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ON A PROBLEM OF P. ERDOS

BY
1. RUZSA, JR.

P. Erdos asked the following problem: Does there exist an infinite sequence of
integers a; < - - - satisfying for every x>1

(1) AR = 5 1< 2%

ajsx log X

so that every integer is of the form 2*+g; [1]. The analogous questions can easily
be answered affirmatively if the powers of 2 are replaced by the rth power.

In this note we give a simple affirmative answer to the problem of Erdos. Let ¢,
be a sufficiently small absolute constant. Our sequence A4 consists of all the integers
of the form

2 S5%v and S*v+1, where 5* > cologv, u=1,2,...; v=1,...

(2) clearly implies that (1) is satisfied for a sufficiently large ¢;. To prove that
every sufficiently large integer is of the form 2¥+ a, we only have to observe that for
every r, 2 is a primitive root of 57, and choose 5" <log n<5"*1, then we can find a
k< 5" so that n—2* or n—2%—1 is of the form 57, or n— 2 is of the form (2). It is
easy to see that for all #» the number of solutions of

n=24gq

a; of the form (2) is less than an absolute constant c;.

In this connection the following problem is of interest: Let b; < - - - be an infinite
sequence of integers satisfying B(x) > c3 log x for every x. Is there then a sequence
A satisfying (1) so that every n can be written in the form a;+5,? I succeeded to
prove, using a result in [1], that there exists a sequence b; < - - - satisfying B(x)>c3
log x so that if every n can be written in the form a;+ b, then for infinitely many x

A(x) > c4loglog x/log x.

In view of a result of [2] this is best possible. This settles the problem in the nega-
tive. I will return to this subject at another occasion.

As to the constant ¢, in (1), we must clearly have ¢, >log 2. Erdds conjectured
that ¢; >log 2+ € for some fixed € >0. The analogous conjecture for rth powers has
been proven by Moser [3].
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