:

1  ifn=1 (mod4),
X-a(n) =4 -1 if n=3 (mod4),
0 otherwise.

Then, the algebraic nature of G would be clarified via the K3(Z[v/—1])-regulator accord-
ing to the Lichtenbaum—Beilinson conjecture, since

Sowv=1(2) _ 6
G == = v @

Recently, Rivoal and Zudilin [19] made progress with the irrationality problem for G:
they proved that one of L(2,x_4) (= G), L(4,x-4), ..., L(14,x—_4) is irrational.
In previous papers [9,11,13] we showed that

G = 2rlog(F(1)271/%), (1.5)

F(z) = eﬁ(GJrz;Z)ne?) (1.6)

is the double sine function defined by Holder [7] in 1886. This is a quasi-periodic function
satisfying

where

F(z+1) = F(x)(—2sin7x).

We refer to Manin [17] for an excellent survey of multiple sine functions. The formula
(1.5) comes from

> sin(2rnz 1. iz . oz
Z%:fi(mz(e% ) — Lig(e—27))
n=1

= 2w log(F(x)(2sinmz)™ "), (1.7)

which is valid for 0 < z < 1 and where the left-hand side is the Clausen function (see [14]
and [18]).

On the other hand, there is a formula due to Smyth [20] for G using the Mahler
measure originating from the theory of transcendental numbers (Mahler [16]):

G=gmm(z+y—azy+1). (1.8)
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See [2,4,5,15,16, 20, 20] for background on the Mahler measure. We recall that the
Mahler measure of a rational function f(z1,...,2,) € C(x1,...,2,) is given by

1 1
m f):/ / log | f(e*™%, ... &2™%)|df; ---db,
0 0

1 1
:Re/ / log(f(e*™01 ... e2™%))dh, ---d6,. (1.9)
0 0

Thus we have a triangle:

G irm(z+y—zy+1)

/
\

27 log(F(i)Q_l/s).

The purpose of this paper is to make a quantum deformation (or a g-deformation) of this

triangle to
r—1
Gq\ équ(x+1yH)

ilog Fy(%) (mod 7Z)

for 0 < ¢ < 1. (Actually, we treat all ¢ > 0.) When letting ¢ T 1 (the ‘classical limit’) we
recover the original triangle: note that

1

m<x+19+ 1) =m((x—1y+z+1) (since m(z+1)=0)
=m(ry —y+z+1) (taking y — —y)
=m(-zy +y+z+1).

On the other hand, taking the ‘crystal limit’ ¢ | 0 we have

r—1
GO\ %ﬂm0<+1y+ )
71logF0%
with
Go = Lr. ( = ):;, Fo(d) = —i.
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The g-deformations are defined as follows. We define
1 -1
t
G, = / qum (1.10)
0 x

by the Jackson integral. For simplicity, we restrict ourselves here to the case 0 < ¢ < 1
(see §2 for the general case), then the Jackson integral is given as

/0 f@)dgz =S Fla) (@ — ¢+, (1.11)
n=0

It is shown that

n

SRV v
-

(1.12)
—( 2n+1 2n—|—1]
where
]y = L
q 1— q .

Using the quantum dilogarithm

Lizg(x) =" ?n]q (1.13)

n=1
(see [8] and [6]) we see that
1

—(Lig (i) — Lig 4(—1)). (1.14)

Go =5

The g-Mahler measure was introduced in a previous paper [10] as

1 1
=R ol iy e2m0n)) dg, - d,, 1.15
e / / (e ")) do) - (1.15)

for a rational function f(z1,...,z,) € C(z1,...,x,) with the ¢g-logarithm
o0 'ﬂ o 1
Z (z = D" (1.16)
el nlq
originally defined for |z — 1| < 1 and analytically continued to € C via
= x—1
l =(1- 1.1
=003 (1.17)

Lastly, we put

1— qn 2miz \1—4q
Fo(x) = H 1= gre—2miz ) (1.18)
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which can also be expressed as

Fy() —exp< % z:: sin %”x ) (1.19)

and
F,(z) = exp(Lia 4 (e72™7) — Lig ,(*™7)). (1.20)

In §4, we also make another deformation of F'(x) using the regularized double sine
function F(x, (1, 7)) introduced by Shintani [21] to investigate Kronecker’s Jugendtraum
for real quadratic fields.

Concerning the parameter ¢, we investigate certain dualities such as G4 +— G,-1,
mg(f) «— my-1(f) and Fy < F-1.

Lastly we notice that our result can be generalized to some extent to other polynomials
and rational functions. We refer to the paper [12] for related matters.

2. Quantum Catalan constant

We already defined G, for 0 < ¢ < 1. In the case ¢ > 1 we also define

1 -1
G, - /0 tan” (@) 4 o

X

via the Jackson integral

1 %S
/O F@)dgz =" fla ™" ™" —q¢ ™).

We easily deduce the following properties of Gy.

Theorem 2.1.

N ="
(1) Gq—z Gnr a1, for0 < qg<1andgq>1.

n=0

(2) lql%lll Gy =G.

(3) lqiﬁ)l Gy = im.
4) lim G, =1
@) quﬁanoo 1

https://doi.org/10.1017/50013091505000015 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091505000015

672 N. Kurokawa

Proof. (1) Let 0 < ¢ < 1.
At this point we must be careful because of the non-absolute convergence of tan=!(1).
We have

=(1-q)> tan"'(¢")
n=0

= (1—g)tan"'(1) + (1 —¢) Y _ tan"'(¢")

n=1
oo o0 (2m~+1)n
_ q
~t-g -3 S
n=1m=0
e ( 1m > (_1)mq2m+1
= 1— —
qﬂ;2 1t q)mZ(Qerl)(l JREESS)
e ( ) q2m+1
=(1- 1
( q)mzz:o2m+1 +1—q2m+1
(2m+1 [2m+ 1],

The case ¢ > 1 is exactly similar.

Parts (2), (3) and (4) follow from (1) by noting the uniform convergence of the series
for G4 on taking the following limits:

lim[n], = n,
il

and

. 1 ifn=1,
hm[n]q - +oo ifn>1

3. Quantum Mahler measure

We prove the following result.

Theorem 3.1. For all ¢ > 0,
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which is absolutely convergent in

|z — 1] < max{1,q},

where 1 N
L ifg#1,
[n]q = 1
n if g=1.

The function /1 (z) = log(z) is the well-known logarithm. For ¢ # 1, the analytic contin-
uation of /;(z) to all = € C is given by

oo

—1
q
l,(x) = ms0
q ( 1)§: vl if ¢ > 1
q m:1$71+qm g :

Both calculations are similar and easy. For example, when 0 < ¢ < 1,
N D M el Vi

(@) = (1=q) —

(]

n=1
oo

1m

n

RS - M
= q)n;1+(x—1)
=0-0>

m=0

Thus [,(z) is meromorphic on C for 0 < ¢ < 1 or ¢ > 1. We notice that
lo(z)=1-1/x

and
lo(z)=2—1

are obtained as limg o/, (z) and limg4 oo Iy ().

Proof of Theorem 3.1. We calculate

x—l
mq:mq +1y+1

for 0 < a < 1, and show that
i gi (_1)na2n+l
7 —= (2n+1)2n+ 1],

%(Liqu(ia) — Lig ¢(—ia)). (3.1)
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Then we see easily that

r—1
m
a x+1y

2
1) =2

from Theorem 2.1 (1). We prove (3.1) for 0 < ¢ < 1. The calculation is similar for ¢ > 1.

By definition,

27r1
- Re/ / ( e27r1

=(1—gq) ReZ/ /

We show that

01

91_|_1

aitan(mf;)e

e?m02 4 1) df; b,

27Ti02

7Ti92

/ / aitan(mf, )e?
aitan(mwf; )e?wi02

dé, do
g a2

Then, using the absolutely convergent series

tan™!(x)

for x| < 1, we have

aitan(mf;)e2m02 4 g—

> ( 1)nm2n+1

=2 on + 1

n=0

m=0n=0 2n + 1
2 > (_1)na2n+1
T — (2n+1D)2n+1],

— dfy dbs.

2 1
= — t - -m .
— tan (ag™™)

which is valid for 0 < a < 1. In the case a = 1 we again take care, because of the
non-absolutely converging series tan=!(1):

my=2(1-g) Y tan
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9 > (_1)n q2n+1
- 20— 1
7r( q>nz_%2n+l( —~_1—112"Jrl

_2 )"
T nz:% (2n+1)[2n + 1],
-,

We now return to the calculation of the integral (3.2):

7/ / aitan(rde” - — df; dfs

aitan(mwfy)e?™102 4 q—

L _m/ / d9; o
¢ aitan(mwfy)e2m02 4 g—

Notice that

/1 dé, ) g™ if |aitan(70y)] < ¢7™,
o aitan(mfy)e2mif2 4 g=m 0 if |aitan(m6)| > ¢~ ™.

Take the number o, in 0 < a,, < % that satisfies
cot(may,) = ag™
Then,

laitan(mly)| < ¢~ <= |cot(mb1)| > aq™

—0<0<a,orl—a,<0; <l

Hence
Qo 1
Imzl—q_m(/ qmd91+/ qmdel)
0 1—am
=1-2aqa,,
2
=1- =cot™(ag™)
T

2 1
J— t — m .
- an”" (aq™)

Here we introduce a reciprocity: G, «— Gg—

Theorem 3.2. (G, — +7)/\/q is invariant under q — q~*.

675

Proof. This can be proved directly from the definition of G, but we prefer to obtain
it from a more general reciprocity, mq(f) <— my-1(f), shown in Theorem 3.3 below,

using Theorem 3.1.
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Theorem 3.3. (mg(f) —mo(f))/\/q is invariant under q — ¢~ *.

Proof. From the definition of m,(f) it is sufficient to show the invariance of

lq(z) — lo(x)
V4

under ¢ — ¢~!. This is obvious for ¢ = 1. Let 0 < ¢ < 1. Then

w@=-o(1-1)+u-0 Y
and -
) = -0 >
Hence .
(@) = (1~ Qlo(z) + aly+(2).
Thus

4. The quantum Hodlder double sine function

Before introducing the quantum double sine function, we recall briefly the expression

F(x) = (2sinmz)”® exp<217r Z sm(f;na:)) (4.1)

in 0 < z < 1 for Holder’s double sine function F(z). There are several ways to reach
this, and we refer to [11,13] for a general treatment containing multiple sine functions;
we note that F(x) = Sa(z) in [11,13] and that S, (x) was treated for integers r > 1.

A simple way to show (4.1) is as follows. From the definition (1.6) of F'(x) we have

log F(z) = x—|—1§:1<n(log(l - z) —1og(1 + i)) —|—2x>

F'(z) 22
= 1 _—_
F(x) + ; x2 —n?

= mx cot(mx).

and
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Hence, noting that F'(0) = 1, we see that

F(z) = exp < /0 "t cot(rt) dt>

= exp ([t log(sin7t)]§ — / log(sin 7rt) dt)
0
= exp (x log(sinmz) — / log(sin t) dt>.
0

Here we use
i cos(2mnx)

log(sinmz) = —log 2 — -

n=1

for 0 < & < 1, then, by uniform convergence,

T 0 1 T
/ log(sin7t) dt = —xlog2 — Z - / cos(2mnt) dt
0 —1Jo
1 X sin(27mna)
— rlog2— -y SmEmnT)
zlog2-3-> — 3

n=1

Thus, we obtain (4.1). Hence, letting z = 1 we get

as in (1.5).
Now define the quantum Holder double sine function:

(F(z)(2sinmz)~%)~41  for ¢ =1,

Fy(x) = - oria \l_q
1— qne iz -
H(l_ne_gm) for0 <g<1,
n=0 q
—e2miz for ¢ = 0.
Theorem 4.1.
=\ sin(2rmz)

m[m}q ) = eXp(Li2,q(e_2ﬂ-ix) _ Li2)q(€2ﬂ'iw)),
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Proof. We prove the case 0 < g < 1. The case ¢ > 1 is similar.
(1) From the definition of F,(x),

[eS)
log Fy(z) = (1 —q) Z(log(l — g"e2™T) _Jog(1 — g"e 2miT))
n=0
x> 6727rimz 7627rim1 o
Sogyy e,

n=0m=1

& —2mimx __ eZﬂimw

(-0 m(1 —q™)

m=1

> e—27rimx _ eQﬂ'imx
B Z mlmlq
T —2mix : 2mix
= Liz g(e™"™") — Lig ¢(e”™")

_ g i sin(27rmx).
m=1

m[m],
. . 1
(2) This follows from (1) by putting x = 7.
Theorem 4.2. The function

log F,(z) — log Fy(z)
Va

is invariant under g — ¢~ '.

Proof. This follows from Theorem 4.1 (1) with some calculation. Alternatively, we
may proceed as follows. For a suitable series {a(n) |n=1,2,...} and 0 < ¢ < oo define

A=> e

with ) N
T 4 for ¢ # 1, 00,
[nle =9 n for g =1,
On,1 for g = oo.

Then (A4 — Ao)/+/q is invariant under g — ¢~ *. Actually, the proof is simple. Let 0 <
q < 1. Then

oo

Ay = Z [Z(”)l

n=1 L17

n

:q—l Z q a(n)7

[n]q

n=1
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SO

Ay —qAg :Zw

There is another quantization of F'(x) using the regularized double sine function

Fg(wl + Wy — I, (wl,wg))

F(z, (wi,w2)) = Iy(z, (w1, w2))

due to Shintani [21], where Iz(x,(w1,ws)) is the (regularized) double gamma func-
tion of Barnes [1]; we refer to [11] for a general treatment of regularized multi-
ple sine functions S,(z, (w1,...,w,)) generalizing So(z, (w1,w2)) = F(z, (w1, ws2)) and
S1(z,w) = 2sin(rx/w).

Theorem 4.3. Let 0 < ¢ < 1 and put 7 = log q/27i. Then

e2mimz e /me27rim:r/7'

q
log F(z Zml—q DR Dy

L 2? 1 1.1 .1
+omi| ——(=-+1)z) +gmi+gmi| —+7),
T T T

where
q e27ri‘r and q/ o 67271'1/7'
Similarly,
1 > eZWimy 0 qme—Qﬂ'imy
oar (o (1)) = e
T mz:; m(l—q™)  ~—~ m(l—q")
1
+ imi(—7y? — (=7 + 1)y) + i+ ;’R’i(—’]’ — >
T
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Hence,
x 1
IOgF(xv (177_)) + 1OgF<, (1; _)>
T T
0 e2mimz _ qme—27an > eQTrlmz/T Tz
— _ - — 4+ 7r1
N
o 2wimz _ e—2mimz el e—2mimz *  2wimz/T :
€ € 1T
S ALl Sl il FEW
q m=1 m=1

. sin 27me) —2mix 2miz /T mix 1,
721zw+log(17e ) +1log(l—e /)7T+§m.

Then letting « = + and multiplying by 1i(1 — ¢) we get

. 1 1
i - aoe (F 0onr( 1 (1-1))
_ 1 1 3 . m wi/2r
—Gq+21(1—q)<210g2+47r1—47_+log(1—e ))
Then, as the homogeneity
F(ex, (cwr,cws)) = F(x, (w1, ws))

proved in [11] implies that
1 1 .
F<47_7 (177_)> _F(Zv('rvfl))

we obtain Theorem 4.3. O
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